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The Halo Occupation Distribution and the Physics of Galaxy Formation

Andreas A. Berlind 1, David H. Weinberg 2, Andrew J. Benson 3, Carlton M. Baugh 4, Shaun
Cole 4, Romeel Davé 5, Carlos S. Frenk 4, Adrian Jenkins 4, Neal Katz 6, and Cedric G. Lacey 4,7

ABSTRACT

The halo occupation distribution (HOD) describes the bias between galaxies and
dark matter by specifying (a) the probability P (N |M) that a halo of virial mass M
contains N galaxies of a particular class and (b) the relative spatial and velocity distri-
butions of galaxies and dark matter within halos. We calculate and compare the HODs
predicted by a smoothed particle hydrodynamics (SPH) simulation of a ΛCDM cosmo-
logical model (cold dark matter with a cosmological constant) and by a semi-analytic
galaxy formation model applied to the same cosmology. Although the two methods
predict different galaxy mass functions, their HOD predictions for samples of the same
space density agree remarkably well. In a sample defined by a baryonic mass thresh-
old, the mean occupation function 〈N〉M exhibits a sharp cutoff at low halo masses,
a slowly rising plateau in which 〈N〉 climbs from one to two over nearly a decade in
halo mass, and a more steeply rising, high occupancy regime at high halo mass. In the
low occupancy regime, the factorial moments 〈N(N − 1)〉 and 〈N(N − 1)(N − 2)〉 are
well below the values 〈N〉2 and 〈N〉3 expected for Poisson statistics, with important
consequences for the small scale behavior of the 2- and 3-point correlation functions.
The HOD depends strongly on galaxy age, with high mass halos populated mainly by
old galaxies and low mass halos by young galaxies. The distribution of galaxies within
SPH halos supports the assumptions usually made in semi-analytic calculations: the
most massive galaxy lies close to the halo center and moves near the halo’s mean ve-
locity, while the remaining, satellite galaxies have the same radial profile and velocity
dispersion as the dark matter. The mean occupation at fixed halo mass in the SPH
simulation is independent of the halo’s larger scale environment, supporting both the
merger tree approach of the semi-analytic method and the claim that the HOD provides
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a complete statistical characterization of galaxy bias. We discuss the connections be-
tween the predicted HODs and the galaxy formation physics incorporated in the SPH
and semi-analytic approaches. These predictions offer useful guidance to theoretical
models of galaxy clustering, and they will be tested empirically by ongoing analyses of
galaxy redshift surveys. By applying the HODs to a large volume N-body simulation, we
show that both methods predict slight departures from a power-law galaxy correlation
function, similar to features detected in recent observational analyses.

Subject headings: cosmology: theory, galaxies: formation, large-scale structure of uni-
verse

1. Introduction

A complete theory of galaxy formation should predict the distributions of galaxy luminosities,
colors, sizes, and morphologies, the correlations among these properties, and the relation between
the spatial clustering of any given class of galaxies and that of the underlying dark matter dis-
tribution. This last class of predictions, the “bias” of galaxies as a function of their observable
properties, is becoming an increasingly important test of theoretical models thanks to the new
generation of large galaxy redshift surveys, in particular the 2dF Galaxy Redshift Survey (2dF-
GRS; Colless et al. 2001) and the Sloan Digital Sky Survey (SDSS; York et al. 2000). The “halo
occupation distribution” (HOD) formalism is an especially powerful framework for carrying out
such tests; it characterizes the bias of a class of galaxies by the probability P (N |M) that a halo
of virial mass M contains N such galaxies and additional prescriptions that specify the relative
distributions of galaxies and dark matter within halos. If the HOD at fixed halo mass is statistically
independent of the halo’s large scale environment, as theoretical models predict (Bond et al. 1991;
White 1996; Lemson & Kauffmann 1999; this paper), then this description of galaxy bias is es-
sentially complete: given the HOD and the halo population predicted by a particular cosmological
model, one can calculate any galaxy clustering statistic, on scales from the linear regime to the
deeply non-linear regime. Empirical determinations of the HOD for different galaxy types would
therefore summarize everything that observed galaxy clustering has to say about the physics of
galaxy formation, in a form that can be readily compared to theoretical predictions.

This paper examines the HODs predicted by the two leading theoretical methods for studying
galaxy formation and bias in a cosmological context: semi-analytic models (e.g., White & Frenk
1991; Kauffmann, White, & Guideroni 1993; Cole et al. 1994; Avila-Reese, Firmani, & Hernandez
1998; Somerville & Primack 1999) and hydrodynamic numerical simulations (e.g., Cen & Ostriker
1992; Katz, Hernquist, & Weinberg 1992; Evrard, Summers, & Davis 1994; Pearce et al. 1999;
White, Hernquist, & Springel 2001; Yoshikawa et al. 2001). We apply both methods to a ΛCDM
cosmological model (inflationary cold dark matter with a cosmological constant), adopting the same
cosmological parameters in each case. We focus on galaxy samples defined by thresholds in baryon
mass and stellar population age, which are roughly analogous to observational samples defined by
cuts in luminosity and color. Except for using the same cosmological model and thus the same
present-day halo population, we do not make any efforts to “tune” the semi-analytic calculation to
match the hydrodynamic simulation; we apply each method in its “standard” form. We present
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results for the various features of the HOD — the mean occupation 〈N〉 as a function of halo
mass, moments of the distribution P (N | 〈N〉), and the spatial and velocity distributions of galaxies
within halos — and we interpret these features in terms of the physical processes represented in
the theoretical models. In the short term, our results should provide useful input to theoretical
models of galaxy clustering by allowing the predictions of these galaxy formation models to be
“bootstrapped” into analytic calculations or larger volume N-body simulations, and they offer
guidance to efforts to infer parameters of the HOD from observational data. In the slightly longer
term, these predictions will be tested by empirical determinations of the HOD, and any discrepancies
with observations may point the way to necessary revisions of the galaxy formation model or the
underlying cosmological model.

Several aspects of the HOD predicted by semi-analytic models have been investigated in the
pioneering papers of Kauffmann, Nusser, & Steinmetz (1997), Governato et al. (1998), Kauffmann et
al. (1999), and Benson et al. (2000a), which used semi-analytic methods to assign galaxy populations
to the halos of N-body simulations. Seljak (2000) and Sheth & Diaferio (2001) measured P (N |M)
from the Kauffmann et al. (1999) models and incorporated them into analytic predictions of galaxy
clustering and bias (see also Scoccimarro et al. 2001; Sheth et al. 2001a; Scranton 2002). HOD
predictions of hydrodynamic simulations have been presented by White, Hernquist, & Springel
(2001) at redshifts z = 3 and z = 1 and by Yoshikawa et al. (2001) at z = 3, 2, and 0. Relative
to this earlier work, our examination of the HOD in this paper is more comprehensive, and our
side-by-side comparison of numerical and semi-analytic results for the same cosmological model
allows us to evaluate the robustness and limitations of the predictions and to better understand
the physics that gives rise to them.

Other studies of the halo occupation distribution have focused on the connections between the
HOD and statistical measures of galaxy clustering. Many of these studies have utilized the power
of the HOD formalism and the related “halo model” of dark matter clustering as a tool for analytic
calculations (Ma & Fry 2000; Seljak 2000; Benson 2001; Scoccimarro et al. 2001; Sheth et al. 2001a;
White 2001; Cooray & Sheth 2002), drawing on methods developed over the course of several
decades (Neyman & Scott 1952; Peebles 1974; McClelland & Silk 1977; Scherrer & Bertschinger
1991; Mo & White 1996; Sheth, Mo, & Tormen 2001b). Berlind & Weinberg (2002, hereafter BW)
computed the impact of HOD bias on many of the most widely used galaxy clustering statistics
by applying parameterized HOD models to an N-body simulation of the ΛCDM scenario. They
concluded that different statistics constrain the HOD in complementary ways, making it possible to
determine the HOD empirically from observed galaxy clustering, at least for a known cosmological
model. Important steps toward observational determination of the HOD of bright, optically selected
galaxies, drawing mainly on the 2- and 3-point correlation functions, the group multiplicity function,
and galaxy-galaxy lensing, have been taken by Jing, Mo, & Börner (1998), Peacock & Smith (2000),
Scoccimarro et al. (2001), Guzik & Seljak (2002), Marinoni & Hudson (2002), Yang, Mo, & van
den Bosch (2003), van den Bosch, Yang, & Mo (2002), Zehavi et al. (2003), and Magliocchetti &
Porciani (2003). Kochanek et al. (2003), Jing, Börner, & Suto (2002), and Cooray (2002) have
investigated HOD constraints for galaxies selected in the near- or far-infrared, and Wechsler et al.
(2001), Bullock, Wechsler, & Somerville (2002), and Moustakas & Somerville (2002) have applied
similar methods to high-redshift galaxies. An ambitious but, we think, realizable goal is to use the
high-precision measurements afforded by the 2dFGRS and the SDSS to break the “degeneracies”
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between cosmology and bias, obtaining tight, simultaneous constraints on the mass function and
clustering of dark halos and the HODs of many different galaxy classes (see discussions by BW,
Zheng et al. 2002, and Weinberg 2002). We hope that the results presented here will provide
inspiration to such efforts, by illustrating how measurements of the HOD can test basic ideas about
the physics of galaxy formation.

Our approach to the HOD is essentially the one described by BW, which was in turn inspired
largely by the discussion of Benson et al. (2000ab). The clustering of galaxies predicted by the semi-
analytic model and hydrodynamic simulation investigated here, as quantified by more traditional
statistics, has been presented in separate papers (Benson et al. 2000a; Weinberg et al. 2002). We
briefly describe the two calculations and the selection of galaxy populations in § 2. In § 3 we
compare the predictions of P (N |M) for several different galaxy classes, and we demonstrate that
P (N |M) predicted by the hydrodynamic simulation is independent of large scale environment, to
within the statistical limitations of our measurements. Semi-analytic models do not predict the
distribution of galaxies within halos, but clustering calculations based on these models usually
assume that each halo contains one central galaxy moving at the halo’s center-of-mass velocity and
that other “satellite” galaxies trace the halo’s dark matter distribution. In § 4, we show that these
assumptions hold to a good approximation in the hydrodynamic simulation, which predicts the
galaxy positions and velocities directly. In § 5 we compare the properties of central and satellite
galaxies in the two methods. The precision in predictions of the galaxy correlation function by
these two models has been limited by the finite size of the simulation volumes in which they were
implemented. In § 6 we combine the HOD results with a new, large-volume N-body simulation to
make improved predictions for the galaxy correlation function, focusing on predicted departures
from a power-law form. In § 7 we summarize our results and discuss what they tell us about the
physical factors that shape the HOD and thereby determine the bias between galaxies and dark
matter.

2. Theoretical Models

2.1. SPH Simulation

We use a smoothed particle hydrodynamics (SPH) simulation of a ΛCDM cosmological model,
with Ωm = 0.4, ΩΛ = 0.6, Ωb = 0.02h−2, h ≡ H0/(100 km s−1 Mpc−1) = 0.65, n = 0.95, and
σ8 = 0.8. This model is in good agreement with a wide variety of cosmological observations (see,
e.g., Spergel et al. 2003), though the value of Ωm is somewhat higher than favored by the most
recent constraints. In terms of HOD predictions, lowering Ωm while keeping other parameters fixed
would primarily shift the mass scale of halos by a constant factor (Zheng et al. 2002), though the
change of dynamical growth timescales relative to gas cooling timescales could have a secondary
influence. The simulation uses the Parallel TreeSPH code (Hernquist & Katz 1989; Katz, Weinberg,
& Hernquist 1996; Davé, Dubinski, & Hernquist 1997) to follow the evolution of 1443 gas and 1443

dark matter particles in a 50h−1Mpc box from z = 49 to z = 0. The mass of each dark matter
particle is 6.3 × 109M⊙, the mass of each baryonic particle is 8.5 × 108M⊙, and the gravitational
force softening is ǫgrav = 7h−1kpc (Plummer equivalent). As a test of numerical resolution effects,
in §3 we also show results from a simulation of a 22.222h−1Mpc cube with a factor of eight higher
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mass resolution (2 × 1283 particles) and a gravitational softening of 3.5h−1kpc.

