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ABSTRACT

BUCKLING OF THIN CYLINDRICAL SHELLS: IMPERFECTION
SENSITIVITY, NON-DESTRUCTIVE TECHNIQUE FOR CAPACITY
PREDICTION AND APPLICATION FOR WIND TURBINE TOWERS

FEBRUARY 2021

KSHITIJ KUMAR YADAV

B.Tech., MADAN MOHAN MALAVIYA ENGINEERING COLLEGE

GORAKHPUR, INDIA

M.Tech., INDIAN INSTITUTE OF TECHNOLOGY KANPUR, INDIA

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Dr. Simos Gerasimidis

The presence of imperfections significantly reduces the load-carrying capacity of thin

cylindrical shells and the reduction depends on the shape and the size of the imper-

fections. As a result, the prediction of the shells' buckling capacity requires a priori

knowledge about the imperfections—a difficult, expansive, and time-consuming ad-

venture, if not impossible. Consequently, thin cylindrical shells are designed conser-

vatively using the knockdown factor approach that accommodates the uncertainties

associated with the imperfections present in the cylinders; almost all the design codes

follow this approach explicitly or implicitly. However, cylindrical shells can be de-

signed more efficiently by making them insensitive to imperfections, or by knowing

their exact capacity without the difficult task of measuring the imperfections. This

dissertation examines these two approaches for the efficient designing of thin cylindri-

cal shells. In addition, we investigate buckling behavior and imperfection sensitivity

of thin cylindrical shells under pure bending along with their applications in tall wind

turbine towers.
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For making thin cylindrical shells insensitive to imperfection, wavy cross-sections

are proposed instead of circular cross-sections. Past studies have demonstrated the

effectiveness of wavy cylinders to reduce imperfection sensitivity under axial compres-

sion assuming linear elastic material behavior and using eigenmode imperfections. In

this dissertation, using a realistic dimple-like imperfection, new insights are presented

into the response of wavy cylinders under uniform axial compression and bending.

We found that thin cylindrical shells can be made imperfection insensitive by ma-

nipulating their cross-section geometry. For high-fidelity estimates of the capacity

of thin cylindrical shells without measuring the imperfections, a novel procedure is

proposed based on the probing of the axially loaded cylinders. Computational im-

plementation of the proposed procedure yields accurate results when the probing is

near the imperfection; however, the procedure over-predicts the capacity when the

probing is away from the imperfection. It demonstrates the crucial role played by

the probing location and shows that the prediction of imperfect cylinders is indeed

possible if the probing is at the proper location.

The behavior of cylindrical shells under bending and their imperfection sensitivity

have not been fully understood for all the range of dimensions. In this dissertation, we

investigate the buckling behavior and imperfection sensitivity of thin steel cylindrical

shells under pure bending, focusing on a specific range of slenderness, which is found

in energy structures such as tall wind turbine towers (60 < R/t < 120). We found that

strain-hardening models play an impactful role on the bending behavior; moreover,

the presence of imperfections reduces the collapse curvature more than the reduction

in peak moment. Further, we propose wavy wind turbine towers to make wind turbine

towers efficient. The imperfection sensitivity of the wavy towers is evaluated, and we

found that the sensitivity of the wavy towers is small compared to that of the circular

towers.
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CHAPTER 1

INTRODUCTION

1.1 Overview

From aircraft fuselages to roofs of large buildings and from boat hulls to tall

wind turbine towers, thin shell structures are used extensively due to their structural

efficiency and appeal to aesthetics. Owing to the ease of construction, thin cylin-

drical shells occupied a prominent place among thin shell structures. However, the

high sensitivity of thin cylindrical shells to imperfections diminishes their structural

efficiency and induces an element of uncertainty. The presence of imperfections in

thin cylindrical shells reduces their load carrying capacity significantly, and exten-

sive studies have been followed to understand this peculiar nature[5–14]. All thin

cylindrical shells contain imperfections in one form or another, and thus potential of

thin cylinders is not utilized fully. As a result, thin cylindrical shells are designed

conservatively using the knockdown factor approach; almost all the design codes fol-

low this approach explicitly or implicitly, e.g., Eurocode [15]. In this way, we learnt

to live with the problem, but the problem has not yet been solved and long been

an obstacle for the efficient use of thin cylindrical shells. Nonetheless, the quest to

reduce the imperfection sensitivity of the thin shells has been continued for a long

time. Moreover, recently, attempts are being made for high-fidelity estimates of the

capacity of imperfect thin shells.

Among the many applications of thin cylindrical shells, wind turbines are the ones

with continuously increasing use, and it is anticipated that this trend will accelerate

in the coming future. The need for more vigorous wind harvesting has given impetus

not only to many technological advances but also to the design of more efficient wind
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turbines. One of the many technical goals of today’s wind energy industry is to

develop solutions for taller wind turbine towers because the increase in their height is

imperative to achieve more efficiency as the wind profile is stronger and more stable at

higher elevations [16]. However, tall and super tall wind turbine towers pose numerous

design challenges to structural engineers. Tall wind turbine towers are generally made

of thin steel cylindrical shells with the radius-to-thickness ratios (R/t) varying from

60 to 120 [17–20]. The primary load on the towers is bending and thus understanding

the bending behavior of thin steel cylindrical shells within this range of slenderness

is essential to the design challenges. Another challenge is imperfection sensitivity of

thin tapered cylinders, which are traditionally used to make the wind turbines towers,

and are responsible for the conservative design of the towers. The efficient tall and

super-tall wind turbines can not be made using the traditional conservative methods.

Innovative designs are needed.

1.2 Literature review

1.2.1 Review of cylindrical shells under bending

The phenomenon of buckling of thin cylindrical shells under bending has been

among the most interesting instability mechanics problems. It is a complex phe-

nomenon due to the interaction of two different modes of failure, namely, ovalization

and bifurcation. Ovalization is the phenomenon in which the cross-section of the

cylindrical shell changes from circle to oval under the application of bending moment

[21]. The primary consequence of ovalization is the non-linear moment-curvature

relationship that is represented as:

M = EI(M)
d2u

dx2
(1)

2



Where M is the applied bending moment, I is the moment of inertia, E is Young’s

modulus and d2u
dx2 is the curvature. Due to the non-linearity of equation 1, there exists

a curvature
(
d2u
dx2

)
at which the moment reaches its peak value and starts reducing

even when the curvature increases. This peak moment is known as the limit moment,

and it could happen in elastic or inelastic range depending on the value of R/t and

the material properties. Brazier [21] derived the equation for the limit moment in the

elastic range that is expressed as:

Mlimit = 2
√

2
EπRt2

9
(2)

Many researchers studied the elastic ovalization of cylindrical shells under different

loading conditions using the refined shell theory [22–28]. Later, the study of inelastic

ovalization was motivated by offshore gas pipelines, which always fail due to inelastic

buckling [17]. The group of Kyriakides [29–31] and Karamanos and Tassoulas [32]

studied the inelastic ovalization under combined bending and external pressure.

All the above-mentioned studies are related to one aspect of thin cylindrical shells

under bending, i.e., ovalization. Bifurcation instability and its interaction with oval-

ization are other important aspects of the phenomenon. This prebuckling nonlinear

ovalization phenomenon is the main difference between thin cylindrical shells under

pure bending and thin cylindrical shells under pure compression. For cylindrical shells

under pure axial compression, buckling appears in the form of wrinkles when stresses

reach a critical stress σcr. The value of σcr is [13]:

σcr =
E√

3(1− ν2)
(
t

R
) (3)

Neglecting imperfection effects, this equation can only be applied for very short

cylindrical shells under bending, for which the ovalization is constrained by the end
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boundary conditions [33]. Ovalization can also be prevented for longer cylinders by

stiffening techniques such as stiffening rings. For these cases, the critical moment can

be defined as:

MBifurcation =
EπRt2√
3(1− ν2)

(4)

Where ν is the Poissons ratio. Equations 3 and 4 are valid only if the cross-section

of the cylinder does not change, i.e., ovalization is prevented. If ovalization is allowed,

the interaction between ovalization and bifurcation takes place and the value of σcr,

given by Axelrad [34], is:

σcr =
E√

3(1− ν2)
(

t

Rlocal

) (5)

Where Rlocal is the local radius at the ends of the minor axis of the ovalized cross-

section, at the region of maximum curvature (compressive side). It is essentially

the same formula that Hutchinson [35] found for the elastic buckling of oval shape

cylinder under axial compression. The value of Rlocal is always more than R and

thus due to pre-buckling ovalization, the moment required for bifurcation is reduced.

The bending capacity of cylindrical shells in the elastic range is the smallest of the

two: MBifurcation and Mlimit. Numerous studies aimed to understand the interaction

between ovalization and bifurcation in the elastic range and varied loading conditions

[36–45]. The interaction between ovalization and bifurcation is more complex in the

inelastic range. Failure could occur due to the ovalization or bifurcation depending

on the R/t ratio and material properties. Studies had been done to understand the

interaction between ovalization and bifurcation in inelastic range [33, 46–52], but for

lower R/t ratio (< 60).

The interest in the bending behavior of thin steel cylindrical shells, with higher

R/t, has been increased recently due to the demand of tall wind turbine towers,

tubular pipes etc [17–19, 53–58]. The dimensions of the cylindrical shells used in
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these applications are different from gas pipelines and thus new studies are needed

focusing on higher R/t. Although with these studies, the progress has been made to

understand the bending behavior of thin cylindrical shells under bending, which are

used in tall and super tall wind turbine towers. But, these studies does not attempt

to understand, thoroughly, the effect of material hardening models on the bending

capacity. This aspect is crucial as these cylinders fail inelastically, i.e, at the peak

bending moment, the stresses at some part of cylinders are more than yield stress

limit. A part of this study is an attempt to fill this gap.

A highly important characteristic of the instability of thin cylindrical shells stems

from their imperfection sensitivity. Cylindrical shells are highly sensitive to imper-

fections and the presence of imperfections can reduce the load carrying capacity dis-

proportionally to the size of imperfections. Koiter [8] demonstrated the reason of

imperfection sensitivity of thin cylindrical shells in his celebrated thesis. Extensive

study had been done to understand the imperfection sensitivity of thin cylindrical

shells [17, 33, 59–63]. The current practice to deal with the imperfection sensitivity

of cylindrical shells is to use conservative knockdown factors, which were developed

by NASA in the late sixties. The capacity of perfect cylinders is reduced by the

knockdown factor and assigned as the design capacity. The values of the knockdown

factor are provided by NASA [64] and shown in figure 1.1. To tackle the imperfection

sensitivity, Eurocode [15] recommends inducing equivalent geometric imperfections

in the perfect cylinder, the amplitude of which is specified based on the fabrication

quality. The imperfection sensitivity of thin cylindrical shells depends on many fac-

tors, i.e., R/t ratio, material properties, loading scenarios, type and amplitude of

imperfection. Thus knockdown factor must take account of these parameters, which

is not the case with current design practices.
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Figure 1.1: Distribution of experimental value of knockdown factor against the R/t
ratio along with NASA [64] recommendation for lower bound knockdown factor. Re-
produced from the report of Seide et al. [65].

1.2.2 Review of imperfection insensitive thin wavy cylinders

Due to high sensitivity of thin cylindrical shells to imperfections, almost all design

codes, as discussed in the previous subsection, [15, 64] use the knockdown factor ap-

proach. In this approach, the theoretical capacity of thin cylindrical shells is reduced

by a factor, known as the knockdown factor and the resulting value is assigned as the

basis for calculating the design capacity. This way, the effect of imperfections is in-

corporated into the design. In figure 1.1, the experimental values of axial compressive

capacity and bending capacity of thin cylindrical shells are plotted against radius to

thickness ratio (R/t) along with the lower bound curves. These lower bound curves

are the empirical knockdown factor which are used to calculate the design capacity.

In figure 1.2, the empirical knockdown factor for axial compression and bending are

plotted separately for more clarity. The capacity of a thin cylinder is reduced sig-

nificantly, around 41% and 32% for axial compression and bending load scenarios
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a) b)

𝑎𝑏 = 1 − 0.731(1 − 𝑒−
𝑅/𝑡
16 )

𝑎𝑎 = 1 − 0.901(1 − 𝑒−
𝑅/𝑡
16 )

Figure 1.2: The lower bound knockdown factor [64, 65] for bending and axial com-
pression without experimental data for clarity.

respectively for R/t = 100. European codes [15] also recommend similar reductions

based on construction quality. These reductions are conservative, but necessary, as

many uncertainties are associated with the shape and the size of imperfections.

With the developments in manufacturing processes and the sophistication in con-

struction, the empirical formulas for knockdown factor could potentially be recon-

sidered [66] and become less conservative. With these improvements, the quality of

manufactured cylinders has improved, but the sensitivity of cylinders to imperfections

is still there. In other words, advanced manufacturing techniques have reduced the

presence and amplitude of imperfections, but they cannot eliminating the sensitivity

of thin cylinders to imperfections. An alternative way to increase the capacity of

thin cylinders and to reduce their sensitivity to imperfections, is the use of stiffeners

along the axial and circumferential directions. However, these stiffeners increase the

required volume of material and the cost of construction [66]. In all the attempts to

improve the design of thin cylinders, the fundamental problem which is the sensitivity

to imperfections, is always present and dominating.

Recently, an alternative approach has emerged to reduce the imperfection sensi-
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tivity and to increase the load carrying capacity of thin cylindrical shells [66–68, 76].

Wavy cross-sectional shapes are explored instead of circular cross-sections. The wavy

cross-section shape reduces the effective slenderness (R/t) of cylindrical shells as the

local radius of curvature is reduced and consequently, the imperfection sensitivity of

thin cylindrical shells is also reduced. Furthermore, the stiffness developed by the

waviness and the periodic change in the direction of curvature also play an important

role to make wavy cylinders insensitive to imperfections. This approach changes the

characteristic of thin cylindrical shells fundamentally and consequently, the response

of thin cylinders to imperfections is altered.

Ning and Pellegrino [66, 67], have carried out a computational and experimental

study to investigate the imperfection sensitivity of wavy shape cross-sectional cylin-

drical shells and they have presented highly promising results. In their computational

work, thin cylinders are subjected to axial compression, the material is linear elastic

and the shape of imperfection is the first eigenmode. In their experimental work,

they have validated this new approach by measuring the geometric imperfection by

a photogrammetry technique and then incorporating the imperfection in the compu-

tational models. These experiments confirmed that the wavy shells are not sensitive

to imperfections and have put thin cylindrical shells in a new light which has opened

up new avenues of exploration.

1.2.3 Review of imperfection insensitive next generation wind turbine

towers

As energy sources are tilting more toward renewable sources, the demand for

efficient and inexpensive wind turbines has been increasing in recent decades. The

demand for efficient tall and super- tall wind turbine towers poses numerous challenges

to structural engineers. One of the challenges is the imperfection sensitivity of thin
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tapered cylinders, which are traditionally used to make the wind turbines towers. The

imperfection sensitivity of thin tapered cylinders is responsible for the conservative

design of the towers. The efficient tall and super-tall wind turbines can not be made

using the traditional conservative methods; innovative designs are needed to avoid

the roadblocks.

In this scenario, wavy tapered wind turbine towers, made by wavy tapered cylin-

ders, can be used as an alternative to the traditional circular tapered wind turbine

towers. Past studies have evaluated the imperfection sensitivity of wavy cylindri-

cal shells and presented promising results: Ning and Pellegrino [66] studied the wavy

cylinders under axial compression, and Yadav and Gerasimidis [2, 68] studied the wavy

cylinders under bending. But these studies are limited to simple cylindrical shells,

and no attempt has been made to evaluate the effectiveness of the wavy cylinders

in a real application. Further, the response of tapered wavy cylinders (an important

structural element and used in many applications such as wind turbine towers) to

imperfections have also not been investigated. An important application of tapered

cylinders, i.e., wavy tapered wind turbine towers made of wavy tapered cylinders, is

explored to assess the practical utility of wavy cylinders.

1.2.4 Review of non-destructive techniques for the evaluation of thin

cylindrical shells axial buckling capacity

The reduction in the cylinders’ axial buckling capacity depends on the shape and

the size of the imperfections that is present in the cylinders. Thus, a priori knowledge

about the imperfections is required for the capacity prediction. However, measuring

imperfections is a difficult, expensive, and time-consuming adventure. This makes

the prediction of shells’ capacity difficult, if not impossible. Nonetheless, the quest

for high-fidelity estimates of the buckling capacity has been continued for a long time,
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and is getting immense attention recently. Indeed, a promising path has emerged for

the evaluation of the buckling capacity of thin cylindrical shells based on energy bar-

rier [69–75]. In this method, thin cylindrical shells are probed under different axial

loads to explore the probing profile. Probe force-displacement curves contain signifi-

cant information, which can be used to predict the buckling capacity of thin cylinders

[69–72, 75]. However, this method is still in the infant state, and rigorous studies are

needed before the method is implemented for practical applications. Furthermore,

many hurdles have to be overcome: the development of experimental and computa-

tional frameworks for the prediction, the role of probing location, the influence of the

imperfection’s size and shape, the impact of the interaction among imperfections, etc.

These issues have to be studied and recorded before the non-destructive technique

for the evaluation of thin cylindrical shells buckling capacity becomes a reality.

1.3 Objective and scope

This dissertation has four objectives: 1) understanding the bending behavior of

thin steel cylindrical shells, and find a rational knockdown factors within the range of

slenderness used in tall wind turbine towers, 2) throw new light into the response of

imperfection insensitive wavy cylinders under uniform axial compression and bend-

ing, 3) implement the idea of wavy cylinders for making wind turbine towers, and

assess the practical utility of wavy cylinders, and 4) development of a non-destructive

technique for the evaluation of thin cylindrical shells buckling capacity.

To address the first objective, bending behavior of thin steel cylindrical shells with

specific dimensions is investigated. R/t varies from 60 to 120, the young modulus E is

210 Gpa, the Poisson’s ratio ν is 0.30 and the yield stress σy is 355 Mpa. These values

are commonly used in tall and super tall wind turbine towers. The overall relative

slenderness λov (i.e.,
√

Mp

Mcr
[15, 45]) varies from 0.46 to 0.65 for the dimensions and
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the material properties considered. The inelastic localized buckling instability mode

is studied using numerical methods and the critical buckling load of the shells is

assessed. To estimate the effect of geometric imperfections on the buckling load, four

kinds of geometric imperfections are considered including a local dimple shaped and

two sinusoidal shaped imperfections. The thin steel cylinders of the present study

fail inelastically; this means that local stresses cross the yield stress limit before

cylinders reach at their peak moment. In other words, when buckling occurs, the

stresses in some regions of the cylinders are more than yield stress limit, and thus

strain-hardening models play a critical role. Four types of strain-hardening models are

utilized to observe their impact on the bending behavior and imperfection sensitivity

of the thin steel cylindrical shells: a bilinear one and three versions of the Ramberg-

Osgood model. A shortcoming of the current study which needs to be mentioned is

that the shells considered are stress-free and do not account for residual stresses.

