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1 INTRODUCTION

ABSTRACT
A galaxy remains near equilibrium for most of its history.l{through resonances can non-
axisymmetric features such as spiral arms and bars exgudsiover large scales and change
the overall structure of the galaxy. In this paper, we désctie resonant interaction mech-
anism in detail and derive explicit criteria for the pamiclumber required to simulate these
dynamical processes accurately using N-body simulatiamd,illustrate them with numeri-
cal experiments. To do this, we perform a direct numerichitam of perturbation theory, in
short, by solving for each orbit in an ensemble and make ldetabmparisons with N-body
simulations. The criteria include: sufficient particle ecage in phase space near the reso-
nance and enough particles to minimise gravitational gistefiuctuations that will change
the dynamics of the resonant encounter. These criteriaaarergl in concept and can be ap-
plied to any dynamical interaction. We use the bar—hala@utiton as our primary example
owing to its technical simplicity and astronomical ubiguit

Some of our more surprising findings are as follows. First, Itiner-Lindblad-like res-
onance (ILR), responsible for coupling the bar to the cémta#o cusp, requires more than
0O(108) equal mass particles within the virial radius for a Milky-Mike bar in an NFW
profile (Navarro et al. 1997). Second, orbits that lingentlea resonance receive more angu-
lar momentum than orbits that move through the resonanakiguEmall-scale fluctuations
present in state-of-the-art particle-particle simulasican knock orbits out of resonance, pre-
venting them from lingering and, thereby, decrease theutardhis particularly affects the
ILR. However, noise from orbiting substructure remainseatst an order of magnitude too
small to be of consequence. The required particle numbersuficiently high for scenar-
ios of interest that apparent convergence in particle nunsbmisleading: the convergence
is in the noise-dominated regime. State-of-the-art sitmria are not adequate to follow all
aspects of secular evolution driven by the bar-halo interaclt is not possible to derive par-
ticle number requirements that apply to all situations, egre subtle interactions may be
even more difficult to simulate. Therefore, we present aguace to test the requirements for
individual N-body codes to the actual problem of interest.

Key words: dark matter — cosmology: observations, theory — galaxmsnétion, Galaxy:
structure

During most of its lifetime, a galaxy undergoes long periofilsecular evolution. The subtle dynamical effects drivihig evolution are
best studied using analytic techniques that can accurfatiédyv the accumulation of weak perturbations for long pés of time. The mere

existence of a present-day disk galaxy selects againstgstnofrequent mergers since its formation owing to the fitggdf galactic disks.
The evolution of such galaxies must be dominated by longrteecular changes, which are harder to model using N-bodylaiions.

However, since galaxy evolution is punctuated by epoch$adént nonlinear evolution, e.g. initial formation, and jeraand minor mergers,

© 2005 RAS

modern researchers must rely upon N-body simulations,mtan easily follow strong perturbations for short periofiSmoe and adapt to
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evolving equilibria. Similarly, modelling realistic asttomical scenarios that include collisionless dark maitet star particles, gas, star
formation and mass loss from winds require simulationshéndoming decade, simulations of galaxies that accuratelye the dynamics
over many gigayears will be possible, including a more ptatdreatment of the ISM, star formation, and mass loss. ssaehers’ reliance
on N-body simulation continues to grow and simulations icar to be used as the gold standard for theoretical veiiitait is important
to verify that N-body simulations truly capture the dynaatimechanisms that drive quiescent galaxy evolution.

The secular evolution of quiescent galaxies is driven hycstiral asymmetries, often triggered by environmentaiypbations such as
satellites and group interactions or by local instab#itseich as in swing amplification_(Toomre 19811 0og 1992; [F@604). The response
of a galaxy to an asymmetry results in torques that globalijstribute energy and angular momentum among the darlersttllar, and gas
components and thereby change the galaxy’s equilibriunsrdisribution. A barred galaxy is the simplest, most welfided example of
strong inter-component evolution and, therefore, a gdatli$ test for our understanding of long-term galaxy evoluthediated by resonant
interactions; more than half of all galaxies are stronglyrdxin the near IR (Eskridge et|al. 2000; Jogee &t al.I200é)wil emphasise the
bar—halo interaction as an example throughout this papgeraishould remember that the same dynamical argumentgtapoty evolving
disturbance including interactions between the inner andralisk, the spheroid, and the dark matter halo. A mergaellite, for example,
will be the subject of a forthcoming paper. The bar—haloraxtéon has been studied recently by a large number of graithsa variety of
differing conclusions.(Debattista & Sellwabd 2000; Selbwl?003| Athanassoula 2003; Valenzuela & Klypin 2003). Toal @f this paper
is to provide a detailed understanding of the dynamical meisims underlying this simplest of intercomponent intéoas and as a guide
to the requirements necessary to reproduce these dynaccigsately in N-body simulations.

The bar-halo interaction is most often described in ternmdyofimical friction although, as we will see later in this pamany aspects
of this interaction are qualitatively different. TremaiRéVeinberg (1984, hereafter TW) ahd Weinkerg (1985) exgdithe bar slow down
observed in N-body simulations_(Sellwobd 1981) by usingadyital friction as a paradigm and by deriving a formalismrappate for
the quasi-periodic orbits typical of galaxies. In shorg tar interacts with the dark matter halo near resonances.ifduces a wake that
lags the bar and, therefore, torques the bar and slows ierpapeed. The use of the Chandrasekhar formula produeesttect scaling
for the halo—bar torque with rapid evolution, but does natperly represent the underlying mechanism. To see thisidena sphere of
orbits with a rotating bar pinned to its centre. If one stoodtlte rotating bar and looked at the surrounding orbits iregarthey would
execute rosettes. Because orbits spend more time neamapotiean pericenter, orbits will torqued by the bar if thegiocenters lead the
bar. However, eventually the apocenters of the same orbitraii the bar as the rosette fills in. If one waits long enbyithe apocenter will
appear at every phase relative to the bar and the net torgtlearbit will vanish. If one applies this argument to everiip the bar can
never apply a torque!

What went wrong? We made two related but inconsistent assomsp (1) we can ignore the closed periodic orbits becaleg are
measure zero in phase space; and (2) we can wait sufficientyfor the orbits to look like filled in rosettes. Considermahit that is not quite
closed. This nearly closed orbit will have apsides thatg@seso slowly that it will never look like a filled in rosetteeman astrophysically
realistic time period because a galaxy is only a finite nunabéar periods old. As one makes the time interval shortergnodbits will not
look like filled in rosettes. These orbitgill receive a net torque over this finite period, which causedbéndo slow. However, as the bar
slows, these nearly closed orbits no longer find themseleadynclosed and a new set of orbits take their place. Thieritess the essence of
resonant angular momentum transfer. The resonance idetsrto the closed orbit condition: frequencies of thetdsbing commensurate
with the frequency of the bar pattern. In other words, theutargnmomentum exchange is caused by the breaking of adiaip&tiriants
near a resonance. Even though the periodic orbits have zeasure, they influence the dynamics over a finite measureasfepspace
The importance of resonances in galactic disk dynamics walered byl Lynden-Bell & Kalnajs (1972, hereafter LBK). THgnamics of
this process is qualitatively different than the sum ovettscings that leads to the Chandrasekhar formula. Thierpafl describe these
dynamics in more detail, derive explicit conditions basedHamiltonian perturbation theory that must be satisfiedteethese resonant
dynamics can be obtained in N-body simulations, and deretesthem with N-body examples.

In an earlier paper, Weinberg & Katz (2002, hereafter WK) described the interaction between a bar and a dark matiebhakd on
a combination of perturbation theory and N-body simulatidVe noted that in cuspy haloes the following low-order nesce extends all
the way to the centre:

— Q4294 =29, 1)

whereQ,. (Q2,) is the frequency of the radial (azimuthal) oscillation dngis the pattern frequency of the bar. This resonance forrarfit
eccentricity orbits is analogous to the classical Innerdbiad Resonance (ILR) for nearly circular orbits. We willl¢his resonance the
ILR throughout this paper although we really meanhitt analogue. The reason that the ILR extends all the way to theecewes to
the relationship between frequencies for radial orlfits,= 2Q,4.% Therefore, in a cusp whef@, < Q, andQ, < Qg, there is always
some orbit in an isotropic system such that equafidn (1)shd@éhce the specific angular momentum in a central dark maisp is very
small, if the bar can torque orbits at this resonance, itdoouhke large changes to the inner density profile. A lineatupeation theory
calculation that includes self-gravity suggested thasehehanges might be significant and the predicted changesobeerved in an N-
body simulation (WK). Our results differed with the condarss of published simulations (elg. Debattista & Sellwo@94) only in that

1 This is well-known in density-wave theory but less well agpated in the current context.
2 For density profiles less steep than singular isothermalfiEn& Tremaine 1997).
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Bar—halo interaction 3

this central evolution had not been previously examinedviBus simulations focused on the slowing of the bar, whictvidely seen in
simulationsi(Hernquist & Weinbe'tg 1992; Debattista & Seltifl 1998| Valenzuela & Klypin 2003) but whose rate remaingrowersial.

WK offered some explanation for these differing resultse Blements of our interpretation fell into two categoriely: fumerical
limitations: astronomically unrealistic (Poisson) noiisrupting the quasi-periodic dynamics and (2) the sefitsitof the evolution to the
particular halo, disk and bar profiles. This paper will explthe first of these issues and the underlying dynamics mildetginning with
an elaboration of the physical picture presented abo@.itwve will explore the second category.in Weinberg & Katz &0tereafter Paper
I). Debattista [(2002) and_Sellwdod (2003, hereafter S)ehsuggested that the these differences are caused by tHepfikiern speed
assumption in WK, which makes the width of the resonancedquency space narrow, whereas real resonances in slowis@igabroad.
However, the breadth in frequency space from the finiteitifetof the bar is similar to the breadth from the slowing of bae. We will
describe why the breadth of the resonance in frequency spaceeak effect irfl and show that the requirements to accurately simulate
this resonance are very stringent and likely explain mothetifferences.

Most of the comparisons between simulations and analydorthhave examined the overall rate of angular momentunsfeaied
between a bar and a halo using an appropriately developedifaifrom LBK or TW. In contrast, we compare the analytic pcédns from
perturbation theory and the results of N-body simulatiopgkxamining the details of the dynamical mechanisms on ssealks in phase
space. We were surprised to find that the time scale of seeubtuttion in galaxies, e.g. bar slow down, can be so fastheat BK formalism
gives quantitatively inaccurate results_(Weinberg 200¢g.describe a second surprise in this paper: orbits mayrlinger the resonance,
which causes the change in conserved quantities to scabe agjtiare root of the perturbation strength (described ina&/kheslow limif)
rather than as the square of the perturbation strengthfgthidimit). Such a possibility was discussed in TW but we find that ircfica it
is important for the ILR. The proper identification of the dynical mechanisms and their regimes is a necessary firsinskaging able to
compare with simulations.

All this makes the astronomically relevant regimes for aviihg bar of at least modest strength not easy to describe avitthytic
perturbation theory. One needs to include the direct tinpeddence as described lin (Weinberg 2004) and an interabibmay linger near
the resonance for an arbitrary time. Using Hamiltonianypestion theory, we can reduce the exact solution to a sefiese-dimensional
Hamiltonian problems. We can then solve these problemgussequence of symplectic mappings or direct integratibhis. brute-force
perturbation technique allows us to obtain solutions foagnitrary amplitude and time dependence while maintaitiregwell-understood
aspects of secular perturbation theory. We describe tipisoaph ing2.

In §3, we discuss the requirements for an N-body simulation ¢cartely follow these resonant dynamical processes amdifig¢hree
criteria that must be satisfied. The first criterion requihed the phase space around the resonance be adequatdbteaptihe finite number
of particles used to trace the gravitational field causesuations on all scales. These fluctuations can change thentyga of an orbit near
resonance. We divide these into small- and large-scalaifitions and derive two additional particle number criteFize final criterion also
provides estimates for astronomical noise sources sucarkswhtter substructure. We illustrate the consequencesme-dependence and
multiple dynamical regimes iff3 using the generalisation of the familiar LBK formula forifeatime interactions presentedlin Weinberg
(2004). We end with a discussion §d and summarise ig5.