Dark matter particles are only affected by gravity, whereas gas particles are subject to pressure
gradients and shocks, in addition to gravitational forces. The TreeSPH code includes the effects
of both radiative and Compton cooling. TreeSPH also includes heating by a background UV
radiation field but we only include its effects in the simulation of the 22.222h−1Mpc cube. We
cannot accurately include a background UV radiation field at the lower resolution of the 50h−1Mpc
simulation (Weinberg, Hernquist, & Katz 1997). Star formation is assumed to happen in regions
that are Jeans unstable and where the gas density is greater than a threshold value (nH ≥ 0.1cm−3)
and colder than a threshold temperature (T ≤ 30, 000K). Once gas is eligible to form stars, it does
so at a rate proportional to ρgas/tgas, where ρgas is the gas density and tgas is the longer of the gas
cooling and dynamical times. Gas that turns into stars becomes collisionless and releases energy
back into the surrounding gas via supernova explosions. A Miller-Scalo (1979) initial mass function
of stars is assumed, and stars of mass greater than 8M⊙ become supernovae and inject 1051ergs of
pure thermal energy into neighboring gas particles. The star formation and feedback algorithms
are discussed extensively by Katz, Weinberg, & Hernquist (1996), and the particular simulations
employed here are described in greater detail by Murali et al. (2002), Davé et al. (2002), and
Weinberg et al. (2002). The parameters are all chosen on the basis of a priori theoretical and
numerical considerations and are not adjusted to match any observations.

SPH galaxies are identified at the sites of local baryonic density maxima using the SKID
algorithm,8 which selects gravitationally bound groups of star and cold, dense gas particles. Because
dissipation greatly increases the density contrast of these baryonic components, there is essentially
no ambiguity in the identification of galaxies. We retain only those particle groups whose mass
exceeds a threshold Mb,min = 5.42 × 1010M⊙, corresponding to the mass of 64 SPH particles, and
the resulting galaxy space density is n̄g = 0.02h3Mpc−3. We also construct lower density (and thus
more massive) samples with n̄g = 0.01h3Mpc−3 and n̄g = 0.005h3Mpc−3, which have minimum
baryonic masses of 1.25× 1011M⊙ and 2.39× 1011M⊙, respectively. The galaxy properties that we
use in this analysis, aside from position and velocity, are the total baryonic mass and the median
stellar age (i.e., the look-back time to the point at which half of the stellar mass had formed).

We identify dark matter halos in the mass distribution using a friends-of-friends algorithm
(Davis et al. 1985) with a linking length of 0.173 times the mean inter-particle separation, and we
only consider halos consisting of at least 32 dark matter particles. We choose this particular linking
length because, for this cosmological model, it most closely corresponds to the definition of a halo
assumed in the semi-analytic model described in the following section. We assume a universal
baryon to matter ratio and scale halo dark matter masses up by a factor Ωm/(Ωm −Ωb) = 1.134 to
obtain total halo masses. The minimum halo mass we resolve is therefore 2.29 × 1011M⊙, and the
most massive halo in our 50h−1Mpc box is 3.29 × 1014M⊙. Finally, we decide halo membership of
galaxies by assigning each galaxy to the halo that contains the dark matter particle closest to the
galaxy center-of-mass.

8See http://www-hpcc.astro.washington.edu/tools/skid.html and Katz, Weinberg, & Hernquist (1996).
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2.2. Semi-Analytic Model

Semi-analytic galaxy formation models have their roots in the work of White & Rees (1978),
Fall & Efstathiou (1980), Cole (1991), Lacey & Silk (1991), and White & Frenk (1991), who
established the basic framework of this approach. The semi-analytic (SA) model that we use in
this paper is GALFORM, which is described in detail by Cole et al. (2000). The model begins
with a population of halo masses that is usually either generated using the Press-Schechter (1974)
halo mass function or drawn from an N-body simulation. In this study, we supply the SA model
with the same halo population identified in the SPH simulation. The two methods’ predictions
can thus be compared halo by halo without being subject to differences caused by sample variance.
In addition, we produce 10 SA realizations for each SPH halo so that we can determine the SA
P (N |M) relation more accurately.

For each halo, the SA model first employs a Monte Carlo method to generate a “merger tree”,
which describes the hierarchical growth of that particular halo. The tree starts at z = 0 and works
backwards in time, branching into progenitor halos, until it reaches a starting redshift. The halo
merger rates used by the merger tree algorithm are those derived by Lacey & Cole (1993). The
merger statistics that underpin the SA model are of particular importance to P (N |M), since the
number of galaxies in any given halo should be closely related to the formation and merger history
of its progenitor halos. Once a merger tree is created, a suite of analytic prescriptions is used to
model the formation and evolution of galaxies in each progenitor halo, starting with the highest
redshift progenitors and moving forward in time all the way to the single halo at z = 0.

Each halo is given an NFW (Navarro, Frenk, & White 1996) dark matter density profile (with
no scatter in halo concentration) and an angular momentum drawn from a log-normal distribution.
Diffuse gas is assumed to be shock heated to the halo virial temperature during the formation
process and to settle initially into a spherical distribution. Gas that is dense enough to radiate its
thermal energy before the halo experiences a major merger is assumed to accrete onto a centrifugally
supported disk at the halo center. This mechanism proceeds from the center of the halo outwards,
since the cooling timescale is an increasing function of radius within the halo. Cold gas that has
settled onto the disk begins forming stars at a rate proportional to the total mass of cold disk gas
and inversely proportional to an empirical timescale, which is described below. The effects of stellar
winds are modeled by returning a fraction of stellar mass into the cold gas phase, and the effects
of feedback are parameterized by reheating a fraction of the cold gas to the halo virial temperature
and ejecting it from the disk. The SA model keeps track of how much gas is in the hot, cold,
and stellar phases at any given time and traces chemical enrichment of the gas by following the
exchange of metals among these three phases.

If at any point during this process the merger tree contains a merger between two halos, the
most massive galaxy is assumed to become the “central” galaxy of the merged halo and any other
galaxies present become “satellites”. Each of these satellite galaxies is assigned a random orbit and
a timescale on which dynamical friction causes it to merge with the central galaxy. If such a galaxy
merger happens, the central galaxy’s evolution may be mildly or severely disrupted, depending
on the mass ratio Msat/Mcen of the merging galaxies. If Msat/Mcen ≥ 0.5, then the merger is
classified as “major,” and the two galaxies form an elliptical galaxy, with their remaining gas
consumed in a single burst of star formation. If 0.5 > Msat/Mcen ≥ 0.25, then the star formation
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burst still happens, but the central galaxy disk is not destroyed. Finally, if Msat/Mcen < 0.25,
then the satellite’s gas and stars are added to that of the central galaxy without disrupting it.
There are several adjustable parameters in the SA model, and their values are chosen so that
the model reproduces some observed properties of the local galaxy population, in particular the
galaxy luminosity function. Other observables then serve to test the model. The SA parameters
are not adjusted on the basis of galaxy clustering measurements. Yoshida et al. (2002) and Helly
et al. (2003) compare the galaxy properties predicted by SA calculations and SPH simulations, and
in these tests they adjust the SA parameters to mimic the physical assumptions and numerical
resolution of the simulations. Here we have chosen to take both methods “as is”; the SA model
incorporates its standard set of physical processes, and its parameters are adjusted on the basis of
observations.

The SA model computes many observable properties of galaxies such as luminosities, sizes,
colors, metallicities, and morphological types. The properties that interest us here are, in addition
to halo membership, the total baryonic mass and the mass-weighted mean stellar age. We will also
make use of the SA bulge-to-disk ratios in §3.3. While the nature of the semi-analytic model used
in this work is identical to that described by Cole et al. (2000), the parameters differ from those
of their fiducial model because we have adopted different cosmological parameters. In particular,
we adopt the baryon density parameter Ωb = 0.02h−2 = 0.0473 used in the SPH simulation, where
Cole et al. (2000) used Ωb = 0.02, and we are forced to alter other model parameters to maintain a
good match to local galaxy luminosity functions. The star formation timescale in the semi-analytic
model is now described by

τ⋆ = τ0
⋆ (Vdisk/200 km s−1)α⋆ , (1)

with τ0
⋆ = 3Gyr and α⋆ = −2.5, and the feedback parameter Vhot is increased to 250 km s−1. We

also impose a minimum star formation timescale of 1 or 25 Myrs for quiescent and bursting star
formation respectively. We adopt the Salpeter IMF and a recycled fraction R = 0.373 (our choice
of IMF is not particularly important for this work since we only consider the total stellar mass of
galaxies, rather than their photometric properties). The core radius of the gas density profile in the
model halos is initially set to 2/3 of the NFW scale radius (twice as large as in Cole et al. 2000).
We inhibit cooling of gas in dark matter halos with virial velocities below 60 km s−1 to mimic
the effects of an ionizing background. Finally, the critical mass ratios of merging galaxies that
determine when elliptical galaxies and bursts of star formation are produced have changed to the
values described above (from Msat/Mcen > 0.3 in Cole et al. 2000). The dependence of SA model
predictions on input parameters and modeling assumptions has been examined extensively in other
papers (e.g., Kauffmann, White, & Guideroni 1993; Cole et al. 1994, 2000; Somerville & Primack
1999; Benson et al. 2002). We will not attempt such an investigation here, but we note that the
good agreement we find between the HOD predictions of the SA model and the SPH simulations,
two radically different calculational methods, suggests that the SA predictions themselves will not
be sensitive to the modeling details, at least for models that are tuned to reproduce the observed
galaxy luminosity function.

As in the SPH case, we construct three galaxy samples of different space densities by only
including galaxies above a baryonic mass threshold. In the SA model these thresholds are Mb,min =
1.45× 1010M⊙, 3.14× 1010M⊙, and 5.67× 1010M⊙ for galaxy samples with space densities of n̄g =
0.02h3Mpc−3, n̄g = 0.01h3Mpc−3, and n̄g = 0.005h3Mpc−3, respectively. These mass thresholds
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are approximately a factor of four lower than the corresponding SPH thresholds, a difference that
we discuss in the following section.

2.3. Galaxy Mass and Correlation Functions

Figure 1 shows cumulative baryonic mass functions for SPH and SA galaxies, starting at the
thresholds that define our main analysis samples, with space density n̄g = 0.02h3Mpc−3. At any
given space density, the SA galaxies are less massive by a factor of 4 − 10. The parameters of
the SA model, primarily those controlling the gas core radius and stellar feedback, are chosen to
produce a good fit to the observed galaxy luminosity function. As we will show later, the baryonic
mass of the SA galaxies hosted by a given dark matter halo rarely exceeds 25% of the total mass
of baryons within the halo virial radius. In the SPH simulations, on the other hand, low mass
halos frequently host a galaxy with Mb ∼ (Ωb/Ωm)Mh, corresponding to 100% of the baryon mass
within the virial radius. For observationally motivated choices of the stellar mass-to-light ratio, the
resulting Tully-Fisher (1977) relation is in reasonable accord with observations, but the predicted
luminosity function is too high (Katz et al., in preparation).

The growing gap between the SA and SPH mass functions in Figure 1 is partly a consequence
of numerical resolution effects in the SPH simulation. A galaxy-by-galaxy comparison of two sim-
ulations in a 22.222h−1Mpc cube, the 2× 1283 particle simulation mentioned in §2.1 and a 2× 643

simulation that has the same resolution as our 2 × 1443, 50h−1Mpc run, indicates that the lower
resolution calculations, which also do not include the effects of a photoionizing UV background,
yield approximately correct masses for galaxies near the 64mSPH threshold but systematically over-
estimate the masses of larger galaxies, probably because of the 2-phase interface effects discussed
by Pearce et al. (2001), Croft et al. (2001), and Springel & Hernquist (2002). The dotted curve
in Figure 1 shows the result of correcting the 50h−1Mpc cube mass function for this effect, using
an empirical formula derived from the 22.222h−1Mpc simulations (Fardal et al., in preparation).
This curve represents our best guess at the mass function we would obtain with a 2× 2883 particle
simulation of a 50h−1Mpc cube including a UV background field. With this rescaling, the gap be-
tween the SPH and SA mass functions is a roughly constant factor of 3−4. As shown by Weinberg
et al. (2002), the weak lensing mass-to-light ratios obtained from the 50h−1Mpc simulation (with
this rescaling) agree fairly well with those inferred by McKay et al. (2001) from SDSS data. The
conflicting implications of the weak lensing and luminosity function comparisons remain a puzzle,
at least if our choice of cosmological parameters is correct.

