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(a)

(b)

Figure 1.5: a) a polyelectrolyte ejected from (or injected into) a spherical vesicle.

The polyelectrolyte partners in Fig. 1.4c are of course oppositely charged. The

complexity of the problem and the associated challenge in its theoretical treatment

are to be contrasted with the formation of an ion-pair from one cation and one anion.

Even in Fig. 1.4a, the theoretical treatment is challenging due to the frustration on

the polyelectrolyte chain induced by the curvature and the opposite charge of the

vesicle. In view of both the practical significance and the tremendous theoretical

challenge, we have taken up (1) complexation of a polyelectrolyte inside an attractive

spherical vesicle, (2) complexation of a polyelectrolyte outside an attractive spherical

vesicle, and (3) complexation between two oppositely charged polyelectrolyte chains

as the primary themes of my thesis (Fig. 1.5). The third theme also addresses the

kinetics of approach of two oppositely charged polyelectrolyte chains.

Now, how is a polyelectrolyte chain modeled theoretically? Let us first consider

only the chain connectivity without charges or intra-chain van der Waals interactions.

Imagine a trajectory of N steps of a random walker sketched in Fig. 1.6. This

trajectory can be imagined to represent a conformation of a polymer chain without

any intra-chain potential interactions. Such a mapping is called the Kuhn model of N

Kuhn steps, each of step length `, called the Kuhn length. All chemical details along
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(b)

Figure 1.6: a) stochastic structure in a polymer chain. b) the analogy of the polymer chain with

a random walk with the step size, `.

the backbone of the chain are parametrized in terms of the Kuhn length. Beyond the

Kuhn length along the chain backbone, the tangent vectors along the backbone are

uncorrelated.

It is well known that the probability P0(r, t; r0(0)) of finding a particle undergoing

a random walk in three-dimensional space from the initial position r0 at ti = 0 to its

final position, r, at time tf = t is given by

P0(r, t; r0(0)) =

(
1

4πDt

)3/2

e−
(r−r0)2

4Dt (1.1)

where the mean square displacement of the particle follows the law of diffusion,

〈
(r− r0)2

〉
0

= 6Dt (1.2)

with D being the diffusion coefficient and t being proportional to the number of steps

taken by the random walker.

Using Kuhn’s mapping between a collection of trajectories of a random walker

and the various conformations of the Kuhn model chain, the probability distribution
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function G0(r, r′;N) of a Kuhn chain of N Kuhn segments with its ends at r and r′

follows immediately, by analogy, from Eq. (1.1) as [3, 4]

G0(r, r′;N) =

(
3

2πN`2

)3/2

e
−3(r−r′)2

2N`2 (1.3)

Due to the Gaussian nature of this distribution function, the Kuhn chain is also

referred to as the Gaussian chain. The mean square end-to-end distance of a Gaussian

chain follows from Eq. (1.3) as

〈
(r− r′)2

〉
0

= N`2 (1.4)

where the angular brackets denote the average over G0 given by 1.3. An experi-

mentally relevant measure of the polymer size is the radius of gyration Rg, defined

by

R2
g =

1

(N + 1)

N∑
i=0

〈
r2
i

〉
(1.5)

where ri is the position of the i-th repeat unit (sometimes called bead) from the

center of mass of the chain. Again, the angular brackets denote the average over G0

given by Eq. (1.3).

For a Gaussian chain, it can be easily shown from Eqs. (1.3) and (1.4) that

R2
g =

N`2

6
(1.6)

It is of common practice for very good reasons, based on knowledge of critical phe-

nomena and field theory of polymers, to define the size exponent ν relating Rg and

the number of Kuhn segments, N , as
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Rg ≈ Nν (1.7)

For Gaussian chains, it is readily obvious that

ν =
1

2
, (1.8)

and referred to as the mean field exponent.

An alternate representation of G0(r, r′;N) of Eq. (1.3) is its form as a path

integral

G0
(
r, r′;N

)
=

∫ r

r′
D [r(s)] exp

{
− 3

2`2

∫ N

0
ds

(
∂r(s)

∂s

)2
}

(1.9)

where r(s) denotes the location of the arc length variable s (0 ≤ s ≤ N) and the

functional integral represents the sum over all possible configurations of the chain

with the constraint of chain connectivity.

Yet another representation of G0 is in its form of a differential equation,

(
∂

∂N
− `2

6
∇2
r

)
G0(r, r′;N) = δ

(
r− r′

)
(1.10)

where G0 is now treated as a Green function.