2 BASIC PRINCIPLES

There are two complementary ways to describe the dynamibarefhalo interactions: 1) consider the global macroscogsponse of the
halo to the bar and compute the subsequent evolution; andrgjder the sum of each orbit’s individual response to tireupeation and
compute the evolution as the net change in each orbit's ceedejuantities. Each point of view provides a differentighs but both points
of view are formally equivalent and will lead to identicaltoomes. The former is natural for comparison with N-bodydations and the
latter with methods and results from nonlinear dynamicshBequire careful attention to the resonances but haverdiit virtues depending
on the application.

In the first point of view, the bar excites a wake in the halo.ekample of such a wake in a self-consistent bar simulatishasvn in
Figure[l. The excited dark matter halo wake lags the bar, wbétises a torque on the bar and removes angular momentuvelyName
might expect the wake to be symmetric about the bar. An eagilamfor the lag requires us to consider the second poinesf:the response
of individual orbits. The basic physical picture was owtiin{Il: an arbitrary orbit has apsides that precess either foraalbackward in the
rotating bar frame, depending on the orbit’s energy and langmomentum. A forward-precessing case is shown in thedasel of Figure
. Over short periods of time, the orbit may torque the barlatet the bar may torque the orbit. However, if we look at thisit averaged
over some time intervdl’, long compared to both its orbital and precession periddsbar will see an axisymmetric ring of mass density.
Such an orbit, therefore, does not change its angular mammeand presentso net torqueon the bar. However, there will always be some
orbits that are very nearly closed in the bar frame; thes¢h&reommensurater resonant orbitsNear commensurabilities, the precession
appears to stop or slow down so much that it might as well bgpsth. More precisely, for some fixed time interilthe precession rate
is sufficiently slow that density of the orbit averaged over available time is not axisymmetric. This situation isvghan Panels (b) and
(c) of Figurdl2 for orbits successively closer to resonaResonant orbits feel a coherent forcing at the same phasenarey periods. For
these orbits, adiabatic invariance is broken and the axtianchange. Therefore, the orbit can exchange angular momenttimthe bar,
which causes both the bar and orbit to evolve.

© 2005 RAS, MNRASOO0, IH30



4  Weinberg & Katz

Figurel2 shows an orbit with prograde procession, but thiseexists a corresponding orbit with retrograde procesataa slightly
different (in this case larger) energy. To lowest orderséherbits cancel and there is no evolution. Although the orefie from the ap-
propriately chosen pair may cancel, the phase-space devilitisually vary with energy and hence the average ovesptspace will not
generally cancel: there will either be more prograde ooggtde orbits. More precisely, the net torque caused bytapiar resonance will
depend on the gradient of the phase-space distributioriifumat that resonance (LBK, TW). At any one time, halo orbits gaining and
losing angular momentum owing to all the resonances but ¢heabnet torque occurs as these first order effects carfddlele were no
phase-space density gradient near the resonance, in mseg ttere would be no evolution. In addition, this net toliguygoses a direction
to the evolution and the broken symmetry causes the resporesther lag or lead the bar position angle. For a given bewugdaation, the
response of the halo and, therefore, the net torque on theibbaepend on the phase-space structure of the dark halo.

From the point of view of an individual orbit, the bar induaperiodic distortion in its trajectory, analogous to thedulation of
a pendulum by a sinusoidal force. Averaged over an ensenfildebiis with different phases, the sinusoidal response&an However,
orbits that pass through resonance receive a permanergehizat is proportional to the amplitude of the perturbatitime ongoing secular
evolution changes both the properties of the bar and the Tihkrefore, the position of the resonance, defined by tteedloaon-precessing
orbit, slowly drifts through phase space ($B&3). Hence, the time spent by any orbit near a resonancseits ffiecause the entire system
evolves as a consequence of the torque applied to these ewurate orbits (TW). If the secular evolution is rapid, thamge in energy and
angular momentum (or actions) caused by a particular resena usually small for any orbit (WeinbErg 1985). The netrgfe for these
orbits do not cancel since there are always some measuritsf olose enough to being closed such that the first-ordgorese does not
cover all phases. The net angular momentum change themsrérsuah the coherent interaction between the forced exeitatf the orbit and
the slowly changing forcing potential, making the magnitad the response second-order in the bar perturbation tdeliln summary, the
net torque is proportional both to the phase space gradi¢he anperturbed phase space distribution and to the amplivf the changes in
the angular momenta of individual orbits, which is propammtl to the square of the perturbation amplitude. If the lse@volution is slower,
orbits may linger near the resonance. In this case, theaiction is nonlinear and no longer depends on cancellatidheogradient of the
phase-space density. The change in angular momentum & ithteractions depends on the square root of the pertanbatiplitude (TW).
We will see that this regime is important for the ILR. Altoget the overall evolution of the galaxy is driven by the negte from all the
resonances and affects a significant fraction of all orbitste that the evolution of the galaxy halo is not caused byrehical instability
but issecularsince it is driven by the exchange of angular momentum wighdikk bar.

A common misconception is that resonances are extremaly'‘@imd, therefore, will only affect a set of orbits of measaero. Based
on the physical explanation above, this statement is iecofor several reasons. First, one must be careful to disish between the width
of the resonance in phase space and the width of the resoimeinequency space. The width in phase space depends ortélgeis defining
the commensurabilify, the amplitude of the perturbation and the frequency of #reupbation),. Theresonance widtlscales as the square
root of the bar amplitude and inversely with the second ghrtith respect to the resonant action (sed€ly. 40 and assbci@cussion). The
sign and magnitude of the torque depends on the phase of tla@seas it passes through the resonance and the net tasglis firom the
sum over all possible phases. If there were insufficienttaklliensity in a resonance width then one would not get therebke result but
the contributions from a few orbits at arbitrary phase, Wwhiould give a larger, fluctuating contribution. This leadsh important particle
number criterion§3.3).

Secondly, for a real stellar system, the frequency spectiutine perturbation is not made of sharp lines but is broadidath by the
finite age of the galaxy and by the time-dependence of théndrivar perturbation. This is related to our consideratibfinite time intervals
T in the previous discussion. As long as the integral unden ae” in the spectrum is approximately the same, the tesgmptotic result
from secular perturbation theory remains valid. In otherdgpnearly the same results obtain as long as the resonareast overlapping,
which is true unless the bar slows is so quickly that distissbnances disappear, which we will demonstrate does oot otpractise. This
approximation also breaks down if the overall evolutiontod bar pattern speed or the density profiles is so slow thaththeges in the
individual orbits near the resonance receive nonlineaupeations. This situation can occur for some resonanoes when the bar pattern
speed changes rapidly as the bar loses angular momenturat{iR&h& Sellwood 1998; Athanassdula 2003). In these ¢éseperturbation
equations may be solved directly, as we will describe bekwen if the bar pattern speed did not change or were held firictially,
new orbits would still be affected as the phase-space steictf the system itself evolved. The orbits at or near therrasce will change
their actions and will, therefore, occupy a different pdrpbase-space. This in turn causes the halo potential togehand reach a new
equilibrium, moving fresh material into the resonance.

Finally, even in the extremely artificial situation wherettbohe background potential and the bar pattern speed wddefired, a
significant number of orbits would still be affected as losglee system only existed for a finite time. Orbits near a resoa precess away
from the resonance but they only do so very slowly: the cltisey are to the resonance, the slower their precessionn@ivénfinite time
such orbits would precess through all angles and give agraxietric time averaged orbit that would feel no net torqoefthe bar. In such
an eternal system, the orbits affected would be a set a measww. However, any astrophysical system only exists fanitefiime so the
bar changes the actions of many orbits. We explicitly compl¢ extent in phase space of resonances for finite timerpations ing3.

These same arguments imply that there is no evolution wittesonances for eollisionlesssystem in a near-equilibrium state. In the

3 The triple(—1, 2, 2) in eqd. The mathematical definition will be presentedZal.
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Figure 1. The wake in a halo caused by live disk bar in a live dark-médttéo. The contours and colour mapping show the dark mattke @ansity in a cut
through the disk mid plane from blue (overdense) to red (tdetese). The bar position angle is shown in white with thedfion of rotation indicated by the
arrows. The live disk bar simulations are described in tiethiolley-Bockelmann et al[(20b5).

Figure 2. Orbit trajectories viewed the in the frame of a rotating Bar.orbit far from a resonance has the standard “rosette” aapee (Panel A, left).
An orbit near a resonance, in this case a 1:2 resonance, dvaly girecessing apsides (Panel B, centre). The precesatierdecreases as the resonance is
approached (Panel C, right). An orbit at resonance is closed

(© 2005 RAS, MNRASD00, TH30



6 Weinberg & Katz

case of a rotating bar, for some fix&t>> t4,,, the density of a time-averaged orbit sufficiently far fromeaonance is axisymmetric (see
Fig.[3, first panel) and, therefore, applies no torque. Iratheence of all resonances, the conserved actions, enet@ngalar momentum,
are preserved for all time in an axisymmetric collisionlssdlar system. In this sense, post-formation near-daiiilin galaxy evolution is
governed by the resonant transfer of angular momentum rfiReses are not the exception but are required for galaxygenl For example,
global “modes”, i.e. a density wave that self-similarly kes and whose ensemble describes all possible excitaiaets as spiral arms,
bars, and halo modes, must dominate angular momentumeranshe absence of strong non-equilibrium perturbatioch @s mergers. In
the absence of these “modes”, secular evolution can onlyrdmclocalcollisional scattering, as in an accretion disk, but this process has a
characteristic time scale much longer than a Hubble timalaxges with the observed amount of substructure.

2.1 Hamiltonian perturbation theory

In this and the next several subsections, we convert thisipalypicture to rigorous criteria for computing resonapbenomena in particle
simulations. In later sections and in Paper Il, we will explthese dynamics in N-body simulations directly.

One can estimate the overall torque applied by a bar analigtiby summing the change in the action caused by the pextiorb
after some period” > tqy, for each orbit in an ensemble using the collisionless Badtzmequation (CBE). Although more difficult,
this approach does the averaging analytically. Howeve,rmouost be careful to treat the formal divergences that odcugsanances. These
divergences are caused by the infinitely large amplitudéemet by an infinitesimal number of particles, but are not aseafor physical
concern. Alternatively, one may solve the perturbatiorothesquations directly (segZd). One must also take care to include all the
important resonances in this sum including those assalcwith both discrete and continuous modes. This is a strimighard if somewhat
complicated calculation if both self gravity and modes aw®wled, which we do here. However, self-gravity can enhéahe response at
large global scales|(Weinberg 1998a) and is also responsible for théeexis of weakly damped discrete modes_(Weinberg|1994), such
as them = 1 sloshing mode. These modes persist for astronomicallyasteime scales and some are sufficiently long-lived thay th
must be included to follow the dynamics correctly. Realastysical systems are not eternal and damped modes areatiseally evident
in asymmetries (e.@._Vesperini & Weinberg 2000). With aiddial work, self gravity and point modes can be accommodbiednalytic
perturbation theory, although analytic estimates of caxpkalistic scenarios are difficult. (B3, we present a direct solution to the
perturbation theory problem that circumvents all of theiécdlties at the expense of CPU time.) We begin by presegntite solution of
the CBE both to make contact with previous work (e.g. LBK & T#d illustrate the difficulties. This development also s all of the
background needed for direct solution.

The torque on the halo may be computed analytically by expagnite rotating bar potential in a Fourier series, wheréheawle
corresponds to a quasi-periodic degree of freedom for ait dmka spherical system, one degree of freedom correspmndglial motion,
one to azimuthal motion in the orbital plane, and one to tientation of the orbital plane. This last angle has zerodesgy. The coefficients
of the expansion will then depend only on actidns

oo
Hi(r,t) = Z Hll(I)ei(llwl +lowa+Hlzwz —mQpt) 2

l1,lg,l3=—00

where2,, is the bar pattern speedh, is azimuthal wave number defined by the spherical harmbpicI = (I1, I2, I3) are the actions with
their corresponding angles = (w1, w2, ws), andl = (1, l2, I3) is an integer vector describing each term in the FourieeseWe will use
subscripts '0’ and '1’ to denote terms that are zero- and-&irder in the perturbation amplitude. The perturbed Hamilin includes both
the imposed gravitational potential of the bar and the gatiehal potential resulting from the response of the hatese actions follow
naturally from Hamilton-Jacobi theory;, can be immediately identified with the radial actibn I, with the angular momentum in the
orbital planeJ and I3 with the projection of the angular momentum along thexis J. (e.g..Goldsteln 1950). From Hamilton’s equations,
we can obtain the frequency of the angl@s:= 0H,/dI;. The subscripted?; ; denotes a coefficient in the action-angle series.