We select galaxy samples above baryon mass thresholds, but we characterize these samples by
their space density n̄g rather than the mass threshold itself. The membership in a given sample, and
thus the HOD, would be unchanged by any monotonic rescaling of galaxy masses. The discrepancy
of SA and SPH baryon mass functions reflects the combined impact of differing physical assump-
tions (e.g., regarding stellar feedback), the approximations in the SA method, and the numerical
limitations of the SPH simulation. We will not attempt to disentangle these contributions here,
but we will show that the two approaches nonetheless give similar predictions for the clustering of
galaxy samples at common space density.

Figure 2 shows the most commonly studied galaxy clustering statistic, the two-point correlation
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Fig. 1.— Galaxy mass functions for the SPH and Semi-Analytic models. Solid and dashed curves
represent cumulative baryonic mass functions of SPH and SA galaxies, respectively. The dot-
ted curve incorporates a correction for finite resolution effects on the SPH galaxy mass function,
estimated by comparing two simulations of a 22.222h−1Mpc cube.
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Fig. 2.— Two-point correlation functions of dark matter and model galaxies. The curves show the
correlation function of the dark matter in the SPH simulation (dotted), the SPH galaxies (solid),
and the SA galaxies (dashed). The points show the fitted power-law relation for 2dF L∗ galaxies
from Norberg et al. (2002a): ξ(r) = (r/4.9)−1.79. The SPH and SA galaxy samples have a space
density of n̄g = 0.02h3Mpc−3 and thus correspond to a population of galaxies less luminous than
L∗. The error bars shown for the SPH correlation function are the errors in the mean estimated
from jackknife resampling using the eight octants of the cube, and they thus include an estimate
of “cosmic variance” of the finite number of coherent structures in the simulation volume. The SA
correlation function shown is the average over 10 realizations of the SA model and the error bars
are the uncertainty in the mean. The SA error bars thus represent the uncertainty in P (N |M)
predicted by the model but do not include cosmic variance.
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function, for the two n̄g = 0.02h3Mpc−3 galaxy samples and for the dark matter in the SPH
simulation. We compute the correlation function of SA galaxies by populating the SPH dark
matter halos with SA galaxies assuming that, in every halo that contains one or more galaxies, the
first galaxy is located at the center of mass of the halo and any remaining galaxies trace the dark
matter distribution within the halo. The plotted correlation function of SA galaxies is the mean
ξg(r) of the 10 SA realizations, and the plotted error bars show the uncertainty in the mean; the
1σ dispersion from one P (N |M) realization to another is a factor of 101/2 larger. The SA error
bars therefore illustrate the uncertainty due to fluctuations in P (N |M), but they do not include
uncertainty due to the finite number of large scale structures in the 50h−1Mpc cube. The SPH
error bars, on the other hand, are computed by jackknife resampling using the eight octants of the
simulation cube (see Weinberg et al. 2002), and they are dominated by the “cosmic variance” in
these large scale structures. For comparison, we show a power law with the parameters derived for
L∗ galaxies in the 2dF redshift survey (Norberg et al. 2002a).

The dark matter correlation function shows the steepening at r ∼ 1h−1Mpc and levelling off
at r . 0.3h−1Mpc that has been found in most N-body studies (e.g., Jenkins et al. 1998, though
the deviation from a power law there is stronger than here due to a larger value of σ8). Both
the SPH and SA models have correlation functions that are closer to a straight power law from
r ∼ 0.05 − 2h−1Mpc, although, like the dark matter, they show a kink at that larger scale. The
difference between the model galaxy and dark matter correlation functions is difficult to see because
of the small size of the simulation box. This difference stands out more strongly when we use the
SPH and SA HODs to populate a larger volume N-body simulation (shown in Fig. 21). The low
amplitude of the model ξg(r) at scales larger than ∼ 1h−1Mpc compared to the 2dF points in
Figure 2 is partly a consequence of the particular realization of structure in this 50h−1Mpc volume
(Weinberg et al. 2002) and partly due to the fact that our n̄g = 0.02 threshold corresponds to a
population of galaxies less luminous than L∗. The comparison of the SPH ξg(r) to observations
is discussed at greater length by Weinberg et al. (2002). The correlation functions of the two
models differ slightly, with the SA model having a higher amplitude of ξg(r) on scales smaller than
∼ 0.8h−1Mpc and a somewhat more pronounced feature around ∼ 3h−1Mpc. From ξg(r) alone, it
is difficult to say what differences in galaxy formation physics are responsible for these differences
in clustering. With the HOD analysis that follows, we will see that the small scale difference arises
mainly from the greater representation of galaxies in the highest mass halos predicted by the SA
model.

3. Halo Occupation Probabilities P (N |M)

We now turn to the primary results of this study, comparison of the P (N |M) predicted by the
SPH and SA models. Unless we specify otherwise, the results we show are for the galaxy samples
constructed to have a space density of n̄g = 0.02h3Mpc−3, corresponding to galaxies brighter than
∼ 0.2L∗ for the Blanton et al. (2001) r-band luminosity function or the Norberg et al. (2002b)
bJ -band luminosity function.

Figure 3 shows N(M) predicted by the SPH model (top panel) and a single realization of
the SA model (bottom panel). Each point represents the number of galaxies in a specific halo,
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and the solid curve shows the mean 〈N〉 and its statistical uncertainty, computed in bins of halo
mass. The general features that can be seen in 〈N〉M (we use this notation to denote the mean
occupation as a function of halo mass) for both models are a sharp drop in the fraction of halos
that contain a galaxy for halos of mass less than ∼ 5 × 1011M⊙ and a slope that increases from
roughly 〈N〉 ∝ M0.2 to 〈N〉 ∝ M0.8 as M gets larger. This behavior is similar to that of the
broken power-law 〈N〉M shown by BW to produce a good match to the observed galaxy correlation
function (their Fig. 9). For halos with M . 2 × 1012M⊙, the distribution P (N | 〈N〉) is close to a
“nearest integer” (hereafter Nint) distribution with only two possible multiplicities, 0 and 1 or 1
and 2.9 The scatter in P (N | 〈N〉) is larger at higher masses — for example, a 1013M⊙ halo may
have 1−4 galaxies — but we will show that the scatter remains significantly below that of a Poisson
distribution up to M ∼ 2 × 1013M⊙. Overall, the results in Figure 3 are in qualitative agreement
with results from other hydrodynamic simulations (White, Hernquist, & Springel 2001; Yoshikawa
et al. 2001; Pearce et al. 2001) and semi-analytic calculations (Kauffmann et al. 1999; Benson et
al. 2000a; Somerville et al. 2001).

3.1. Mean Halo Occupation

We compare the 〈N〉M relations predicted by the SPH and SA models in Figure 4. The
result for the SA model is the average over the 10 SA realizations, resulting in smaller error bars,
especially at M ∼ 3 × 1014M⊙ where there are only two halos in the SPH simulation. Also shown
is the relation 〈N〉M ∝ M , normalized so that N = 1 at the same mass as the SPH and SA models
(dotted line). The agreement between the two predicted 〈N〉M relations is strikingly good. They
have roughly the same cutoff at low mass and the same shape and amplitude across more than two
orders of magnitude in halo mass. The only notable differences are that the SPH simulation predicts
a slightly sharper cutoff at low masses and slightly fewer galaxies on average in the highest mass
halos, though with a single SPH realization it is not clear that this latter discrepancy is statistically
significant. Our matching of number densities requires that the integrals n̄g =

∫

∞

0
〈N〉M n(M)dM ,

where n(M) is the halo mass function, be equal in the two models, but it clearly does not enforce
the detailed agreement seen in Figure 4.

We expect a low mass cutoff in 〈N〉M simply because lower mass halos do not contain enough
gas to form a galaxy of baryonic mass greater than Mb,min, the baryonic mass threshold of our
sample. If the ratio of galaxy baryonic mass to halo mass were equal to the universal baryon-to-
matter ratio, the minimum halo mass would be Mmin = (Ωm/Ωb)Mb,min. The vertical arrow in
Figure 4 marks this halo mass for the value of Mb,min that defines the SPH galaxy sample. Since
this arrow nearly coincides with the sharp drop in 〈N〉M , we conclude that many low mass halos in
the SPH simulation cool essentially all of the gas within the virial radius into a single galaxy.10 The

9In Benson et al. (2000a) and BW, this is referred to as the “Average” distribution, since it is as close as one
can come to N = 〈N〉

M
given that the former is integer valued and the latter is not. The general definition is

p(Nl| 〈N〉) = 1 − (〈N〉 − Nl), p(Nl + 1| 〈N〉) = 〈N〉 − Nl, where Nl is the integer satisfying Nl ≤ 〈N〉 < Nl + 1, with
p(N | 〈N〉) = 0 for all other values of N .

10We are using the phrase “within the halo virial radius” somewhat loosely here. In the SPH simulation, accretion
along filaments means that the Lagrangian (initial) volume of gas within the final virial radius is larger and more



– 13 –

Fig. 3.— Predicted N(M) from the SPH and SA models. Each point represents the number of
galaxies above a baryonic mass threshold (selected to yield a galaxy population of space density
n̄g = 0.02h3Mpc−3) that occupy a single dark matter halo in the SPH simulation (top panel) and
a single realization of the SA model (bottom panel). Points for halos that contain no galaxies are
arbitrarily placed at logN = −0.5. A small random vertical scatter is added to points with N < 4
to reduce saturation, and caret marks indicate the central 90% of points with N < 3. The solid
curves show the mean 〈N〉 and its uncertainty, computed in bins of logM .
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〈N〉M relation of the SA model also cuts off at this halo mass, but in this case the value of Mb,min

is four times smaller, implying that these galaxies contain only ∼ 25% of the baryons within the
virial radius. As discussed in §2.3, we attribute this difference to the impact of the stellar feedback
parameters in the SA model, which are chosen to match the observed galaxy luminosity function.
For the lowest mass halos in the SA model, feedback results in approximately four solar masses of
gas ejected from galaxy disks for every one solar mass of stars formed. Therefore, these halos cool
gas with high efficiency, and feedback then determines how much cold gas is allowed to remain in
galaxies and form stars. The SA low mass cutoff is nearly as sharp as the SPH cutoff because the
feedback mechanism is tightly correlated with halo mass, so galaxies in SA halos never retain more
than ∼ 25% of their gas.

Following the low mass cutoff, there is a low occupancy regime (〈N〉 . 2) in which the mean
number of galaxies rises slowly, growing from one to two over a decade in halo mass. In this regime,
halos “spend” their larger gas supplies on building a more massive galaxy rather than building
multiple low mass galaxies. Figure 5a demonstrates this point, showing the average baryonic mass
〈Mb〉 of galaxies in each halo, averaged in bins of halo mass. Although there is a large offset in
galaxy mass between the two models, both the SPH and SA models predict a steady increase in
〈Mb〉 in the low occupancy regime, leveling off at M ∼ 1012.5 − 1013M⊙. Continuing to more
massive halos, we enter a high occupancy regime where 〈N〉M steepens, though the slope remains
less than unity except perhaps at the very highest masses. This steepening marks a transition from
a regime where much of the cooling gas is channeled to one or two galaxies to a regime in which
halos are built by merging smaller halos whose pre-existing galaxies survive, for the most part,
as distinct entities. The transition presumably reflects the relative timescales for gas cooling and
major halo mergers. A mismatch between the scales of filaments and galaxies in high mass halos
may also play a role in this transition, with filaments of large geometrical cross-section no longer
able to funnel cooled gas directly onto galaxies (see Katz et al. 2002). Dynamical friction may
also be more effective at bringing together the galaxies of merged halos in the low mass regime.
Figure 5b shows the fraction of total halo mass that is in the form of galaxy baryons, averaged in
bins of halo mass. In the high halo mass regime, the efficiency of converting gas to galaxies drops
with increasing halo mass, keeping the slope of 〈N〉M below unity. Some of the gas may, of course,
be going into galaxies below our mass threshold, rather than not cooling at all.