To throw new light into the response of wavy cylinders, the response of wavy

cylinders under uniform axial compression and bending are explored. First, we focus

on thin wavy cylindrical shells under axial compression, similar to the groundbreaking

papers by Ning and Pellegrino [66, 67]. The presented work in this study is differen-

tiated from the previous works by the shape of geometric imperfections. The shape

of imperfections chosen for this purpose is a local dimple-like, which is more realistic

than the first eigenmode. Second, we extend the investigation of wavy cylindrical

shells to cylinders under bending, as bending is the primary load in several important

applications of thin cylinders, e.g., tall wind turbine towers and gas pipelines. In these

applications, for the typical R/t ratio used, the cylinders fail inelastically [1]. The

results of Ning and Pellegrino [66, 67] cannot be extrapolated directly to the cylinders

under bending and thus a thorough study is needed to evaluate the effectiveness of

wavy cylinders under bending considering the inelastic response of the material. So
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that wavy cylinders can be used confidently for several important applications where

the primary load is bending and the material behavior is not linear elastic. We focus

on the effect of imperfections on thin wavy cylinders under bending and the main

hypothesis to be tested are they as effective as in the case of elastic axial compression

[66, 67] or not? The industrial potential of such a solution could be significant based

on the applications of thin cylindrical shells under bending. We choose a typical thin

cylindrical shell which represents a section of a tall wind turbine tower studied by

the authors in a previous paper [1], and we modify it into a wavy shell. After that,

we introduce geometric imperfections in the cylinders and observe their impact. Two

types of geometric imperfections are considered: biased sinusoidal shaped [50] and

dimple-like imperfections. For the material model, a version of the Ramberg–Osgood

strain hardening model is utilized. We are reporting very encouraging results; thin

wavy cylinders under bending and in the inelastic range of material are imperfection

insensitive especially when the amplitude of imperfection is small (wo < 0.3t). In

addition, the effect of wave parameters, e.g., the amplitude and the number of waves,

on the bending behavior is explored. We found that wave parameters play a decisive

role in making thin wavy cylinders imperfection insensitive.

To fulfill the third objective, the idea of wavy cross-sections is extended to thin

tapered cylinders, and their effectiveness is investigated. Further, an important ap-

plication of tapped cylinders, i.e., wavy tapered wind turbine towers made of wavy

tapered cylinders, is explored to assess the practical utility of wavy tapered cylinders.

Firstly, we present the response of thin tapered wavy cylinders to imperfections under

bending, and show that the tapered wavy cylinders are insensitive to imperfection as

compared to tapered circular cylinders. Next, a wavy tapered wind turbine tower is

created by modifying a 61 m NORDEX S70/1500 wind turbine tower of 1.5 MW [77]

capacity. The S70/1500 wind turbine tower is made by thin tapered circular cylinders
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assembled together. These cylinders are designated as thin cylinders in this paper

to emphasize that wrinkling and shell-type failure dominate [50, 78] the capacity of

cylinders for the range of (R/t) ratios considered in this study. Further, the term

thin circular shells is used in past studies [1, 19, 55] to describe wind turbine towers

with R/t ratios more than 150. All these cylinders are modified to tapered wavy

cylinders and a new wavy tower is made. It has been found that the wavy tower

responded significantly better than that of the circular tower. Moreover, the wavy

tower bears substantially more load than that of the circular tower. These results are

very encouraging and have the potential to change the design of wind turbine towers.

The economic benefits of wavy towers are also explored and presented. The scope of

this study is to study the imperfection sensitivity of wavy cylindrical shells and the

main advantage of these structures which is the significant reduction of sensitivity to

geometric imperfections. However, there are other aspects which affect the behav-

ior of these shells such as material nonlinearities and residual stresses which would

need to be further studied for a complete picture of the problem at hand. These

investigations are beyond the scope of the current study.

To develop a non-destructive technique for the evaluation of thin cylindrical shells

buckling capacity, a procedure is proposed to predict the buckling capacity of thin

cylinders; this procedure is based on the feedback of probe force-displacement curves

of axially loaded cylinders. The proposed procedure is computationally implemented

on a thin perfect cylinder (R/t ≈ 286), and on a single dimple imperfect cylinder

with varying imperfection amplitude. Moreover, we study the impact of the location

of probing relative to the dimple in the circumferential and axial direction.
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1.4 Layout of the dissertation

This dissertation is organized in the following way. Chapter 1 presents introduc-

tion, literature review, objective, and scope of the dissertation. Chapter 2 is concerned

with the bending behavior of thin steel cylindrical shells that are used in tall wind

turbine towers. In chapter 2, first we present localization instability phenomenon of

thin steel cylindrical shells under bending. After that, we describe FEA modeling,

geometric imperfections, boundary conditions, strain-hardening modeling used in this

study. Next, we present the results and findings of the computational analyses, and

at the end, we validate the FEA modeling by comparing with past results.

Chapter 3 presents new insights into the response of wavy cylinders under uni-

form axial compression and bending. In chapter 3, first the geometry of the thin

wavy cylinders used in this study is described. Next, in section 2 of chapeter 3, we

examine the mechanism behind imperfection insensitivity of wavy cylinders under

axial compression assuming linear elastic material behavior. The effects of imperfec-

tions, on thin wavy cylinder under bending are discussed in section 4 along with the

influence of the wave parameters. In section 5, the comparison is done between thin

wavy cylinders and stiffened cylinders under bending to evaluate their effectiveness.

Chapter 4 extends the concept of waviness to tapered cylinders and their appli-

cation for making wavy wind turbine towers. First, the geometry of thin tapered

wavy cylinders is described, and their response to imperfections is presented. Next,

the geometry of the 61 m NORDEX S70/1500 wind turbine tower of 1.5 MW is

outlined, and its modification to create the wavy tower is discussed in detail. After

that, the effects of imperfections on the circular and the wavy towers under bending

are explored. Finally, the efficiency of using wavy towers is elaborated and the main

findings are discussed.
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In chapter 5, a procedure is proposed for the accurate prediction of the axial

buckling capacity of thin cylindrical shells without measuring the imperfections and

is based on the probing of the axially loaded cylinders. This procedure is implemented

computationally on a perfect, and on an imperfect cylinder. Further, the robustness

of the proposed procedure is investigated by probing away from the dimple in the

circumferential and axial direction.

Chapter 6, the last chapter of the dissertation, concludes the main findings of this

study, and suggests the future works.
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CHAPTER 2

BENDING OF THIN STEEL CYLINDRICAL

SHELLS: BIFURCATION AND LOCALIZATION

INSTABILITIES

This chapter investigates the buckling behavior and imperfection sensitivity of thin

steel cylindrical shells under pure bending, focusing on a specific range of slenderness,

which is commonly found in energy structures such as tall wind turbine towers (60 <

R/t < 120). The inelastic localized buckling instability is studied using computational

methods to assess the critical load of the thin steel cylindrical shells. One of the main

goals is to predictively describe the buckling sensitivity of the shells and to provide

relationships between the knockdown factor and geometric imperfections. In addition,

the impact of steel strain-hardening models on bending behavior is studied using four

types of plasticity models: a bilinear and three versions of Ramberg-Osgood plasticity

model.

2.1 Localization Instability phenomenon of thin steel cylin-

drical shells under bending

Before studying the imperfection sensitivity of thin steel cylindrical shells, it is

important to understand the bending instability phenomenon. In figure 2.1, a typical

example of a moment-curvature diagram and the evolution of ovalization of the cross-

section at the middle of the cylinder are shown for a thin steel cylindrical shell under

bending having an axisymmetric sinusoidal biased geometric imperfection (biased

imperfection has varying amplitude along the longitudinal direction, see section 3.3.4
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Figure 2.1: (a) Typical moment-curvature diagram and (b) ovalization of thin steel
cylindrical shells under bending at the middle of the cylinder. The moment is normal-
ized by Mpl = D2

mtσy and the curvature is normalized by Kl = t
D2
m

. (c) Dimensions
and the boundary conditions of the steel cylindrical shells used in this study.

for detail). One end of the cylinder is fixed and rotation is applied to the other end

following a displacement-based FEM analysis. The curvature is found by dividing

the end rotation, by the initial length of the cylinder. The moment is normalized by

Mpl = Dmtσy and the curvature is normalized by Kl = t
D2
m

following the example of

Vasilikis et al. [17]. Dm is the mean diameter of the cylinder (i.e., D− t, where D is

the outer diameter of the cylinder).

Initially, the moment-curvature diagram (figure 2.1a) is linear, subsequently be-

comes nonlinear, and finally, buckling takes place. It is of interest to analyze the

moment-curvature diagram closely along with the ovalization of the cross-section at

the mid-length of the cylinder. Figure 2.1 includes 4 regions on the basis of the re-
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lation between the moment and the curvature. The moment-curvature relationship

is linear in the first region where the normalized curvature varies from 0.00 to 0.29.

This region ends with the appearance of nonlinearity in the moment-curvature rela-

tionship. In this region, the ovalization is insignificant as can be seen in figure 2.1b

and the stresses, throughout the cylinder, are below the yield stress limit. Local

stresses are less than the yield stress limit and the moment is below the yield mo-

ment. Thus, the classical moment-curvature relationship (M = EI d2u
dx2 ) is valid in

the first region as I can be assumed constant. In region two, where the normalized

curvature lies between 0.29 to 0.40, ovalization becomes visible (figure 2.1b) and thus

moment-curvature relationship becomes nonlinear although the stresses, throughout

the cylinder, are still below the yield stress limit. This non-linearity comes from the

ovalization and therefore the classical moment-curvature relationship is not valid in

this region. At normalized curvature 0.40, the first yielding occurs (i.e., stresses cross

the yield stress limit locally, but the moment is less than the yield moment) and ma-

terial non-linearity starts playing its role. Material non-linearity increases the rate of

ovalization (figure 2.1b), which is manifested as a highly nonlinear moment-curvature

relationship. At normalized curvature 0.80, shell buckling takes place and the bend-

ing moment starts reducing. After the point of buckling, the cross-section changes

very rapidly as can be seen in figure 2.1b.

To understand the phenomenon in detail, 10 points are identified in the moment-

curvature diagram as shown in figure 2.2. These points represent 10 stages of the

applied rotation. The deformation pattern for these 10 stages included in figure 2.2

shows that buckling localizes eventually. At stage 1, no rotation is applied and thus

line is in the initial shape. It can be seen that the line is not exactly straight due to

the initial geometric imperfection in the form of a sinusoidal wave. At stage 2 and 3,

there is not any significant change in the shape of this line although it is rotated due
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Figure 2.2: (a) Ten stages of applied rotation in moment curvature diagram. Yielding
occurs at stage 4. (b) Deformation at a middle line of the cylinder with a length of 5λ
at ten stages of applied rotation. Wrinkling can be seen at stages 5, 6 and 7 and the
deformation is concentrated only at the center of the line after stage 7 where buckling
takes place.

to the bending. At stage 4, first yielding occurs and a small change takes place in the

shape of the line. At stage 5, the change in the shape of the line is significant and

the sinusoidal pattern can be observed. This is a clear sign of the wrinkling which

happens near stage 5. At stage 6, the change in the shape of the line is increased and

at stage 7, buckling takes place. After buckling, the deformation is concentrated only

at the center of the line as shown in figure 2.2 (stages 8, 9 and 10). It can also be seen

that the wrinkling disappears after buckling. Wrinkling takes place in the inelastic

range before buckling, and disappears after buckling, as the stresses concentrate in

the middle of the cylinder.

To measure the appearance of wrinkling quantitatively, the variation of the ampli-

tude of imperfection against the curvature is studied. The amplitude of the imposed

geometric imperfection is t/10 and this varies as the rotation is applied. To measure
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the amplitude of wrinkling, three nodes (A, B and C) in the middle of the cylinder are

selected (figure 2.3). A and B are at the crest and C is at the trough. The displace-

ment of nodes A, B and C are then traced relative to the applied rotation and these

displacements are used to find the amplitude of imperfection plus wrinkling. First,

the relative displacement vector of node A and B with respect to node C is found,

i.e., vectors ν1 and ν2 (figure 2.3). Using these vectors, the angle ϕ is obtained. The

amplitude of imperfection plus wrinkling will be half of the projection of vector ν1 on

the line that is normal to the line AB. The expression for wo can be found using the

expressions:

cosϕ =
ν1 · ν2

|ν1||ν2|
(6)

2wo = |ν1|cos
ϕ

2
(7)

wo =
|ν1|cos ϕ

2

2
(8)

This formulation is true only if the nodes A, B, and C are in the plane of bending. The

evolution of wo at every step is obtained using the method described above and wo is

plotted against the applied curvature (figure 2.3). Initially, wo remains approximately

t/10, which is expected as the applied rotation is small. It must be noted that t/10

is the amplitude of the geometric imperfection and therefore the starting point of the

figure. The significant increment in wo occurs at around 0.50 normalized curvature,

which means that wrinkling is happening. Finally, wrinkling in the form of buckling

appears at 0.80 normalized curvature. From these observations, it can be observed

that the presence of imperfections triggers wrinkling, which finally manifests in the

form of buckling.

Although the ovalization in the middle of the cylinder is more pronounced (fig-

ure 2.1b), it is interesting to see in further detail the ovalization at different locations
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Figure 2.3: Measurement of wrinkling plus imperfection amplitude (w0) and the vari-
ation of ovalization at the middle of the cylinder against the curvature.

of the cylinder. Figure 2.4 presents the ovalization (∆D
D

) for a middle part of the cylin-

der with a length 5λ (λ here is the half-wavelength of the elastic buckling eigenmode

[79]). Initially, the ovalization is small and uniform through the whole 5λ section.

But just before buckling (at normalized curvature 0.75 − 0.89), nonuniform ovaliza-

tion occurs (figure 2.4), which implies the wrinkling phenomenon. Finally, buckling

takes place at 0.80 normalized curvature and the sharp increase can be seen at this

curvature in figure 2.4 throughout the section.

The stress distributions at the 10 stages of bending are shown in figure 2.5a.

Stage 1 represents the initial no-stress state. At stage 2, some rotation is applied

and thus a nonzero stress-distribution can be seen. It can also be seen that the

distribution of stresses follows a wavy shape at stage 2. This is happening because

the cylinder is imperfect and the shape of imperfection is sinusoidal. The stresses

are intensified at stage 3 as the applied rotation is increased. The classical moment-
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Figure 2.4: Ovalization (∆D
D

) for a middle part of the cylinder with a length of 5λ
against the curvature. It is initially uniform with respect to length but becomes
nonuniform before buckling. After buckling it is concentrated in the middle of the
cylinder.

curvature relationship is valid for stage 2 and 3 because the stresses are less than

their yield stress limit and the ovalization is very small. First yielding occurs at stage

4 and the region of plasticity increases at stage 5 and 6. Inelastic localized buckling

takes place at stage 7.

After the buckling, the bending moment starts dropping rapidly, which leads

to stress redistribution. This redistribution affects the center region and the edge

regions of the cylinder differently. In the center region, stresses are almost constant

(figure 2.5b), while in edge regions, stresses are reducing rapidly (figure 2.5c) after

buckling. These are typical characteristics of a local shell buckling phenomenon. In

this case, the cylinder fails due to the shell buckling of the center region, and thus this

region follows its post-buckling path. In this region, stresses are not reducing in the

post-buckling range. The reduction in the bending moment is compensated by the

change of the cross-section, which consequently reduces the moment of inertia. The

regions beyond the center do not buckle and they follow an unloading path with the

reduction of the bending moment. With this background of bending instability of thin
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Figure 2.5: (a) Stress distribution at the compressive side of thin steel cylindrical shell
at ten stages of loading. (b) Variation of the extreme fiber stresses at the compressive
side of the cylinder against the curvature at the center. (c) Variation of the extreme
fiber stresses at the compressive side of the cylinder against the curvature at the top.

steel cylindrical shells, the effect of geometric imperfections and material hardening

models on the bending behavior of cylindrical shells is further presented.

2.2 Finite Element Modeling

This section describes geometry, boundary conditions, strain-hardening models

and Finite Element Modeling of the cylindrical shells used in this study along with

the description of geometric imperfections used to make imperfect cylinders.
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2.2.1 Geometry of the model

A 20.00 m long steel cylindrical shell with 2.00 m diameter is chosen for the

analyses. The thickness t of the cylindrical shells is chosen so that the ratio R
t

varies

from 60 to 120 with an interval of 20. The reason behind choosing these dimensions is

that they cover a section of tall and super-tall wind turbine towers. For the analysis

purposes, a displacement method of analysis is used with one end of the cylinder

is fixed while the rotation is applied at the other end as shown in figure 2.1. The

simulation is performed in ABAQUS [80] utilizing the Riks method and using four-

node reduced integration shell (S4R) elements. Four integration points are utilized

along the thickness of each element. Two rigid body constraints are imposed at the

end cross-sections, which make sure that the end cross-sections do not change their

shape, i.e, ovalization is prevented during the analysis. These constraints represent

the rigid rings, which are used in cylindrical shells at regular intervals to prevent

the ovalization [81]. After performing an extensive mesh convergence analysis, it was

found that around 20000 elements (each with a dimension of 121.20 mm × 121.20

mm) provide sufficient accuracy for all the R/t ratios and the material-hardening

models (see next section for material hardening models). In figure 2.6, the results of

mesh convergence analysis are shown for R/t ratios 60, 80, 100 and 120 and material

hardening models n = 9, n = 13 and n = 30 (see the next section for the meaning

of n). The results are shown in terms of normalized moment capacity and a/
√

(Rt),

where a is the element size (elements are square in shape), t is the thickness of

the cylinders and R is the radius. For 20000 elements, the values of a/
√

(Rt) are

0.43, 0.50, 0.56 and 0.61 for R/t ratios 60, 80, 100 and 120 respectively. These

values are quite smaller than the linear bending half-wavelength (i.e., 2.44
√

(Rt))

and the classical axisymmetric buckle half-wavelength for cylindrical shells under
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Figure 2.6: Mesh convergence analysis, around 20000 S4R elements give sufficiently
accurate results. (a) R/t = 60, (b) R/t = 80, (c) R/t = 100 and (d) R/t = 120. The
mesh sizes corresponds to 20000 elements are 0.43

√
(Rt), 0.50

√
(Rt), 0.56

√
(Rt) and

0.61
√

(Rt) for R/t = 60, R/t = 80, R/t = 100, and R/t = 120 respectively. The
element sizes are small than the first mode half-wavelength and thus able to capture
the mode of failure.
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axial compression [79] and thus the discretization is considered adequate.