2.2 Solving the perturbation theory
2.2.1 Canonical transformation to slow and fast variables

The natural decomposition of phase space into resonargblesi follows from an action-angle transform of the cadlidess Boltzmann
equation (CBE) in phase space and a Laplace transform in@imgeWeinbhel(1 1998b). To solve for the response, we bedmthv linearised

CBE:
Ofi L OHo 0fi OH1 Ofo _ 3)
ot 8 ow ow O8I

The quantitiesf, and Hy are the unperturbed phase space distribution function leedinperturbed Hamiltonian and and H; are the
first-order terms. The Fourier-Laplace transform of the GBE

O0fo
ol

Hi1=0 (4)

sh+il-Qf —il-

(© 2005 RAS, MNRASD00, [IH30
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wheres is the Laplace transform variable, the tilde indicates déegtransformed quantity, the subscilipt (i1, 12, [3) indicates an action-

angle transformed variable af¥l = 9H,/01. Remember that the total perturbing potenfi&il is the response combined with the external

perturbation. The solution is the inverse Laplace tramsfof the series:

fi(s) = Z fl(L S)ei(llwlﬂzwzﬂsws) (5)
11,lg,l3=—00

wherew are the three angle variables ahdre the three action variables.

Each term in the solution described by equatidn (5) is aoaitl, proportional texp(il - w). For a fixed perturbing frequendy,,,
the inverse Laplace transform couples each term to the bargufrequency and yields oscillations of the forxp[i(1 - w — mQ,t)].
For example, assuming dn= m = 2 quadrupole perturbation as we do for a bar, the integhrd.,s) take the following values:
l1 € (—00,00), 12 € —2,0,2 andiz = 2. Orbits withl - 2 — m€, — 0 define the closetesonantorbits in the frame of reference rotating
with the bar. For the parts of phase space very near a resmdascribed by a particular= (11, l2,3), the argument of the exponential will
change very slowly for one term and rapidly vary for most @ thther terms.

The separation of these characteristic motions is easifpieed by making a canonical transformation to two new degiof freedom
where one of the new coordinates corresponds to the anghe @bmmensurability; = 1- w — mae,(¢t) and

on(t) = / a0, (1)

is the position angle of the perturbation. This can be dorib thie canonical transformation generating function (€gdstein Type 2, op.
cit.): F' = w1l + [1- w — m¢p(t)]Ls. The new actions and angles are therefore:

wy = wi (6)
ws = 1-w—mep(t) (7)
I, = l1“2 (8)
l2
l
I; = -5 9
l2
(10)
with Hnew = Hoia — mQp1s and withws and s as before. The angle, is often called the “slow” angle because its conjugate feaqy

vanishes at the resonance. There is some arbitrariness rhtice of the “fast” anglew;. For example, the choice; = w. yields the
conjugate actiong, = I1/l1 andIy = I, — l2I2/l;. This choice might be useful whéa = 0. In both cases, the angle, varies very
slowly andwy varies rapidly relative tav; near the resonance defined by the vector of intejaffe can take advantage of this situation
by averaging over some time interv&llong enough so that all the terms but the resonant one vamisigdo the rapid oscillation invs
but that is small enough so that the argument of the exposemtarly unchanged. In this way, we reduce the problem tolactioin of
one-dimensional pendulum equationsuig, one for each resonance (e.g. thweraging theoremArnold|1973).

The averaged Hamiltonian in these new coordinates takesiime
1 0%Ho(1s)

H(I.s) = HO(—IS,T') + =

s o (Is — I)? + Hy cos ws (11)

Is,r

wherel; , is the slow action at resonance aHd is the averaged unperturbed Hamiltonian with constyntup to some arbitrary constant.
Equation [(T1L) is a pendulum equation with arm length= (92 Ho(I,)/01?)~*/? and acceleratioi, 1. The relative signs for the terms
in equation [(Tll) can be arranged by changing the phase; afs necessary; real positive values are assumed in the sqadseof the
expressions that follow.

The area defined by the infinite-period trajectoignaturally identified as theidthof the particular resonance; this width is proportional
to the square root of the Fourier coefficidiit 1 (I) from equation[[R) (see also dl40). A single resonance patean cover a significant
volume in physical space. Individual resonances can qvénl@hase space and will lead to chaos and diffusion in thalwgay [Chirikoy
1979]Lichtenberg & L iebermin 1983). However, in galaxyaiyics on large scales, a few low-order resonances oftermderthe response
in both physical and phase space.

Hamilton’s equations in these new variables with the Hamiln from equatiod{11) explicitly represents the dynamiear resonance.
These equations may include an arbitrary time dependertbe iperturbation consistent with the averaging. Howewesé equations only
describe a single orbit. A full description of the seculaolation of a galaxy requires the sum of responses over theeguhhase space
and motivates beginning with equatidd (3). However, remamthiat there are astronomical regimes where an orbit mggiiolose to the
resonance making weak nonlinearities important and inetliases we must resort to direct solution over an ensemblebii§,oas we
describe below.

4 Thehomoclinictrajectory for the pendulum problem, i.e. the pendulumtdhzit results in the pendulum standing upside down on itstpiv
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8 Weinberg & Katz

The inverse Fourier-Laplace transform of equatldn (4)riaightforward albeit cumbersome and does not require thevaignt one-
dimensional problem explicitly. Having solved for the setinsistent phase-space distribution function for thpaase, we may then go back
to the first order solution of the collisionless Boltzmanmi&iipn for the distribution function and integrate overogities to get the shape
of the gravitational potential corresponding to a paricuksonance, derive the overall torque, or compute any ptiese-space moment
of interest. For a given orbit with actiodsthe positionx determines the angke. The integral off; over velocity then requires an implicit
solution of the equations defining the angles from positeoms momenta. This full, final solution is self-consistenttie limit that the force
from the perturbation and the response are small compatéd tmackground restoring force. The result is a secondr@eteurbation theory
calculation. Here, for simplicity, we will eliminate thelseonsistency by assuming thaf; includes only the external perturbation rather
than both the external perturbation and the halo resportsehvs of the same order of magnitude.

As an example of this whole procedure, we sketch the calounlaf the response of a homogeneous core to a bar or sateliiing
with frequency(, outside the core. We focus on the ILR= (—1,2,2), although the basic features of the example apply tolafp
solve equation[{4), we need an expressionfr. We begin by relating the angle variables to physical gtiastiBased on coordinate
transformations and geometry, the angle describes the radial oscillation of the trajectany, describes the azimuthal oscillation of the
trajectory, andvs determines the orientation of the orbital plane, which \&irant for a spherical potential. On can expressin terms of
the colatituded of the trajectory and the elevation of the orbital plah€TW). In addition, we find that, = —I, -1+ 2,...,l — 2,1l and
I3 = mwith l; = —o0,...,00. The first contributing multipole to the ILR is the quadrupdl= 2, |m| = 2. Furthermore, we can write
the perturbing potential as an inner quadrugdlér, ¢, 0,t) = cYi. (0, ¢ — ¢p(t))r?, wherec is a constant, because we are considering the
perturber to be outside the phase-space region of intardssace by symmetry; _,,, = Vi},,, itis sufficient to considem = 2 only. With
all of these identifications, it is then straightforward torgpute the necessary Fourier coefficient:

Hii(L,t) / / / dwe™ " er? (I, w)Ya (6, 0) ™0~ 2» (1) (12)

The only epr|C|t time dependence is a pure sinusoidal lagich so the Laplace transform yields:

Hi(s) = s+zmQ 27r ///dweﬂlw (L w)¥ea(6, 07

iy 3)

The integrals defining?;1(I) can be performed analytically because the motion in a honexges core is purely harmonic with constant
frequencies throughout the core, but its exact functiomahfis not important here.
We now substitute equatiof{|13) into equatibh (4)

3f0 1 1

il s) =d- =7 H11(1)5+il OsTimo, (14)
and perform the inverse Laplace transform as follows:
1 c+ioo B
@) = i ) dse f11(1, s)
_ ) 8fO efil-Qt efimet
= l'aIH“(I){'(mQ 1.0 il a-m)
_ 1. afo —i(1-Q4+mQp)t/2 sm[(l Q —mf) )t/2] (15)

a1 HuDe 1-2—mQyp)/2
This equation has several interesting features. Firstgetime

sin[(1- 2 — mQyp)t/2]
(1-Q2—mQyp)/2

oscillates rapidly and in the limit > 1/, Q, approachesré(l - @ — m€,). This implies that after a long time, one will only see a
contribution for a commensurability2—m(2,, = 0. If the satellite or bar was within or nearly within the honeogous core), ~ Q2 ~ Q,
and no ILR can possibly exist for small valuesloA small decrease if2,, can remove most of the low-order resonances, and outside of t
core, one ha®, < Q1 ~ Q2 and, therefore, no low-order resonances exist. Secondyityghomogeneous corgy(I) is constant so that
0f0/01 = 0 and thereforef;; = 0 independent of the resonankteThese features imply that a bar deep inside of a halo cotéhaike a
dramatically reduced torque.

2.2.2 Derivation of first-order changes in angular momentum

We may derive an expression for the change in angular mommesitmilarly. We begin by deriving the change in angular motaenfor a
single orbit. The Liouville theorem gives us the rate of @@m angular momentum for each orbit as:
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dL. 0L,

dt ot

where[-, -] are Poisson brackets (e.g. Goldstein 1950). Becayss a conserved quantity in the absence of any perturbatimetuation
becomes

+[H, L] (16)

dL. OH 0L, OH OL.  OH: (17)
dt 01 Ow ow Ol  Ows
wherew, I are action-angle variables afi is the first-order, perturbed Hamiltonian.
Now expandingH; as an action-angle expansion
IWt ZHUt le7 (18)
we can describe the evolution of a particular orbit’'s z aagoilomentum component:
sz . il-w
= Zzlgﬂll(l, t)el™. (19)

We may now integrate over some time inter¥aldefined to be long compared to an orbital time for our orbibwaictionI but short compared
to the overall evolutionary time scale. The angles now apti@kfunctions of time:w(t) = w, + Qt, whereQ2 = 9H, /01 andw, is the
angle vector at = 0. The solution forL. (t) is particularly simple for the sinusoidal time dependente simple rotating pattern (e.g. eq.
@3). Integrating equatiof.{lL9), one finds

. T
= dL. . i(l-wq) 62(1.Qim0p)t
AL.(T) = /O - zl:zlgﬂu(l,o)e TR )
_ . iwo) J _i(1-@-me,)r/28in(l- & — mQ,)T/2
Zzlngl(I,O)e { o mais | (20)

where we denotél; (I, ) = Hq1(I,0) exp(—imS,t). Equation[[2D) describes the change in angular momedtuiior a single orbit. To
determine the change in angular momentum for a particuldigmoof phase space, needed to perform a statistical casgueto a N-body
simulation, we must average equati@nl(20) over an orbitrabke To do this, we multiply equatiof{P0) by the phase-spdistribution
function f (I, w,t) = fo(I) + fi(I,w,t), wherefi (I, w,t) = >, fv (I t)et"rimedw and average over the initial phase,.