We can encode these physical ideas in a fitting formula for 〈N〉M ,

〈N〉M = K

(

M

Mcrit

)α [

1 +

(

M

Mcrit

)µ]

β−α
µ

(

1 − exp

[

−

(

M

Mmin

)ν])

, (2)

which has a cutoff, a low and high mass regime, and a transition between them. Mmin sets the
location of the low mass cutoff, ν determines how sharp it is, α and β are the power-law slopes
of 〈N〉M in the low and high mass regimes, Mcrit is the mass where the slope changes, and µ
determines the speed of the transition. The particular form of the cutoff is chosen because it gives
a good match to the numerical results. In place of the normalization constant K, one can specify
the mass M1 of halos that have a mean occupancy of one, 〈N〉M = 1. Table 1 lists the best fit values

irregular than that of the dark matter. Some gas travels long distances along a filament to the central galaxy, while
some gas within the halo virial radius remains hot (see Katz et al. 1994, 2002).
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Fig. 4.— Predicted 〈N〉M relation from the SPH and SA models. The curves show the mean 〈N〉
and its uncertainty, computed in bins of logM , for the SPH (solid) and SA (dashed) models. Both
models have minimum galaxy baryonic masses selected to yield a galaxy population of space density
n̄g = 0.02h3Mpc−3. In the SA case, we use 10 random realizations of each halo, resulting in smaller
error bars for 〈N〉M . In the SPH case, we show the two most massive halos as points. For purpose
of comparison, we show the relation 〈N〉 ∝ M (dotted line), normalized so that N = 1 at the
same mass as the SPH and SA models. The arrow marks the halo mass that would contain a total
baryonic mass equal to the minimum SPH galaxy baryonic mass, assuming the universal baryon to
mass ratio. Open circles show the 〈N〉M results obtained from a smaller volume simulation with
a factor of eight higher mass resolution. Error bars for these circles are only shown for mass bins
that contain at least three halos.
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Fig. 5.— (a) Mean baryonic galaxy mass per halo 〈Mb〉, and (b) fraction of total halo mass contained
in galaxy baryons Mb,tot/M . The average of these quantities is computed in bins of logM for the
SPH (solid) and SA (dashed) models. Also shown is the 1σ scatter in the relations. The dotted
line in panel (b) shows the universal baryon fraction Ωb/Ωm. The relation between 〈Mb〉 and Mb,tot

in each halo is simply Mb,tot = N 〈Mb〉, where N is the number of galaxies in the halo.
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of these parameters for the SPH and SA models. The last column in the table lists the maximum
logarithmic error of the fitting formula for log〈N〉, ∆(log〈N〉)max, relative to the numerical results.
It is not surprising that we can fit the numerical data with a seven parameter function, and we
could almost certainly find something with fewer parameters that would also work. We choose
this form because it seems a natural description of the results with some basis in the physical
interpretation. These fitting functions are useful for bootstrapping the predictions of these models
onto larger volume N-body simulations, as we will do in §6 below.

One natural concern with the SPH predictions is the impact of finite resolution. In particular,
one might worry that the effects of dynamical friction are overestimated in low mass halos, and
that an excessive galaxy merger rate in this regime could be partly responsible for the very shallow
slope of 〈N〉M at low occupancy. Open circles in Figure 4 show the 〈N〉M results obtained from
the 22.222h−1Mpc simulation described in §2.1. Each halo now has eight times more dark matter
particles than in the 50h−1Mpc cube, and the baryonic mass threshold now corresponds to the mass
of 512 SPH particles rather than 64. While the small volume of the higher resolution simulation
leads to poor representation of high mass halos, the agreement in the low mass regime is excellent,
and the one M ∼ 3×1014M⊙ halo in the small box has similar occupation to those in the large box.
The agreement of numerical results across a factor of eight in mass resolution, and the agreement
between the SPH and SA results, suggests that the mean occupation function shown in Figure 4
is a secure prediction of the current theory of galaxy formation, given our adopted cosmological
parameters.

3.2. Factorial Moments and P (0|M)

We now turn our attention to higher order moments of P (N |M). These moments influence
galaxy clustering on small scales, where the number of galaxy pairs, triples, and so forth within
a single halo becomes important. For example, the two-point correlation function has a 1-halo
term that depends on the second factorial moment 〈N(N − 1)〉M =

∑

∞

N=0 N(N −1)P (N |M). The
three-point correlation function has a 1-halo term that depends on 〈N(N − 1)(N − 2)〉M and a 2-
halo term that depends on 〈N(N − 1)〉M . Benson et al. (2000a) and BW show that a sub-Poisson
P (N | 〈N〉) distribution makes it much easier to produce a correlation function of the observed
power-law form; the alternative is to put galaxies into halos of implausibly low mass (see also Seljak
2000; Peacock & Smith 2000; Scoccimarro et al. 2001). The P (N | 〈N〉) distribution is therefore an
important prediction of galaxy formation theories, in addition to 〈N〉M .

The solid and dashed lines in Figure 6 show 〈N(N − 1)〉
1/2
M , the square-root of the mean

number of galaxy pairs in halos of mass M , for the SPH and SA calculations, respectively. As in
Figure 4, the agreement of the two models is remarkably good. The upper set of dotted curves shows
the relation 〈N(N − 1)〉1/2 = 〈N〉, which would be expected for Poisson P (N | 〈N〉) distributions.
The lower set of dotted curves shows the corresponding prediction for nearest-integer P (N | 〈N〉).
Clearly the distributions predicted by the SPH and SA models are much narrower than Poisson
distributions when the occupation number is low, and they are close to the maximally narrow Nint
distributions. In particular, halos that on average contain 0 − 1 galaxies almost never contain 2,
and halos that on average contain 1 − 2 galaxies rarely contain 3 (see Fig. 3). Since the cutoff
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in 〈N〉M at 〈N〉 < 1 is quite sharp, the former result can be understood largely in terms of mass
supply: halos with 〈N〉 < 1 do not have enough cold baryons to make two galaxies above the
mass threshold. However, 5× 1012M⊙ halos have enough baryonic material to make ∼ 10 galaxies
above the SPH baryon mass threshold, and they rarely make even three or four. The sub-Poisson
width of P (N | 〈N〉) at these scales suggests that halos in this mass regime have a relatively narrow
range of formation and accretion histories, a degree of regularity that the SPH and SA calculations
evidently agree upon.

We can quantify the effects of sub-Poisson fluctuations on halo pair counts via the quantity
ω = (

〈

N2
〉

−〈N〉2)/ 〈N〉, which is equal to one for a Poisson distribution, less than one for narrower
distributions, and greater than one for broader distributions. In terms of this parameter, the second
factorial moment is 〈N(N − 1)〉 = 〈N〉2 + 〈N〉 (ω− 1). A nearest-integer distribution has ω ≈ 1 for
〈N〉 ≪ 1 falling to ω = 0 at 〈N〉 = 1. The Nint value of ω is exactly zero at all higher integer values
of 〈N〉, and it rises slightly above zero for non-integer values (Yang, Mo, & van den Bosch 2003).11

From the mean pair count results plotted in Figure 6, we find that the SPH and SA models predict
an ω that falls quickly from one to zero in the cutoff regime with 〈N〉 < 1, then rises steadily from
zero to one as halo masses increase from 1012M⊙ to 1014M⊙, with an approximately linear trend
of ω with logM . Thus, we find a steady trend from Nint pair counts in the low occupancy regime
to Poisson pair counts in the high occupancy regime. Note, however, that the fractional difference
between Nint and Poisson pair counts is large at low 〈N〉 but small at high 〈N〉. One can see
from Figure 6 that the Nint model is never very far, in a logarithmic sense, from the predicted pair
counts, while the Poisson model is much too high for 〈N〉 . 1.5. Although we do not show them
here, the pair counts predicted by the high resolution SPH simulation are in good agreement with
those predicted by the large volume simulation.

Figure 7 shows 〈N(N − 1)(N − 2)〉1/3, the cube-root of the mean number of galaxy triples in
halos of mass M . The SPH and SA predictions, shown by the solid and dashed lines, respectively,
again agree very well. A Poisson P (N | 〈N〉) has 〈N(N − 1)(N − 2)〉1/3 = 〈N〉, shown by the upper
dotted curves in Figure 7. The predicted triple counts are substantially sub-Poisson, though in this
case they are higher than those for a nearest-integer distribution shown by the lower dotted curves.
It is interesting to examine this behavior in terms analogous to those used in studies of counts-
in-cells statistics (e.g., Colombi et al. 2000).12 We define volume-averaged, connected correlations
ξ̄2(M) and ξ̄3(M) by the relations

〈N(N − 1)〉 = 〈N〉2 (1 + ξ̄2), 〈N(N − 1)(N − 2)〉 = 〈N〉3 (1 + 3ξ̄2 + ξ̄3). (3)

A Poisson P (N | 〈N〉) has ξ̄2 = ξ̄3 = 0. A Nint distribution with Nl ≤ 〈N〉 < Nl + 1 has

ξ̄2 = −
Nl(Nl + 1)

〈N〉2
+

2Nl

〈N〉
− 1, ξ̄3 = −

2Nl(N
2
l − 1)

〈N〉3
+

6N2
l

〈N〉2
−

6Nl

〈N〉
+ 2, (4)

which reduce to the δ−function values ξ̄2 = −1/ 〈N〉 and ξ̄3 = 2/ 〈N〉2 for integer values of 〈N〉. We
can obtain values of ξ̄2(M) from the pair counts plotted in Figure 6. Open circles in Figure 7 show

11BW incorrectly implied that the Nint value of ω is zero for all 〈N〉. A δ−function P (N | 〈N〉) has ω ≡ 0, but
since a δ-function is not restricted to integer values of N , it is not an acceptable model for this physical situation.

12We thank S. Colombi and J. Fry for suggesting this analysis.
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〈N〉 (1 + 3ξ̄2)
1/3 for the SA model, i.e., the triple counts predicted if we incorporate the measured

sub-Poisson behavior of the pair counts but set ξ̄3 = 0. Since these points match the actual triple
counts better than either the Poisson prediction or the full Nint prediction with negative ξ̄3, we
conclude that the sub-Poisson statistics of galaxy assembly in the SA and SPH models have a direct
impact on pair counts in halos but influence triple counts mainly via this indirect impact on pair
counts. We have not investigated higher order factorial moments, but the results here suggest the
conjecture ξ̄N ≈ 0 for N > 2.

In low mass density regions of the universe, the halo mass function is shifted to lower masses
(e.g., Mo & White 1996), making it less likely that these regions contain massive halos. The
question of whether these regions are void of galaxies thus depends on the probability P (0|M)
that a halo of mass M contains zero galaxies of a specified class; the void probability itself is
high if P (0|M) is high for all halos below the exponential cutoff scale of the shifted mass function
(see BW, §4.3). Therefore, for calculating galaxy void statistics, the HOD property of greatest
importance is P (0|M). Solid and dashed curves in Figure 8 show P (0|M) for the SPH and SA
models, respectively. The halos with N = 0 are in general not empty of galaxies, but the galaxies
that they contain are below our baryonic mass threshold Mb,min. Both P (0|M) curves drop from
one to zero over the mass range 2 × 1011 — 1012M⊙, corresponding to the rise in 〈N〉M from
zero to one in Figure 4. The top two dotted curves show the expectations for Poisson statistics,
P (0|M) = exp(−〈N〉M ). Analogous to the factorial moment results, it is clear that the probability
of a high mass halo being empty is far lower than Poisson statistics would imply. In fact, the
SPH and SA results are almost perfectly described by the Nint distribution (bottom two dotted
curves), for which P (0|M) = max(1−〈N〉M , 0); only the low amplitude (P . 0.02) tail of the SPH
prediction for 8× 1011M⊙ . M . 2× 1012M⊙ deviates noticeably from this result. The sharpness
of P (0|M) is further testimony to the regularity of the galaxy formation process in low mass halos.
In the SPH simulation, halos with M . 3.5 × 1011M⊙ almost never contain a galaxy above the
baryonic mass threshold, while halos with M & 7 × 1011M⊙ almost always do. The transition is
slightly more gradual in the SA model, as one might expect, since the SPH cutoff is driven by the
universal baryon fraction while the SA cutoff is determined by the physical processes that suppress
gas cooling, whose operation depends to some extent on the halo’s formation history. The sub-
Poisson nature of P (0|M) slightly decreases the probability of finding large, empty voids (see BW,
Fig. 14c). However, for galaxy samples defined by luminosity rather than baryonic mass, variations
in stellar populations may significantly soften the transition from empty halos to occupied halos.