As already mentioned above, the Gaussian chain accounts for only chain connec-

tivity. In reality, there are potential interactions among various Kuhn segments, both

short-ranged and long-ranged. By writing a generic form for the potential interaction

between two segments s and s′ as
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V
[
r(s)− r(s′)

]
,

the probability distribution function for the chain of N Kuhn segments to have the

ends at r and r′ is given as

G0
(
r, r′;N

)
=

∫ r

r′
D [r(s)] exp

{
− 3

2`2

∫ N

0
ds

(
∂r(s)

∂s

)2

−
∫ N

0
dsVp [r(s)]

}
(1.11)

where

Vp [r(s)] =
1

2

∫ N

0
ds′V

[
r(s)− r(s′)

]
. (1.12)

As described in several textbooks on polymer physics [3], this path integral represen-

tation of G can be equivalently written as

(
∂

∂N
− `2

6
∇2
r + βV (r(s))

)
G0
(
r, r′;N

)
= δ

(
r− r′

)
(1.13)

It is obvious from Eqs. (1.11) and 1.12 that V (r(s)) appearing in Eq. (1.13) depends

on G and hence a self-consistent procedure needs to be implemented in determining

G and in calculating the final result of Rg and other properties of the non-Gaussian

chain. We will describe several methods of accomplishing this goal in the following

chapters. We must also mention that any effects due to chain stiffness is ignored and

we consider only flexible chains with interactions.

Now, returning to the main focus of this thesis, namely complexation of a poly-

electrolyte chain with a curved surface or another polyelectrolyte chain, let us denote

the potential created by the surface or another chain on the position r(s) of the pri-

mary chain as VS [r(s)]. By including this effect, the probability distribution function

of the chain becomes
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G
(
r, r′;N

)
=

∫ r(N)=r

r(0)=r′
D[r(s)] exp

{
− 3

2`2

∫ N

0
ds

(
∂r(s)

∂s

)2

(1.14)

− 1

kBT

∫ N

0
dsVp[r(s)]− 1

kBT

∫ N

0
dsVs[r(s)]

}
,

so that

[
∂

∂N
− `2

6
∇2
r + Vp(r) + Vs(r)

]
G
(
r, r′;N

)
= δ

(
r− r′

)
δ(N). (1.15)

The solution of these equations for the prescribed intra-chain potentials (both

short-ranged and long-ranged) and the electrostatic potentials between the polyelec-

trolyte chain and the charged vesicle, or another polyelectrolyte chain constitutes the

major effort of my thesis. Once G is calculated, all experimentally relevant quanti-

ties such as the critical conditions for complexation, the segment density profile of

the complexed polyelectrolyte chain can then be computed. Due to the structure of

Eq. (1.15), it is obvious that the present classical problem can be mapped into the

quantum problem of a particle in a box. Indeed, We have implemented several tech-

niques of calculation of bound states and scattering states from the time-dependent

Schrödinger equations, such as the variational and Wentzel-Kramers-Brillouin (WKB)

[5–8] methods as described in the following chapters.

In the experiment ...

In addition to the above mentioned equilibrium aspects of polyelectrolyte com-

plexation, it is of considerable interest to formulate a theory of kinetics of how a

polyelectrolyte chain approaches another polyelectrolyte chain of opposite charge.

For ions this is equivalent to a cation and an anion can approach towards each other

and form a pair in an aqueous medium (Fig. 1.7).
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Figure 1.7: a) complexation of two oppositely charged ions. b) complexation of two oppositely

charged polyelectrolytes.

This interesting problem has been of immense theoretical interest in the past and

several great scholars have contributed to this field. One way to approaching this

problem is to write a continuity equation for one of the ions, keeping the center of

mass of the other ion as the center of the reference frame and compute the flux of

the first ion at the center, subjected to the Coulomb force between the ions. Now,

the question is how to treat the approach of a topologically correlated polyelectrolyte

chain to another polyelectrolyte chain which is also topologically correlated and there

is a Coulomb potential between all segments of both chains (1.7b). This issue and

our method is tackled at Chapter 3.

Furthermore, We have investigated potential means of measuring the elasticity of

a vesicle by forcing it to undergo translation through a narrow pore by constructing

a theory with the use of the Fokker-Planck formalism (see Fig. 1.8a). The details are

presented in Chapter 4 . Also, We have addressed the consequence of structure of

the vesicle. Most of the vesicles are made of double layers, where hydrophilic ends of

the constituent surfactant molecules of the vesicle are exposed to the outer and inner
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(a)

(a)
(b)

Figure 1.8: a) translocation of a spherical vesicle through a pore. b) effect of DLVO interaction

on spontaneous curvature and surface tension. †

interfaces of the vesicle. Inside the interior, the hydrophobic ends of the surfactant

molecules are present. As a result, the vesicle is an intrinsically heterogeneous dielec-

tric medium (see Fig. 1.8b). By implementing the techniques used to calculate the

Casimir forces in finite-sized systems, we calculate the surface tension, bending mod-

ulus, and spontaneous curvature of the vesicle. This calculation, which is technically

challenging, is described in Chapter 5.