There are several subtleties in evaluating the averagemltm ) Flrst, note that the bracketed term on the +figintd side is steeply
peaked about- Q@ — mQ, = 0in the limit 7" > 1/Q, 2, this, of course, owes to the resonance defined t§2 — mQ, = 0. Second,
an average over angles is non-vanishing only for the térifA L.) whenl = —1. This implies that the net torque is second ordeHin
and this procedure yields a generalised form of the LBK fdar{MVeinberg 2004). However, by performing the average evewe are
implicitly assuming a time interval such that all phasesamgormly represented and this ignores an important featfirthe resonance
under some circumstances. Recall that near the resonaaagnwreplace the multidimensional problem with a one-dsiweral one in the
resonant angle,. Althoughw: andws remain distributed in phase, the distributiomaf is correlated by the dynamics of the resonance.
To evaluate this average including the correlation, we eptace the integral over phase with an integral over time,

27 Ts
/ dws exp(iws) = Qs / dt exp(iws(t)) (21)
0 0
and evaluate the integral using pendulum dynamics. Far ffenresonancey.(t) will be linear with time. As the orbit approaches the
resonance defined by the infinite-period trajectory, thespbawill linger near the top pivot point of the pendulum, ae. upside down
pendulum, and the run ab,(¢) will look like stairs with horizontals at-7 and~ (0 and2w) if the coefficient of the pendulum potential is
negative (positive). Near the infinite-period trajectdfy,— 0, Qs — 0 with 7:,Q, — 27. Because the phase will accumulate near the top
pivot point in the one-dimensional potentiekp(iws) will take on the valud or —1, again depending on the sign of the resonance potential.
Putting this together the phase integral takes the value

27
/ dws exp(iws) — 2w sign(H1p) (22)
0

near the resonance. This bunching and break down of the jplrasgging is a consequence of broken adiabatic invariaribe aesonance.
In the limit of long time intervals, the contributing orbitgll be closer and closer to the infinite-period trajectondatherefore, more and
more closely bunched in phase about the top pivot point. @tailéd investigation shows that resonances in astroradipiealistic systems
can be bunched and require a more subtle treatment thangbatilsed here. In particular, one must consider the simedtas variation of
I, with w, and this correlate&l;; with ws. In this case{A L. (¢)) scales a$H1;|*/? rather thar| H1;|2. TW call the division between these
regimes theslow andfastlimits and we describe them in the next section. Rather tleafopn very complicated slow-limit phase averages
and time ordering, we will solve the equations of motion mgdi numerical integration for an ensemble of orbits.
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10 Weinberg & Katz

2.2.3 The slow and fast limits

The rate of secular evolution determines whether or not bit imgers near the resonance for many periods or quickly moves thrtlgh
resonance. The rate of pattern speed evolution charagehe secular change. The natural width in frequency sjgaite ichange in the
commensurate frequency across the resonant width. Tteeofithe rate of pattern speed evolution to the square of theradawidth in
frequency is a dimensionless ratio that TW call Hpeed(s). In their perturbation calculation, values £« 1 give rise to changes in the
action that scale as the square root of the perturbationgttreands >> 1 give changes that scale as the square of the perturbating#tc
TW call these theslow andfast limits. For a perturbed system whose only time-dependes@ts pattern speed, TW defined the quantity
speed

G = [mSy |
[Vip0(1-€2) /01|
wheres > 1 is fastands < 1 is slow.
For our purposes, these two regimes complicate the petionttheory but do not result in a dramatic qualitative creimgthe evolution
of a particular orbit. However, the standard perturbatioeoty (e.g. LBK) assumes the fast limit. A set of exploratsimulations that
explicitly trackeds for individual orbits show that the dominant resonance®l@ntributions from the slow limit unless the bar slows down
within a rotation period. The ILR idominatedy slow-limit encounters. In practise, we find tlsas O(1) for most low-order resonances.

(23)

2.3 Numerical solution of the the averaged equations: tooland approach

Solving the linearised CBE for arbitrary time dependenceéhim perturbation and for arbitrary values of the spead difficult if not
intractable. The added complication of time dependencecamdributions from both the slow and fast limits motivatesta abandon
explicitly solving the CBE by analytic phase averaging imdiar of direct integration of the perturbed Hamiltonian.efages of phase-
space ensembles are then performed by Monte-Carlo integr&tithough more CPU intensive, this direct approach tayybation theory
simplifies the complexity of tracking multiple time scalesquires no differentiation between the fast and slow Hirand better facilitates
a comparison to N-body simulations. In principle, one catude the self gravity of the response using this methodatth we do not do
so here.

2.3.1 Twist mapping

We can look at the topology and effect of diffusion on the nest islands by converting the perturbed Hamiltonian neasanance to a twist
mapping applying the now standard procedure [e.g. Liclen® Lieberman 1983). Begin with the one-dimensional agedaequations,

H(Is,ws) = Ho(Is) + Hu(Is)e™*

whereH, andH;, are the zeroth-order and perturbed parts of the Hamiltonésmpectively. By choosing the phase, with no loss in gditgra
we may keep only the real part to get

H(I,ws) = Ho(I.) + Hn(Is) cos(ws). (24)

The surface of section implied by the averaging principke the successive returns to the ws plane separated by time intervdls =
2w /¢, whereQ; is the fast frequency. ¢ From Hamilton’s equations, the ghan action between two successive perigdsienoted by
subscripts: andn + 1 is

= OH
Is,nJrl = Is,n — / dt U (Is,n+l7—[f7w5,n +Qs,nt,wf +Qf,nt)
o Ows

sin(ws,n + Qs nT2) — sin(ws,n)
Qs

= Is,n - Hll(IS,n+17If) |:
(25)

where the second equality assumes a simple oscillatorydapendence for the perturbation. To derive a symplectiqoingpwe choose a
canonical generating function of the form

= Is,nJrlws,n + 271'14([5,”+1) + G(Is,nJrh ws,n)- (26)
The canonical transformation is then:
o0F; oG
Is n = = 1sn
nt1 Dwsm n+1 T Dwom
o0F; oG
s,n = Ws,n 2 27
v ot als,n+1 v ’ + ﬂ-a—’_ als,n+1 ( )

wherea = dA/dI;,,+1. Comparing equationE{P5) arfld]27) we can deduce that
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Hu(Ism, If)
Qs(ls,vu If)

The integration constatt(/,»+1) yields a phase shift that can be absorbed into

The mapping defined by equatiofis](27) dnd (28) is well-defametistraightforwardly applied but, for computational shebe phase-
space quantities must be tabled and evaluated using itdaéigpomethods. Truncation error can then lead to an impesfanplectic mapping,
but this situation can be improved as follows. On rearrag¢gnms, equatiori{27) has the form

G(Isnt1, Ws,n) = [cos(ws,n) — cos(ws,n + Ls,nT2)] + h(Lsnt1)- (28)

Isnt1 = Isn+ f(Isnt1, Ws,n)
Went1 = Wsn + 9(Isnt1, Ws,n), (29)
which implies that
oy of
Ows,n  Olsnt1

must hold. The functiog(Is,»+1,ws,») has only a sinusoidal dependencew), and this implies that the integral in the previous equation
can be performed exactly:

(30)

dg
Ows n

g(Is,nJrhws,n) = _/dws,n (31)

Deriving the mapping in this way, rather than explicitlyfi@quations[{26) anf{P8), guarantees the symplectic ¢ondit

Investigation of the orbit topology for the astronomicathptivated bar perturbation used here shows that most aeses have the
standard pendulum topology with one important exceptibarelative amplitude of the ILR is sufficiently large thabibfamilies bifurcate
as has been described extensively elsewherel (e.g. Comte®irosbal 1989, for a review). This does not present aprineiple problem
but, for simplicity, we restrict ourselves to moderate taakstrength bars for comparison between perturbation yhed simulations to
remove the complications caused by orbit bifurcation.

The action-angle or Cartesian phase-space coordinatebecabtained at any iteration (eq.[29) in the twist mapping by another
canonical transformation. We apply two-body interactioritie diffusive limit by tabulating the standard orbit aaged diffusion coefficients
(Snitzen 1987). At each step, we transform from slow anddasibns and angles to Cartesian coordinates, apply thegeharparallel and
perpendicular velocities obtained from a Monte Carlo meion, and then transform back to slow and fast variables.

2.3.2 Numerical solution of the phase-averaged equati®énsadion

As previously described, the first step in canonical pedtioln theory is to expand the phase-space quantities in agf@eries of actions
and angles:

E(r,t) = Z Eiy 105 (I(r V))ei[llwl(T,V)+l2w2(1‘,V)+l3’wg(r,v)7m¢(t)]
=\t v —=l1,l2,l3 ;
li,l2,l3

where we have assumed that the time dependence is peridHiphése angle(t) as previously defined and
Byt (1) = ?{dwemlw1+l2w2+l3w3)E(r(I, r),t). (32)

If =is a perturbation and we consider Hamilton’s equations, \ag transform to new action and angle variables where onesdagés the
form

ws = lhwy + laws + l3ws — mng,,(t).

As long as|w;s| is sufficiently large, the reaction of a orbit to the pertuidrawill be oscillatory. However, in the limit that

Ws = 11 + 12Q2 + 13023 — m(1) K mln(Qj)
J

the period of the oscillations will be very long and in theilinb; — 0 the perturbation may cause a permanent shift in the actieng
resonanceNear a resonance, the three-degree-of-freedom equationstion can be transformed to a one-degree-of-freedorbl@no as
described if2221. The one-dimensional equations of motion take tHeviamg form:
anlJst (I) etWs

0l
js = —iWi1,5(1) (33)

e = 1-Q—mQ, +

whereW is the transform of the perturbation that follows from thelagation of equation{32)

The validity of the averaging theorem is the only practigaditiation in this approximation. It may break down for largmplitude
perturbations if resonances overlap (2.0. Chirikov 19T79)the system loses or changes equilibrium. The approXandtas two important
advantages. First, it separates the resonant variabletfrerathers and, thereby, allows the dynamics of the resennbe isolated from
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Figure 3. Panels show the evolution of an orbit during pattern speehtligon of a bar for (a) a non-resonant and (b) a resonant. i plot the actiong; & 12,
the energy, the scaled angular momentutn= J/Jma, the resonance quantify, = 1,Q1 + 1222 — 2Q,(T), and the ‘speed’ of the resonanegersus
time for the resonanch = 1 andl2 = 0 (DRR). The red line shows the one-dimension time averagkdi@o and the green line the full three-dimensional
solution.

the remaining system, allowing us to check the one-dimeasiproblem against the full integration of the equationsnotion (examples
below). Second, because we have averaged over the raplidiiscs, the one-dimensional problem can be solved nuralyiwith a larger
time step.

However, unlike the N-body problem, forces in the one-disiemal mapping depend on the velocity, ife, and, therefore, we cannot
use an explicit symplectic integrator such as Leap Frogh&atve use the semi-implicit symplectic RK2 method:

_ oH Dn + Pn+1 (n + gn+1 )
dn+1 = Qdn + ap ( 2 ) 2 9
oH ~+ P + qr
Prg1 = pn — 22 (pn p LJrl7 an QL+1) ) (34)
dq 2 2

We apply this to equatiofi.{B3) and iterate until it convergsisg the algorithm:

: : OH (wg., + s Wen + qs
+1 _ s,m s,m+1 s,m s,n+1
w;,n+l - w;” + 8_.[6 ( 2 ’ 2 ’
, O0H (I{,+ 1] Wy, + w;
+1 _ s,n s,n+1 s,n s,n+1
;,n+l = Isn— 0. ( 5 -, D) E ) (35)

wherer = 1,2,... until Aws = Jwl !, —wi,| < e andALJ|IITL, — 17| < €. In practice, this iteration converges forS 10 when
€ =101

2.3.3 Comparison with the direct ODE

We want to compare orbit integrations using the time avetagee-dimensional equations with those integrated directing the three-
dimensional equations of motion in the bar quadrupole ¢gmtivhal potential. For the one-dimensional case, we cafoe a canonical
transformation to commensurate and non-commensuratenaatigle variables and average over the non-commensurgkesajust as in
the perturbation theory. For a spherical system, this eawveduced, two-degree of freedom problem: one corresgorile commensurate
degree of freedom and one corresponds to the nodagle of ascensionf the orbital plang. The conjugate action to this angle is the
component of the angular momentum. The four first-ordemangi differential equations, Hamilton’s equations, camtbe integrated as an
initial value problem independent of slow or fast limit calesations. For the three-dimensional case, we simplgmate the orbit using the
combined halo and quadrupole bar potential using the qpatilcomponent of the bar perturbation as describe@in

We assume an NFW dark matter halo and the bar length is the N##d\shale lengthrs. We impose a time-dependent pattern speed
from an N-body simulation with a slowing bar that has a mass ih 1% of the enclosed dark-matter halo mass within the &dius,

5 This is analogous to thEirst point of Ariesin defining celestial coordinates . Clearly, this degreereédiom can not be averaged because its unperturbed
frequency is zero.
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Figure 4. As in Figure[3 but for the resonantg = —1 andis = 2 (ILR).

which has a 2% force perturbation at maximum. We choose suaak perturbation to make sure that the perturbation resraity weakly
nonlinear in the slow limit, where the strength scalefFag|'/2. We use a standard Leap Frog algorithm for the direct salufddamilton’s
equations in Cartesian coordinates and use the implicipiatic algorithm to evolve the averaged equations (deedringZ3.2). Because
in the averaged equations the fast oscillatory motion has bemoved near the resonance, the time step can be 100 dirgesthan for the
ordinary Cartesian evolution. At each time step, the Camgshase space is transformed to the new variables for aisopan the figures.