2.2.2 Strain-hardening model

Thin steel cylindrical shells in the range 60 < R/t < 120 are expected to buckle

inelastically and therefore the strain-hardening model plays a highly important role

in their behavior. To understand the role of strain-hardening models in the bending

behavior of thin steel cylindrical shells, four kinds of strain-hardening models−a bi-

linear elastic-perfectly plastic and three versions of the Ramberg-Osgood plasticity

model−are used, as shown in figure 2.7. The Ramberg-Osgood stress-strain relation-

ship used in this study is (Kyriakides and Corona [78]):

ε =
σ

E

[
1 +

3

7

( σ
σy

)n−1
]

(9)

The value for young modulus E is 210.00 Gpa, the Poissons ratio ν is 0.30 and the

yield stress σy is 355.00 Mpa. Three values of n, i.e. 9, 13 and 30, are considered in

this study.

2.2.3 Description of geometric imperfections

To study the effect of geometric imperfections on the bending behavior of thin

steel cylindrical shells, four kinds of geometric imperfections are introduced in-turn

in the perfect cylinders.

2.2.3.1 Modal shape imperfection

The first geometric imperfection is the first modal shape of the cylindrical shell under

bending, which is obtained from the eigenvalue analysis of the perfect cylindrical

shell under bending (figure 2.8). Modal shape imperfection cannot be expressed by

a simple analytical expression as it is obtained through the Finite Element Analysis.
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]

Figure 2.7: Stress-strain diagrams for the bilinear and three versions of Ramberg-
Osgood plasticity model.

To create the modal shape imperfect cylinder, a scaled modal shape was introduced

to the perfect cylinder having a pre-defined amplitude using the scalar w as shown in

figure 2.8.

2.2.3.2 Dimple-like imperfection

The second geometric imperfection used in the analysis is the dimple-like imperfection,

which is localized at a particular region. This type of imperfection is considered

realistic in thin steel cylindrical shells, when some solid hits the cylindrical shell during

transportation or construction (figure 2.9). Different mathematical equations have

been proposed to describe these dimples [82, 83]. The present study uses the equation

of dimple proposed by Hutchinson [83] for the spherical shell, which is modified to

suit the cylindrical shell. The mathematical equation of dimple-like imperfection for

the cylindrical shell is:

w = −woe
−( x

L1
)2
e
−( θ

θ1
)
2

(10)
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shape
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Figure 2.8: Modal shape imperfection under bending.

Where w represents the deviation from the original position in the radial direction

and wo is the amplitude of the imperfection; x and θ are the axial and circumferential

coordinates with the origin placed in the middle of the cylinder. L1 and θ1 are the

parameters which decide the length (in axial direction) and width (in circumferential

direction) of the dimple. The values for L1 and θ1 are chosen such that the length

(2L1) and the width (2Rθ) of the dimple are equal to the first mode-shape wavelength

of the cylindrical shell under compressive load, i.e. 3.44
√
Rt for ν = 0.30 [79]. The

value of half-wavelength of the mode-shape is represented by λ. The value of half-

wavelength λ in this study is taken as 1.72
√
Rt, which is classical axisymmetric buckle

half-wavelength for cylindrical shells under axial compression [79]. This value is less

than the linear bending half-wavelength of cylinders under bending (2.44
√
Rt). We

calculated the half-wavelength of the first eigenmode for the cylinders (used in this

study) under bending and found that they vary from 1.76
√
Rt to 1.96

√
Rt. And thus,
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Figure 2.9: The induction of dimple-like geometric imperfection.

we chose a smaller value, i.e. 1.72
√
Rt, so that the analysis can capture buckling and

post-buckling behavior accurately.

θ1 and L1 are:

θ1 =
1.72
√
Rt

R
(11)

L1 = 1.72
√
Rt (12)

Figure 2.10 shows the dimple-like imperfection along with its mathematical expression

and parameters. The dimple is centered on the meridian with maximum compressive

stress at the middle of the cylinder.

2.2.3.3 Unbiased imperfections

The two geometric imperfections mentioned above are non-axisymmetric. The present

work also considers two axisymmetric geometric imperfections. The first one is in

the shape of the sinusoidal wave whose half-wavelength is λ (where λ is the half-

wavelength of the cylindrical shell under compressive load [79] i.e. 1.72
√
Rt). In this
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Figure 2.10: Mathematical description of the dimple-like imperfection. The width of
dimple (along circumferential directions) and the length (along axial direction) are
equal to 2λ.

paper, this imperfection is defined as unbiased imperfection, and mathematically this

imperfection can be described as:

w = −Raoi cos
π(x)

λ
(13)

Where w represents the deviation from the original position in the radial direction,

L is the length of the cylinder, Raoi is the amplitude of imperfection and x is the

axial coordinate with the origin placed in the middle of the cylinder. This equation

is generated by modifying the biased imperfection given by Ju and Kyriakides [50].

The perfect and imperfect cylinder are shown in figure 2.11 along with the variation

of w along the length.

2.2.3.4 Biased imperfections

This imperfection is similar to the unbiased imperfection with a slight modification.

In this case, the amplitude is slightly higher at the center as shown in figure 2.12.

This imperfection is defined as biased imperfection as its amplitude is higher at the
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Figure 2.11: Mathematical description of the unbiased imperfection along with a
perfect and an unbiased imperfect cylinder. The variation of imperfection amplitude
along the length is also shown.

center. its mathematical expression is [50, 78] :

w = −R
(
aoi + ai cos

πx

Nλ

)
cos

π(x)

λ
(14)

Where, x is the axial coordinate with the origin placed at center, Raoi and Rai are

the unbiased and biased components of amplitude respectively and Nλ represents

the length of the cylinder. In this study, the value of aoi and ai are chosen such

that the ratio aoi
ai

is 5. The variation of the amplitude along the length is depicted

in figure 2.12. The rationale behind using biased and unbiased imperfections is that

they are generally more deleterious than the dimple-like imperfection and modal shape

imperfections. Apart from that, these imperfections (biased and unbiased) are used

in past studies of cylindrical shells under bending [50, 78].
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Figure 2.12: Mathematical description of the biased imperfection along with a perfect
and a biased imperfect cylinder. The variation of imperfection amplitude along the
length is also shown.

2.3 Results form computational analysis

2.3.1 Effect of geometric imperfections

To study the effect of geometric imperfections on the bending behavior of thin

steel cylindrical shells, four geometric imperfections are introduced in the perfect

cylinders in-turn. The amplitude of imperfections is kept to t/10 for all the cases.

The first results are presented in figure 2.13 for R/t = 60 and Ramberg-Osgood

strain-hardening model with n = 9. It can be seen that the thin steel cylindrical

shells are highly imperfection sensitive under bending in the inelastic range. For the

modal shape imperfect cylinder, the reduction in peak moment and collapse curvature

are about 14% and 50%, respectively. These reductions are significant compared to

the amplitude of imperfection, i.e., t/10. Surprisingly, the reduction in the collapse

curvature is much higher than the reduction in peak moment. This could be explained

by the existence of a highly nonlinear relationship between the moment and curvature
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Figure 2.13: Effect of (a) modal shape imperfection, (b) dimple-like imperfection, (c)
unbiased imperfection and (d) biased imperfection on the bending behavior of thin
steel cylindrical shells. The moment is normalized by Mpl = D2

mtσy and the curvature
is normalized by Kl = t

D2
m

.
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before the buckling and thus for a small reduction in the moment, a large reduction

in the curvature is required. The large reduction in collapse curvature signifies that

the presence of imperfections is more critical when the displacement is the design

criteria. The presence of imperfections also changed the location of the first yielding

in the moment-curvature space. The first yielding occurs at a lower moment of

the imperfect cylinder, which can be attributed to the stress concentration in the

imperfect cylinders. The pre-buckling path of perfect and modal shape imperfect

cylinders is almost same as shown in figure 2.13a.

The impact of dimple-like imperfection is least deleterious among the four kinds

of imperfections considered in the analysis. The reduction in the peak moment and

the collapse curvature are approximately 6% and 30%, respectively. Here also, the

reduction in the collapse curvature is much more than the reduction in the peak

moment. In the case of dimple-like imperfection, the location of first yielding, in

moment-curvature space, for the perfect and the imperfect cylinders are almost same

(figure 2.13b). The pre-buckling path of the dimple-like imperfect cylinder and the

perfect cylinder is approximately the same.

The impact of the biased imperfection is the most severe among the four geomet-

ric imperfections considered ( figure 2.13c). The reduction in the peak moment and

the collapse curvature due to the biased imperfection are, 18% and 51%, respectively.

For the unbiased imperfect cylinder, the reduction in the peak moment and collapse

curvature are, 17% and 49%, respectively (figure 2.13d). The pre-buckling path of the

perfect and the imperfect cylinders are different in the cases of biased and unbiased

imperfection in contrast to the modal shape imperfection and the dimple-like imper-

fection where the pre-buckling path of perfect and imperfect cylinders are almost the

same. From these analyses, it can be concluded that thin steel cylindrical shells are

very sensitive to the imperfections under inelastic bending (60 < R/t < 120).
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It is noteworthy to see the impact of shell slenderness (R/t) on the imperfection

sensitivity of thin steel cylindrical shells. Figure 2.14 shows the variation of knock-

down factor κ and collapse curvature reduction factor φ with R/t, respectively. From

figure 2.14, it can be seen that the dimple-like imperfection is least catastrophic and

the biased imperfection is the most catastrophic among the four geometric imperfec-

tion shapes. Another important observation from figure 2.14 is that κ and φ do not

vary significantly with the R/t, which is expected since the size and the amplitude of

imperfections are scaled with R/t (the amplitude is always t/10 and for this paramet-

ric analysis, R = 2.00 m and t varies so that 60 < R/t < 120). The amplitude and

the size of imperfections for R/t = 60 are higher than for R/t = 120, which makes κ

and φ relatively independent from the R/t ratio.

2.3.2 Effect of imperfections amplitude

In the previous section, the amplitude of imperfections is kept constant, i.e., t/10.

In reality, the amplitude of imperfections varies significantly depending on manufac-

turing processes, transportation, and assembly methods (for wind turbine towers). It

is interesting to study the role played by the imperfection amplitude on the bending

behavior of thin steel cylindrical shells.

For this study, the dimple-like imperfection was selected, as it is more realistically

present (created when some solid hits the cylinder during transportation or construc-

tion) in the cylinders as compared to other types of imperfections considered in this

study. Another realistic and commonly studied imperfection is weld depression [84],

but that is not considered in this study as we are not considering the effect of welding,

i.e., geometric imperfections and residual stresses. The length and the width of the

dimple are the same as in the previous section, i.e. 2λ (figure 2.10), R/t ratio is

60 and the strain-hardening model is Ramberg-Osgood with n = 9. The amplitude
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(a) (b)

Figure 2.14: Variation of (a) the knockdown factor κ and (b) the collapse curvature
reduction factor φ with the slenderness (R

t
).

of dimple w0 is varied from 0 to 2t with an interval of t/20 and a perfect and 40

imperfect cylinders have been analyzed. Figure 2.15a shows the bending response of

these 41 thin steel cylindrical shells. Many significant observations could be made

from figure 2.15a:

1. The load carrying capacity of cylindrical shells reduces with the increase of

imperfection amplitude until a certain limit and stabilizes with further increase

of the imperfection amplitude. This is shown more clearly in figure 2.15b where

the variation of moment capacity is plotted with the amplitude of imperfection.

One can observe the existence of a plateau in figure 2.15b, which signifies that

the moment capacity of imperfect thin steel cylindrical shells are independent

of the amplitude of imperfection once the amplitude crosses a specific limit (in

this case for wo > 1.30t). Vasilikis et al. [17] have investigated the effect of

imperfection amplitude on the bending capacity of thin cylindrical shells, but

they did not increase the imperfection amplitude more than 1.14t. For that

reason, the full length of the plateau was not shown in their moment capacity

vs imperfection amplitude plot. This finding is significant to show that thin
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For 𝑤0 > 1.3t, the peak in the moment

is diminished and plateaus can be seen

inn the moment-rotation diagram. In

these plateaus, the moment is

increasing very slowly and thus in this

range the collapse curvatures suddenly

increases as compare to the collapse

curvatures for range 𝑤0 < 1.3t.

For 𝑤0 < 1.3t, the peak is sharp and

the collapse curvature is reducing with

increase of imperfection amplitude 𝑤0

Figure 2.15: (a) Effect of the amplitude of dimple-like imperfection on the bending
behavior of thin steel cylindrical shells. (b) Effect of the amplitude of dimple-like
imperfection on the moment capacity. (c) Effect of the amplitude of dimple-like
imperfection on the collapse curvature.
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cylinders possess a minimum capacity irrespective of imperfection amplitudes.

It is surprising to compare this finding with the results of Hutchinson [83] and

Lee et al. [85] who also found the existence of a plateau but for the spherical

shells under uniform external pressure in the elastic range. This unexpected

similarity of results between two different structures and loading scenarios, the

elastic spherical shells under uniform external pressure and the bending of in-

elastic thin cylindrical shells, might be attributed to the unifying thin shell

characteristics in both cases, i.e., the sensitivity to imperfections.

2. The other important characteristic, which emerges from figure 2.15a, is the di-

minishing of the peak in the moment-curvature diagram with the increase of

the imperfection amplitude. For the high imperfection amplitude (wo > 1.30t),

there is no visible sharp peak in the moment. The moment increases with

the increase in the curvature and reaches a limiting value (for wo > 1.30t),

remaining almost constant at this limiting moment even when the curvature

is increasing and finally, collapse takes place. For the small imperfection am-

plitude (wo < 1.30t), there exists a visible peak moment and collapse takes

place at this peak moment. These differences can be explained by the extent of

yielding in the two cases. For small imperfection amplitudes (wo < 1.30t), pre-

buckling stresses cross the yield stress limit in a very small region in the middle

of the cylinder. The prebuckling bending stiffness does not reduce significantly

and consequently there is no large prebuckling rotation. For high imperfection

amplitudes (wo > 1.30t), prebuckling stresses cross the yield stress limit at a

large region in the middle of the cylinder. As a result, a significant reduction

occurred in the bending stiffness of the cylinder. This leads to large prebuck-

ling rotation. The plateau can be seen in the moment-curvature diagram. This

is an important finding, which shows that same imperfection shapes with dif-
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ferent amplitude causes different modes of instability. Another observation is

that cylinders with higher imperfection amplitude buckle smoothly, while cylin-

ders with small imperfection amplitude fail abruptly. These distinct features

of the moment-curvature diagram for the different range of imperfection ampli-

tudes can be compared with the load- deformation curve of Eurocode [15] as

given in its figure 8.6. Eurocode [15] also provides a criterion to calculate the

load capacity (section 8.7.2.6) for these different load-deformation curves. The

moment-curvature diagram for small imperfection amplitude matches the curve

which corresponds to the C2 criterion (figure 8.6 of Eurocode [15]) and this cri-

terion could be used. For high imperfection amplitudes, the moment-curvature

diagram matches the curve which corresponds to the C3 criterion (figure 8.6 of

Eurocode [15]) and thus this should be used to evaluate the bending capacity.

3. Figure 2.15c shows the variation of collapse curvature with the amplitude of

imperfections. Collapse curvature stabilizes at an imperfection amplitude wo >

0.60t much earlier than the collapse moment, which stabilizes at wo > 1.30t.

The important feature of the figure 2.15c is the sudden jump at wo = 1.30t. This

can be explained by the fact that for small imperfection amplitude (wo < 1.30t),

cylinders do not lose their bending stiffness significantly due to yielding before

buckling. As a result, the prebuckling rotation is small. For large imperfection

amplitudes (wo > 1.30t), the prebuckling loss of bending stiffness is significant

due to yielding and consequently, the rotation is large before buckling. As

mentioned in the previous section, for high imperfection amplitudes the failure

is smooth, while for low imperfection amplitude the failure is abrupt. Based

on this observation, the imperfection amplitude can be classified into these two

ranges. The critical imperfection amplitude, when the behavior of cylinders

changes, can be obtained from figure 2.15c
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(a) (b)

Dimplelike Imperfection, n = 9Dimplelike Imperfection, n = 9

Figure 2.16: Variation of (a) the knockdown factor κ and (b) the collapse curvature
reduction factor φ, with the amplitude of dimple-like imperfection for four R

t
ratios

(60, 80, 100 and 120).

To further study the impact of R/t, the knockdown factor κ and collapse curvature

reduction factor φ are plotted with the amplitude for four R/t ratios, i.e, 60, 80, 100

and 120 in figure 2.16. The independence of κ with R/t comes from the fact that the

size and the amplitude of imperfection have been scaled to make it independent [83].

In figure 2.16b, the same jumps appear as described previously. Another significant

observation is that for higher R/t, the jumps in φ occur at the smaller amplitudes.

2.3.3 Impact of dimple-like imperfection’s size

The length and the width of the dimple-like imperfection are taken as 2λ in the

previous sections, where λ is classical axisymmetric buckle half-wavelength for cylin-

drical shells under axial compression [79]. This is done in anticipation that when

the dimensions of imperfections are synchronized with eigenmode, they lead to the

maximum reduction in load carrying capacity. To verify this assumption, the length

and width of the dimple-like imperfection are parametrically changed for the case of

R/t = 60 and Ramberg-Osgood strain-hardening model n = 9. First, the length of
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(a) (b)

(c) (d)

R/t = 60, n = 9, w 0 = t/10 , Width = 2 λ R/t = 60, n = 9, w0 = t/10 , Width = 2 λ

R/t = 60, n = 9, w0 = t/10 , Length = 2 λ R/t = 60, n = 9, w0 = t/10 , Length = 2 λ

Figure 2.17: (a) The effect dimple length (axial direction) on the moment capacity.
(b) The effect dimple length (axial direction) on the collapse curvature. (c) The effect
dimple width (circumferential direction) on the moment capacity and (d) The effect
dimple width (circumferential direction) on the collapse curvature.