.

†Fig. 1.8b is from Ref. [9]
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CHAPTER 2

ADSORPTION AND ENCAPSULATION OF FLEXIBLE
POLYELECTROLYTES IN CHARGED SPHERICAL

VESICLES

2.1 Introduction

Packaging of charged macromolecules into vesicular carriers in aqueous media and

their subsequent release into the exterior region are of common occurrence. The man-

ifestation of this phenomenon in the context of biology and technological applications

is well documented in the literature exhibiting very rich phenomenology [10, 11]. Yet,

even the elementary aspects of the packing/unpacking of charged macromolecules by

carriers are not fully understood, although some progress is being made in the study

of viruses [9, 12–16]. The ubiquitous feature of this phenomenon is that both the

macromolecular cargo and the vesicular interface are electrically charged. The in-

teractions between the cargo and the oppositely charged vesicle arise primarily from

the long-range electrostatic forces. Furthermore the macromolecular cargo itself is

topologically correlated mediated by the electrostatic interactions among various seg-

ments of the molecule. In addition, the whole process occurs in aqueous electrolyte

solutions with cargo-vesicle interaction being significantly modulated by changes in

the electrolyte concentration. A full understanding of this packing-unpacking phe-

nomenon continues to be a challenge due to the combined effects from the long-range

electrostatic forces, topological connectivity of the macromolecules, confinement of

cargo inside the vesicle, and adsorption of the cargo at the vesicle interface.

This chapter is in press in Journal of Chemical Physics and is here by permission from the
authors.
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Figure 2.1: Cartoon of an adsorbed flexible polyelectrolyte chain of uniform charge number density

q on the exterior (a) and interior (b) of a charged spherical vesicle of radius R with uniform charge

number density σ. The salt concentration cs is the same in both the interior and exterior regions.

In efforts to make progress towards a fundamental understanding of this packing-

unpacking process and to ascertain the energetics of this process, we consider the

initial and final states of the macromolecule in this process (Fig. 2.1): (1) The

polymer is captured on exterior of the vesicle as an adsorbed chain, and (2) the

polymer is adsorbed on the interior of the vesicle.

Naturally, there are several fundamental questions that arise regarding these two

states. For the exterior state (Fig. 2.1a), identification of the critical condition of ad-

sorption and the monomer density profile of the adsorbed polymer in terms of various

experimental variables are of interest. The critical condition emerges as a compen-

sation between attractive interaction favoring adsorption and loss of conformational

entropy disfavoring adsorption. If the attraction between the polymer and the vesicle

is weak, the adsorption would not occur at all due to the severe entropic penalty.

For sufficiently strong attraction, adsorption would occur. It is therefore necessary

to accurately evaluate the conformational entropy of a flexible polyelectrolyte chain

that is partially adsorbed to a curved charged interface in order to obtain the ad-

sorption criterion. For the interior state (Fig. 2.1b), if the attraction between the

polymer and vesicle is sufficiently weak, the cargo will merely be confined inside the

vesicle. For sufficiently strong attractive interaction, the polymer would coat the in-
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terior wall of the vesicle. The adsorption criterion delineating these two limits in the

interior is obtained by evaluating the conformational entropy of the polyelectrolyte

chain under confinement inside an electrostatically interactive vesicle. In addition,

due to confinement effects, an optimum radius of the vesicle may arise for coating

the polyelectrolyte chain in the interior. The adsorption criteria, density profiles, and

optimum vesicle radii are dictated by the various experimental variables.

The experimental variables pertinent to the process are the polymer charge num-

ber density q, polymer length L, vesicle surface charge number density σ, vesicle

radius R, and the uniform electrolyte concentration cs. The temperature T and the

presumed uniform dielectric constant ε of the medium are expressed in terms of the

Bjerrum length `B = e2/(4πε0εkBT ), where e is the electronic charge, ε0 is the per-

mittivity of vacuum, and kB is the Boltzmann constant. The Bjerrum length sets

the scale for the strength of the electrostatic interaction energy. The spatial range

of the electrostatic interaction is captured roughly by the Debye length κ−1 which is

proportional to 1/
√
cs. The adsorption criteria and the density profiles for both the

exterior and interior states and the optimum vesicle radii for the interior state are to

be calculated in terms of the experimental parameters q, L, σ,R, `B , and κ. Calcula-

tion of the free energy difference ∆F between the exterior and interior states of the

polyelectrolyte chain would enable the estimation of energy costs for translocating the

chain from the interior state to the exterior state, and their relative thermodynamic

stabilities.