Figured® anfll4 compares resonant and non-resonant onbitefe = 1,/> = 0 and thel; = —1, 1> = 2 (ILR) resonances integrated
using the time averaged one-dimensional perturbatiorrytewd by directly integrating the full three-dimensionqlations of motion. The
lh = 1,1 = 0 resonant orbit returns to apocenter twice during each baogeTo simplify the discussion, we will call this thdirect
radial resonancg DRR). An equilibrium phase-space distribution in a spterhalo may be described by two conserved quantities. For
convenience we will use the ener@yand the angular momentum scaled to the maximum for a giveygre= J/Jmax (F) € [0, 1].

For DRR (Fig[B), thdastvariable isw2 and, therefore]s is conserved through the resonance as seen for the onesiomahaveraged
orbit. The full three-dimensional problem exhibits an #ation in I> but there is no net change. Outside of resonance, slower|atmnhs
by the resonance are seen in both the three-dimensionalremdimensional solutions fdri. The rapid oscillation from the fast degree of
freedom is superimposed on this slower motion in the thigerdsional solution. Finally, the net chanfie= I, is zero for the non-resonant
orbit and non-zero for the resonant orbit.

The overall behaviour for the ILR (Fifil 4) resonance is saméllthough both; and > now both change owing to resonance passage.
Note that both the ILR and DDR transitions are not fully in shaw or fast regime. Remember that convenient analyticagmprations only
exist fors < 1 (slow) ors > 1 (fast) and encounters with= 1, like these, cannot be solved accurately by analytic peation theory but
require a numerical solution of the one-dimensional eguatof motion.

2.3.4 Comparison of one- and three-dimensional orbit irgggns for a phase-space ensemble

In this section, we compare the net changes in the halo plpaee £aused by the rotating bar using both perturbatiomytteeal the full
equations of motion. The latter is performed using an N-bodge with a fixed halo potential. We begin with a Monte-Carbmeyated
phase space for the equilibrium distribution in Cartesjaacs:z, y, z, u, v, w and for each particle we perform the same orbit calculations
described iff2.3.3. The bar mass and length and dark matter halo are asb#esin the previous section. However, now the evolution of
the bar pattern speed is determined by conservation of takangular momentum in the three-dimensional calculafféve pattern speed
for this weak bar slows by 3% during the evolution. The bar léonge is slowly turned on and then turned off to avoid trangs. Transients
will not affect the total torque significantly but may pro@udifficult to interpret phase-space features. The evaiwidhe bar pattern speed
with time is used as an input to the one-dimensional experime

In Figure[®, we show the ensemble change intltemponent of the angular momentulY. . during the bar evolution. These figures
are made by first computinfy L, for each orbit as a function of its initial values Bfandx. We then use kernel density estimation with cross
validation [Silvermain 1986) to estimate the smoothing &kWe increase and decrease this estimate to ensure thasthing density field
is not over smoothed. Using this procedure, Fidlre 5 conspdre change in the component of the angular momentum after evolving
the phase space with the one-dimensional and three-dioreigiquations of motion. In the one dimensional case, esdnance must be
computed separately and we use the following five resonaftisesd in order of their appearance in Figlle 8);,l2) = (—1,2) (ILR),
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(a) 1-d (b) 3d

Figure 5. Distribution of changes iiL . in phase space using the one-dimensional (a) and threeasiomal (b) equations of motion.

(2,-2), (1,0) (DRR), (0, 2) (corotation) and 1, 2) (outer Lindblad). FigurEl5a is the sum of the five separatedimensional phase space
calculations.

The low-order resonances with energies larger than -5 agite@ 20% for the two cases. However, the ILR (S —6) appears at a
somewhat different location and magnitude in the two paoEBigure[$. Because the rate of pattern speed change iswd@®such a
weak bar, the orbits linger near the ILR and become nonlineaimilar experiment with the same parameters but a with &ri®s more
massive barhas the opposite problem: the pattern speed decreases by orbits are less likely to linger but the overall anylé is
sufficiently high that the interaction itself is nonlineAs in Figure[h, the resonancesk&t> —5 agree but the one-dimensional integration
predicts more torque at ILR than the three-dimensionabnattion. We also tried using the 1% bar but artificially fogithe bar pattern
speed to decrease at the rate of the 10% bar, which resulgebdhagreement between the two calculations at ILR.

3 SIMULATING GALAXIES WITH RESONANCES USING N BODIES
3.1 Description of physical and numerical artifacts

Because Hamiltonian perturbation theory is impracticatfimplicated astronomical problems and inappropriatéafge perturbations such
as major mergers, in the end one must “throw caution to the'iend resort to exploring the dynamics using N-body simaiet. Using the
development fron27, we can derive the requirements necessary to correatlylae resonance dynamics. There are three requirements
on the particle number. First, we require a sufficient nunadbgrarticles near the resonance to produce the first-orderetation demanded
by the second-order perturbation mechanism (Criteriorifj)ou like, an N-body simulation does the phase averagindvimnte-Carlo
integration and this criterion ensures convergence ofittiegral. Second, there must be enough particles so thdintieefor an orbit to
artificially diffuse across the resonance is long compaocethé characteristic time scale of a closed orbit in the rasoe potential. We
separately consider two regimes. Artificial non-astroraahdiffusion is caused by small scale graininess in thentiateowing to the
gravitational force from individual particles (Criteri@). Similarly, artificial diffusion can be caused by potahfiuctuations from Poisson
noise at large spatial scales (Criterion 3). In additionte@ion 3 can describe true astronomical noise. Numeritabiration errors can also
give rise to a similar diffusion, and hence the integratiarstbe performed accurately.

There is a final criterion that does not depend explicitly artiple number: the potential solver must be able to ressbedes smaller
than the resonance potential (Criterion 0) and, of couteerealized phase-space distribution must cover this me@itearly, this criterion
must be satisfied by construction given the resonance palténaim equation[[R) for the set of desired resonances tetbyl and(2,,.

We investigate each of these issues using the perturb&tamyt developed 23 to estimate the particle number criterigfad, derive
scaling formula irf3.3 and then calibrate these against N-body simulatiof8.dh

3.2 Using perturbation theory to investigate particle numker requirements
3.2.1 Coverage

The change in the actions and I, as a function of bar phasgfor an ensemble of orbits starting with fixed actions (e.grgy angular
momentum, and plane inclination) is shown in Figidre 6 for D& ILR. £ andx show a non-sinusoid variation with initial bar phase

6 This bar has 10% of the dark-matter mass inside of its radidgsaa 20% force perturbation at peak.
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Figure 6. Variation in conserved-quantity change with bar phasster evolution in pattern speed for the same orbits showfignred® anfll4. The red line
is the resonant orbit and the green line is the non-resoriit o

for orhits that pass through resonance. Orbits gain or lagelar momentum and energy depending on the bar phase aareso If one
averages over all the phases there is a net change, as ekpHutee is also a small purely sinusoidal modulation inehgsantities for the
non-resonant orbits owing to the rotating bar perturbatidnich is only barely perceptible in these figures.

This example further illustrates the brief statemerff@dl that a simulation must have sufficient particles to caghe phases shown
in Figure[® or one will not get the correct ensemble average. tWo resonances are excited by the same bar perturbatidhebrelative
amplitude is much larger for ILR than for DRR giving ILR a péakprofile. The peaky profile requires fewer particles tovesge to the
mean than the only slightly asymmetric DRR. However, theiregl particle number may still need to be high to cover ILRaehtely owing
to the small total mass at low energies. Clearly, the covecaigerion depends on the perturbation amplitude of easbni@nce separately.

In addition, the orbits in FigurEl 6 have identical initiatiimations near the peak of the contribution for a given gper and total
angular momentuny. The full ensemble in an N-body simulation will sample aklinations and further dilute the net signal from the
resonance. One can see the full phase space ensemble besultiee initial orbit in Figur€l7 where we pldt L. as a function of initial
phase space coordinatg ) as in Figurdb. The particle number was increased for bathn@nces until the amplitude and location of the
resonance features in tli&-x plane remained unchanged. If we decrease the number dflpaibielow this value, the sampling is insufficient
in the vicinity of the resonance to recover the full ampliuaf the resonance. More thaf® (6 x 10°) equal mass particles within the virial
radius are needed for the DRR (ILR) resonance. Note that we ¢tzosen a very large bar length to reduce the required nuofiparticles.
We will see in§Z4 that ILR for a typical strength scale-length sized bguiees> 10® particles!

3.2.2 Diffusion

We investigate the effects of two-body perturbations on réit @ear resonance by combining the twist mapping, thetiswis to the one-
dimensional, and the three-dimensional equations of matibh a Monte-Carlo simulation of the Fokker-Planck egomtiThe diffusion

coefficients are derived from the isotropic phase-spadeilsliion for a spherical equilibrium using the standardgaription (e.g._SpitZer
1987; Binney & Tremainiz 1987):

Sup = {(Av))T + Ra({Avf)eT)"/?
dvi1 = Ra((Av])6T)Y? cos(2nR3)
dvia = Ro((Av2)6T)Y?sin(27Rs) (36)

wheredT is the time stepRR, andR2 are unit-variance zero-mean normally distributed randariates andR 3 is a random variate uniformly
distributed in the unit interval. We adopt a constant valio\ with A = bpaz/bmin = 1/0.003. This conservative value is smaller than
that of state-of-the-athCDM simulations and corresponds to a gravitational sofigiength of about 0.3% of the virial radius. The reader
may scale the values of the particle mas$or any value ofin A by keeping the product: In \ fixed. The algorithm for applying equation
@39) is as follows: (1) at the end of every twist-mappingaten or every time step for the symplectic integration & time-dimensional
average equations, we transform the action-angle vagabl€artesian coordinates; (2) equatiod (36) is appliedeaéelocities; and (3) the
Cartesian coordinates are transformed back to actionsragidsa

Figure[Ba shows the surface of section of the same orbit h&adéscribed in the previous figures in the one-dimensiow shriables
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Figure 7. Distribution of change in the component of angular momentum for a full phase ensembletabewrbits described in Figul® 6.
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Figure 8. Panel (a) shows orbits on either side of resonance withoesbimey interactions. The ratifs /I s, r is the ratio of the initial action to the action
of the zero-amplitude homoclinic trajectory. Panel (b)vstithe orbit from Panel (a) witlhs /Iss,» = 0.7 including two-body interactions for a variety of
particle massesa.
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Figure 9. As in Figure[3 (DDR) but including two-body diffusion for tiparticle masses indicated in units of the total mass.

I,—w, plane with no small scale diffusion. The bar pattern speembiistant. We label the orbits by /I, . whereI, . is the value of the
action at resonance for a zero amplitude bar. Since the ardelhere is not zero, the homoclinic trajectory is offsigtgly from Is = I . In
Figure[Ba one can also see how the twist mapping demarcatespiected pendulum topology. Figlite 8b begins with the dgbi= 0.71; -
but adds two-body diffusion corresponding to particle reassf 10=7, 10™%, and10~° in units where the total halo mass is unity. For
m = 1078, diffusion becomes very important and the orbit diffusekatgerl, and even crosses the homoclinic trajectory. froe 1077,
the diffusion is so large that the orbit diffuses into thedition zone.

Similarly, we may solve the one-dimensional equations ofiomoincluding the two-body diffusion for the same test tstshown in
FiguredB and4; these are shown in Figiles 9[and 10, resplgctior particle masses of = 107%, 1077, and10~%. The two-body
fluctuations are only included in the one-dimensional sofytthe three-dimensional solution is left unchanged famparison. Only at
m = 10~8 does the two-body perturbed solution begin to follow theartypbed solution. This is consistent with our twist magpiesults.

In short,values ofm equal to or smaller than those of typical N-body simulatidastroy resonances.