41



dimple-like imperfection is varied (dimension along the axial direction) from 2λ to

10λ with an interval of λ while the other parameters are kept constant, i.e., the width

is 2λ and amplitude is t/10. The results of this analysis are shown in figure 2.17.

Figure 2.17a shows the moment capacity and figure 2.17b shows the collapse curva-

ture with varying length of the imperfection. It is surprising to see the indifference

of moment capacity to the length of the dimple-like imperfection, while the collapse

curvature is increasing with the increase of the length. Figure 2.17c and figure 2.17d

show the impact of imperfection’s width on the moment capacity and collapse cur-

vature. The moment capacity and collapse curvature both are not affected by the

width of the dimple-like imperfection. We found similar results for other R/t ra-

tios and strain-hardening models used in these studies, i.e., R/t = 80, 100, 120 and

n = 13, 30. In summary, the moment capacity of thin steel cylindrical shells, which

are used in this study, depends primarily on the amplitude of the imperfection and is

less dependent on the length and width of the dimple-like imperfection.

2.3.4 Effect of strain-hardening models

Figure 2.18 shows the impact of the different strain-hardening models on the

bending behavior for R/t = 60. It can be seen that the strain-hardening models

affect significantly the peak moment and the collapse curvature. The cylinder has

the least capacity when the bilinear model is used and has the maximum capacity

for Ramberg-Osgood with n = 9. The ratios of the peak moment and the collapse

curvature for n = 9 and bilinear are 1.23 and 3.00 respectively which demonstrates

the significant role played by strain-hardening models. The collapse curvature is

reduced by one third by just changing the hardening model from n = 9 to bilinear.

This is a very crucial finding as sometimes the best fit of a Ramberg-Osgood model

is used from the stress-strain tests. This finding suggests that utmost caution should
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1.112
Yielding

Figure 2.18: Impact of material-hardening models on the bending behavior of thin
steel cylindrical shells. The capacity is minimum for bilinear and maximum for n = 9.

be taken in choosing the strain-hardening model, as it could heavily overestimate or

underestimate the bending capacity of thin steel cylindrical shells. The impact of

strain-hardening models is more pronounced on the collapse curvature than the peak

moment. The highly nonlinear behavior, due to the coupling of material nonlinearity

and ovalization, in the vicinity of buckling is responsible for such a drastic impact of

strain-hardening models on the collapse curvature.

The impact of strain-hardening models is not the same for all the R/t ratios. Fig-

ure 2.19 shows the moment capacities and collapses curvature for fourR/t (60, 80, 100, 120).

From figure 2.19, it can be observed that the impact of strain-hardening models are

diminishing as R/t is increasing. This is happening because higher R/t reduces

the collapse curvature and the peak moment. The nonlinear zone in the vicinity

of buckling reduces and consequently the role played by strain-hardening models is

also reduced. For much higher values of R/t, thin steel cylinders fail elastically, and

strain-hardening models do not play any role in deciding the bending capacity of

perfect thin cylinders. However, strain-hardening models affect their post-buckling
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(a) (b)

Figure 2.19: Variation of (a) the moment capacity and (b) the collapse curvature with
the slenderness (R

t
).

behavior when large deformation appears. Strain-hardening models may have a role

in deciding the capacity of imperfect cylinders with the higher R/t ratios especially

if residual stresses are present. But for our range of interest (60 < R/t < 120),

strain-hardening models do have an important role. Figure 2.20 shows the moment

capacities and collapse curvatures for biased and unbiased imperfect cylinders, and

figure 2.21 shows the moment capacities and collapse curvatures for modal shape and

dimple-like imperfect cylinders. From these figures, it can be concluded that the im-

pact of strain-hardening models on the imperfect cylinders and the perfect cylinder

is similar.

2.4 Validation of Finite Element Modeling

To compare our computational results with the past experiments, we collected

the experimental data of Guo et al. [19], Sherman [86], Kiymaz [62], Elchalakani et

al. [87] and van Es et al. [53]. The dimensions of cylinders, which are used in these

experiments, are different from the dimensions of the cylinders used in this study.
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(a) (b)

(c) (d)

Figure 2.20: Impact of material-hardening models on the knockdown factor κ (a and
c) and on the collapse curvature reduction factor φ (b and d) for biased and unbiased
imperfection.

For this reason, we compare the non-dimensional load parameter Mu/Mp against the

generalized section slenderness D
t
× fy

250
as used by Guo et al. [19] and Elchalakani et

al. [87]. Here Mu is the bending capacity, Mp is the plastic capacity of the cylinder

and fy is the yield stress in Mpa. Figure 2.22 shows the plot of Mu/Mp against the

generalized section slenderness for the experiments and our computational results.

For our computational results, we use Ramberg-Osgood strain-hardening model with

n = 9 and one perfect and four imperfect cylinders: biased, unbiased, dimple-like

and Modal all with imperfection amplitude t/10. The generalized section slenderness
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(a) (b)

(c) (d)

Figure 2.21: Impact of material-hardening models on the knockdown factor κ (a
and c) and on the collapse curvature reduction factor φ (b and d) for modal shape
imperfection and dimple-likes imperfection.

varies from 170.40 to 340.80 for our study and the experiments of Guo et al. [19], van

Es et al. [53] and Elchalakani et al. [87] have some samples in this range as shown in

figure 2.22. A general trend is followed by our computational study, i.e., a reduction

of Mu/Mp ratio with the increase of generalized section slenderness. This trend is

also observed by the experimental results as can be seen in figure 2.22.

The recent experiments done by Jay et al.[56] have quite large generalized section

slenderness and thus to compare our results with these experiments, we have chosen

a different non-dimensional parameter, i.e., knockdown factor κ. The R/t values of
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Figure 2.22: Plot of Mu/Mp against the generalized section slenderness D
t
× fy

250
for

the past experiments and our computational models.

this experimental sample vary from 137.50 to 160.50, and so we have created compu-

tational cylindrical models having R/t ratios equal to these experiments. Mahmoud

et al. [18] reported that imperfection amplitude 0.60t shows strong agreement with

the experiment. For this reason, knockdown factor κ of the computational models are

found assuming imperfection amplitude 0.60t. The results in figure 2.23 show good

agreement between the experimental values of κ to the computational values of κ. It

should be noted that κ for the experiment is calculated as the ratio of the experimen-

tal capacity of the specimen by the capacity predicted by a computational model of

the specimen without accounting imperfections (perfect geometry). For dimple-like

imperfection, the agreement is quite good, while for biased and unbiased imperfection

our κ is lower than the experimental value. This discrepancy shows that dimple-like

imperfections are actually the most realistic of all the imperfections accounted in our

study. This is evidence to support the recent work undertaken by NASA and others

for the update of knockdown factors [88, 89]
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SW-305-0 SW-325-0 SW-325-120 SW-350-0

SW-350-240

SW-350-120

Figure 2.23: Knockdown factor κ for experiments and for finite element modeling
with three types of imperfection.

2.5 Discussion

We found that steel cylindrical shells (60 < R/t < 120) are highly imperfection

sensitive under inelastic bending and that strain-hardening models play a very impact-

ful role on the bending behavior. Four kinds of geometric imperfections, modal shape,

dimple-like, unbiased and biased, are applied to make the imperfect cylinders. The

presence of imperfections modified many features of the moment-curvature diagram,

and reduces the peak moment and the collapse curvature significantly. The reduction

in collapse curvature is more pronounced than the reduction in peak moment due to

the existence of a highly nonlinear region before buckling. The maximum reduction

in load carrying capacity for R/t = 60, happens in the case of biased imperfection,i.e.

around 18%. The reduction in collapse curvature (51%) is also maximum for biased

imperfection for R/t = 60. The influence of dimple-like imperfection on the bending

behavior is minimum among the four imperfections considered in this study. In this
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case, the reduction in load carrying capacity is around 6% and reduction in collapse

curvature is around 30% for R/t = 60. Similar patterns are observed for other R/t

(80, 100, 120). It can be said that the biased imperfection is worst and the dimple-like

imperfection is least worst among all the imperfections. The location of first yielding

in the moment-curvature space and the pre-bucking path are also affected by the

geometric imperfections. The first yielding occurs at lower moments for imperfect

cylinders as compared to the perfect cylinders. For the biased and the unbiased im-

perfect cylinders, the pre-buckling paths are different than the pre-buckling path of

perfect cylinder whereas the pre-buckling path of the dimple-like imperfect cylinder

and modal shape imperfect cylinder are same as the perfect cylinder.

We also found that the bending behavior of thin steel cylindrical shells highly

depends on the strain- hardening models. The moment capacity and the collapse

curvature is minimum for the bilinear model and maximum for Ramberg-Osgood

model with n = 9 among all the models used. The significance of the strain-hardening

model can be understood by the fact that the ratio of collapse curvature for n = 9

to bilinear is around 3 (R/t = 60), which demonstrates that the same cylinder could

collapse at three times less curvature if the strain-hardening model changes. This

is a very significant finding and it suggests that the selection of a strain-hardening

model is extremely important because it can highly overestimate or underestimate

the collapse curvature and bending capacity.
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CHAPTER 3

IMPERFECTION INSENSITIVITY OF THIN

WAVY CYLINDRICAL SHELLS UNDER AXIAL

COMPRESSION OR BENDING

This chapter presents new insights into the response of wavy cylinders under

uniform axial compression and bending. The effectiveness of wavy cylinders, to re-

duce imperfection sensitivity under bending load, is investigated assuming a plastic

Ramberg–Osgood material model. The effect of wave parameters, e.g., the ampli-

tude and the number of waves, is also explored. This chapter reveals that wavy thin

cylinders are insensitive to imperfections under bending in the inelastic range of the

material. It is found that the wave parameters play a decisive role in the response of

thin wavy cylinders to imperfections under bending.

3.1 Geometry of thin wavy cylinders and finite element mod-

eling

There are many ways to create a wavy cross-section of a cylinder. We choose a

simple way to create wavy cross sections in which a sinusoidal wave is superimposed

on the circular cross-section with a specified wavelength and amplitude. Figure 3.1

shows the cross-sections of circular and wavy cylinders along with their analytical

equations. The wavy cross-section is created by superimposing a sine wave, with

amplitude Ar and number of waves N , on the circumference of the circular (called

base circle in [66]) cross-section, whose radius is R.

This wavy cross-section is fully characterized by three parameters: the radius of
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𝑟 θ = 𝑅 + 𝐴𝑟 sin 𝑁θ

𝑟 θ = 𝑅

Figure 3.1: The geometry of circular and wavy cylinders. The cross-section of the
wavy cylinder is characterized by three parameters: radius of base circle R, the
number of waves N along the circumference and the amplitude of the wave Ar.

the base circle R, the wave amplitude Ar and the number of waves N . The analytical

equation of the wavy cross-section is [66]:

r(θ) = R + Ar sin(Nθ) (15)

Where θ is the polar coordinate, R is the radius of the base circle, Ar is the

amplitude of the wave and N is the number of waves along the circumference.

All the analyses are performed in ABAQUS [80] using the arc-length based Riks

method [91]. For meshing, four-node reduced integration shell (S4R) elements are

created by user-written codes with an element size 121.20 mm, about 0.61
√
Rt, in

both axial and circumferential directions. Four integration points were utilized along

with the thickness of each element. Figure 3.2 demonstrates a representative finite

element model. Two nodes are defined at the center of the top and bottom cross-

sections of the cylinder; we call them center nodes. Rigid links are created to connect

the nodes at the end of the cylinder to the respective center nodes to constrain the
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at z = L

U1 = 0

U2 = 0

U3 = -Δ
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UR2 = 0

UR3 = 0

at z = 0

U1 = 0

U2 = 0

U3 = 0

UR1 = 0

UR2 = 0

UR3 = 0

at z = L

U1 = 0

U2 = 0

U3 = 0

UR1 = θ
UR2 = 0

UR3 = 0

Under axial

compression

Under 

bending

Figure 3.2: Boundary conditions and loading of the model under axial compression
and bending.

displacements U1, U2, and U3, and rotations UR1, UR1, and UR1 of the nodes at

the end from moving and rotating with respect to the center nodes. Using these

constraints one end of the cylinder is clamped by fixing the central node at z = 0.

At the other end (z = L) a clamped boundary condition is enforced, but the end of

the cylinder is loaded by applying an axial displacement, U3 = −∆, for the cylinder

under axial compression and by applying a rotational displacement, UR1 = θ, for the

cylinder under bending. The material properties and the dimensions of the cylinders

are described in later sections separately for axial compression (linear elasticity) and

bending (plasticity).

3.2 Wavy cylindrical shells under axial compression

In this section, the effect of a dimple-like imperfection is studied to evaluate the

effectiveness of wavy cylinders under axial compression. Dimple-like imperfection is a

more realistic imperfection because it can be induced easily when thin cylinders are hit

by some sharp solid objectsusually during transportation and construction [1, 83, 85,
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Table 3.1: Dimensions and material properties of the circular cylinder under axial
compression

E (Gpa) R (m) ν R/t L/R
210 2 0.3 120 4

89]. Although previous pioneering studies [66, 67] have observed the response of wavy

cylinders to imperfections under axial compression, the imperfections had not been

realistic from an application aspect (they are in the shape of the first eigenmode). We

also examine the mechanism behind the imperfection insensitivity of wavy cylinders;

this is the main objective of this section and thus we assume linear elastic material

behavior for simplicity purposes. The dimensions and the material properties of the

cylinder, which are used in this section, are given in Table 5.1. These are based on

the work of Yadav and Gerasimidis [1] focused on bending of thin cylinders except

for the length L. The value of length L is taken as 4R based on Gerasimidis et al.

[89] work on thin cylinders under axial compression. These dimensions are common

in the industry of steel wind turbine towers.

The wave amplitude Ar and the number of waves N of Eq. 1 will be used as

variables to explore their effect on imperfection sensitivity.

3.2.1 Sensitivity to dimple-like imperfections

Local dimple-like imperfections are commonly induced in thin cylinders when they

are hit by some sharp solid. We apply a single dimple that is placed at the middle

of the cylinder. To model dimple-like imperfections, we use what was proposed by

Yadav and Gerasimidis [1] and Gerasimidis et al. [89]. The mathematical description

of the dimple-like imperfection is:
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w = −woe
−( x

L1
)2
e
−( θ

θ1
)
2

(16)

Where w represents the deviation of shell surface from the original position in the

radial direction and wo is the amplitude of the imperfection; x and θ are the axial

and circumferential coordinates with the origin placed in the middle of the cylinder.

Figure 2.10 shows this dimple-like imperfection, which is placed at the middle of the

cylinder, along with the coordinates x and θ. L1 and θ1 are the parameters which

decide the length (in the axial direction) and width (in the circumferential direction)

of the dimple. The values for L1 and θ1 are chosen such that the length (2L1) and

the width (2Rθ) of the dimple are equal to the first eigenmode wavelength of the

circular cylinder under axial compression, i.e. 3.44
√
Rt for ν = 0.3 [79]. This is done

in anticipation that this length and width of the dimple-like imperfection reduce the

capacity the most [1]. We use this dimple-like imperfection in both the circular and

wavy cylinders and compute the reduction in their load carrying capacities. For wavy

cylinders, the number of waves N is 15 and the wave amplitude Ar is taken as R/70

(1.7t), 2R/70 (3.4t) and 3R/70 (5.1t). We vary the amplitude of imperfections wo

from 0 to t because for most practical purposes the amplitude of imperfections is not

more than the thickness of the cylinder.

Figure 3.3 shows the knockdown factor for the circular and wavy cylinders against

imperfection amplitude. The knockdown factors are always higher for wavy cylinders

(less reduction) as compared to the circular cylinder and the effectiveness of the wavy

cylinders in terms of insensitivity to imperfection increases with the increase of the

wave amplitude Ar. This is evidence that the wavy cylinders are not only insensitive

to eigenmode imperfections as reported by Ning and Pellegrino [67, 76], but also to

dimple-like imperfections.
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Ar = 0

(Circular)

Ar = R/70 (1.7t)

Ar = 3R/70 (5.1t)Ar = 2R/70 (3.4t)

Figure 3.3: Knockdown factor of circular and wavy cylinders; the R/t is 120 for all
the cases. The wave amplitude Ar changes the behavior of wavy cylinders drastically.

Many significant observations can be made from figure 3.3. First, the wave ampli-

tude drastically affects the behavior of the cylinders as the knockdown factor in case

of Ar = 2R/70 (3.4t), and Ar = 3R/70 (5.1t) is almost 1. For Ar = R/70 (1.7t), the

knockdown factor is significantly less than 1 but still more than that of the circular

cylinder. Second, knockdown factors stabilize for all the cases at higher imperfection

amplitudes and further increase in imperfection amplitude does not further reduce

load carrying capacities. Stabilization in knockdown factor is also reported in many

past studies [1, 83, 85, 92, 93]. Third, for the wavy cylinders, the plateau occurs at

smaller imperfection amplitudes.

The imperfection insensitivity of wavy cylinders is attributed to many factors. The

first is the reduction in the local radius of curvature. Due to the waviness, curvatures

along the circumference are reduced significantly and thus the effective R/t drops.