Adsorption of a polyelectrolyte chain onto a spherical charged surface from its

exterior has attracted considerable effort based on theoretical approaches [17–35],

computer simulations [36–49], and experiments [50–55] as nicely described in a recent

review [20]. Planar and cylindrical interfaces for the exterior state and confinement of

a polyelectrolyte chain inside a spherical cavity have also been investigated, although

not as extensively as the exterior state for spherical cavities [18, 20, 24]. In general,
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the conclusions deduced from these studies are inconclusive and various theoretical

predictions appear to depend on the specifics of the model and the approximations

used in the calculations. Since the primary focus of the present paper is in the context

of adsorption onto spherical vesicles, we now briefly summarize the current status in

this context only.

According to all previous theoretical works [22–35], starting from the pioneering

work of Wiegel [21], the adsorption phase transition can be triggered by any of the

experimental variables: surface charge number density σ, vesicle radius R, polymer

charge number density q, temperature and dielectric constant appearing through the

Bjerrum length `B , salt concentration appearing through κ, and the polymer length

L. For example, an increase in surface charge number density above a critical value σc

would result in adsorption when all other experimentally relevant quantities are held

constant. Similarly lowering the temperature or decreasing the salt concentration

would lead to adsorption. Almost all experiments reported so far in the literature

[50–55] are conducted at a fixed room temperature and the critical condition for

adsorption is determined experimentally by relating surface charge density and salt

concentration. By considering adsorption of synthetic polyelectrolytes on micelle,

proteins, and dendrimers, the empirically suggested critical condition is [20, 50–55]

|σc| ∼ κa, a ' 1− 1.4. (2.1)

On the other hand, the various theoretical predictions [20] for the value of the expo-

nent a range from 6/5 to 3 for the experimental conditions pertinent to Eq. (2.1),

namely κR >> 1. In the other limit, κR << 1, corresponding to the low salt limit,

the range of a predicted by theories [20] is from 1 to 3. However, this latter limit

is not relevant to experimental situations establishing Eq. (2.1). Briefly, the models

and assumptions behind the previous theoretical approaches are as follows.
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The probability distribution function G(r, r′;N) for a flexible polyelectrolyte chain

of contour length L = N` with its ends at r and r′, in the proximity of a charged

surface is given by the Edwards path integral [22] (for more details, see the description

of Eq. (1.14)),

G
(
r, r′;N

)
=

∫ r(N)=r

r(0)=r′
D[r(s)] exp

{
− 3

2`2

∫ N

0
ds

(
∂r(s)

∂s

)2

(2.2)

− 1

kBT

∫ N

0
dsVp[r(s)]− 1

kBT

∫ N

0
dsVs[r(s)]

}
,

where r(s) is the position vector of the arc length variable s (0 ≤ s ≤ L), and ` is the

Kuhn length. Vp denotes the various inter-segment interactions of the chain acting

on the segment at r(s). Vs is the electrostatic potential from the charged surface

acting on the polymer segment at r(s). The symbol
∫
D[r(s)] denotes the functional

integration representing the sum over all possible chain configurations subjected to

constraints from all intra-chain interactions and interaction with the surface. The

path integral representation of Eq. (2.2) can be equivalently written as (see Eq.

(1.15)) [
∂

∂N
− `2

6
∇2
r +

Vp(r)

kBT
+
Vs(r)

kBT

]
G(r, r′;N) = δ(r− r′)δ(N). (2.3)

By drawing an analogy with the time-dependent Schrödinger equation for a particle

in a potential, the time-independent version is

G(r, r′;N) =
∑
m

ψm(r)ψ∗m(r′)e−λmN , (2.4)

with [
−`

2

6
∇2
r +

Vp(r)

kBT
+
Vs(r)

kBT

]
ψm(r) = λmψm(r). (2.5)

For a chosen set of potentials Vp and Vs, and appropriate boundary conditions, the

eigenvalue problem of Eq. (2.5) is solved for ψm(r) and λm, from which the prob-

ability distribution function G(r, r′;N) is obtained from Eq. (2.4). The various

17



experimentally relevant features such as the adsorption criteria and density profiles

of the adsorbed chain follow from G(r, r′;N). Based on the quantum analogy with

a particle in a potential, the adsorption criterion corresponds to the condition at

which at least one bound state is allowed by Eq. (2.5). If the combined potential

(Vp + Vs)/kBT is attractive and sufficiently strong, the polymer chain would adsorb

corresponding to the occurrence of bound states. If the combined potential is weaker

than a critical value, then only scattering states are allowed by Eq. (2.5) resenting

unadsorbed states of the polymer chain. Once the adsorption criterion is established,

the density profile in the adsorbed state is calculated from the eigenfunctions ψm and

eigenvalues λm. Since the contour length of the polymer L = N` is usually very large,

the leading term in Eq. (2.4) representing the ground state is often sufficient in the

calculation of G(r, r′;N).