FigurelT1 shows the results of an integration using the Hieensional equations of motion for an ensenible 107 particles in the
quadrupole bar perturbation both without and with two-bdiffusion equivalent td0° particles. This isolates the effects of diffusion from
those of coverage. With two-body diffusion, the inner ILRsignificantly reduced. However, the outer low-order resgea,/; = 1,1l =0
in particular, still appear at their predicted strength kwétion. How can we understand this in the context of thgdahanges in orbital
structure near resonances we saw in the twist mapping andiorensional solutions? Even though the random walk inoastiseen in
Figured B[P anflC10 may be larger than the width of the resenadhe pattern speed of the rotating potential will contitmevolve and
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Figure 10.As in Figure® (ILR) but for the orbit in Figuild 4.

sweep past the ‘walking’ orbit at some nearby action wheng¥e, + 12Q, = m£,. At this point, the adiabatic invariant corresponding
to the slow motion will break and the orbit will feel a coherérick’. However, orbit cannot linger near the homoclini@jectory owing
to the random walk and will, therefore, always be in fast limit. In other words, the two-body noise diffusion of N-body peet-particle
simulations, which is much larger than that in true dark eraltaloes, is sufficient to causéow limit transitions to becoméast limit
transitions.

Note that the speed parameter is fast{( 1) for thel; = 1,12 = 0 resonance (DDR) (Fif] 3) but slow 1) for the ILR (Fig.[4).

The clear difference in magnitude between the ILR in the simit (Fig. [dla) and when it is forced into the fast limit byise (Fig[I1b) is
a consequence of the smaller changes in angular momentufdet-limit encounter. The corotation resonarge= 0, = 2) appears at
E ~ —3.7, immediately to the right of the, = 1,l> = 0 resonance and at lower amplitude. This resonance had and its amplitude is
also diminished by the diffusive effects of two-body endeus. Only the amplitude of the DRR is preserved.

3.2.3 Fluctuations on large spatial scales

The calculations in the previous section emphasise thaufitions in the gravitational field dominated by two-body@nters on relatively
small scales. Formally, large scale contributions were imsluded. The contribution to the fluctuations on largdescan the homogeneous
approximation leads to a divergence at the upper end of tho@ic logarithmin A. Physically, this divergence is removed by the inho-
mogeneity of a gravitationally bound galaxy and a realissitmate must be computed differently. In this section, w#ieitly address the
role of fluctuations owing to noise at large scales, bothrimsations and astronomically owing to dark-matter sulzstme.
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Figure 11. Distribution of AL, from direct integration results of the three-dimensiorglaions of motion for an evolving rotating bar without (agavith
(b) two-body diffusion form = 1076.

To appreciate the physical situation, consider the foroiren inner-halo orbit by a disturbance (such as orbitinds-ghaatter subhaloes)
in the outer galaxy. There are two requirements for a distattrbance to cause an effect on the inner orbit: 1) thesforast vary over the
region sampled by the orbit, otherwise there can be no wank delative to the background potential; and 2) the timessafthe disturbance
must be smaller than one of the orbit’s natural periods,ratise the motion will be adiabatically invariant. Thesetsaf considerations are
very similar to those important for the bar—halo interactiiscussed i and can be approached similarly.

@1) derives a formalism for treating the evolubf orbits including statistical fluctuations caused leytprbers of various
sorts. Assuming that the perturbations are a first-orderkbéan process, i.e. they do not retain any memory of thaorpstate, the
evolution equation naturally takes the Fokker-Planck fPmwulE_ 196 7). 1n particulmmm) works outlgti@aexpressions for
the diffusion coefficients and we will use them here. Thewakion explicitly includes the spatial and temporal ctatiens of any physical
perturbation. The expression for the coefficients have tavrtspl) a second-ordezinforcemenby the perturbation on the induced distortion
on the orbit, typical of any second-order perturbation tiexs described i§Z1; and 2) a correlation coefficient that describes theiapat
and temporal correlation of the perturbation. If we denb&dhange in componeritof the action at time after evolving by a period as

AI;(t + 7), then action-space diffusion coefficients frbm Weinb are:
DOMY = lim BLEET)
T—0 T
1 8‘f0 i *[y v
- (I) - [¥iey (/2. 0)* ZZ”Z’” )riym BIWiiym DWW, (D) X

727 )

{(%)3 > / &1 fo(D)[Yity (/2, 0) *riym (B)r1ym (8) X

Wit (DWiigh (DM (1 QDM (1- Q(1)276 (1- (D))

llom llgam
(37)
= Ui, 2,00 Z 3 o (Bt (Wi W (1)
{(%)3 > / &1 fo(T)|Yuty (10/2,0) 710 (B)7150m (B) X
1
Wik r (W (DM (1 QD) M (1 Q(1))2r8 (1- Q(T)) } .
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Figure 12.As in Figured® anf10 but including diffusion caused by lesgale fluctuations for the particle masses indicated itswfithe total mass.

The spatial component of the response is expanded in a artabgeries, thefzm(ﬁ) rotate the spherical harmonics, and the teW]’gQ;
describe the coefficients of the action-angle expansiotihier‘" basis function. The operatot/llﬁ(w) describes the self-gravitating re-
sponse owing to an applied frequeneyin the space spanned by the basis. The sumg,enandr, s are the sums in the space of this
operator. In this study, we will ignore self gravity and hembe./\/ll;; become identity matrices. The limit— 0 must be taken in the sense
thatr is small compared to the evolutionary time scale owing tdlinguations but remains large compared to the dynamica.tithe time
dependence in the diffusion coefficients reminds us thatitigerlying equilibrium distributiorf, (I) changes on an evolutionary time scale
but, for the purposes of the computation, is held fixed on aadhyoal time scale. The lowest-order temporal variationtheen explicitly
removed by the limit- — 0. The integrals may be simplified by noting th&tl = dEd.JJd(cos 8)/Qu (E, J). We can then do the integral
in 3 using the orthogonality of the rotation matrices as presfipdescribed. For a given equilibrium distribution fumctif, (I), the term in
curly brackets in equationE{[37) arlld¥(38) is the spatial enthbral correlation of the perturbation and need be cordparnéy once since it
is independent of the local value of the actions.

We now use equationg{37) arld](38) to compute the fluctuabgnsndom realisation. The procedure parallels thaf3iZ.2: one
generates new values bfrom DJ(.” (I,t), Dﬁ) (I, t) and Gaussian random variates. Here we do not have the lukuncorrelated parallel
and perpendicular motion as in the infinite homogeneous loasee must diagonalisé)ﬁ)(l, t) (e.g. by a Jacobi rotation) to generate
uncorrelated random variatesIn

Figure[I2 shows the evolution of an orbit near DRR and ILRysbed by large-scale fluctuations (cf. Fighk. 3 &hd 4). Théighar
number requirements are 1000 and 100 times smaller thafotttato-body diffusion, respectively, for the two resonaacFrom the N-body
simulation point of view, the two-body relaxation from thepious section sets a minimum particle number in a parpealeicle code (e.g.
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Figure 13. As in Figure[TR for the ILR (-1,2) including the effects of stitucture with orbits restricted to> r.

direct, tree, mesh, etc.) and the large-scale fluctuationsidered here sets a minimum particle number in an expacside. By limiting
the spatial scales, the expansion-based solver drantatiedlices the relaxation and potentially the particle negpents.

3.2.4 Implications for dark-matter substructure

We can use these results to estimate the importance of astical noise sources on bar—halo resonances. In printghgdluctuations from
any physical process can be computed as descritled in Wei(2@01). The most common and perhaps relevant noise conrasofibiting
substructure. Ignoring orbital decay, the calculatiordentical to that discussed in the previous sectiot@DM simulations provide both a
spatial density distribution and mass function for darkterasubstructure. Oguri & L e (2004) show that these dhistibns can be modelled
using a Press-Schechter approach (Press & Schechter 28@1dled to include tidal stripping and orbital decay. Ogutiee find that the
satellite masses have the cumulative distribufr> m) oc m ™" for m/M,;. from 107° to 0.3. The spatial distribution of substructure
is shallower than the overall dark matter distribution vgttallower profiles for larger values of. We will assume, for simplicity, that the
maximum substructure massmaq./Moir, is 0.3 and the smallest substructure mass» /Myir IS 10~%. This implies that the mean mass
(in virial mass units) is

log(1Mmaz /Mmin)
(1/mMumin — 1/Mmaz)
Let the fraction of the dark matter in substructure with> mm., be fss. Then, the diffusion coefficients from equatiofisl(37) d) (3
for particle massn may be scaled tem = m fss. Assuming that the fraction of the mass in substructfite~ 0.1 (Gao_et all 2004) and
using equatior{39) we have fss ~ 10~°. To implement the effect of tidal stripping, we assume thatdensity distribution of substructure
within the dark halo takes the same NFW form as the dark mhttewith no substructure inside of = 1/15 (units Ry;» = 1). This
requires restricting the phase-space integral insideutg brackets in both equations to orbits with> 7.

Figure[IB shows the now familiar ILR orbit perturbed by laspale fluctuations from orbiting substructure restrictearbits with

r > rs. Now, m.fss must be larger than aboud > to destroy the resonance, which is an order of magnitudeedatgn the actual
substructure noise.

m =

~1.3x107°. (39)

3.3 Calibration of particle number criteria: scaling formu lae

All of the particle number criteria described 8.2 have natural scalings in terms of physical quantitiesperties of the equilibrium
gravitational potential and the perturbation such as brangth, bar shape, bar pattern speed, etc. We derive sicgdiag relations in this
section and calibrate them using the result§®il and additional simulations.

3.3.1 Method

To calibrate the scaling estimates for the particle numbguirements defined i34, we evolve phase-space ensembles as described in
§Z.34. We can use both the one-dimensional and three-dioma€quations of motion to study each of the three critieam §3.2.
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3.3.2 Coverage

The coverage criterion demands that one samples phasessgfciently densely in the vicinity of a resonance to enghescorrect ensemble
average. Theesonance potentids defined by the one-dimensional pendulum problem from @mugTd) and is simply the Fourier action
coefficient corresponding to the commensurabilityWe define the half-width of the resonance potential as theirman extent of the
infinite-period trajectory in the one-dimensional phasacep

85I, = \/2M2H,,. (40)

This is called theesonance widtlin the celestial mechanics literaturddence, we can use perturbation theory to estimate a chesticte
widthor volumein phase space associated with each resonance. Becayseritlden both the Fourier action-angle expansion coeffiaigh
the change in slow frequency with slow action, this widthetegs on both the order of the resonance and the amplitude pktturbation.

As the galaxy halo slowly evolves, the resonance defined &gdmmensurability - @ — mQ, = 0 sweeps through phase space as
described irfl2. A secular torque occurs only if there are enough partistethat the first-order sinusoidal oscillations cancel awéethe
second-order changes. We, therefore, require sufficietities, n,, in a fractione,, of the resonance width to obtain a mean cancellation of
the first-order forced response. We use the resonance waidttimate the number of particles needed to resolve thisepbace volume.
The commensurability - Q = m$,, defines a track in th& and.J (or I andI,,) phase-space plane. The resonance width in equdfidn (40)
takes values along this locus. For a spherical isotroplas®y/stem, most resonance tracks defining the commerityr&lave only a small
variation withk = J/Jmae (E) for fixed E. We optimistically assume that an ensemble average ovéesafay orbits over a large range in
« for the same resonance cancels the first-order oscillafilearly more careful approximations that explicitly cortethe full phase-space
volume for coherent contributions are possible. In addjtiee assume that the phase-space distribution is isotfBipicphase-space fraction
within an energy widthA E for an isotropic phase-space distribution functitf®) is:

dF — / dw d1 f(E)S[E — E(D)] = p(E) f(E)dE = n(E)dE (41)
where
p(B) = 2(20)" 12,0, (B) / i /4 (I, )

0

with normalisation

1= /dF: /dEp(E)f(E).

We then use the width ift, corresponding té 1, defined in equatiorf{40), to estimate the fraction of phaseesf)..;; that we require to be
populated with at least,, particles as follows:

fori % cup(B)f(B) gL (61,
n(E)(1- Q)V2H

|02 Ho(1,) 012}

(42)

wherel,, is the value of the slow action at the resonance. This exiore$sr f..:: is independent of the choice far;, as it must be, but
depends of course on the resonahce

We can now usé€f.;: to estimate the number of particles needed to resolve aaasenExplicitly, our requirement, < N ferit
implies that the minimum critical particle number for reaanel is N,.q,1 = n,/ ferit. FOr example, if we demand that, = 10 particles
should span one tenth of the resonance width:foe= 0.1 to obtain good first-order cancellation, we require the $tion to contain the
following minimum number of particles:

1/2 1/2

&|82H0(IS)/8I§ . |0°Ho(1,) /01
cw n(E)1-Q)v2H:  n(E)(1-Q)v2Hy,

This factor of 100 is only a crude guess but test§3@ suggest that this is approximately the correct value.