3.3. Mass and Age Dependence of P (N |M)

Figure 9 shows 〈N〉M predicted by the SPH and SA models for samples with three dif-
ferent baryon mass thresholds Mb,min, with corresponding space densities n̄g = 0.02, 0.01, and
0.005h3Mpc−3. Luminosity-thresholded samples with the same space densities would have Lmin ≈
0.2L∗, 0.45L∗, and 0.75L∗, assuming the r-band luminosity function of Blanton et al. (2001) or
the bJ -band luminosity function of Norberg et al. (2002b). Not surprisingly, the minimum halo
masses are higher for higher baryon mass thresholds, and high mass halos necessarily contain fewer
galaxies above these higher thresholds. The low mass cutoffs for the SPH 〈N〉M continue to be
dictated by the universal baryon fraction, as indicated by the vertical arrows in Figure 9. The SA
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Fig. 6.— Predicted 〈N(N − 1)〉
1/2

M relation from the SPH and SA models. The curves show the

mean 〈N(N − 1)〉1/2 and its uncertainty, computed in bins of logM , for the SPH (solid) and SA
(dashed) models. Also shown for each model are the bracketing cases of Poisson and nearest-integer

P (N | 〈N〉) (dotted lines above and below 〈N(N − 1)〉
1/2
M , respectively), derived from equations (3)

and (4).
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Fig. 7.— Predicted 〈N(N − 1)(N − 2)〉
1/3

M relation from the SPH and SA models. The curves show

the mean 〈N(N − 1)(N − 2)〉1/3 and its uncertainties, computed in bins of logM , for the SPH
(solid) and SA (dashed) models. Also shown for each model are the bracketing cases of Poisson

and nearest-integer P (N | 〈N〉) (dotted lines above and below 〈N(N − 1)(N − 2)〉
1/3
M , respectively),

derived from equations (3) and (4). The open points show 〈N〉 (1+3ξ̄2)
1/3 for the SA model, where

ξ̄2 is the second-order volume averaged connected correlation as defined in § 3.2.
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Fig. 8.— Predicted P (0|M) distribution from the SPH and SA models. The curves show the
probability P (0|M) that a halo of mass M contains zero galaxies above the baryonic mass threshold,
computed in bins of logM . Top two dotted curves show the expected distributions for a Poisson
P (N | 〈N〉), which predicts P (0|M) = exp(−〈N〉M). The model results are much better described
by the nearest-integer prediction P (0|M) = max(1− 〈N〉M , 0) (dotted curves that deviate only at
the very tail ends of P (0|M)).
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cutoffs are always somewhat softer than the SPH cutoffs, but they occur at nearly the same halo
masses, which is not surprising as it would otherwise be difficult for the two models to have the
same galaxy density n̄g.

The striking aspects of Figure 9 are the good agreement between the SPH and SA predictions
at all three space densities and the extent to which the change in 〈N〉M is well described by a simple
horizontal shift along the logM axis. In terms of the fitting function (2), the effect of an increased
baryonic mass threshold is, approximately, to multiply the mass scales Mmin, M1, and Mcrit by the
ratio fM of the new and old values of Mb,min, while the slopes α and β remain roughly the same.
Table 1 lists the values of Mb,min and the fitting function parameters for the different space density
samples, and it also lists the values of 〈N〉M at M = Mcrit, demonstrating that the transition
from the low occupancy regime to the high occupancy regime occurs at 〈N〉 ∼ 1.4 − 2 in all cases.
Figure 10 shows that the good agreement of SPH and SA calculations and the horizontal shift nature
of the dependence on mass threshold also applies to the second factorial moment 〈N(N − 1)〉. We
have computed ω for the various samples and find that the transition from Nint to Poisson pair
counts always happens at roughly the same mean occupancy. The value of ω typically rises from 0
to 0.5 as 〈N〉 goes from ∼ 1 to ∼ 2, and ω ≈ 1 for 〈N〉 & 5. We have examined lower baryonic mass
thresholds in the high resolution, 22.222h−1Mpc SPH simulation (not shown) and find analogous
horizontal shifts of 〈N〉M and 〈N(N − 1)〉M .

Dotted curves in Figures 9 and 10 represent results of a calculation using halo merger tree
properties instead of baryonic mass to select SA galaxy samples. We will discuss this calculation
in §7.

The clustering of galaxies is well known to depend on galaxy color or spectral type and on
galaxy morphology (see Norberg et al. 2002a; Zehavi et al. 2002, and numerous references therein).
Reproducing the observed type dependence of clustering is an important test for theories of galaxy
formation. Figure 11 shows the mean occupation 〈N〉M predicted by the SPH and SA models
for galaxies in four quartiles of stellar population age, which should correlate tightly with color or
spectral type. The SPH ages are median mass-weighted stellar ages, while the SA ages are mean
mass-weighted stellar ages, because these quantities are straightforward to compute in the two
analysis codes. Although there are differences between the SPH and SA predictions in individual
age quartiles, the agreement on the qualitative dependence of 〈N〉M on galaxy age is remarkably
good. Old galaxies have a steep 〈N〉M relation, with most galaxies occupying high multiplicity
halos, whereas young galaxies have a shallow 〈N〉M and reside primarily in single galaxy halos.
In the language more commonly used to describe the environmental dependence of galaxy types,
both calculations predict that old/red/early-type galaxies reside preferentially in clusters and that
young/blue/late-type galaxies reside mainly in the field. This result emerges from two aspects of
the galaxy formation physics. First, gravitational collapse and galaxy assembly begin earlier in
the overdense regions that eventually form massive halos. Second, gas accretion largely shuts off
when a galaxy’s parent halo merges into a more massive halo, starving the galaxy of the fuel that
it would need to make young stars. The galaxies that are in high mass halos today started forming
their stars early, and they stopped forming them some time ago.

The SPH simulation does not resolve galaxy morphology, but the SA model does track mor-
phology, assigning post-merger stellar populations to bulge components as described in §2.2. Galaxy
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Fig. 9.— Predicted 〈N〉M from the SPH and SA models, as a function of galaxy space density. Both
models have minimum galaxy baryonic masses selected to yield galaxy populations of space densities
n̄g = 0.02h3Mpc−3 (top curves), 0.01h3Mpc−3 (middle curves), and 0.005h3Mpc−3 (bottom curves).
The three vertical arrows mark the halo masses that would contain a total baryonic mass equal
to the minimum SPH galaxy baryonic mass, under the assumption of a universal baryon to mass
ratio. Dotted curves show 〈N〉M for the SA model when galaxies are selected above a threshold in
Mmax (defined in § 7), rather than their baryonic mass.
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Fig. 10.— Predicted 〈N(N − 1)〉
1/2

M from the SPH and SA models, as a function of galaxy space
density. Curves as in Fig. 9.



– 26 –

color and morphological type are correlated with environment in similar ways. Nonetheless, the
physics that determines morphology is different from the physics that governs stellar population
age, and it is interesting to ask whether the SA model predicts a morphological dependence of
clustering that is distinguishable from the age dependence. Dotted curves in Figure 11 show the
SA predictions for galaxy quartiles defined by bulge-to-disk ratios (in stellar mass) rather than
by stellar population age. While there is a fair amount of galaxy-by-galaxy scatter between mean
stellar age and bulge-to-disk ratio, the two ways of characterizing galaxy type display similar mean
occupation functions. The SA model thus predicts that the morphological dependence of clustering
will closely track the age dependence of clustering.

Closer inspection of Figure 11 reveals interesting structure in the SA 〈N〉M curves that is
significant relative to the error bars. For the youngest quartile, 〈N〉M has a maximum at M ≈
1012M⊙, then falls before rising again at M & 1013M⊙. The next two quartiles show similar peaks
in 〈N〉M , at M ≈ 3 × 1012M⊙ and M ≈ 8 × 1012M⊙. These peaks represent the contribution of
the halos’ central galaxies, the ages of which are correlated with the halo masses. Young central
galaxies form in low mass halos, and the mean occupation for these galaxies declines toward higher
halo mass as the central galaxy age moves out of the youngest quartile and into the second quartile,
and so on for the third. The oldest quartile has a very low plateau for low halo masses because the
galaxies of these halos are almost always younger; then there is a sharp rise when the halo mass
gets high enough that central galaxies can be in the oldest quartile. A similar peak at low halo
masses for young/blue galaxies is also seen in the GIF semi-analytic models of Kauffmann et al.
(1999), and it is modeled as a Gaussian bump by Sheth et al. (2001a) and Scranton (2002). While
the behavior of the SPH 〈N〉M curves is similar, the structure is much less pronounced, indicating
that the SPH calculation produces more scatter between halo mass and central galaxy age. Some
of this difference could arise from the different age definitions, though there is no obvious reason
that median ages would exhibit more scatter than mean ages. The existence of local maxima in
〈N〉M means that our fitting formula (2) does not describe the age quartile results accurately, so
we do not attempt to perform fits for these samples.

Figure 12 shows that the SPH and SA models predict qualitatively similar pair counts 〈N(N − 1)〉M
for the age quartiles, though the results are fairly noisy. As with the mean occupation, age and
bulge-to-disk divisions produce similar results for the SA model. Overall, the strong age depen-
dence of P (N |M) implies that both SPH simulations and SA models predict a strong dependence
of galaxy clustering on stellar population age. The similarity of the predicted trends indicates that
these dependences will be similar for the two methods, for all clustering statistics.

Top panels of Figure 13 show the mean occupation for young, old, and all galaxies in the SPH
and SA models, when the n̄g = 0.02h3Mpc−3 sample is divided into two halves according to age.
While the quartile division demonstrates the steadiness of trends with age, this division in two
yields more statistically robust predictions that can be tested against, for example, the red and
blue halves of a volume-limited galaxy sample. For both the SPH and SA calculations, the mean
occupation of older galaxies is close to a power law truncated at Mmin, and the slowly rising regime
of the total 〈N〉M curve comes from adding this power law to the much flatter occupation curve
of young galaxies. The SA model predicts that in the high halo mass regime (M & 1013M⊙), the
power-law slope of 〈N〉M for both old and young galaxies is equal to that of 〈N〉M for all galaxies.
This suggests that the fraction of young to old galaxies is constant in this regime. This behavior
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Fig. 11.— Dependence of 〈N〉M on galaxy age. The four panels correspond to four age quartiles
for the n̄g = 0.02h3Mpc−3 samples, from oldest (a) to youngest (d). In each panel, solid and
dashed lines show results for SPH and SA galaxies, respectively, with error bars showing the error
on the mean in each mass bin. Dotted curves show SA galaxies classified into quartiles based on
bulge-to-disk ratio, from bulge dominated (a) to disk dominated (d).



– 28 –

Fig. 12.— Dependence of 〈N(N − 1)〉
1/2

M on galaxy age and (for the SA model) bulge-to-disk ratio.
Panels and curves as in Fig. 11.
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Fig. 13.— Fraction of young galaxies as a function of halo mass. Top panels show the mean halo
occupation of old (dashed curves), young (dotted curves), and all (solid curves) galaxies in the (a)
SPH and (b) SA models, when the n̄g = 0.02h3Mpc−3 sample is divided into two equal halves
according to age. Bottom panels show the mean fraction of young galaxies in halos as a function
of halo mass. Error bars show the uncertainty in the mean, calculated in halo mass bins.
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is seen in the bottom panel of Figure 13b, which shows the fraction of young galaxies in halos as a
function of halo mass. The SA model predicts that the young fraction drops steadily from 90% to
10% as halo mass increases from the minimum cutoff mass to ∼ 1013M⊙, and then levels off at 10%
for greater masses. The SPH model prediction for the young fraction (bottom panel of Fig. 13a)
shows no clear evidence for this high mass plateau, but it is too noisy to tell for sure. The mass
dependence of the SA young fraction differs from that of the “late-type fraction” parameterization
assumed by van den Bosch, Yang, & Mo (2002), which is forced to zero at high halo masses.

3.4. (No) Environmental Dependence of P (N |M)

The claim that the HOD formalism offers a complete description of galaxy bias hinges on a
key assumption: if we know, statistically, how galaxies occupy halos of given mass, then we can
predict all aspects of galaxy clustering given a halo population. This assumption would break down
if halos of the same mass in different large scale environments had systematically different galaxy
populations. The excursion set model (Bond et al. 1991) predicts that the statistics of a halo’s
progenitor population and merger history depend only on its mass, not on its environment. The
SA model employed here is based on excursion set merger trees, so it necessarily incorporates no
direct dependence of galaxy population on halo environment. The analysis of N-body simulations
by Lemson & Kauffmann (1999) shows that halos of the same mass in different environments
have similar properties and formation histories, providing substantial support for this approach.
Nonetheless, it is desirable to revisit this central issue with a simulation that includes the gas
dynamics and dissipation that play key roles in galaxy formation.