We know the imperfection sensitivity of shells reduces with the reduction of R/t ratio

(figure 1.2). To understand how R/t ratio affects the imperfection sensitivity, we plot

the knockdown factor for circular cylindrical shells in figure 3.4a with varying R/t
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a) b)

Reducing R/t

R/t = 10

R/t = 120
Ar = 0, R/t = 120

Ar = 0, R/t = 48

Ar = 0, R/t = 10

Ar = 2R/70 , R/t = 120

Ar = 3R/70 , R/t = 120

Figure 3.4: (a) Knockdown factor of circular cylinders with varying R/t ratio. The
thickness is constant (0.0167 m) for all the cases; the R/t ratio is changed by varying
the radius R. The dimple imperfections are also kept the same that means their
length, width and amplitude are the same irrespective to R/t ratio. (b) Knockdown
factor for selective circular and wavy cylinders. It can be seen that the wavy cylinders
with Ar = 2R/70 and 3R/70 are performing even better than the circular cylinder
with R/t = 10 . This shows that the reduction in effective R/t is not only responsible
for the imperfection insensitivity of wavy cylinders.

ratio from 120 to 10. The thickness of the cylinder is constant and equal to 2/120

m for all these cylinders; we are varying only radius R to vary the R/t ratio. The

local dimple-like imperfections are not scaled; this means that the length and width

of the dimple are same for all the cases. It can be observed that the knockdown

factor is increasing with the reduction of R/t ratios, keeping imperfection the same

(unscaled). Keeping imperfection unscaled is important to see the impact of R/t on

knockdown factors otherwise if we scale the imperfection with R/t, knockdown factors

will remain unaffected [83]. In figure 3.4b, we plot wavy cylinders with Ar = R/70

(1.7t), 2R/70 (3.4t), and 3R/70 (5.1t) and the circular cylinder with R/t = 120, 48

and 10. For wavy cylinders, the radius of the base circle is 2 m, N = 15 and R/t

ratio is 120. For wavy cylinders with Ar = 2R/70 (3.4t), and Ar = 3R/70 (5.1t), the

knockdown factors are even higher than the knockdown factor for circular cylinder

with R/t = 10. In addition, the knockdown factor variation with the imperfection
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a) b)

c) d)

Circular cylinder 𝐴𝑟 = 0 Wavy cylinder 𝐴𝑟 = Τ𝑅 70

Wavy cylinder 𝐴𝑟 = Τ2𝑅
70 Wavy cylinder 𝐴𝑟 = Τ3𝑅

70

e) Circular cylinder with stiffeners along axial direction

Figure 3.5: First eigenmodes of the circular and wavy cylinders; the value of Ar is 0
(a), R/70 (b), 2R/70 (c), and 3R/70 (d) for the wavy cylinders. The wavy cylinder
with Ar = R/70 exhibits similarity to the circular cylinders, while the wavy cylinders
with Ar = 2R/70 and 3R/70 exhibit similarity to stiffened cylinders (e). The smaller
wave amplitude cylinder (b) is not as insensitive to imperfection as high wave ampli-
tude cylinders (b and c). The waviness acts like stiffeners and thus also contributes to
the imperfection insensitivity of wavy cylinders along with the reduction in effective
R/t ratio.
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amplitude of wavy cylinders is different than that of circular cylinders. For wavy cylin-

ders, the knockdown factor does not vary with imperfection amplitude substantially,

whereas, for circular cylinders, the knockdown factor decreases with the imperfection

amplitude. The reduction in the R/t ratio reduces the knockdown factor but does

not alter the high sensitivity of circular cylinders to imperfections. Therefore, the

reduction of the local radius of curvature is not the only reason for the insensitivity

of wavy cylinders to imperfections, as given by Ning and Pellegrino [67]; although,

this is the primary reason.

The second attribute to the imperfection insensitivity of wavy cylinders is the

stiffness developed by the waviness along the axial direction. An important feature of

figure 3.4 is the drastic difference in knockdown factors of wavy cylinders by changing

the wave amplitude Ar. This is happening because by changing the wave amplitude,

the stiffness of the cylinder is changed notably. To understand this more clearly,

we show the first eigenmode of circular and wavy cylinders in figure 3.5. It can

be seen that for smaller wave amplitude, Ar = R/70 (1.7t), the eigenmode of the

wavy cylinder is similar to the circular cylinder. This is happening because for small

wave amplitude, the stiffening effect of the cylinder is altered only slightly and thus,

the increase in imperfection insensitivity, in this case, is not as pronounced as with

the other wavy cylinders. For wavy cylinders with Ar = 2R/70 (3.4t) and 3R/70

(5.1t), the first eigenmode is quite different than the circular cylinder and resembles

more to the circular cylinder with stiffeners along the axial direction. Consequently,

knockdown factors are increased considerably.

3.2.2 Sensitivity to axisymmetric imperfections

We create an axisymmetric imperfection by eliminating the circumferential varia-

tion, e
−( θ

θ1
)
2

, from Eq. 16:
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Figure 3.6: Disharmonized axisymmetric imperfections. When the curvature is in-
ward, the imperfection is also considered inward which is the most deleterious case.
However, when the curvature of the wavy shell is outward, the imperfection is outward
and therefore its effect is not as deleterious as in the first case.

w = −woe
−( x

L1
)2

(17)

In this equation, the imperfection depends only on the axial coordinate x, and its

amplitude is the same along the circumference. All the other parameters of Eq. 17

have the same meaning as in Eq. 16. The direction of the imperfection is always

inward (toward the center of the cross-section) while the direction of curvature of the

wavy cross-section is changing direction periodically from inward to outward. We

know from previous studies on axisymmetric imperfections that inward imperfections

are more deleterious than outward imperfections; in the case the imperfection nodes

are outside of the perfect cylindrical shell, the reduction in the buckling capacity is

less compared to opposite case. In the wavy cylindrical shell with axisymmetric im-

perfection, this phenomenon appears in both directions as shown in figure 3.6. When
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Figure 3.7: Knockdown factor for wavy cylinders with harmonized and disharmonized
axisymmetric imperfections. For disharmonized axisymmetric imperfections, the im-
perfections are surprisingly not reducing but increasing the load carrying capacity,
indicating that a two-directional wave could be beneficial for the cylinder.

the curvature is inward, the imperfection is also considered inward which is the most

deleterious case. However, when the curvature of the wavy shell is outward, the im-

perfection is outward and therefore its effect is not as deleterious as in the first case.

We call this axisymmetric imperfection as disharmonized as it provides a kind benefit

to the buckling of the wavy cylinder. Figure 3.7 illustrates this beneficial effect of

wavy cylinder, having Ar = 3R/70 (5.1t) and N = 15, for disharmonized axisymmet-

ric imperfection. The knockdown factor for disharmonized axisymmetric imperfection

is higher than 1 for all the cases, except for imperfection amplitude 0.1t. Thus, this

axisymmetric imperfection is not reducing but increasing the load carrying capacity

of the wavy cylinder within the range of imperfection amplitudes considered. This

surprising result is an indication that longitudinal waves (here coming from imperfec-

tion) could potentially be beneficial for the capacity, if combined with circumferential

waves.

To further investigate this issue, we imposed an antisymmetric imperfection in the
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Figure 3.8: Harmonized axisymmetric imperfections. When the curvature is inward,
the imperfection is outward and, when the curvature of the wavy shell is outward,
then the imperfection is inward.

wavy cylinder, which is aligned with the curvature direction of the wavy cross-section;

i.e. if the direction of the curvature is inward then the imperfection is outward and if

the direction of the curvature is outward then the imperfection is inward (figure 3.8).

To create such an imperfection pattern, we modified Eq. 16 by adding a sin(Nθ) term

in the equation. The value of N is kept 15 as for the wavy cross-section. We call this

imperfection as harmonized. The mathematical equation of this imperfection is:

w = −woe
−( x

L1
)2

sin(Nθ) (18)

Figure 3.7 shows the harmonized imperfect wavy cylinder along with the cross-

sections at the middle of the perfect and imperfect wavy cylinders. Again, we have

scaled up the imperfection amplitude in this figure for visual clarity. The knockdown
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factor is also shown in figure 3.7. The knockdown factor, for harmonized imperfection,

is reducing with increasing imperfection amplitude, which is a contrast to the response

of the wavy cylinder to the disharmonized imperfection. This is happening because

there is no resistance to radial displacement in this case and thus the behavior is

as expected, i.e., the knockdown factor reduces with the increase of imperfection

amplitude wo. However, the wavy cylinder is still rather insensitive to imperfection.

Harmonized imperfection is quite artificial as the direction of imperfection is inward

or outward. Thus, we have another benefit of using wavy cylinders, which further

makes them insensitive to imperfection.

In summary, the mechanism behind the imperfection insensitivity of wavy cylin-

ders can be described by the following observations:

1. The first observation, the most significant one, is that the reduction in effective

radius of curvature, which consequently reduces the effective R/t ratio renders

wavy cylinders less sensitive to imperfections.

2. Second is the stiffness developed by the waviness of wavy cylinders. Waviness

also works as a stiffener, which can be seen by the change of the first eigenmode

with the increase in the wave amplitude (figure 3.5).

3. The third is the periodic change in the direction of the curvature of wavy cylin-

ders: the direction of curvature changing from inward to upward. Often, the

direction of a real imperfection is inward or outward but not in both directions.

Thus, there is disharmony between the curvature direction and the direction

of the imperfection. This provides a kind benefit, which makes wavy cylinders

further insensitive to the imperfections.

These three factors work simultaneously and make wavy cylinders insensitive to

imperfections.
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3.2.3 Verification of computational findings

To verify our numerical analysis and the key finding, i.e., the insensitivity of wavy

cylinders to imperfections, we compared our numerical results with experimental data

of Ning and Pellegrino [67] as these are the only experiments on the imperfection

sensitivity of wavy cylinders. The dimensions and the material properties used in the

experiments are different from the dimensions and the material properties used in

this study. For this reason, we modified the dimensions and the material properties

of our analyses and compared the results of our computational analysis with the

experimental data. The length L, radius R, and the wave amplitude Ar of the three

experimental samples are 70 mm, 35 mm, and 1.5 mm respectively. The nominal

shell thickness t of the samples is around 180 µm, and the measured thickness of the

three samples are 166 ± 16 µm, 166 ± 22 µm, and 165 ± 19 µm. The experimental

samples are composites; interested readers are referred to Ning and Pellegrino [67]

for the ABD matrix and other details. The measured amplitudes of the mid-surface

imperfections of the three samples are 2.08t, 2.53t, and 2.98t. The cross-section of

the samples is a mirror-symmetric with a NURBS interpolation having 16 control

points along the circumference [66, 67]. To model the samples, we use the sinusoidal

cross-section (Eq. 1) with N = 22 and Ar = 1.5 mm as these values resemble the

closest the optimized mirror-symmetric cross-section of the experimental sample [66].

The thickness is considered as 166 µm, and the material properties are taken from

Ning and Pellegrino [67]. To introduce the imperfections, we use the first eigenmode

shape with amplitude 2.08t, 2.53t, and 2.98t for samples 1, 2, and 3 respectively. The

results of our computational analysis and the failure loads from the experiment are

given in Table 4.2.

The buckling loads values from our computational analysis are in accordance to
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Table 3.2: Computational results from current analysis compared to the experimental
failure loads from [67]. Sample 1 has an imperfection with an amplitude of 2.08t,
sample 2 with an amplitude of 2.53t and sample 3 with 2.98t. The computational
results are in accordance to the experimental findings of [67] and both reveal an
insensitivity of the wavy cylinders to imperfection amplitude.

Computational results Experimental failure
of current study(kN) loads from [67](kN)

Sample 1 10.9411 11.48± 0.03
Sample 2 10.9403 11.68± 0.03
Sample 3 10.9394 11.30± 0.03

the experimental failure loads. The small differences between the predicted and ex-

perimental data can be attributed mainly to three factors. First, the cross-sections of

the experimental samples and the computational models are not exactly the same: si-

nusoidal wavy cross-section is used for the computational analysis, while the sample’s

cross-section is a mirror-symmetric with a NURBS interpolation. Second, the shapes

of imperfection in the samples and the modeling are not the same: the first eigen-

mode is used in the modeling, while the samples have complicated shape imperfections

[67]. And third, the experimental failure loads correspond to the entire failure of the

sample including material failure, while the predicted values are based on buckling

loads considering elastic material properties. However, a pattern is clear from both

the predicted values and experiment data, and that is they do not vary significantly

with the imperfection amplitude (sample 1, 2, and 3 have imperfection amplitudes

2.08t, 2.53t, and 2.98t respectively). The application of our analysis method on the

experimental samples of [67] predicts accurate results.

In all the discussions in section 3, the primary load is axial compression and the

material is assumed linear elastic. For many important applications, the primary load

is bending (wind turbine towers, gas pipelines, etc.) and extrapolation of the above
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Table 3.3: Dimensions and material properties of the circular cylinder under bending

E (Gpa) σy (Mpa) R (m) ν R/t L/R n
210 355 2 0.3 120 10 9

results is not possible without further investigation. In the next section, we explore

the sensitivity of wavy cylinders under bending.

3.3 Wavy cylinders under bending

To study the imperfection sensitivity of wavy cylinders under bending, we choose

the dimensions and material properties as taken by Yadav and Gerasimidis [1] and

given in Table 4.3. One end of the cylinder is fixed and rotation is applied at the

other end (see Section 3.1 for details). For the stress-strain relationship, a version of

the Ramberg-Osgood stress-strain relationship is used [1]:

ε =
σ

E

[
1 +

3

7

( σ
σy

)n−1
]

(19)

Two rigid body constraints are imposed at the end cross-sections, which make

sure that the end cross-sections do not change their shape, i.e, ovalization is prevented

during the analysis. We chose these dimensions, and material properties because they

are typical sections of tall and super-tall wind turbine towers and for these cylinders,

the stresses cross the yield stress limit before buckling [1].

3.3.1 Axisymmetric disharmonized imperfections

To study the response of thin wavy cylindrical shells under bending to imperfec-

tions, a sinusoidal axisymmetric disharmonized geometric imperfection is used first.

The amplitude of this imperfection is higher at the center of the cylinder, and this
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a) b)

𝑅 = 2m

α = 0.854
α = 0.999

Imperfection amplitude 𝑤 = 𝑡/20Imperfection amplitude 𝑤 = 𝑡/20

𝐴𝑟 = 3𝑅/70m

𝑁 = 15

𝑅 = 2m

Figure 3.9: (a) Moment-rotation diagram of the perfect and the imperfect circular
cylinders. (b) Moment-rotation diagram of the perfect and the imperfect wavy cylin-
ders. The amplitude of imperfection is t/10 for both circular and wavy cylinders.
The reduction in the case of the circular cylinder is around 15%, while the reduction
in the case of the wavy cylinder is almost negligible.

imperfection is defined as biased imperfection. We consider this imperfection as the

most deleterious compared to the other geometric imperfections: local dimple imper-

fection, eigenmode imperfection and unbiased sinusoidal axisymmetric imperfection

for which the amplitude is constant along the length [1]. The mathematical expression

of the biased imperfection is [1, 50, 78]:

w = −R
(
aoi + ai cos

πx

Nxλ

)
cos

π(x)

λ
(20)

Where, x is the axial coordinate with the origin placed at the center, R is the radius

of the cylinder, aoi and ai are the relative value of unbiased and biased components

of the amplitude respectively (R × aoi and R × aoi are the absolute values of the

unbiased and biased components), and Nx × λ represents the length of the cylinder.

The λ represents the first eigenmode half wavelength of the circular cylinder under

axial compression, i.e. 1.72
√
Rt for ν = 0.30 [79]. In this study, the value of aoi

and ai are chosen such that the bias of the imperfection defined by the ratio aoi
ai

is 5
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w0 = 0, 5t/20, 10t/20, 15t/20 and 20t/20 w0 = 0, 5t/20, 10t/20, 15t/20 and 20t/20 

𝑅 = 2m

𝐴𝑟 = 3𝑅/70m

𝑁 = 15

𝑅 = 2m

Figure 3.10: Moment-rotation diagram of perfect and imperfect circular and wavy
cylinders. The reduction due to imperfection is always low for the wavy cylinders as
compare to circular cylinders.

[1, 50, 78]. We induce this biased geometric imperfection in both circular cylinders

and wavy cylinders having Ar = 3R/70 m and N = 15. We find again that the wavy

cylinder is insensitive to imperfection as in the case of axial compression.

Figure 3.9a shows the moment-rotation diagrams of the perfect and imperfect cir-

cular cylinder, while figure 3.9b shows the moment-rotation diagrams of wavy cylin-

ders. The amplitude of imperfection is t/10 in both cases, where t is the thickness

of cylinders (0.0167m). The presence of imperfection reduces the load carrying ca-

pacity of the circular cylinder significantly (around 15%), whereas the presence of

imperfection does not reduce the capacity of wavy cylinder: the moment-rotation

diagram of perfect and imperfect wavy cylinders are almost same. It is astonishing

that the shape and the amplitude of the imperfection are the same in both cases,

but the response of circular and wavy cylinders are entirely different. In figure 3.10,

the moment-rotation diagrams are shown for perfect and imperfect cylinders (circu-

lar and wavy) with higher amplitudes of imperfection, i.e., 5t/20, 10t/20, 15t/20 and

20t/20. The reduction in load carrying capacity is always more in case of circular

cylinders, however, significant reduction also occurs for wavy cylinders with higher
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𝐴𝑟 = 3𝑅/70m

𝑁 = 15

𝑅 = 2m

𝑅 = 2m

𝐴𝑟 = 3𝑅/70m

𝑁 = 15

𝑅 = 2m

𝑅 = 2m

Figure 3.11: (a) Moment capacities of the circular and the wavy cylinders against the
imperfection amplitude. (b) Knockdown factor for the circular and the wavy cylinders
against the imperfection amplitude. The moment capacity and knockdown factor of
the wavy cylinders are always more than the moment capacity and knockdown factor
of circular cylinders. In case of wavy cylinders, the knockdown factor is almost 1
(insensitive to imperfections) for imperfection amplitude wo < 0.30t.

imperfection amplitude. This result is quite encouraging as the loading scenario, ma-

terial properties and the dimensions of the cylinder are different to the cylinders in

the Section 3.2 and in the study of Ning and Pellegrino [67] showing constancy in

the imperfection insensitivity.

In figure 3.11a, the moment capacity of imperfect circular and wavy cylinders

is plotted against the normalized imperfection amplitude and in figure 3.11b, the

knockdown factor is plotted against the normalized imperfection amplitude. For small

imperfection amplitude (w0 < 0.3t), the knockdown factor is almost unchanged for

wavy cylinders, whereas, for circular cylinders, it is reducing rapidly with increase in

imperfection amplitude. The reduction in case of circular cylinders is around 35% for

w0 = 0.3t, whereas, for wavy cylinder, it is almost negligible. For higher imperfection

amplitude (w0 > 0.3t), significant reduction is taking place for the wavy cylinders,

but their knockdown factor is always higher than the knockdown factor of circular

cylinders. Increasing the imperfection amplitude, the difference between knockdown
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𝑅 = 2m
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Figure 3.12: (a) Moment capacities and (b) knockdown factor of the circular and
the two wavy cylinders. The material volume of the wavy cylinders is the same as
the circular cylinder and is achieved by reducing the thickness for one case and by
reducing the radius for the second case. The performance of wavy cylinders is still
better than the circular cylinder.

factors for circular and wavy cylinders is reducing (figure 3.11b) and it is anticipated

that for further increase in imperfection amplitude (w0 > 2t), the difference will be

diminished. A first conclusion from these results is that wavy cylindrical shells are

the most beneficial for small imperfection amplitudes which could be the case of new

advanced manufacturing process. For higher imperfection amplitudes, the usefulness

of using wavy cylinders diminishes, but the imperfections rarely reach that limit for

all practical applications. Apart from higher knockdown factor, the wavy cylinders

also have higher moment capacities (figure 3.11a). This is happening because the

moment inertia of the wavy cross-sections is higher than the moment of inertial of

circular cross-sections and also due to the stiffening effect of waviness.