The simplest situation of an infinitely thin and infinitely large planar charged

interface somewhere in the middle of an electrolyte solution and an adsorbing Gaus-

sian chain was initially treated by Wiegel [21]. For a uniform surface charge number

density σ and linear polymer charge number density q, the electrostatic interaction

energy between the surface and a polymer segment at a distance z perpendicular to

the interface is

Vs(z)

kBT
= −2π|σq|``B

κ
e−κz, (2.6)

based on the linearized Poisson-Boltzmann description. Ignoring the intra-chain in-

teraction, namely by taking Vp = 0, Wiegel derived the exact adsorption criterion for

this idealized model as [21]

|σc| =
κ3`

48π`B |q|
j2
0,1 ∼ κ3, (2.7)

where j0,1 ' 2.4048 is the first zero of the Bessel function J0(x) for x > 0.

Since isolated flexible polyelectrolyte chains do not obey Gaussian chain statistics

(where the radius of gyration Rg ∼
√
N), due to the electrostatic repulsion between
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segments, Eq. (2.7) (7) is not relevant to experimental situations. In view of this,

one of the present authors [22] addressed the role of Vp in Eqs. (2.3) and 2.5. Even

in the absence of an adsorbing interface, the chain statistics of an isolated poly-

electrolyte chain is not exactly solvable. Using the Debye-Hückel potential for the

screened Coulomb interaction among the segments of a flexible chain and a variational

procedure, the square of the radius of gyration of the chain was derived as [22]

R2
g =

L`eff
6

, (2.8)

where `eff depends on N, `B , and κ and other excluded volume parameters perti-

nent to short-range interactions. In deriving the above result, the approximation of

uniform expansion was used. For a Gaussian chain, `eff is simply the Kuhn length

`. When electrostatic interactions dominate over the short-ranged excluded volume

interactions, the limiting behaviors of `eff for the low salt and high salt limits were

derived by Muthukumar as [22]

`eff ∼


N κRg << 1

`
2/5
B κ−4/5N1/5 κRg >> 1

(2.9)

With this approximation of uniform electrostatic swelling of the chain, Eqs. (2.2)-

(2.5) yield [
−
``eff

6
∇2
r +

Vs(r)

kBT

]
ψm(r) = λmψm(r), (2.10)

where the effective Kuhn length `eff absorbs Vp/kBT . As a result, the adsorption

criterion for the potential of Eq. (2.7) becomes [22]

|σc| =
κ3`eff

48π`B |q|
j2
0,1. (2.11)
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Combining Eqs. (2.9) and (2.10),

|σc| ∼


κ3 κRg << 1

κ11/5 κRg >> 1

(2.12)

This prediction at higher salt concentrations (κRg >> 1) is consistent with experi-

mental results for planar interfaces [17].

The adsorption of a flexible polyelectrolyte chain onto a spherical vesicle of radius

R, with the electrolyte concentration being the same both inside and outside, was

originally addressed by von Goeler and Muthukumar [23], and the analog of Eq. (2.5)

for this situation is

[
−`

2

6

1

r2

d

dr

(
r2 d

dr

)
+
Vp(r)

kBT
+
Vs(r)

kBT

]
ψm(r) = λmψm(r), (2.13)

where radial symmetry is used and

Vs(r)

kBT
= −4π|σq|``BR sinh(κR)

e−κr

κr
, r > R (2.14)

By absorbing the effect of intra-chain electrostatic interaction into the renormalized

effective Kuhn length as `eff , Eq. (2.13) becomes

[
−
``eff

6

1

r2

d

dr

(
r2 d

dr

)
+
Vs(r)

kBT

]
ψm(r) = λmψm(r) (2.15)

where Vs(r) is given by Eq. (2.14). Using a variational procedure on Eq. (2.15), von

Goeler and Muthukumar derived the adsorption criterion as [23]

|σc| =
κ3`eff

12π`B |q|
1(

1− e−2κR
) . (2.16)
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