Nreq,l =

(43)

3.3.3 Noise

As we have seen frorf8.22, fluctuations on very small spatial scales (two-badsxation) causes diffusion in the conserved quantities of
an orbit. Recall that in linear perturbation theory, torggigansferred to orbits whose apses are very slowly preégessthe bar frame. This
implies that the orbits must remain quasi-periodic for asteseveral periods in the bar frame. The period of the slgrdgessing orbit is
best characterised by the period of the closed resonarit Bdviour spherical system, this period is

7 NB: This has nothing to do with the width in frequency space.
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Table 1.Scaling of particle number requirements.

Requirement  Scaling Description

1/2

Nreg M, coverage
Nreq,ch Myt small-scale noise
Nreq,scF Mt large-scale noise
s s
Pres = max (_|l2| |l1|) . (44)
Qg

We therefore require that the diffusion length in the comseérguantities over some number Bf., be smaller than the resonance width.
Let the diffusion coefficient, the mean-squared rate ofapief an ensemble of particles in the slow actipnbe denoted a®;, r.. Using
equation[[4D), we can then express this criterion as

67«(5[5)2
DISIS Pr'es

wherel /e, is the desired number of resonance periods over which thienoust remain stable. We estimate that plausible values cdinge
from 0.1to 0.3 and use. = 0.3 in the estimates given below. We test this choicg3@l. For a fixed phase-space distribution with unit mass,
the diffusion coefficient scales as the mass per particlevarsely with the number of particl@é. Now, if we deriveDy, ., for a unit-mass
particle then the number of particles required to satiséydtiterion in equatior{45) is

T

>1 (45)

sls 77L:1Pr'es
e (015)? (46)
Direct-summation N-body simulations (including treeaithm based simulations) follow individual particle maris with a resolution
approximately equal to the interparticle softening scefe. express the relaxation present in these codes at smkdsacsing two-body
relaxation as irff3.4. The standard expressions are given in terms of enrggd angular momentuni. The diffusion coefficientD, .,
transforms to new variables, = z/,({z;}) as

81,’“ Oz,
Dy .o 47
Z 81’3 (91’k 3Tk ( )
(e.g..Risken _1989). Depending on the valué ofive are free to choose eithér = i1 1 or Ix = l21,. We may then derivd;, ;. from the
homogeneous diffusion coefficientz g, Dg s, D s ; and equatior{47).
In the same way, the large-scale expansion-based diffugiefficients in equation§{#5) arld146) together with equaffl) yields
Dy, 1, and particle number criteria for noise on large scales. \ethe same expansion from our Poisson solver for the expamsio

these diffusion coefficients although any biorthogonalagigion would suffice. This approach also facilitates a tlicemparison with the
simulations.

Nyeg =1/7 =

3.3.4 Time steps

Comparison between the one- and three-dimensional sotufar individual orbits allows us to investigate the timepstriteria necessary
to obtain a correct transition through resonance. This igerstringent than the requirement that the energy or actiensonserved for an
equilibrium orbit. For an orbit with energy E, we find that & step with approximately 1/100 of the period of the circaldit with the
same energy is necessary.

3.4 Results

We can use the formula derived 83 to determine the particle number requirements, i.entlmber of equal mass particles within the
virial radius. We start with a halo-scale-length bar, i.ar tadius= rs; = 0.067, whose mass is 1% of the dark matter mass within that
radius and a pattern speed at one-half of its corotatiorevalle plot the results for each of the three criteria for thoie most important
resonances, ILR (-1,2), corotation (0,2), and DRR (1,0)igufe[13. Tabl€ll describes how each of these criteria sdtthetlve mass of the
perturbing barM;,. We choose such a weak bar to facilitate comparison withuggation theory but the reader may scale these estimates
to any bar mass using these relations. Since both the enedygragular momentum change along the track of each resgnaniceen in
previous figures (e.g. Fifll 7), we plot the requirement faheariteria as a function of the radius of a circular orbithwiihe same energy,
reire. FOr this interaction, the most important resonances adltR and DRR. We show the corotation resonance (0,2) for eoisgn.
Note the radial location of the resonances: the corotatispmance and DRR are around the end of the bar, 0.067, whileEhbegins at
approximately one quarter of the bar radius, 0.014, anchdstenward to very small radii, at least as small as 0.02 tithedar radius. Itis
important for the Poisson solver to resolve down to thisescaproximateld0~2 times the virial radius in this case. Hence, in this figure
we assume a gravitational softening length of this size vdadculating the small-scale noise requirement.
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Figure 14.The three particle number criteria—coverage, and smallangé scale noise—for the indicated resonances for a laegé Wwar versus radius.

le+ll

j coverage
noise (small scale)
1e+10 | noise (large scale)
1e+09 | ——
1e+08 |

1e+07 ¢

Nreq

1e+06

100000 F

10000

1000 |

100 L L L L L L L L
0.00025 0.0003 0.00035 0.0004 0.00045 0.0005 0.00055 0.0006 0.00065 0.0007
R,

circ

(a) ILR (-1,2)

le+11

"coverage
noise (small scale)
1e+10 noise (large scale)

16409
1e+08
1e+07
1e+06 T
100000

10000

1000

le+11

1e+10

1e+09

1e+08

1e+07

1e+06

100000

10000

1000

coverag:
noise (small scale)
noise (large scale)

—

100 L L L L L L L
0016 00165 0017 00175 0018 00185 0019 00195
R

eire

(b) corot (0,2)

0.02

100
0.0148

0.015

00154  0.0156

R

0.0152

eire

(c) DRR (1))

00158  0.016

0.0162

Figure 15. The three particle criteria—coverage, and small and lacgiesoise—for the indicated resonances for a disk-sealgtth, moderate strength bar.

For all resonances, the small-scale noise criteria is thet s&vere but it is comparable to the coverage criterionlfBr. Remember
that, as they are usually used, the small scale noise oritenly applies to particle-particle codes, e.g. direee tand grid based, and not
to expansion SCF codes. As described@3.3, small-scale noise will strongly affect which orhétster resonance and the regime of the
resonance. However, coverage will dominate the smalkscaise for a stronger, i.e. more massive, bar at ILR accgrttirthe scalings
in Table[1. The estimates for coverage are consistent witlteimvergence oA\ L. in phase space with particle number for coverage alone
computed using one-dimensional averaging as shown in&lijugimilarly, comparison of FiguEell 4 and Figurks 9[add bvstonsistency:
the scaling relations require more thesf particles for DRR and considerably more for ILR.

Figurel T shows the same predictions for an approximateiedength sized moderate strength bar, i.e. bar radiug/6.7 = 0.01.

The bar mass is 10% of the enclosed dark matter mass, malkéngakimum relative amplitude of the asymmetric to axisymimdorce
30%. This bar requires a force resolution2ofk 10~* times the virial radius to fully resolve the ILR, which we tseour calculation of
the small-scale noise. The coverage criterion demandsydarge particle number to correctly couple to the bar-haR: lapproaching 0°
particles. The trends for theuter resonances are similar to those for the large bar but therageecriterion is relatively more important.
Approximately5 x 107 particles are needed for these resonances. Because thedbRséale-length bar occupies very low energies in the
cusp, we can check the criteria in Figliré 15a for by realipinly a small subset of the full phase space. By varying theggmange, we may
use between0° and 107 actual particles to achieve a suite of realizations loganitally spaced betweer0® and10° equivalent particle

numbers. The ILR resonance only reaches its full amplitodéf > 3 x 10® particles consistent with the prediction in Figla 15.

As described irf3.3.3, the diffusion will cause a drift in the orbits that palsrough resonance and cause all resonant interactioms to b
in the fast limit, even if they would be in the slow limit withbnoise. Therefore, one may relax the small-scale noiserierif one knowsa
priori that all resonances are fast and possibly still obtain theecboverall torque. This coincidence explains the cogerce of the total
torque in simulations that do not meet the small-scale naiserion. For the bar—halo interaction emphasised héoe; kmit interactions
primarily affect the ILR resonance. The net torque scaleMéé2 in the slow limit andM?2 in the fast limit. Therefore, the noise-induced

fast limit may diminish this interaction by an order of matgie for bars of typical strength.
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4 DISCUSSION
4.1 The Chandrasekhar dynamical friction formula

The bar—halo interaction and dynamical friction are goedrhy the same dynamids_(Weinbierg 1985, 1986). The tradit©@handrasekhar
dynamical friction is the sum of single scattering eventd, aherefore, works without resonance. However, in the cdsebound orbit
responding to a periodic perturbation such as a bar (oriogbftatellite), the individual scatterings become reptiinteractions near a
commensurability as describedd#. For quasi-periodic systems, the angular momentum &ansturs at resonances (and can be understood
as the superposition of many second-order secular Hanglquerturbation theory problems, one for each resonairta)ce, dynamical
friction works in quasi-periodic systems through resomandhe second-order quasi-periodic analogue to dynarmicabn obtains for
fast-limit encounters. Slow-limit encounters have a défe scaling. In general, one cannot replace the detailesafmrant dynamics with
that of scattering (Chandrasekhar formula). For exampkelack of a few low-order resonances owing to differencesitern speed or the
halo profile can cause large changes in the torque. We wikksamples of this in Paper II.

In §3.2.2, we argued that scattering owing to small scale fltictus in the potential can be large enough, even for partialabers
typical of state-of-the-art N-body simulations, that tleedtion and dynamics of the resonance change. If potenticiutitions rapidly
scatter orbits through the resonances, the orbits have meomyethat they have been affected by the same perturbatidngdprevious
periods. However, one can observe dynamical friction in@r gimulation even if the quasiperiodic nature of the orhits lost but it is in
the wrong, scattering regime. In this case it is possiblettietotal torque can be larger for small If this torque changes the actions of the
orbits that drive the structural evolution, then the evioluwill be even faster.

4.2 Relationship to the LBK formula

Although the first-order perturbation may dominate theantineous changes to phase space, the second-order caegele the net
changes that will persist after many dynamical times. Mé&m these results are computed assuming that the petitrtgegan infinitely
long in the past, théme-asymptotic limitLBK derived a formula describing the exchange of angulam@atum between a spiral pattern
and the rest of the disk in this limit, which can be straightfardly applied to a bar interacting with a halo_(Weinber&@tP However, not
only is the number of characteristic dynamical times in agtit age modest but the growth of a bar is most likely only alkfraction of
the galactic age. In the previous section, we argued thdirtite time effects yield different angular momentum distitions in the halo than
for a time-asymptotic systern. Weinberg (2004) shows thaLBK formula does not give an accurate description of theshaw down for
the same reasons and presents the following generalidatian arbitrary time-dependent perturbation:

((E=)) = _erp Y / dugl.%eﬂ-m'{ / dtfeﬂ‘m’w,t’)}Hin(Lt)- (48)
1 0

This expression reduces to the LBK formula for a perturlvatidith a constant pattern speed in the»> oo limit (for additional details, see
Weinberd 2004).

The simulations described here assume a fixed bar profileamifhanging pattern speed. Because angular momentum isreese
the net change in halo angular momentum is equal and opgosite bar angular momentum. Therefdie = 1,2, = —((dL./dt)).
Figure[Ih compares the evolution of the pattern sgegd) in an N-body simulation, the time-dependent torque frome¢iqn [48), and the
time-asymptotic LBK limit. The details of the simulationlilbe described in Paper Il. For now, note that the time-ddpatperturbation
theory gives fair agreement while the LBK limit predicts aghumore rapid slow down than observed in the simulation. Ehisused by a
variety of resonances that do not contribute in the timevgagtic limit but contribute appreciable torque (of botgrs) over a finite-time
at a sufficient magnitude so that the overall evolution isc#d. Clearly, time-dependent theory is necessary taidedbis interaction and
we use it for all subsequent predictions.