Figure 14 shows 〈N〉M for the SPH galaxy populations of halos in different bins of large scale
density. The density around each halo is found by smoothing the dark matter distribution with a
top-hat filter of radius 4h−1Mpc. As expected, the low density bins only probe 〈N〉M in the low halo
mass regime, and successively higher density bins probe 〈N〉M to higher masses, demonstrating the
expected shift of the halo mass function with environment (see Mo & White 1996). The main result,
however, is unambiguous: the mean halo occupation of galaxies is completely independent of the
larger scale environment. The same is true for 〈N(N − 1)〉M , although we do not plot that result
here. We thus conclude that, to the extent that the SPH simulation includes the most important
macroscopic galaxy formation physics, the claim that the HOD is a complete formulation of galaxy
bias is well founded. The large scale relative bias between early and late type galaxies, predicted
by both the SA and SPH approaches (Benson et al. 2000b; Weinberg et al. 2002) arises entirely
from the dependence of the halo mass function on large scale environment, not from changes in
galaxy populations at fixed halo mass.

4. The Distribution of SPH Galaxies Within Halos

In this section we investigate the second component of the HOD: the relative spatial and
velocity distributions of galaxies and dark matter within halos. The spatial bias of galaxies within
halos has a more limited impact on galaxy clustering than P (N |M) because its effect is restricted to
scales smaller than halo virial diameters. Nevertheless, internal spatial biases can have an important
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Fig. 14.— Environmental dependence of 〈N〉M in the SPH model. 〈N〉M and its uncertainty is
shown for all halos (solid curve) and for halos in four bins of dark matter density contrast δ as
marked, where δ is computed in top-hat spheres of radius 4h−1Mpc around each halo. While the
distribution of halo masses shifts with δ, there is no discernible dependence of the galaxy occupation
at fixed M on the larger scale environment.
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effect on small scale clustering, such as the correlation function at separations r . 0.3h−1Mpc (BW,
Fig. 6). Systematic differences between galaxy and dark matter velocity dispersions within halos,
a.k.a. velocity bias, can have a major impact on redshift space clustering even at very large scales
(BW, Figs. 15 and 16). While the SA model treats presumed central galaxies differently from
satellites, it does not directly predict spatial or velocity distributions within halos. Clustering
predictions based on the combination of SA modeling with N-body simulations often assume that
the central galaxy resides at the halo center of mass and moves with the halo center of mass velocity,
and that satellites trace the dark matter spatial and velocity distribution (e.g., Kauffmann et al.
1997; Benson et al. 2000ab). Kauffmann et al. (1999) adopt a somewhat different procedure, in
which satellite galaxies trace the most bound particle of their parent halo, leaving some internal
bias (Diaferio et al. 1999). In the SPH simulation, we can investigate internal biases in a calculation
that includes the full effects of gas dynamics, dynamical friction, and galaxy mergers.

Figure 15a plots the distribution rcen/Rvir vs. M , where Rvir is the halo virial radius and
rcen is the distance from the halo center of mass to the galaxy that is closest to it. Each point
represents an individual halo, the central solid curve shows the mean rcen/Rvir in mass bins, and
the upper and lower solid curves enclose 60% of the points. On average, the centermost galaxy of
a halo resides within 0.1Rvir of the halo center of mass. To obtain corresponding predictions for
the case in which galaxies trace mass within halos, we randomly select from each halo a number
of dark matter particles equal to the number of galaxies N . We tag the selected particle closest to
the center of mass as the “placebo” particle, and we repeat the process several times to improve
statistics. Dashed curves in Figure 15a mark the mean and central 60% of the distributions of
rpcb/Rvir in bins of halo mass. Comparison to the solid curves demonstrates that the center-most
galaxies in the SPH halos are indeed a distinct, “central” population, whose proximity to the center
of mass would not be expected if galaxies randomly traced the dark matter.

The distinction between central galaxies and placebo particles is less clear at large M , but in
these high mass halos, substructure near the virial radius may shift the center of mass position.
The location of the most bound dark matter particle or a local density maximum provides a
more physically robust indicator of the halo center. However, we began with the center-of-mass
definition because the most bound dark matter particle is almost guaranteed to lie near the center
of a massive galaxy, and with this definition of the halo center one might erroneously infer the
existence of “central” galaxies even if galaxies traced the overall dark matter distribution within
halos. Figure 15b is the same as Figure 15a except that the halo center is identified as the position
of the most bound dark matter particle (specifically, the particle with the lowest potential energy,
computed using the halo’s dark matter particles only) instead of the center of mass. For the great
majority of halos, this particle lies within 0.1Rvir of the center of mass. As expected, the rcen/Rvir

distribution is much narrower with the most-bound-particle definition of halo center, while the
rpcb/Rvir distribution is hardly changed. Since Figure 15a convincingly establishes the existence of
central galaxies, we will henceforth use the more reliable most-bound-particle definition to identify
which galaxies are central.

What about satellite (i.e., non-central) galaxies? Figure 16 compares the radial profiles of
satellite galaxies (solid curves) to those of dark matter (dashed curves), in four halo mass bins.
Here we define profiles as the fraction of objects in bins of r/Rvir. In all cases, the radial distribution
of satellite galaxies traces that of dark matter within halos fairly well. However, there is marginal



– 33 –

evidence of a central core in the galaxy distribution relative to that of the dark matter. There are
no satellite galaxies in the lowest halo mass bin (panel d) because these halos never have more than
one galaxy.

We now consider the relative velocities of galaxies and dark matter within halos. For every
SPH galaxy, we measure |vg − vh|, the magnitude of its velocity relative to the halo center-of-
mass velocity. We then average these measurements in bins of r/Rvir, where r is the galaxy’s
distance from the halo center (most bound particle). We do the same for all dark matter particles.
Dividing these two functions gives the “velocity bias” parameter αv = 〈|vg − vh|〉 / 〈|vm − vh|〉 as
a function of radius within halos, similar to the αv parameter defined by BW (which was assumed
to be constant with radius). If galaxies have the same distribution of velocities as random dark
matter particles, then αv = 1, while if all galaxies move at their halo’s mean velocity, then αv = 0.
Figure 17 shows αv for central (solid points) and satellite (open points) SPH galaxies as a function
of r/Rvir, in four halo mass bins. Error bars show the uncertainty in the mean αv. Central galaxies
have velocities that are substantially colder than the dark matter, as expected — if they did not,
then they would not remain close to the center. Note that if the central galaxy is identified with
the most bound dark matter particle, its velocity should still be set to the center-of-mass velocity;
this difference can have an important effect on velocity dispersion statistics (Benson et al. 2000b).
To a good approximation, satellite galaxies trace the dark matter velocity distribution, though
they exhibit a mild velocity bias αv ∼ 0.8 − 0.9 in 1012 − 1013M⊙ halos and αv ∼ 0.9 − 0.95 in
1013 − 1014M⊙ halos.

Overall, the SPH simulation supports a simple characterization of the galaxy distributions
within halos: there is always one galaxy at the center of each halo (defined by the center of mass
or, better, by the location of the most bound dark matter particle) that moves at approximately the
center-of-mass velocity, and any remaining satellite galaxies trace the spatial and velocity distribu-
tion of the dark matter. This is just the characterization that has been used for most calculations of
galaxy clustering from SA/N-body models, and the only amendment that our SPH results suggest
is a mild velocity bias of satellites in intermediate mass halos and perhaps a small central core in
the galaxy distribution. Here we have presented results for the whole n̄g = 0.02h3Mpc−3 sample,
but we find that these results also hold for the lower space density samples. However, when we split
the whole sample into two halves according to stellar population age, we find that young satellite
galaxies have a slightly bigger central core than old satellite galaxies. We find no clear difference
between the velocity bias of young and old galaxies.

5. “Central” vs. “Satellite” Galaxies

Having established that SPH halos contain central galaxies, we can compare the properties
of central and satellite galaxies in the SPH and SA models. Figure 18 shows the distribution of
baryonic masses for central (top panel) and satellite (bottom panel) galaxies. Each point shows
Mb for an SPH galaxy versus its host halo mass. The middle solid curves show the mean Mb

computed in bins of halo mass, and the outer solid curves enclose 60% of central/satellite SPH
galaxies. Dashed curves are similar to solid ones, but for SA central (top panel) and satellite
(bottom panel) galaxies. Both models predict a tight correlation between central galaxy mass and
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Fig. 15.— (a) Distribution of “central” SPH galaxies’ distances from their halo centers. In each
halo, the SPH galaxy closest to the halo’s center of mass is tagged as the “central” galaxy. Each
point shows the distance of a central galaxy from its host halo’s center of mass, in units of the
halo’s virial radius. The middle solid curve shows the mean distance in bins of halo mass, and the
outer two solid curves enclose 60% of all SPH central galaxies. The dashed curves show the same
for dark matter “placebo” particles, which represent the distribution of rcen/Rvir that would be
expected if SPH galaxies had the same distribution as dark matter within halos. (b) Same as (a),
but with the halo center identified as the position of the most bound dark matter particle instead
of the center of mass.
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Fig. 16.— Radial distribution of SPH “satellite” galaxies and dark matter within dark matter
halos, in four halo mass bins. Satellites are all galaxies in each halo other than the central galaxy.
Galaxies and dark matter are represented by solid and dashed lines, respectively. Halos in the
lowest mass bin never have more than one galaxy, so by definition they do not contain satellite
galaxies.
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Fig. 17.— Velocity bias factor αv = 〈|vg − vh|〉 / 〈|vm − vh|〉 as a function of radius, in four halo
mass bins. Solid points show central galaxies and open points satellite galaxies, with error bars
showing uncertainty of the mean. The value αv = 1, corresponding to no velocity bias, is marked
by the dotted line.
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host halo mass. Satellite galaxy masses, on the other hand, are only weakly correlated with host
halo masses, especially in the SA model. Furthermore, both models predict that central galaxies are
substantially more massive than their satellites and that this difference increases with halo mass.
This qualitative behavior is expected in a scenario where the galaxies at the centers of large halos
grow by accreting smaller galaxies. Central galaxies are also better positioned to accrete cooling
gas, since they sit at the maximum of the gas density profile — in the SA model, it is assumed
that central galaxies accrete gas but satellite galaxies do not. Our definition of SPH halo centers
as the locations of the most bound dark matter particles tends to favor high masses for “central”
galaxies on its own, but Figure 18 does not look very different if we use a center-of-mass definition
instead, though in this case there are some outliers at high M , which occur when substructure puts
the center of mass closer to a low mass satellite.

As we have already seen in §2.3, the SPH simulation predicts much higher galaxy masses than
the SA model. For M . 3 × 1012M⊙, the baryonic mass of a typical SPH central galaxy is close
to the halo mass multiplied by the universal baryon fraction (dotted line). Some galaxies in this
regime lie above the dotted line, indicating that they have accreted some gas from beyond the virial
volume represented by the friends-of-friends halo. At high Mb, SPH galaxy masses are probably
overestimated because of the resolution effects discussed in §2.3. Correcting for this effect would
make little difference to central galaxies at low M , but it would produce a sharper turnover in
the trend of Mb vs. M at high M , making the gap between the SPH and SA predictions roughly
independent of halo mass.

Figure 19 shows the distribution of stellar ages for central (top panel) and satellite (bottom
panel) galaxies, in a format similar to Figure 18. Both models predict a clear correlation of central
galaxy age with halo mass. Satellite galaxy ages also correlate with M , but not as strongly. As
previously discussed in §3.3, these trends reflect the earlier onset of structure formation in regions
that become high mass halos and the decline of gas accretion rates for galaxies that reside in halos
of high circular velocity. The age scales in the SPH and SA calculations agree reasonably well,
though since they represent median ages for SPH galaxies and mean ages for SA galaxies, we would
not expect perfect agreement in any case.