It could be argued that the wavy cylinders require more material than the circular

cylinders and this could reduce the associated benefits, i.e., imperfection insensitivity.

To investigate this issue, we reduce the material volume required in the wavy cylin-

ders, which can be done in two ways: first by reducing the thickness and keeping the

base radius constant, and second by reducing radius keeping the thickness constant.
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Figure 3.12a and figure 3.12b shows the moment capacities and knockdown factors

respectively of the circular cylinder, and the wavy cylinders whose material volume

is the same as the circular cylinder. For perfect cylinders, the capacity of the circular

cylinder is higher than the capacity of both wavy cylinders (figure 3.12a, moment

corresponding to 0 imperfection amplitude). However, for all the cases of imperfect

cylinders, the capacities of both wavy cylinders are higher than the circular cylin-

ders. The knockdown factor of wavy cylinders, even after reducing its thickness or

radius to make their volume equal to the circular cylinder, are much higher than the

circular one. Therefore, wavy cylinders are still preferable because their imperfection

insensitivity surpasses the burden of extra material requirement. An interesting re-

sult emerges from figure 3.12a: reducing thickness is a more beneficial choice than

reducing the base radius for small imperfection amplitude, but for higher imperfection

amplitude, reducing the base radius is preferable.

3.3.2 Effect of wave parameters on knockdown factors

In the previous section, a particular wavy cross-section with Ar = 3R/70m and

N = 15 is used to demonstrate the benefits associated with wavy cylinders. To further

explore the imperfection insensitivity of wavy cylinders, we created a total 25 wavy

cross-sections. These 25 wavy cross-sections are created using five wave amplitudes

and five numbers of waves. The values of Ar are R/70 (1.7t), 2R/70 (3.4t), 3R/70

(5.1t), 4R/70 (6.9t), and 5R/70 (8.6t); and the values of N are 3, 5, 15, 20 and 25. All

25 cross-sections of the wavy cylinders are shown in figure 3.13. For imperfections,

we are imposing the biased axisymmetric imperfection as given by Eq. 20.

First, we will discuss the effect of wave amplitude. The knockdown factor for

the five cylinders with N = 15 and varying Ar are plotted against the normalized

imperfection amplitude in figure 3.14. The knockdown factors are increasing with
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Figure 3.13: The cross-sections of wavy cylinders used in this study. In total five
wave amplitudes Ar = R/70m (1.7t), 2R/70m (3.4t), 3R/70m (5.1t), 4R/70m (6.9t),
5R/70m (8.6t) and five numbers of waves N = 3, 5, 15, 20, 25 are used to create the
wavy cylinders. The radius of base circle R = 2m and the radius to thickness ratio
R/t = 120 applies for all cylinders.
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𝑁 = 15

𝐴𝑟 = 0 (Circular),  𝑅/70 (1.7𝑡),  2𝑅/70 (3.4𝑡),
3𝑅/70 (5.1𝑡), 4𝑅/70 (6.9𝑡),  5𝑅/70 (8.6𝑡)    

Figure 3.14: Knockdown factor for wavy cylinders with the varying wave amplitude of
Ar. The number of waves N is constant and is 15. The effectiveness of wavy cylinder
is increasing with the increase of Ar.

increase in wave amplitude Ar, i.e., for a given imperfection amplitude the value of

knockdown factor is higher for the cylinder having higher wave amplitude. These

trends suggest that higher wave amplitudes improve the performance of wavy cylin-

ders; they become less and less sensitive to imperfections. The difference among

knockdown factors is more pronounced for small imperfection amplitudes, while for

higher imperfection amplitudes, the difference among knockdown factors is reducing.

These results signify the benefits of using wavy cylinders. Similar patterns, the in-

crement in knockdown factor with the increment in Ar, are observed for other the

number of waves, e.g., N = 3, 5, 20 and 25. Figure 3.15 shows the effect of wave

amplitude Ar on the knockdown factor for N = 20 and N = 25. From these results,

it can be concluded that the performance (insensitivity to imperfections) of wavy

cylinders improves with the increase in the wave amplitude Ar.

To show the effect of the number of waves N , we keep Ar = 2R/70 (3.4t) and vary

N from 0 to 25. The knockdown factors for these six cylinders are plotted against the

normalized imperfection amplitude in figure 3.16. The effectiveness of wavy cylinders
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𝑁 = 25

𝐴𝑟 = 0 (Circular),  𝑅/70 (1.7𝑡),  2𝑅/70 (3.4𝑡),
3𝑅/70 (5.1𝑡), 4𝑅/70 (6.9𝑡),  5𝑅/70 (8.6𝑡)    

𝑁 = 20

𝐴𝑟 = 0 (Circular),  𝑅/70 (1.7𝑡),  2𝑅/70 (3.4𝑡),
3𝑅/70 (5.1𝑡), 4𝑅/70 (6.9𝑡),  5𝑅/70 (8.6𝑡)    

Figure 3.15: (a) Knockdown factor for wavy cylinder with N = 20. (b) Knockdown
factor for wavy cylinder with N = 25. The effectiveness of wavy cylinder is increasing
with the increase of Ar as in the case of N = 15.

improves with an increase in the number of waves N along the circumference, i.e.,

wavy cylinders become less and less sensitive to imperfection as N increases. The

number of waves plays a significant role on the performance of wavy cylinders, e.g.,

the reduction in load carrying capacity is 4% for N = 25 and 44% for N = 3, for

imperfection amplitude 0.5t. A similar pattern is obtained for the other wave ampli-

tudes as shown in figure 3.17 for Ar = R/70 (1.7t) and Ar = 5R/70 (8.6t). There

is not much difference between the response of circular cylinder and wavy cylinder

with N = 3. But, the difference between circular and wavy cylinders becomes visible

with higher numbers of waves, i.e., N = 5, 15, 20, 25. There are three notable char-

acteristics coming out of figure 3.16: 1) the higher number of waves means better

performance of wavy cylinders, 2) the differences among knockdown factors are more

pronounced for small imperfection amplitude and diminishes with increase in imper-

fection amplitude, and 3) for small imperfection amplitude (w0 < 0.4t), the reduction

in load carrying capacity is almost negligible for N = 20 and N = 25.

From the above parametric analysis, we have demonstrated that the wave param-

eters, Ar and N play a crucial role in the response of wavy cylinders to imperfections.
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𝐴𝑟 = 2𝑅/70m

𝑁 = 0(Circular),  3,  5, 15,  20,  25

Figure 3.16: Knockdown factor for wavy cylinders with the varying number of waves
N . The wave amplitude number Ar is constant and is 2R/70m. The effectiveness of
wavy cylinder is increasing with the increase of N .

Higher values of Ar and N lead to lower sensitivity to imperfections, with values of

wave parameters that improve the knockdown factor substantially found around Ar

= 2R/70 (5.1t) and N = 15.

3.3.3 Effect of orientation of imperfections and waves

So far, the orientation of both the wave and the imperfection are concave at

the meridian with maximum compressive stress at the middle of the cylinder under

bending (case A of figure 3.18a and figure 3.18b) in anticipation that the maximum

reduction in the moment capacity due to the imperfection will occur with this com-

bination. But, the wave and the imperfection can have any orientation; figure 3.18

shows 3 orientations of both the wave and the imperfection (biased imperfection),

which results in total 9 core combinations of the wave and the imperfection. We ana-

lyzed the effect of imperfections in these 9 combinations to investigate the importance

of the orientation of the imperfection and the wave. The orientation is not an issue

for axial compression as loading is symmetric but for bending, it might have some
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a) b)

𝑁 = 0(Circular),  3,  5,  15,  20,  25 𝑁 = 0(Circular),  3,  5,  15,  20,  25

𝐴𝑟 = 𝑅/70m

𝐴𝑟 = 5𝑅/70m

Figure 3.17: (a) Knockdown factor for wavy cylinder with Ar = R/70m. (b) Knock-
down factor for wavy cylinder with Ar = 5R/70m. The effectiveness of wavy cylinder
is increasing with the increase of N as in the case of Ar = 2R/70m.

effect as the bending is asymmetric by nature. We use the wavy cylinder with

Ar = 3R/70 and N = 15 for this investigation. Figure 3.19 shows the knockdown

factors for the 9 combinations of the wave and the imperfection. Surprisingly, the

orientation of the wave and the imperfection does not affect the knockdown factor

significantly, as the 9 curves in figure 3.19 are almost identical. This is significant,

and shows that wavy cylinders are indifferent to the orientation of the imperfection.

This property is not available with conventionally stiffened cylinders, where if the

stiffeners are not located in the middle of the compressive side, they would not be as

effective under bending.

3.3.4 Local dimple imperfections

In all the previous subsections for the cylinders under bending, we have applied the

biased geometric imperfection (Eq. 20) as the most deleterious imperfection. To illus-

trate this, we use the dimple-like (Eq. 16) imperfection, and compare the response of

wavy cylinders to these two imperfections: dimple-like, and biased imperfection. The

dimple-like imperfection is introduced on the meridian with maximum compressive
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a)

b)

Case A Case B Case C

Case A Case B Case C

Figure 3.18: Three core possible orientation of the wave (a) and the imperfection
(b) at the meridian with maximum compressive stress at the middle of the cylinder.
In total nine possible combinations exist of the wave and the imperfection.
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Figure 3.19: The effect of orientation of waves and imperfections on knockdown factor.
Knockdown factor is unaffected by the orientation of waves and imperfections.

stress at the middle of the cylinder under bending. Figure 3.20, shows the knockdown

factor of wavy cylinders corresponding to biased axisymmetric and local dimple-like

imperfections. For small imperfection amplitude (w0 < 0.4t), both imperfections re-

duce the moment capacities almost equally, but for higher imperfection amplitudes

(w0 > 0.4t) the reduction due to the biased imperfection is more than the dimple like

imperfection and the difference between knockdown factor is increasing with imper-

fection amplitude. Wavy cylinders are therefore more effective when the imperfection

is local in nature, which is a more realistic imperfection.

3.3.5 Mass efficiency and comparison with stiffened cylinders

Stiffeners are generally used to increase the load carrying capacity of thin cylin-

drical shells and to reduce their sensitivity to imperfections [66]. The wavy cylinders

can also be assumed as a kind of stiffened cylinders. It is of interest to compare the

imperfection sensitivity of conventionally stiffened cylinders and wavy cylinders. For

this purpose, one circular, one wavy (with Ar = 3R/70 and N = 15) and four stiff-
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Dimple-like imperfection

Biased imperfection

Figure 3.20: The effect of the local dimple-like imperfection on knockdown factor. For
small imperfection amplitude (wo < 0.4t) both the dimple-like and the biased axisym-
metric imperfections reduce knockdown factor similarly but for higher imperfection
amplitude, the biased axisymmetric imperfection is more catastrophic.

ened cylinders are created as shown in figure 3.21. 4 longitudinal stiffeners along the

circumference are used for stiffened cylinders 1 and 2, and 16 longitudinal stiffeners

along the circumference are used for stiffened cylinders 3 and 4. For stiffened cylin-

der 1, the width (circumferential direction) of stiffeners is 5t and the depth (radial

direction) of stiffeners is 32t, while for stiffened cylinder 2, the width of stiffeners is

5t and the depth of stiffeners is 72t, where t is the thickness of cylinders. Similarly,

for stiffened cylinder 3 the width of stiffeners is 5t and the depth of stiffeners is 2t,

while for stiffened cylinder 4, the width of stiffeners is 5t and the depth of stiffeners

is 4t. The volume of material required for the circular, wavy, stiffened 1, stiffened

2, stiffened 3 and stiffened 4 cylinders are V0, 1.1V0, 1.2V0, 1.4V0, 1.2V0 and 1.4V0

respectively, where V 0 represents the volume of the circular cylinder.

To study the effect of imperfections, we used the biased imperfection (Eq. 20).

The moment capacities and knockdown factors of these six cylinders are shown in

figure 3.22a and figure 3.22b respectively. Stiffeners not only increase the bending
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𝑅 = 2m 𝐴𝑟 = 3𝑅/70m

𝑁 = 15

𝑅 = 2m

𝑅 = 2m 𝑅 = 2m

V0 

1.1 V0

1.2 V0

Circular                                   Wavy

1.4 V0

Stiffened 1                            Stiffened 2

𝑅 = 2m 𝑅 = 2m

1.2 V0 1.4 V0

Stiffened 3                            Stiffened 4

Figure 3.21: Circular, wavy and four stiffened cylinders along with their cross-section
and material volume. The material volume of circular, wavy, stiffened 1, stiffened 2,
stiffened 3 and stiffened 4 cylinders are V0, 1.1V0, 1.2V0, 1.4V0, 1.2V0 and 1.4V0.

79



capacity of the circular cylinder, but also reduce the sensitivity of the circular cylin-

ders to imperfections. When compared to wavy cylinders, the knockdown factors for

the wavy cylinder are higher than the four stiffened cylinders for imperfection ampli-

tude wo < 0.75t. Although the capacity of the perfect stiffened cylinders is more than

the perfect wavy cylinder, for imperfect cylinders, the capacity of the wavy cylinder

is more than the stiffened cylinder 1 for 0.05t < wo < 0.75t and more than stiffened

cylinders 2 and 3 for 0.2t < wo < 0.55t. Stiffened cylinder 4 always has more capacity

than the wavy cylinder. An important feature of the wavy cylinder is the imperfec-

tion insensitivity for imperfection amplitude for wo < 0.4t (i.e., knockdown factor is

almost 1), when compared to all the alternatives in this analysis. This reduces the

uncertainties associated with all practical (imperfect) cylinders which does not apply

for the stiffened cylinders. In addition, the material required for the wavy cylinder

is 10% more than the circular cylinder, while the material required for the stiffened

1, stiffened 2, stiffened 3 and stiffened 4 cylinders are 20%, 40%, 20% and 40% more

than the circular cylinder, respectively. Wavy cylinders are not only performing bet-

ter than the stiffened cylinders considered in this study, in terms of imperfection

insensitivity for small imperfection amplitude (wo < 0.75t), but are also more eco-

nomical in terms of required material. An interesting finding is that the many small

distributed stiffeners are more beneficial in terms of bending capacity (figure 3.22a)

but are not very effective in terms of imperfection sensitivity (figure 3.22b).

In addition, it is expected that the wavy cylinders will perform better than the

stiffened cylinders if the imperfections are local in geometry—dimple-like imperfection

(Eq. 16). Dimple-like imperfections could be located anywhere in the shell. Conse-

quently, stiffeners will be ineffective to reduce imperfection sensitivity if dimple-like

imperfections are located away from the stiffeners. This is not the case with wavy

cylinders as waviness is present across the circumference. In other words, waviness
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a) b)

Figure 3.22: (a) Moment capacity and (b) knockdown factor of circular, wavy and
four stiffened cylinders against the imperfection amplitude. Biased axisymmetric
imperfection is used to create the imperfect cylinders for all the cases. The wavy
cylinder is the least imperfection sensitive for wo < 0.75t.

acts as a stiffener but distributed uniformly across the circumference.

3.4 Discussion

Many factors are responsible for making wavy cylinders insensitive to imperfec-

tions: 1) reduction in effective radius of curvature [66], 2) stiffness introduced by

waviness, and 3) periodic change in the direction of curvature that creates disharmony

with imperfection and consequently, reducing the impact of imperfections. These fac-

tors are engaged simultaneously to achieve the imperfection insensitivity. We did not

delve further in evaluating separate contributions of these three factors, but instead

we studied the effectiveness of wavy cylinders under bending—an important loading

scenario for many applications of thin cylinders, considering inelastic behavior.

For the wavy cylinders under bending, we found that wavy cylindrical shells are

insensitive to the imperfections and the presence of imperfections does not reduce the

load carrying capacity significantly. Previous studies [66, 67] have revealed similar

conclusions for thin cylindrical shells under axial compression. Based on the compar-
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isons between the knockdown factors of the wavy cylinders and the circular cylinders

we report that for small amplitudes of imperfection (wo < 0.3t) the reduction in bend-

ing capacities is high for the circular cylinders compared to the insignificant reduction

for the wavy cylinders. Apart from this, we also found that the bending capacities of

wavy cylinders are higher than the bending capacities of the circular cylinders. The

wave parameters, i.e., the wave amplitude Ar and the number of waves N , play a

crucial role to impact the knockdown factor. The effectiveness of the wavy cylinders

increases as the number of waves and the wave amplitude increase. For the higher

wave amplitudes and higher number of waves, wavy cylinders are less sensitive to

imperfections, and their bending capacities are high. Further, this study reveals that

wavy cylinders perform better than the stiffened cylinders in terms of imperfection

sensitivity and the volume of the material required.

These results are very promising as the imperfection sensitivity of thin cylindri-

cal shells has been a big obstacle for their economic applications for a long time.

This study shows that if wavy cross-sectional cylindrical shells are used, the inher-

ent drawback (high imperfection sensitivity) of thin circular cylindrical shells can be

circumvented and material can be used optimally.
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CHAPTER 4

IMPERFECTION INSENSITIVE THIN

CYLINDRICL SHELLS FOR NEXT

GENERATION WIND TURBINE TOWERS

This chapter proposes wavy wind turbine towers to avoid the imperfection sensi-

tivity of conventional wind turbine towers. Wavy wind turbine towers are made by

wavy cross-sectional thin tapered cylinders. The waviness of the cross-section reduces

the slenderness (R/t) of the towers significantly; consequently, the sensitivity of the

towers to imperfections is reduced drastically. Besides, the waviness of the cross-

sections works as stiffeners, which further results in the reduction of imperfection

sensitivity. In this chapter, the sensitivity of the proposed wavy wind turbine towers

to imperfections is assessed, and it is found that the sensitivity of the wavy towers is

exceptionally small compared to that of the circular towers.

4.1 The geometry of thin tapered wavy cylinders, their finite

element modeling, and the effect of imperfections

Yadav and Gerasimidis [2, 68] have shown that thin straight wavy cylinders (i.e.,

the radius of the cylinders is constant along the length) under bending are insensitive

to imperfections. However, no attempt has been made to understand the imperfec-

tion sensitivity of tapered wavy cylinders—an important variation of thin cylinders

whose radius is varied linearly along the length. In this section, this area is explored

by computationally studying the geometry. Firstly, the geometry is described for

wavy straight and wavy tapered cylinders; and then, their finite element modeling
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is explained. Finally, the effect of imperfections on the wavy straight and wavy ta-

pered cylinders is presented and compared with that of circular straight and circular

tapered cylinders.