4.3 Comparison with a N-body simulation

We compare a N-body self-consistent simulation of a bar fibvahs in a live disk(see_Holley-Bockelmann etlal. 2005, fetadls) to the
one-dimensional perturbation theory calculations f#i8.2. For these simulations, both the expansion centré@ngluiadrupole centre are
at the origin. We eliminate the= 1 term from the expansion and apply only the quadrupole pattie@bar perturbation. This eliminates
issues of centring and combined halo-disk equilibria. Wi tnéat these in paper Il. The evolution of the pattern spisecbmputed by
enforcing total conservation of angular momentum. The laardmass that is 10% of the dark matter enclosed within theabass and
corotates at 3/2 of the bar radius. The bar is slowly turnedrmhoff with the functionA(¢) defined in§&l In Figure[I¥, we compare the
evolution of the pattern speed in the N-body simulation ® phediction from the one-dimensional averaged pertuwhbdtieory. We also
plot the contributions from the five most important resoraeparately, calculated using the one-dimensionalrpattan theory. Naively,
the rate of secular evolution should be proportional to theysbation amplitude. However, because of the slow andifags this simple
scaling is broken. Nonetheless, we can remove some of thendepce on the turn on and turn off by plotting the patteredgeolution in
Figure[IT using the scaled time
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Figure 16. Comparison of pattern speed in an N-body simulation wittdigt®ns from second-order perturbation theory in the tulependent and LBK
limits.
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= / dt' A(t)). (49)
0

As one can also see from Figlird 17a, the rate of pattern spekdien predicted by the one-dimensional approach excéeat in the
N-body simulation owing to a stronger ILR contribution. Assdribed irffZ-3.4, the ILR is strongly nonlinear and the amplitude presdi
by the one-dimensional solution is roughly a factor of twgéa than for the three-dimensional solution. Fidurke 17#wshthe same run but
with the prediction for ILR decreased, in an ad-hoc way, bgcdr of two, which gives a good correspondence betweerhd@yt and the
simulation. Even with this decrease, we see that the tosillidominated by the ILR and DRR. To check this interptietg we decreased
the bar amplitude by a factor of 10 fd;,, = 0.01. In this case, the ILR is not strongly nonlinear and we haveadgorrespondence between
the prediction and the simulation without any ad hoc adjestmFigurdIB shows the distribution of angular momentuangk in phase-
space as a result of the bar interaction. It looks very sinildhe perturbation theory prediction in Figlile 7 with tixpected differences in
the ILR.

4.4 A numerical testing ground

For testing ones own N-body code’s ability to properly eeothe bar-halo problem, we recommend reproducing some oérigelar
momentum exchange experiments performed here. For thédarinteraction, most researchers only check the eveluticthe pattern
speed with time. A more sensitive test, and one that is drtmianderstanding the component—component interactioimglduhe overall
secular evolution, is to verify that each resonance is nigalky converged. Comparing the distribution of the chamgangular momentum
in phase space is an effective tool to accomplish this gogl Fégs[¥ anfll5). These figures may be constructed as follmvs spherical halo,
the phase-space distribution function will be a functioeérgy and total angular momentumand.J. To make this plane rectangular, use
the normalised angular momentum variables .J/Jq. (E) so thatk € [0, 1]. For a spherical equilibrium],.. is the angular momentum
of the circular orbit with energye. This can be determined by finding the radius of the circutite. by solvingE = v2(r)/2 4+ V (r)
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Figure 18. AL plot for the N-body simulation in Figufedl7. Compare thishwitig.[2.

implicitly for r, wherev.(r) = /rdV/dr and then/,,ax(E) = r.v.(r.). One then computes the change in angular momentum in some
time interval on this plane. If resonant angular momentwsndfer dominates the evolution, the change in angular mtumewill follow

the curves inE and k defined by the commensurabilities. If scattering or moreeggimon-resonant interaction dominates, the change in
angular momentum will populate a broad area in this planés iBlonly a rough guide; the ILR, for example, is bra&@dind x owing to its
special degeneracy (see HIfj. 5) M. plot can be made from an N-body simulation using the follaypnocedure:

(i) Save the state of the N-body phase space separated byedrtienval that is small but of order of or larger than the tbiime
scale. For the three-dimensional calculation (N-body #timn with fixed background potential), the evolution o thattern speed may be
compared with FigureEA1 igAl

(i) For each orbit, compute the change in theomponent of the angular momentuta[. .. For figures in this paper, we computel. .
for the entire simulation from before the bar is turned orilafer it is turned off usingA (¢) (eq.[ZA32).

(iii) Use a density estimator to produce the distributiomf , over the phase space in the plane define&tndx. Simple histograms
will suffice but some tuning of bin sizes will be necessarygsatve the features.

Using this graphical tool, one may straightforwardly refaroe some of the examples presented here. Here are somewended tests:

(i) Compute theA L, plots for the large bar used §#BAE3B. The details of the bar perturbation are givef@hThe AL, diagrams
should be compared to Figuilds 7 &ihd 5. One should attempentifigeach of the resonances.

(i) The bar used for these examples is much larger than baxsiure. This experiment should be repeated for a scafgHesized bar
of moderate strength as describedffad. Ideally, check that their position and amplitude isvesged by drastically increasing the particle
number.

Since it is not possible to make particle number criteria #ina appropriate for all problems, it is necessary to ddteziine criteria for
each class of problem individually using the procedure Weabutlined above. One should check these other scenarassagerturbation
theory whenever possible. This is not always possible sadealised experiment, i.e. one which imposes an approxiffioste of the
perturbation and its time dependence, should suffice tdywére particle number criteria. Sometimes it is necessanyse a weaker form
of the perturbation and in this case the derived particle bemeriteria can be scaled to the real problem. For these prturbations,
one can repeat the one- and three-dimensional computatigtised in§2 and compare them with N-body simulations. The perturbatio
theory allows one to separate the effects of the individesbnances and compute their locations and importanceHg.§[1). Numerical
perturbation theory, i.e. the integration of the reducee-dimensional equations of motion, bypasses most of thelcations associated
with solving the CBE while retaining all of the dynamics oétresonance interaction typical in canonical perturbati@ory. Furthermore,
this approach automatically includes any desired time nidgece. All of the necessary details including a sympleéotagration scheme are
provided in2-3:2. One may also compare individual orbits as in Figlrasd§4 both to check of one’s perturbation theory calculaiod
to verify the choice of time step (s¢€34). Finally, a three-dimensional ensemble integnapiermits sampling a specific energy range in
phase space with more particles than is possible with a fldbhly simulation, as a test of convergence.
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5 SUMMARY

Secular evolution in galaxies is caused by intercompomngatactions possibly triggered by environmental distndes. These interactions
manifest themselves as large-scale asymmetric featudds asispiral arms, bars, ovals, and lopsidedness. The dgalmechanisms
mediating the secular evolution in the collisionless congrts are resonantly driven.

The linear and nonlinear dynamics of a single particle iomasice and the features of orbit families in model potentialve been well
understood using perturbation theory or numerical sahstiaf the equations of motion. However, an N-body simulasidds two additional
complications. First, a simulation provides the enseméxdelt but the effect of a resonance on a particular orbitigpsensitively on initial
conditions. The resulting angular momentum exchange isg@bpace at resonance has contributions of both signs degemdthe orbits’
initial conditions. The ongoing secular evolution imposedirectionality that breaks the symmetry in the initial dibions. However, the
simulation must have a sufficient number of particles in tiseity of the resonance to obtain the correct net torqueo8e, representation
of the dark matter and stellar components by an unnaturedgllsnumber of particles leads to fluctuations in the graiitel potential.
For modern simulations, the magnitude of these fluctuatyield a very long relaxation time but we have shown that theen@ sufficient
to cause orbits to random walk through resonances. Of coifigame orbits walk out of the resonance, others walk in. e\®y for some
resonances, ILR in particular, orbits would likelitager near the resonance for many rotation periods. The noisepi®this and in doing so
changes both the amplitude of the net torque and the locafithre orbits in phase space receiving the torque. In thispaye explored the
details of the resonance mechanism and its manifestatiam krbody simulation from a rigorous kinetic theory pointaw. We presented
particle number criteria for each type of discretenessr@md checked them with numerical experiments for the bdm-thteraction.

Both the coverage and noise criteria require a very largebeurof particles for important resonances. In the case oéreame, the
net torque from such a resonance may not be discerniblethstitritical particle number is reached. In the case of n@ssuming that
the coverage criterion is met, diffusion may force the reswrinteraction into a different regime until the noise idueed to the correct
threshold by using a sufficient number of particles. In batbes, checking for convergence by (e.g.) doubling the nuwfggarticles may
not be a good indicator. For example, Figlré 11 shows thalitRefor a very large, albeit weak, bar is reduced by a factoB @ind the
angular momentum is transferred to orbits with higher enéagd therefore with large radii) for noise equivalent 65 particles. Scaling to
a moderate strength disk-scale-length-sized bar wouldaddrbetween0® and10° particles to attain the correct dynamical regime.

Although largerN at fixed spatial resolution will reduce the fluctuations, gniirbody practitioners choose to use their particle number
to optimise the resolution since the cost of a simulationriiged by N. Unfortunately, this results in maximising the noise. Romdations of
secular evolution, it is worth decreasing the spatial nggmh and, thereby, use some of one’s particle resourcesitece noise. Alternatively,
an expansion code allows us to directly control the spatisblution and efficiently eliminate the high-spatial freqaies that dominate the
noise. We have shown that this Poisson solver reduces th@edqmumber of particles to satisfy the noise criterion éyesal of orders of
magnitude, in practise leaving only the coverage critétia.this reason, we recommend this Poisson solver for tigatioblems of secular
evolution and use it in Paper Il to study the self-consiséswotution of the bar-perturbed halo. Of course, this methsd has its price: one
sacrifices adaptiveness and introduces some bias. Hoviebadance we have found it well suited to studying seculatigion.

The work presented here was the product of a sustained ciplerturbation theory predictions followed by numericaperments,
and we needed many more cycles than anticipated! Our exgergiggests that it may not be possible to provide a univeesaf particle
criteria for an arbitrary dynamical interaction for sedeeasons. The strength of the perturbation may change tihphuology of the stable
periodic orbits, the rate of secular evolution may changerdsonance topology, and regimes such as fast and slowidit@iactions in
resonances may deceive N-body convergence tests. Rahkrsecular mechanism must be studied in detail to developeaimgful set of
particle number criteria for that particular problem. Slations alone are unlikely to be sufficient for a full undarsling of the dynamics
or even ascertaining convergence. The important astraamiocesses of disk heating and secular bulge format®marthwhile topics
for this sort of future investigation.
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APPENDIX A: DETAILS OF THE BAR PERTURBATION

Rather than apply a force from a full bar, we may capture tiseree of the nonaxisymmetric interaction by considerimgghadrupole
component only. Laplace’s equation demands that the gpalirpart of the gravitational potential increases-a$or radii well within the
bar and decreases &s® far from the bar and, therefore, comes to a peak somewheghirebn. We find that the following functional form

7“2

YT (r/bs)?
fits the quadrupole radial component for bars quite well. &@kplicit, our halo is an NFW model with concentratioe= 15. We scale all
radii and masses by the virial radius and virial mass, reas@bde We fit equation[[AlL) to a homogeneous ellipsoid witlu = 1/5 and
¢/b = 1/10. The major axis for our main test case is chosen ta be r, = 1/15. Our standard tests assume a bar mass of 1% of the
dark-matter mass enclosed with the bar semi-major axis [Eads to the following values; = —70.4, b5 = 0.0262.

To compare with perturbation theory, we attempt to mininiiaasients by slowly turning on and off the perturbatiomgghe following
function:

o= [vn () e ()
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Figure Al.

whereto and¢; are the turn and turn off times, respectively, ahds the width of the turn and turn off. The final perturbing putel is
therefore:

Hi(r,t) = AQ)R{Uz(r)Yim(0,¢ — ¢p(t)}. (A3)

The moment of inertia for the homogeneous ellipsoid abaitimor axis isf, = My (a}+a?)/5 and the angular momentum of the bar
isthenL,,, = I.),. Let thez component of angular momentum of the phase spade peThen in the three-dimensional direct integration
of a phase-space ensemble, the pattern speed is deriveddrgieg the conservation of momentum, +o:(t) = L.Q,(t) + L.p(t) =
L. t0t(0) = Lpar(0) + L.p(0) to give: Qp(t) = (Lpar(0) + L.p(0) — L.p(t))/I.. FigurelAl shows the evolution of the pattern speed for
the two bar examples fronB.2.
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