Figures 18 and 19 show that central galaxies are generally more massive and older than average
satellites in the same halo. Figure 20 addresses a related but distinct question: is the central galaxy
the most massive and oldest galaxy in the halo? The top panel shows ∆ log Mb, the logarithmic
difference in mass between the central galaxy and the most massive non-central galaxy in the halo.
The bottom panel shows the age difference between the central galaxy and the oldest non-central
galaxy. Points show individual SPH halos, and solid and dashed curves show mean results in bins
of halo mass for the SPH and SA models, respectively. The central galaxy is consistently the most
massive galaxy in the halo, with both models predicting an average offset of 0.4 − 0.6 dex in halos
with M & 1013M⊙. The decline in ∆ log Mb at lower M is partly enforced by our baryonic mass
threshold, since halos that have only one galaxy above the threshold (and “satellites” below it) do
not make it onto the plot. The SPH central galaxies are frequently the oldest in the halo, but the
oldest satellite is only slightly younger on average, and sometimes it is older. The SA model predicts
little mean age difference between the central galaxy and the oldest satellite. In the most massive
halos, the central galaxy is younger than the oldest satellite, presumably because it continues to
accrete gas and form stars. At a qualitative level, the predictions of both models are consistent
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Fig. 18.— Baryonic masses of (a) central and (b) satellite galaxies versus their host halo masses.
Each point represents the baryonic mass Mb of an SPH galaxy. The middle solid curve shows the
mean SPH Mb in bins of halo mass, and the outer two solid curves enclose 60% of all SPH central or
satellite galaxies. The dashed curves show the same for (a) central and (b) satellite SA galaxies. For
comparison, dotted lines show the baryonic mass corresponding to the universal baryon fraction,
Mb = (Ωb/Ωm)M .
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Fig. 19.— Stellar ages of (a) central and (b) satellite galaxies versus their host halo masses. Each
point represents the median mass-weighted stellar age of an SPH galaxy. The middle solid curve
shows the mean SPH galaxy age in bins of halo mass, and the outer two solid curves enclose 60% of
all SPH central or satellite galaxies. The dashed curves show the same for the mean mass-weighted
stellar ages of (a) central and (b) satellite SA galaxies.
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Fig. 20.— (a) Difference in logMb between the central galaxy of each halo and the most massive
satellite galaxy. Each point represents an SPH halo. Solid and dashed curves show the mean
logarithmic mass difference for the SPH and SA halos, respectively. (b) Like (a), but now showing
the difference in age between the central galaxy and the oldest satellite.
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with the fact that observed central galaxies in massive groups and clusters are usually luminous
ellipticals or cD galaxies.

6. Predictions for the Autocorrelation Function

BW showed that, in the context of HOD models of galaxy bias, the observed power-law form
of the galaxy correlation function must emerge from a delicate balance of several competing effects.
The low mass cutoff of 〈N〉M , the high mass slope of 〈N〉M , the width of the P (N | 〈N〉) distribution,
and the spatial distribution of galaxies within halos each affect ξ(r) in different ways. A power-law
ξ(r) requires, at the least, a smooth connection between the 1-halo and 2-halo contributions to the
galaxy pair counts, and compatible logarithmic slopes in the 1-halo and 2-halo regimes. Figure 2
shows that the HODs predicted by the SPH and SA models achieve such an alignment, since both
methods predict a correlation function that is roughly consistent with a power law for galaxies of
space density n̄g = 0.02h3Mpc−3. However, since the emergence of the power law is somewhat
fortuitous, we expect that sufficiently precise predictions would show departures from a pure power
law shape. These departures are hidden in Figure 2 by the relatively large error bars, which in turn
reflect the limited volume of our single, 50h−1Mpc simulation cube.

To improve the statistical precision of our ξ(r) predictions, we bootstrap the HOD results
derived from this 50h−1Mpc volume into a larger volume N-body simulation. Since P (N |M) does
not depend on the larger scale environment of halos (as shown in § 3.4), the HODs encode all the
information needed to create new galaxy distributions that have the clustering properties predicted
by the SPH and SA models. We ran an N-body simulation, using version 1.1 of the parallel
GADGET code (Springel, Yoshida, & White 2001), with the same cosmological parameters and
initial power spectrum used for the SPH and SA models (described in § 2). The simulation follows
the evolution of 2563 dark matter particles in a 112.5h−1Mpc box, with a particle mass about
twice that of dark matter particles in the SPH simulation. The gravitational softening length is
15h−1kpc. We identify dark matter halos using a friends-of-friends algorithm with a linking length
of 0.173 times the mean inter-particle separation (exactly as we did for the SPH simulation). We
populate each halo with a number of galaxies drawn from the P (N |M) distributions predicted by
the SPH and SA models. In the high halo mass regime, the SPH model makes no direct prediction
of P (N |M) because the simulation volume does not contain enough high mass halos, and we have
not computed SA predictions for halo masses not represented in the simulation. In this regime,
therefore, we use the fitting formula of equation (2) with the parameter values in Table 1 to compute
〈N〉, and we draw a number of galaxies assuming a Poisson P (N | 〈N〉) distribution. The latter
assumption is reasonable because we have shown that both models predict Poisson pair counts
〈N(N − 1)〉M in high mass halos (Fig. 6). Once we have determined N for a given halo, we place
the first galaxy at the center of mass of the halo and any remaining galaxies at the locations of
random dark matter particles within the halo. Once again, these are reasonable assumptions given
our results on the spatial distribution of galaxies within halos in § 4. In this way, we create galaxy
distributions in the 112.5h−1Mpc box using the HODs predicted by the SPH and SA models for
galaxies of space densities n̄g = 0.02, 0.01, and 0.005h3Mpc−3.

Figure 21 shows the correlation functions for these bootstrapped galaxy distributions. To
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investigate departures from a power-law shape, we have divided ξ(r) by the power law (r/5.0)−1.75,
and we use logarithmic axes so that power laws of other slopes would still be straight lines in the
plot. Errors in the mean estimated from jackknife resampling using the eight octants of the cube
are shown for the n̄g = 0.02h3Mpc−3 samples. The errors are highly correlated, as one can see
from the smoothness of the curves relative to the size of the error bars. Nonetheless, these error
bars are small enough to reveal interesting features that were not evident before. In all cases, ξ(r)
dips below a power-law extrapolation at r ∼ 1h−1Mpc, then rises more steeply from r ∼ 1 to
r ∼ 0.2h−1Mpc before returning to the original power law at still smaller scales. The inflection at
r ∼ 1h−1Mpc arises at the transition between the 2-halo term, which flattens (toward smaller r)
and eventually cuts off on the scales of halo virial radii, and the 1-halo term, which rises steeply
for r close to the virial radii of the most massive halos (see, e.g., BW Fig. 7). The predicted
departures are stronger for more massive galaxy samples with lower space densities, and Figure 21
shows that even the small difference between the SPH and SA HODs is enough to have a significant
quantitative impact, with the SPH model predicting stronger departures from a power law. For the
high space density sample, the difference between the SPH and SA correlation functions is caused
mainly by the difference in the high mass slopes of 〈N〉M , but for the low space density samples,
differences in the cutoff and plateau regime dominate. We have also investigated the impact on
the predicted ξ(r) of assuming a nearest-integer distribution for all halo masses instead of using
the true predicted P (N | 〈N〉). We find that assuming a Nint distribution at all masses leads to an
underestimate of ξ(r) by 10 − 20% at r . 0.5 for n̄g = 0.02h3Mpc−3, growing to 30 − 40% for the
lower space densities.

Figure 22 shows predicted correlation functions for the old and young halves of the SPH and SA
n̄g = 0.02h3Mpc−3 samples. As before, these were computed by populating the larger volume N-
body simulation with galaxies using the predicted P (N |M) for old and young galaxies (of which the
mean occupations are seen in Fig. 13). In the high halo mass regime, where we do not have secure
calculations of P (N |M) because of our limited number of halos, we compute 〈N〉 by extrapolation,
and we draw a number of galaxies assuming a Poisson P (N | 〈N〉) distribution. Figure 22 also shows
the 1-halo terms for old and young galaxies. The most striking difference between old and young
galaxies is that the 1-halo term for young galaxies is severely depressed in amplitude compared to
that for old galaxies. This depression is caused by a very high fraction of young galaxies that are
isolated in their own halos. As a consequence, the 1-halo and 2-halo terms for young galaxies meet,
and thus create a feature in ξg(r), at a much smaller scale (r ∼ 0.3h−1Mpc) than for old galaxies.
The depression in the young 1-halo term predicted by the SA model is stronger than the SPH one,
due to the lower fraction of young galaxies in high multiplicity halos seen in Figure 13.

Most observational measurements of the galaxy correlation function have appeared consistent
with a power law on scales r . 5h−1Mpc (e.g., Norberg et al. 2002a; Zehavi et al. 2002; and
numerous references therein), though there have been suggestions of a “shoulder” or flattening in
the range 5h−1Mpc . r . 10h−1Mpc (e.g., Dekel & Aarseth 1984; Baugh 1996; Gaztañaga &
Juszkiewicz 2001; Hawkins et al. 2003). The theoretical predictions (here and in earlier papers)
suggest that departures from a pure power law should be measurable at sufficiently high precision,
with the generic expectation being an inflection in ξ(r) near the scale of the 1-halo to 2-halo
transition. Motivated in part by these predictions, Zehavi et al. (2003) have recently examined
the projected correlation function of luminous (Mr < −21) galaxies from the SDSS. They find a
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Fig. 21.— Two-point correlation functions, divided by the power law (r/5.0)−1.75, computed by
applying the predicted SPH (left panel) and SA (right panel) P (N |M) to a larger N-body simulation
of the same cosmological model. For each model, the three correlation functions correspond to
galaxy populations of space densities n̄g = 0.005h3Mpc−3 (top lines), 0.01h3Mpc−3 (middle lines),
and 0.02h3Mpc−3 (bottom lines). Errors in the mean estimated from jackknife resampling using
the eight octants of the cube are shown for the n̄g = 0.02h3Mpc−3 samples. Also shown is the dark
matter correlation function of the N-body simulation (dotted line).



– 44 –

Fig. 22.— Two-point correlation functions of old (top curves), young (bottom curves), and all
(middle curves) galaxies in the SPH (left panel) and SA (right panel) models. Correlation functions
were computed by applying the predicted P (N |M) for each case to a larger N-body simulation of
the same cosmological model. Errors in the mean that were estimated from jackknife resampling
using the eight octants of the cube are shown for the young and old halves. Also shown are the
1-halo terms (dotted curves) for the young and old halves.
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statistically significant departure from a power law of just this predicted form. The space density
of the Zehavi et al. sample is lower than that of our highest mass-threshold sample, so we cannot
directly test the results shown in Figure 21, but their measurements can be well fit by an HOD
model that is qualitatively similar to that found here. Magliocchetti & Porciani (2003) have shown
that the projected correlation functions of 2dFGRS galaxies can also be fit well by HOD models.
As Figures 21 and 22 show, the SPH and SA models make a number of distinctive predictions
about the dependence of the correlation function amplitude and shape on galaxy mass and age,
and these predictions can be tested in the near future.

7. Summary and Discussion

The SPH and SA predictions of the galaxy HOD agree remarkably well. The qualitative
features of these predictions can, for the most part, be readily interpreted in terms of galaxy
formation physics. The mean occupation function for galaxies above a mass threshold has a cutoff,
a slowly rising plateau, and a steeper “high occupancy” regime. In the SPH simulation, the cutoff is
determined by the universal baryon fraction. In the SA model, the cutoff occurs at a substantially
higher mass than the universal baryon fraction requires, corresponding to only ∼25% of the gas
in low mass halos remaining in galaxies. This is due to the feedback mechanism, which in the SA
model is tuned to produce the observed galaxy luminosity function. The cutoff is nearly as sharp in
the SA model as in the SPH simulation because feedback is tightly regulated by halo mass, with no
scatter that allows some low mass halos to retain substantially more than ∼25% of their baryons.
In the low occupancy regime, 〈N〉 rises slowly with M because additional mass tends to go into
making more massive single galaxies instead of multiple low mass galaxies. The logarithmic slope of
〈N〉M steepens for 〈N〉 & 2, presumably representing a transition to a regime in which the galaxies
in a halo were formed mostly in the lower mass progenitor halos that merged to create it. Even
in this regime, the slope is below unity, since the overall efficiency of galaxy formation (fraction of
mass in galaxies) is lower in high mass halos, probably a consequence of longer cooling times and
less efficient filamentary “channeling” of gas into galaxies. For higher baryonic mass thresholds,
the mean occupation function shifts horizontally along the log M axis, so this physical explanation
of its form is not sensitive to the particular threshold adopted.