4.1.1 The geometry of wavy tapered cylinders

There are many ways to create a wavy cross-section of a cylinder; for this study, a

simple method is chosen in which sinusoidal waves are superimposed on the circular

cross-section with a specific wavelength and amplitude. Figure 3.1 shows the circular

and wavy cross-sections along with their analytical equations. To create the wavy

cross-section, a sine wave with amplitude Ar and the number of waves N is superim-

posed on the circumference of the circular (called base circle [66]) cross-section whose

radius is R. Three parameters are needed to fully characterize this wavy cross-section:

the radius of the base circle R, the wave amplitude Ar and the number of waves N .

The analytical equation of the wavy cross-section is [66]:

r(θ) = R + Ar sin(Nθ) (21)

Where θ is the angle from the x axis.

For straight wavy cylinders, the radius of the base circle R is constant, while for

tapered wavy cylinders, the radius of the base circle R is varying linearly along the

length. Figure 4.1 shows two wavy and two cylinders: figure 4.1(a) straight circular,

figure 4.1(b) straight wavy, figure 4.1(c) tapered circular, and figure 4.1(d) tapered

wavy cylinders.
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𝑅

𝐿 𝐿

𝑅1

𝑅2

𝐿 𝐿

𝑟1

𝑟2

𝑟 = 𝑅 + 𝐴𝑟 sin 𝑁θ

𝑟1 = 𝑅1+ 𝐴𝑟 sin 𝑁θ

(a) (b)

(d)(c)

𝑟

𝑟2 = 𝑅2+ 𝐴𝑟 sin 𝑁θ

Figure 4.1: The straight circular (a), straight wavy (b), tapered circular (c), and
tapered wavy (e) cylinders.

4.1.2 Dimensions of the cylinders

To investigate the effect of imperfections on the tapered wavy cylinders, first, a cir-

cular tapered cylinder is selected; this cylinder is used in the 61 m NORDEXS70/1500

wind turbine tower of 1.5 MW [77]. The dimensions of the tapered wavy cylinder are

given in table 5.1. R2 and R1 are the radii (the radius) of the cross-sections at the

two ends of the tapered cylinder, and L is the length of the cylinders. The difference

between R1 and R2 is very small. This is typical dimensions of a tapered cylinder

used in wind turbine towers; they usually have very small tapering. Next, this circu-

lar tapered cylinder is modified using equation21 to create a tapered wavy cylinder.

The value of R in equation21 is varying linearly from R1 to R2 along the length, and

the wave parameters Ar and N are 3R2/70 and 15 respectively following Yadav and
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at z = 0

Ux = 0

Uy = 0

Uz = 0

URx = 0

URy = 0

URz = 0

at z = L

Ux = 0

Uy = 0

Uz = 0

URx = θ
URy = 0

URz = 0

Under 

bending

Figure 4.2: Boundary conditions of the model. One end of the cylinder is fixed
(Z = 0) while the rotation is applied at the other end (Z = L).

Gerasimidis [2, 68]. For the sake of completeness, a straight circular, and a straight

wavy cylinders are also created by keeping the radius R constant and equal to R2.

font=12pt

Table 4.1: Dimensions of the cylinders

L(mm) R1(mm) R2(mm) t(mm) Ar(mm) N

2940.0000 2000.5714 2000.6427 13.0000 3R2/70(85.7418) 15

4.1.3 Finite element modeling

All the analyses are performed in the commercial FEA package ABAQUS [80] us-

ing the arc-length based Riks method [91]. For the meshing, four-node reduced inte-

gration shell (S4R) elements are used with an element size 74.81mm×68.37mm in the

circumferential and the axial directions respectively. This element size is quite smaller
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a) b)Circular tapered cylinder Wavy tapered cylinder

L/ R1 = 3.5

L/ R1 = 2.00L/R1 = 2.5

L/ R1 = 3.5

L/ R1 = 2.00L/ R1 = 2.5

Figure 4.3: Knockdown factor κ for the circular (a) and wavy (b) cylinders for three
L/R1 ratios. L is the length and R1 is base radius of the top cross-section of the
cylinders. For the circular tapered cylinders, κ is reducing as L/R1 is increasing,
whereas for the wavy tapered cylinders, κ is almost independent of L/R1 ratio. This
means that the wavy cylinders are highly beneficial even for higher imperfection
amplitude for high L/R1 ratio.

the classical axisymmetric buckle half-wavelength (i.e., 2.44
√
R1t ≈ 345.11mm) for

cylindrical shells under axial compression [79], and thus the discretization is consid-

ered adequate. Four integration points were utilized along with the thickness of each

element. Figure 4.2 demonstrates a representative finite element model of the wavy

tapered cylinders. Two nodes, called center nodes, are defined at the center of the end

cross-sections of the cylinder. Rigid links are created to connect the edge nodes at the

ends of the cylinder to their respective center nodes. These connections constrain the

displacements Ux, Uy, and Uz, and rotations URx, URy, and URz of the edge nodes

from moving and rotating with respect to the center nodes. Using these constraints

one end of the cylinder is clamped by fixing the central node at z = 0. At the other

end (z = L), a clamped boundary condition is enforced, but the end of the cylinder

is loaded by applying a rotational displacement URx = θ.

The material properties of the cylinders are given in table 4.2 following Yadav and

Gerasimidis [1, 2]. Wind turbine towers are often made by steel, and these values are
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commonly used in tall and super tall wind turbine towers [1, 55], and and steel tubes

[17, 53]. For the stress-strain relationship, a version of Ramberg-Osgood stress-strain

relationship is employed [1, 2, 50, 78] that is represented by equation 22. This model is

chosen because Ramberg-Osgood is the most commonly used relationship to represent

structural metal stress-strain responses [50, 78]. Moreover, a nonlinear stress-strain

response is generally required for the numerical analyses as Eurocode [15] recommends

GMNIA (Geometric and Material Nonlinear Analysis with Imperfections) for the

strength assessment based on nonlinear shell finite element models.

font=12pt

Table 4.2: Material properties of the cylinders

E (Gpa) σy (Mpa) ν n

210 355 0.30 9

ε =
σ

E

[
1 +

3

7

( σ
σy

)n−1
]

(22)

4.1.4 Effect of imperfections

The first eigen modes of the cylinders under bending are utilized to create the

imperfect cylinders by following three steps: a) the first eigen mode is found out, b) it

is scaled with a specific factor (imperfection amplitude), and c) the scaled eigen mode

is superimposed on the perfect cylinders. These three steps are applied on all the four

cylinders: 1) straight circular, 2) tapered circular, 3) straight wavy, and 4) tapered

wavy cylinders. Three different imperfection amplitudes (scaling factor), 0.1t, 0.5t

and 1.0t, are considered in this section; t is the thickness of the cylinders. These values

are quite realistic as imperfection amplitudes are rarely more than the thickness of

the cylinders. 0.1t imperfection amplitude represents the class A (Excellent quality),

and 0.5t imperfection amplitude represents the class B (High quality) of Eurocode

88



[15]. 1.0t imperfection amplitude does not represent the class C (Normal quality, i.e.,

less than 0.91t) of the code, but this value is chosen to observe the effect of higher

imperfection amplitude on the strength of the cylinders.

The reductions in the bending capacities, due to the presence of the eigen mode

imperfections, are given in Table 4.3 in terms of knockdown factor κ, which is defined

as the ratio of the imperfect capacity to the perfect capacity. The knockdown factor

κ for the straight circular cylinder is less than the κ for the straight wavy cylinder:

the values of κ are 0.88 and 0.96 for the straight circular and the straight wavy

cylinders respectively, for the imperfection amplitude w0 = 0.1t. For the imperfection

amplitude w0 = 1.0t, the values of κ are 0.84 and 0.86 for the circular and wavy

cylinders respectively—again the reduction in the wavy cylinder is less than that of

the circular. A similar pattern is observed for the imperfection amplitude w0 = 0.5t.

The tapered wavy cylinder performs better against imperfections than the tapered

circular cylinder for all the considered imperfection amplitudes. For the imperfection

amplitude w0 = 0.1t, the values of κ are 0.88 and 0.96 for the tapered circular and

tapered wavy cylinders.

The benefit of using wavy cylinders, both straight and tapered, is more pronounced

for small imperfection amplitude. As an illustration, for the imperfection amplitude

w0 = 0.1t, the reductions are 12% for both straight and tapered circular cylinders,

while the reductions are just 4% for both straight and tapered wavy cylinders—a

significant gain of 8% if wavy cylinders are used. In comparison, for the imperfection

amplitude w0 = 1.0t, the reductions are 16% and 15% for straight and tapered circular

cylinders respectively, while the reductions are 14% for both straight and tapered

wavy cylinders— a marginal gain around 2% if wavy cylinders are used.

However, it should be noted that the length to radius ratio of the cylinders is

very small, and thus the rigidity of the end is affecting the imperfection sensitivity.
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This is the reason that for larger imperfection amplitudes the benefit of the wavy

tapered cylinder is marginal. For practical applications, the length to radius ratios

are much higher, and the benefit of the wavy tapered cylinder will be significant

even for higher imperfection amplitude. To explore this issue, three tapered circular

and tapered wavy cylinders with length to radius L/R1 ratios 2.00, 2.5, and 3.5 are

used. The tapering (i.e., (R2 −R1)÷ L) for these cylinders are kept same as for the

cylinders of Table 5.1; this is achieved by keeping R1 constant (2000.5714mm) and

varying R2. The knockdown factor κ of these cylinders is shown in figure 4.3. For the

circular tapered cylinders, κ is reducing as L/R1 is increasing, whereas for the wavy

tapered cylinders, κ is almost independent of L/R1 ratio. This means that the wavy

cylinders are highly beneficial even for higher imperfection amplitude for high L/R1

ratios.

To verify our numerical analysis and the key findings, i.e., the insensitivity of wavy

cylinders to imperfections, the results of the tapered wavy cylinder are compared with

the findings of Ning and Pellegrino [66] and Yadav and Gerasimidis [2] in table 4.4. In

both these studies, wavy cylinders are used with N = 15, and Ar = 3R/70. For the

imperfection amplitude w0 = t, the knockdown factors are 0.86, 0.79, and 0.59 for the

current study, Ref. [66], and Ref. [2] respectively. The difference between the current

study and Ref. [66] is attributed to the loading scenario as the cylinder is under

the axial compression in Ref. [66] while in the current study, the loading is bending.

The small difference in the values, moreover, is further validation of this technique

as the knockdown factors are similar between bending and axial compression for this

range of R/t. The difference between the current study and Ref. [2] is due to the

shape of imperfections and the L/R ratio. A sinusoidal biased imperfection is used

in Ref. [2] while eigen mode imperfection is used in the current study, and the value

of the L/R ratio is 10 in Ref. [2], while its value is 1.47 in the current study. For the
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validation purpose, an analysis is done on the tapered cylinder having L/R = 10, and

sinusoidal biased imperfection. It is found that the knockdown factor is 0.58; quite

close to the 0.59 the finding of Ref. [2]. More importantly, a clear pattern emerged

from the current, and both referred studies that are wavy cylinders are less sensitive

to imperfection compared to the circular cylinders.

These results show that not only straight wavy cylinders under bending are insen-

sitive to imperfections as found by Yadav and Gerasimidis [1], but also tapered wavy

cylinders are insensitive to imperfections especially when the imperfection amplitudes

are small.

The behavior of individual tapered wavy cylinders under bending, i.e., less sensi-

tivity to imperfections, might not propagate to a system, e.g., wind turbine towers

and gas pipelines which are made of several tapered cylinders. And thus, the findings

of this section cannot be extrapolated for a system made of several tapered cylindri-

cal shells. A thorough investigation at the system level is needed. Firstly, the next

section describes a wind turbine tower made by tapered circular cylinders (circular

tower) and a wavy wind turbine tower made by modifying the circular tower to a wavy

tower. Subsequently, the effect of imperfections on these towers will be presented and

compared.

font=12pt

Table 4.3: The reduction in the bending capacity of the cylinders due to first eigen
mode geometric imperfection with varying imperfection amplitude (w0)

Case w0 = 0.1t w0 = 0.5t w0 = 1.0t

Straight circular cylinder 0.88 0.84 0.84

Straight wavy cylinder 0.96 0.89 0.86

Tapered circular cylinder 0.88 0.86 0.85

Tapered wavy cylinder 0.96 0.89 0.86
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Table 4.4: The knockdown factors comparison of straight wavy cylinders from current
analysis to the results of Ref. [66] and Ref. [2]

Current study Result of Ref. [66] Result of Ref. [2]

0.86 0.79 0.59

4.2 The geometry and finite element modeling of the circular

and the wavy wind turbine towers

To demonstrate the benefits of using wavy tapered cylinders at a system level, a

61 m NORDEX S70/1500 wind turbine tower of 1.5 MW capacity is consider, this

tower is used in the past studies Sadowski et al. [77]. This tower is used because

the required data are publicly available[77]; any other wind turbine tower made of

tapered circular cylinders can also be utilized for this purpose. Firstly, this section

describes the geometry of the circular and the wavy towers; subsequently, elaborates

finite element modeling of the towers.

4.2.1 The geometry of the circular tower

The circular wind turbine tower that is used by Sadowski et al. [77] is reproduced

in figure 4.4. The height of the tower is 61 m, and it is made by joining 22 thin

tapered (conic) circular cylinders. Three stiffeners, two at the middle and one at the

top, are applied in the form of solid rings; the stiffeners are shown by F and T in

figure 4.4. The length L, the outer diameter do, and the thickness t of the two middle

stiffeners F are 220 mm, 4012 mm and 133.5 mm respectively. While the length L,

the outer diameter d0, and the thickness t of the top stiffener T are 80 mm, 2955 mm

and 96.5 mm respectively. The first middle stiffener F is placed between the fourth

and the fifth cylinders and the second middle stiffener F is placed between the twelfth
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Figure 4.4: Schematic of a 61 m NORDEX S70/1500 wind turbine tower of 1.5 MW
capacity; adopted from Sadowski et al. [77]. The dimensions of the tower are in mm.
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and the thirteenth cylinders. The top stiffener T is located at the top to support the

turbine. The thickness t of the cylinders is shown in the middle of the tower in

figure 4.4; their values are increasing from 25 mm for the bottom cylinder to 10 mm

for the second top cylinder. The thickness of the top cylinder is 15 mm, which is

higher than the second top cylinder as it is supporting the turbine. The length of

each of the cylinders are shown at the left of the tower in figure 4.4; the length varies

from a maximum of 2940 mm to a minimum of 2695 mm. The ratio of the average

outer diameter dave to the thickness of t of cylinders is shown at the right of the tower

in figure 4.4; the ratio dave/t varies from a maximum of 161.2 mm near the bottom

to a minimum of 374.9 mm near the top. In the actual tower, there is a door opening

at the bottom [77], but that is not considered in this study to simplify the analyses.

4.2.2 The geometry of the wavy tower

To create a wavy wind turbine tower that is made by wavy tapered cylinders, the

circular tapered tower is modified. The cross-sections of all the 22 tapered cylinders

along with the 3 stiffeners of the circular tower are altered from circular to wavy using

equation 21. The values of wave parameters N and Ar of equation 21 are taken as 15

and 3Rmin/70 respectively, where Rmin is the minimum radius among all the cylinders

of the circular tower. The values of Ar and N are constant for all the cylinders and the

stiffeners; this maintains the continuity of the cross-sections along with the height of

the tower. these values are chosen because they were used in the past studies [2, 68],

and were found that they reduce the imperfection sensitivity substantially. All the

other parameters, i.e., thickness t, length, and dave/t ratio, are the same as that of

the circular tower. Although the wavy tower requires more material because of the

waviness of the circumference. Figure 4.5 shows the wavy tower along with the values

of the parameters, and d0 represents the outer diameter of the base circle of the wavy
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Figure 4.5: Schematic of the wavy wind turbine tower made by modifying the
NORDEX S70/1500 circular tower. The dimensions of the tower are in mm.
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cylinders.

4.2.3 Finite element modeling

To investigate the effect of imperfections on the circular and the wavy towers, all

the analyses are performed in ABAQUS [80]. The arch-length based Riks method [91]

is applied for GMNIA (Geometric and Material Nonlinear Analysis with Imperfec-

tions) to assess the bending strength of the towers using S4R elements that have four

integration points along with the thickness (similar to the finite element modeling in

section 2). 20000 S4R elements are utilized after the mesh convergence analyses of

both circular and wavy towers. The mesh convergence analyses have been performed

for the bending capacities of the towers (both perfect and imperfect) using GMNIA

method. The FEM models of the circular and the wavy towers are shown at the right

side of figure 4.4 and figure 4.5 respectively along with the cross-sections. Similar to

section 2, two nodes (center nodes) are defined at the center of the top and the bot-

tom of the towers and rigid links are created to connect the center nodes with the top

and bottom edge nodes of the towers. These rigid links constrain the displacements

Ux, Uy, and Uz, and rotations URx, URy, and URz of the edge nodes at the top and

the bottom from moving and rotating with respect to the center nodes. Using the

constraints, the bottom of the towers is clamped by fixing the central nodes of the

towers at the bottom. At the top of the towers, a clamped boundary condition is

enforced, but the top of the towers is loaded by applying a rotational displacement

of URx = θ on the center nodes. The material properties of the towers are given

in table 4.2. For the stress-strain relationship, a version of the Ramberg-Osgood

stress-strain relationship as shown in equation 2 is employed [1].
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First eigen mode Second eigen mode Third eigen mode First eigen mode Second eigen mode Third eigen mode

Circular tower Wavy Tower

Figure 4.6: First three eigen modes of the circular and wavy towers.

4.3 The effect of imperfections on the bending capacities of

the wind turbine towers

Wind turbine towers are primarily subjected to bending [1, 18, 54–57], and thus

only bending load is considered to investigate the effect of imperfections. Firstly,

the individual eigen modes of the tower is considered (under bending) as the shape of

imperfection, for they are expected to significantly reduce the load-carrying capacities;

secondly, a dimple-like imperfection is considered as the shape of imperfection, for it

is more realistic.