Since the considerations that account for the form of 〈N〉M are quite general, it is perhaps not
surprising that the SPH and SA calculations agree. More impressive is the agreement on fluctuations
about the mean occupation. Both calculations predict pair counts well below the expectation for
Poisson fluctuations at low mass, close to those of the minimal fluctuation, nearest-integer model.
As many authors have emphasized (Benson et al. 2000a; Seljak 2000; Peacock & Smith 2000;
Scoccimarro et al. 2001; BW), these sub-Poisson fluctuations are essential in understanding the
power-law form of the observed galaxy correlation function. Triple counts are also substantially
sub-Poisson, though not minimal, and the two calculations again agree. The explanation of sub-
Poisson fluctuations is not trivial, but it clearly has to do with statistics of halo merger histories
and the timescales of galaxy mergers following halo mergers. In particular, near equal-mass halo
mergers are rare enough that one must go substantially above the cutoff mass Mmin (by a factor
∼ 10) before one is likely to get two galaxies above the mass threshold in a single halo, instead of
one, more massive, galaxy. The probability of empty halos follows the nearest-integer prediction,
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P (0|M) = max(1 − 〈N〉M , 0), almost exactly in both models. Because the cutoff of 〈N〉M is
somewhat sharper in the SPH calculation, the transition from occupied halos to empty halos (at
the specified baryonic mass threshold) is also somewhat sharper, occurring over about a factor of
two in halo mass. For masses above the cutoff, the probability that a halo is empty is much lower
than the Poisson expectation exp(−〈N〉M ). In this regime, strongly sub-Poisson statistics indicate
the regularity of the formation process in single-galaxy halos, which produces a tight correlation
between galaxy mass and halo mass.

The mean occupation is very different for galaxies in different age quartiles, at both the low
and high mass ends of 〈N〉M . Young galaxies are rare in high mass halos and vice versa. This
difference reflects a tendency for star formation to begin early in regions that will become part
of high mass halos and for star formation to shut off when a galaxy falls into a halo of larger
virial mass, or to slow down when the halo size or virial temperature becomes too large. The
qualitative agreement between the SPH and SA calculations is again not surprising, but the degree
of quantitative agreement is impressive.

The SPH simulation also shows that the mean occupation function is independent of the large
scale environment of the halo, extending to the galaxy regime the result that Lemson & Kauffmann
(1999) found for the merger histories of dark matter halos. This is a fundamental and encouraging
result, supporting the assumption made in merger-tree based SA methods, and supporting the
claim that the HOD provides a statistically complete description of galaxy bias.

A detailed analysis of the SPH simulation also supports simple assumptions about the galaxy
distribution within halos. Most halos have a galaxy near the center of mass moving at close to
the center-of-mass velocity. The central galaxy is almost always the most massive galaxy in the
halo, and it is usually among the oldest galaxies in the halo. The remaining, satellite galaxies have
the same spatial and velocity distribution as the dark matter, except for a small (αv ∼ 0.8 − 0.95)
velocity bias in intermediate mass halos. These assumptions are thus reasonable to use when making
galaxy clustering predictions, and they are the ones usually incorporated in studies that combine
N-body and semi-analytic methods (Kauffmann et al. 1999; Benson et al. 2000a; Somerville et al.
2001). In the long term, these predictions can be tested empirically using clustering and galaxy-
galaxy lensing data of the sort provided by 2dFGRS and SDSS.

As we have emphasized in separate papers on the SA model and SPH simulation (Benson
et al. 2000a; Weinberg et al. 2002), the complex relation between galaxies and mass is crucial in
reproducing the observed nearly power-law form of the galaxy correlation function, since the dark
matter ξ(r) is not a power law in CDM-type models. Since the emergence of the power law is to some
extent a coincidence, the HOD framework generically predicts that there should be departures from
a power-law ξ(r) once it is measured with sufficient precision, especially if one considers different
subclasses of galaxies. We have tried to predict these departures by bootstrapping our results
into a larger volume N-body simulation. The small differences between the SA and SPH P (N |M)
translate into noticeable differences in the predicted ξ(r), and the accuracy of the SPH prediction
is still limited to some extent by the small number of high mass halos in the SPH volume. However,
improved statistics show that both models predict an inflection in ξ(r) at r ∼ 1h−1Mpc, with the
departures from a power law being stronger for the SPH model than for the SA model and stronger
for more massive galaxies in both cases. Recent observational analyses provide evidence for just
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such a feature in the correlation function of luminous galaxies (Zehavi et al. 2003).

The most surprising aspect of our results is that the SPH and SA models give such similar
predictions for P (N |M) despite having very different galaxy mass functions. The different mass
functions reflect the different treatments of cooling in the SA and SPH calculations (including the
geometric idealizations in the former and the numerical resolution limitations in the latter), and
the greater importance of stellar feedback in the SA calculation. The similarity of the predicted
halo occupations implies that the HOD is determined by physics that is robust to these cooling and
feedback differences. Obviously it is crucial that we select galaxy samples based on number density,
using only the rank order of the baryonic masses rather than their absolute values; for a fixed mass
threshold, the numbers of galaxies would be different in the two calculations, and the HODs could
not possibly match. Similarity of HODs suggests that the rank order of galaxy masses and the rank
order of stellar population ages are related in fairly simple ways to the merger histories of the dark
matter halos, which should be statistically similar in the two methods. For example, the baryonic
mass of a galaxy could be monotonically related (by non-linear functions that are different in the
two calculations) to the mass of its parent halo at the last time this galaxy was “central.” The
age could be determined (at least in a rank-order sense) by the formation time of this halo and
the time at which its central object’s star formation is suppressed by falling into a larger halo and
becoming a satellite. Mergers within halos also affect P (N |M), but this process should be similar
in the two calculations, since the assumptions about mergers in the SA model reproduce the results
of numerical calculations (Benson et al. 2002).

We can test this idea — that the form of the HOD is driven largely by dark matter dynamics
— by re-analyzing the SA galaxy population without using the predicted baryonic properties. For
every SA galaxy, we identify its parent halo at the last time this galaxy was central, and we denote
the halo mass at that time by Mmax and the time itself by tmax. We then create galaxy samples
with the same space densities as before but use thresholds in Mmax rather than in baryonic mass.
Dotted curves in Figures 9 and 10 show the first and second moments of N(M), respectively, for
these samples defined by Mmax thresholds. It is interesting both that this simple mapping works
as well as it does and that it does not work perfectly. The qualitative similarity of the mean
occupations supports the idea that P (N |M) is largely governed by robust physics connected to
halo merger histories. However, obvious differences, in particular the steeper slope of 〈N〉M at
the high mass end, indicate that additional physical processes must also play a significant role.
It is encouraging that the SPH and SA models agree with each other better than either model
agrees with the “rank by Mmax” calculation. The fact that they predict fewer galaxies in high mass
halos suggests that galaxy accretion rates begin to drop in overdense environments even before
their parent halos fall into larger halos, allowing some of these galaxies to drop below the baryonic
mass threshold and be replaced (in a sample of fixed space density) by galaxies forming in lower
mass halos. Recent studies provide observational support for this effect, showing decreased star
formation rates in galaxies that are well outside the virial radii of rich clusters (e.g., Lewis et al.
2002; Gomez et al. 2003).

We can map the stellar age of a galaxy onto the halo merger tree in a similar fashion. We make
the simple assumption that the star formation in each galaxy starts at a time tstart when its parent
halo first exceeds a mass 1011M⊙, a factor ∼ 4 below the cutoff for n̄g = 0.02h3Mpc−3. We assume
that the star formation ends at a time tstop when the galaxy becomes a satellite (tstop = tmax)
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or when the cooling time in its parent halo becomes too long (tstop = thot) — whichever happens
first. We identify thot as the time when the parent halo mass exceeds 1013M⊙. Finally, we assume
a constant star formation rate between tstart and tstop, making the mean stellar age of the galaxy
t∗ = t0 − (tstop − tstart)/2. Figure 23 compares the mean occupation functions for SA galaxies
split into quartiles according to t∗ to those of quartiles defined by true stellar age (repeated from
Figure 11). Our highly simplified approximation yields the right qualitative dependence of 〈N〉M
on galaxy age, but it differs substantially in the quantitative details. The Mmax and t∗ models still
make indirect use of the baryonic physics in the SA calculation, since baryonic masses affect which
galaxies remain as distinct entities in larger halos and which are destroyed by dynamical friction.
Results from a more concerted effort to model the HOD entirely with dark matter dynamics will
be reported elsewhere (Berlind, Bullock, Kravtsov, Wechsler, and Zentner in preparation).

Finite resolution of the SPH simulation has limited our comparison of predictions to relatively
massive galaxies, and to age rather than morphology as a distinguishing characteristic of sub-classes.
Insensitivity of predictions to calculational details is likely to change when one gets to low mass
galaxies or to characteristics that are determined by interactions with environment. For example,
we might expect the HOD of low mass galaxies to be quite different if their luminosity is controlled
by photoionization or by supernova feedback. Likewise, models that ascribe bulge-to-disk ratios
mainly to merger histories, to secular evolution of disks, to weak perturbations in group/cluster
environments, or to interaction with the IGM could yield quite different predictions for the P (N |M)
of different morphological types. The process of inferring halo occupations from observed galaxy
clustering has already begun, and it should accelerate over the next few years with improved
measurements from the 2dFGRS and the SDSS. Empirical HOD determinations for galaxies with
L & L∗, classified by luminosity and color or spectral type, will test the basic predictions of the
current scenario of galaxy formation, as presented here. They will also sharpen the constraints
on cosmological models by removing bias as a degree of freedom in matching observed clustering.
Empirical determinations of HODs for faint galaxies and for morphological subtypes should yield
insight into the physics that governs the low end of the luminosity function and the origin of galaxy
morphology.

This work was supported by NSF Grants PHY-0079251, AST-0098584, and AST-9802568.
DHW acknowledges the hospitality of the Institut d’Astrophysique de Paris and the support of the
French CNRS during phases of this work.
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Fig. 23.— Mean occupation 〈N〉M of SA galaxies, for quartiles of mean stellar galaxy age (solid
curves) and merger tree “age” parameter t∗ (dashed curves, defined in § 7).
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Katz, N., Keres, D., Davé, R., & Weinberg, D. H. 2002, to appear in The IGM/Galaxy Connection,
eds. M. Putman & J. Rosenberg, (Kluwer: Dordrecht), astro-ph/0209279

Kauffmann, G., White, S. D. M., & Guideroni, B. 1993, MNRAS, 264, 201

Kauffmann, G., Nusser, A., & Steinmetz, M. 1997, MNRAS, 286, 795

Kauffmann, G., Colberg, J. M., Diaferio, A., & White, S. D. M. 1999, MNRAS, 303, 188

Kochanek, C. S., White, M., Huchra, J., Macri, L., Jarrett, T. H., Schneider, S. E., & Mader, J.
2002, ApJ, 585, 161

Lacey, C., & Silk, J. 1991, ApJ, 381, 14

Lacey, C. G., & Cole, S. 1993, MNRAS, 262, 627



– 52 –

Lemson, G. & Kauffmann, G. 1999, MNRAS, 302, 111

Lewis, I. et al. 2002, MNRAS, 334, 673

Ma, C., & Fry, J. N. 2000, ApJ, 543, 503

Magliocchetti, M., & Porciani, C. 2003, MNRAS, submitted, astro-ph/0304003

Marinoni, C., & Hudson, M. J. 2002, ApJ, 569, 101

McClelland, J. & Silk, J. 1977, ApJ, 217, 331

McKay, T. A., et al. 2001, unpublished, astro-ph/0108013

Miller, G. E., & Scalo, J. M. 1979, ApJS, 41, 513

Mo, H.J., & White S.D.M. 1996, MNRAS, 282, 1096

Moore, B., Ghigna, S., Governato, F., Lake, G., Quinn, T., Stadel, J., & Tozzi, P. 1999, ApJ, 524L,
19

Moustakas, L. A. & Somerville, R. S. 2002, ApJ, 577, 1

Murali, C., Katz, N., Hernquist, L., Weinberg, D. H., & Davé, R. 2002, ApJ, 571, 1
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Table 1. Fit parameters for 〈N〉
M

fitting function.

n̄g Mb,min Mmin ν Mcrit µ α β M1 〈N〉 (Mcrit) ∆(log〈N〉)max

SPH
0.02 10.74 11.70 6.2 12.70 1.6 0.09 0.74 12.00 1.5 0.06
0.01 11.10 12.05 8.2 12.85 5.0 0.21 0.56 12.30 1.4 0.07
0.005 11.38 12.35 7.8 13.40 1.9 0.30 0.70 12.75 1.8 0.14

SA
0.02 10.16 11.75 2.9 13.00 1.8 0.22 0.91 12.15 2.0 0.09
0.01 10.50 12.05 2.2 13.15 1.8 0.20 0.81 12.60 1.6 0.07
0.005 10.75 12.35 2.5 13.60 2.0 0.27 0.81 12.90 1.8 0.06

Note—Mass columns list log10(M/M⊙).
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