4.3.1 The effect of individual eigen mode shape imperfections

The first three eigen modes of the circular and the wavy towers are induced—

with specific imperfection amplitude w0—in the respective perfect towers to create

imperfect towers. The first three eigen modes of the circular and wavy towers are
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a) b)b)

Perfect

Imperfect

W0= 0.5t

Imperfect

W0= 1.0t

Perfect

Imperfect

W0= 0.5t

Imperfect

W0= 1.0t

Circular tower Wavy tower

Figure 4.7: The moment-rotation diagrams for geometrically perfect and imperfect
(first eigen mode shape) circular towers (a) and wavy towers (b). The moment is
normalized by a constant Mpl whose value is d2

minσytmin, where dmin is the minimum
diameter among all the tapered cylinders used for making the towers, and σy is the
yield stress of the material. The presence of imperfections affects the capacity of
circular tower substantial, while the capacity of wavy tower is affected slightly. For
imperfection amplitude 0.5t and 1.0t, the reductions are 38.0%, and 38.0% for the
circular tower, while the reductions are 9.0%, and 13.0% for the wavy towers.

shown in figure 4.6. The imperfection amplitude w0 is varied from 0 to tm, where

tm is the minimum thickness among all the tapered cylinders used in the towers.

The thicknesses of the cylinders are the same for the wavy and the circular tower;

consequently, the value of tm is also equal for the both towers.

In figure 4.7, the relationship between moment and rotation is shown for the

perfect and first eigen mode imperfect towers for both circular and wavy. The moment

is normalized by a constant Mpl whose value is d2
minσytmin (3.0706 E7 Nm), where

dmin is the minimum diameter among all the tapered cylinders used for making the

towers, and σy is the yield stress of the material. The capacities is normalized by Mpl

because it has a physical meaning (i.e., the plastic moment of a cylinder with diameter

dmin and thickness t) and was used in the past studies [1, 17, 53]. In all the cases,

the first limit load is taken as the moment capacity of the towers. From figure 4.7,

it is not clear that the limit load (bifurcation point) is reached for all the cases, but
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a) b)

Wavy Tower (first eigen mode)

Wavy Tower (second eigen mode)
Wavy Tower (third eigen mode)

Circular Tower (second eigen mode)

Circular Tower (third eigen mode)

Circular Tower (first eigen mode)

Wavy Tower (third eigen mode)

Circular Tower (second eigen mode)

Circular Tower (third eigen mode)

Wavy Tower (second eigen mode)

Circular Tower (first eigen mode)

Wavy Tower (first eigen mode)

Figure 4.8: Moment capacities (a) of the circular and the wavy towers against the
imperfection amplitude. Moment capacities are normalized by Mpl = d2

minσytmin,
where dmin is the minimum diameter among all the tapered cylinders used for making
the circular tower, and σy is the yield stress of the material. Knockdown factor κ (b)
for the circular and the wavy towers against imperfection amplitude. The moment
capacity and κ of the wavy tower are always more than the moment capacity and κ
of the circular tower.

by observing moment capacities data it is clear that limit load has been reached as

their value starts reducing at the end. For clarity, two subfigures are added in figure

figure 4.7a to show the bifurcation points. For certain fully symmetric geometries it is

not possible to go deeply to the post-peak behavior using the Riks method. However,

this is not a problem for this analysis as the peak capacity is the measure of interest

and not the post-buckling behavior. From figure 4.7a and figure 4.7b, it is clear that

the presence of imperfections affects the capacity of circular tower substantial, while

the capacity of wavy tower is affected slightly. For imperfection amplitude 0.5t and

1.0t, the reductions are 39.0%, and 39.0% for the circular tower, while the reductions

are 9.0%, and 13.0% for the wavy towers.

The bending capacities of the imperfect circular and wavy towers are shown

against the imperfection amplitude w0 in figure 4.8a. The imperfection amplitude

w0 is normalized by tm, and the bending capacities are normalized by Mpl. Fig-

ure 4.8a shows that the bending capacities of the wavy tower are always more than
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that of the circular tower. The wavy tower has higher capacities than that of the

circular tower because of two reasons: first, the wavy cross-section has a higher mo-

ment of inertia, and more importantly, the wavy tower is much less sensitive to the

imperfection.

In figure 4.8b the knockdown factor κ, i.e., the ratio of the capacity of imperfect

towers to the capacity of perfect tower MImperfect/MPerfect, of the circular and the

wavy towers are shown. These figures show that the sensitivity of the wavy tower to

imperfections is less than that of the circular tower for all three eigen mode shape

imperfections.

For the first eigen mode shape imperfect wavy tower, the reductions in the load

bending capacities are 3.6%, 9.0%, and 13.0%, for the imperfection amplitudes 0.1t,

0.5t, and 1.0t respectively. In contrast, for the first eigen mode imperfect circular

tower, the reductions in the load bending capacities are 20.0%, 39.0%, and 39.0%,

for the imperfection amplitudes 0.1t, 0.5t, and 1.0t respectively—substantially higher

reductions than that of the wavy tower.

Although the circular tower is equally sensitive to second and third eigen mode

shape imperfections, the wavy one is always much less and it is even more insensitive

to higher modes. Indicatively, for imperfection amplitude 0.5t the wavy tower loses

only 7.0% and 4.0% of its capacity for second and third eigen mode shape imperfec-

tions, while the circular one loses 39.0%. This is a striking difference demonstrating

the potential of the wavy shape.

The reductions due to first, second and third eigen modes imperfections are not

the same; nevertheless, figure 4.8b paints a very clear pattern that the wavy tower

is remarkably less sensitive to imperfections compared to that of the circular tower.

This means that not only tapered wavy cylinders but also wavy towers are insensitive

to imperfections, and the imperfection insensitivity is propagated from a unit level
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(tapered cylinders) to a system level (wavy towers). Imperfections insensitivity of

wavy tower is encouraging, and to the knowledge of authors, this is the first time

that a structural system made by wavy cylinders is investigated.

4.3.2 The effect of a local dimple-like realistic imperfection

The eigen mode imperfections that have been used in the previous sections are

considered among the most deleterious shapes, but are far from being realistic. They

were used in the anticipation that the maximum reduction in load carrying capacities

occur when the imperfections are in the shape of eigen modes. Usually, imperfec-

tions are commonly induced in thin cylinders when they are hit by some sharp solid

during transportation or construction, and thus the imperfections are local in na-

ture and dimple-like in shape. These dimple-like imperfections are induced when

some solid hits the cylinders that are used for making towers during construction or

transportation. To model dimple-like imperfections, we follow what was proposed by

Gerasimidis et al. [89] and Yadav and Gerasimidis [1]. The mathematical description

of the dimple-like imperfection for a cylindrical shell under bending is:

w = −woe
−( x

L1
)2
e
−( θ

θ1
)
2

(23)

Where w represents the deviation from the original position in the radial direction,

wo is the amplitude of the imperfection. x and θ are the axial and circumferential

coordinates with the origin placed at the middle of the cylinder such that the dimple

is centered on the meridian with maximum compressive stress. L1, and θ1 are the

parameters that dictate the length (in the axial direction) and the width (in the

circumferential direction) of the dimple. The values for L1 and θ1 are chosen such that

the length (2L1) and the width (2Rθ) of the dimple are equal to the first eigenmode
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𝟐𝜽𝟏

W0

𝟐𝑳𝟏

W0

a) b)

c)

Dimple-like imperfection parameters

Figure 4.9: Dimple-like imperfect circular tower (a) and wavy tower (b). The param-
eters L1, and θ1 (c) dictate the length (in the axial direction) and the width (in the
circumferential direction) of the dimple.
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half-wavelength of the cylinder under axial compression, i.e. 3.44
√
Rt for ν = 0.3

[79]. This is done in the anticipation that these parameters reduce the capacity the

most [1].

a) b)Dimple-like imperfection

𝑀𝑝𝑙 = 𝐷𝑚𝑖𝑛
2 σ𝑦𝑡𝑚𝑖𝑛

Circular tower

Wavy tower

Dimple-like imperfection

Circular tower

Wavy tower

Figure 4.10: (a) Moment capacities of the circular and the wavy towers against the
imperfection amplitude. Moment capacities are normalized by Mpl = d2

minσytmin,
where dmin is the minimum diameter among all the tapered cylinders used for making
the circular tower, and σy is the yield stress of the material. (b) Knockdown factor κ
for the circular and the wavy towers against imperfection amplitude.

This dimple-like imperfection is applied in both the circular and the wavy towers.

For doing that a dimple is introduced in the middle of that cylinder for which radius to

thickness ratio (R/t) is maximum and thus more imperfection sensitive. The values

of 2L1 and 2θ1 are taken as 3.44
√
Rmtm and 3.44

√
Rmtm/Rm respectively; where,

Rm and tm are the average radius (as the cylinder is tapered) and the thickness of

the cylinder having maximum R/t. The dimple-like imperfect towers are shown in

figure 4.9; the dimple is centered on the compressive side of the towers.

Figure 4.10a shows the normalized moment capacity of the circular and the wavy

towers against the imperfection amplitude. The capacities of the wavy tower are

unaffected by the presence of the imperfection for the range of imperfection amplitude

considered (0 < w0 < 1.0t); in caparison, the capacity of the circular tower is reducing

for w0 > 0.4t and unaffected for w0 < 0.4t. Figure 4.10b shows the knockdown factor
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Wavy Tower (first eigen mode)

Wavy Tower (second eigen mode)

Wavy Tower (third eigen mode)

Circular Tower (second eigen mode)

Circular Tower (third eigen mode)

Circular Tower (first eigen mode)

Figure 4.11: Moment capacities of the circular and the wavy towers against the
imperfection amplitude. Moment capacities are normalized by Mpl×V , where Mpl =
d2
minσytmin, dmin is the minimum diameter among all the tapered cylinders used for

making the circular tower, σy is the yield stress of the material and V is the material
volume whose value is V0, 1.1V0 for the circular and the wavy towers.

κ of the circular and the wavy towers against the imperfection amplitude; it can be

seen that the benefit of using wavy cylinders for w0 > 0.4t is remarkable.

The imperfection insensitivity of the circular tower for w0 < 0.4t is in contrast to

the behavior of circular cylinders, where small-amplitude dimple-like imperfections

also reduce the capacity significantly [1]. The reason for this contrast might be that

the dimple is not at the most deteriorating location. In the case of circular cylinders,

due to the symmetry, the most deteriorating location of the dimple is the meridian

with maximum compressive stress in the middle of the cylinder. In contrast, for the

circular tower—due to asymmetry—the most deteriorating location of the dimple is

not obvious. A significant reduction might be observed if the dimple is at the most

deteriorating location, but we did not pursue in that direction. However, for eigen

mode imperfections, significant reduction is occurring even for small imperfection

amplitude because the eigen modes are the inherent property of the tower. It is
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noteworthy that there might be some other local imperfection shapes that might

reduce the bending capacity more than the dimple-like imperfections; however, wavy

cylinders would be less sensitive to other kind of geometric imperfections too as

in the case of eigen mode imperfections. The dimple-like imperfections are chosen

because they are more likely present in the towers and were used in the past studies

[83, 85, 88, 89].

4.4 Mass efficiency of the wavy tower

It is clear from the previous sections that the wavy tower has more capacity

and less sensitivity to imperfections than that of the circular tower. However, more

material is required to make the wavy tower than to make the circular cylinder. To

investigate this issue, the bending capacities of the wavy and the circular towers is

normalized by their respective material volume.

If the volume of material required for making the circular tower is V0; it is found

that the volume of material required for making the wavy tower is 1.10V0. The

calculation of the material volume for these complex towers has been performed using

ABAQUS [80] and its functionality to calculate the mass of the model if density

is specified. To calculate the material volume of the towers, this ABAQUS [80]

functionality is utilized by specifying the mass density 1. The moment capacities

of the wavy and the circular towers against the imperfection amplitude are shown in

figure 4.8a; these capacities are normalized by a constant factor Mpl = d2
minσytmin and

respective material volumes. This means that the capacities of the wavy tower are

normalized by Mpl × 1.10V0, and the capacities of the circular tower are normalized

by Mpl × 1.00V0. These normalized bending capacities are shown in figure 4.11 for

eigen mode one, two, and three shapes imperfection. For all the cases, the normalized

bending capacities of the wavy tower are more than that of the circular tower. The
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difference between the normalized capacity of the wavy and the circular towers are

marginal for the perfect tower, i.e, w0 = 0.00t. However, the capacity of the wavy

tower is substantially high than that of the circular tower for imperfect towers, i.e,

w0 > 0.00. All real structures contain imperfections, and thus using the wavy tower

is beneficial even if it requires more material than the circular tower. However,

ultimately the efficiency of the wavy tower must include all cost components such as

fabrication and erection costs. Since this paper is focused on the sensitivity of wind

turbine tower shells to geometric imperfections the efficiency of the mass of steel used

for the tower is only taken into account. A complete study on the efficiency would

need many different aspects which are not studied here.

4.5 Discussion

The study investigates the effectiveness of the waviness on reducing the imper-

fection sensitivity of a 61 m NORDEX S70/1500 wind turbine tower of 1.5 MW

capacity, subjected to bending. Firstly, the response of tapered wavy cylinders to

imperfections is looked. For this purpose, a circular tapered cylinder which is used

in the 61 m NORDEX S70/1500 wind turbine tower is selected, and modified into a

wavy tapered cylinder. It is found that the tapered wavy cylinder is insensitive to

imperfections especially for small imperfection amplitude, while the tapered circular

cylinder is highly sensitive to imperfections. For imperfection amplitude w0 = 0.1t,

the reduction in the tapered wavy cylinder is 4.0% while the reduction in the tapered

circular cylinder is 12%. This means that not only straight wavy cylinders but also

tapered wavy cylinders are insensitive to imperfections. Encouraged by this finding,

the effect of imperfection on the wavy wind turbine tower made by tapered cylinders

is explored.

The NORDEX S70/1500 wind turbine tower is converted into a wavy tower by
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using sinusoidal waves along the circumference. This study reveals that the reduction

due to imperfections in the bending capacity of the wavy turbine tower is insignificant

compared to the reduction in the circular tower. For imperfection amplitude, w0 =

0.1t and first eigen mode imperfection, the reduction in the wavy tower is 4.0%, while

the reduction in the circular tower is 20%. A similar pattern is found for all the other

imperfections and imperfection amplitudes. This means imperfection insensitivity of

individual tapered wavy cylinders is transferred to the wind turbine tower made by

tapered wavy cylinders. Moreover, the wavy tower can bear substantially more load

than the circular towers, and the wavy tower is more economical in terms of the

volume of material required. Besides, the effect of a realistic dimple-like imperfection

on the bending capacity of the towers is explored, and it found again that the wavy

tower performed better than the circular tower.

107



CHAPTER 5

NON-DESTRUCTIVE TECHNIQUE FOR

THE EVALUATION OF THIN CYLINDRICAL

SHELLS’ BUCKLING CAPACITY

The reduction in the cylinders’ axial buckling capacity depends on the shape and

the size of the imperfections that are present in the cylinders. Thus, a priori knowl-

edge about the imperfections is required for the capacity prediction. However, measur-

ing imperfections is a difficult, expensive, and time-consuming adventure. This makes

the prediction of shells’ capacity difficult, if not impossible. This chapter proposes a

procedure to predict the buckling capacity of thin cylinders based on the feedback of

probe force-displacement curves of axially loaded cylinders. The proposed procedure

is computationally implemented on a thin perfect cylinder (R/t ≈ 286) and on an

imperfect cylinder with varying imperfection amplitude. In this proposed method,

thin cylindrical shells are probed under different axial loads to explore the probing

profile. Probe force-displacement curves contain significant information, which can

be used to predict the buckling capacity of thin cylinders [69–72, 75]. We address the

issues of extracting information from probe force-displacement curves and using this

information to predict the capacity. In addition, we investigate the roles of probing

location, imperfections amplitude, and background imperfections on the accuracy of

the prediction.
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5.1 Description of the procedure and its application on a

perfect cylindrical shell

The proposed procedure takes advantage of the stability landscape of axially

loaded cylinders [70, 72]. The method consists of three steps: 1) cylinders are put

under axial load Fa, 2) these axially loaded cylinders are probed in radial direction at

the location of a pre-existing imperfection, and 3) the peak probe force Fmax
p and the

corresponding axial load Fa are recorded and are used to predict the axial capacity.

There are two constraints on the axial load Fa: 1) Fa is less than the axial capacity

of the cylinders, and 2) the peak probe force Fmax
p exists if the cylinders are probed.

The constraint on the probing is that the probe displacement Dp < 5t, where t is the

thickness of cylinders. These three steps of the procedure are iterated with increasing

axial load Fa till the predicted axial capacity Fpre is converged. The convergence

criterion is | Fpre − F 0
A |< 0.1Fpre, where Fpre is the predicted capacity and Fa is the

last axial load. We are using this convergence criterion because this is giving accurate

prediction, any other criteria could be used if that gives a good prediction.

Initially, we put the cylinder under axial load F 0
A = 0.5κPc, where κ is the knock-

down factor of the cylinder and Pc is the theoretical axial buckling capacity of the

perfect cylinder. The values of Pc, and κ are:

Pc =
2πEt2√
3(1− ν2)

(24)

κ = 1− 0.901(1− exp(

√
R/t

16
)) (25)

This initial value makes sure that the axial load is less than the capacity of the

cylinder, the first constraint on Fa. This is true because Fa is less than half of the
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(a) (b)

Actual Buckling Load

Actual Buckling Load

Figure 5.1: (a) Three-dimensional phase space of axial load Fa, probe displacement
Dp, and probe force Fp. This force landscape is obtained by implementing the pro-
posed procedure. The prediction is converged after 11 iterations. (b) The axial load
Fa and corresponding peak probe force Fmax

p along with their quadratic curve fitting.
The predicted capacity, where the quadratic curve intercepts Y axis, of the cylinder
Fpre is 2648.7 N, whereas the actual capacity of the cylinder Fact is 2584.7 N and is
shown in red asterisk.

expected capacity (assuming the cylinder is imperfect) of the cylinder that is κPc. To

enforce the second constraint on Fa, we probe the cylinder that is under axial load

Fa = 0.5kPc. The probing is done at the location of the worst imperfection, where

the amplitude of imperfection is maximum, with the constraint Dp < 5t. If Fmax
p

exists in the probe force then Fa and Fmax
p will be Fa,1 and Fmax

p,1 , the first data set

for the axial force and peak probe force that is used for the capacity prediction. If

Fmax
p does not exist in the probe force then Fa is increased by 10%, and the cylinder

is probed again at the worst imperfect location. This iteration is continued till we

find the peak Fmax
p in probe force.

In the proposed procedure, a minimum of five pairs of {F a;Fmax
p } are needed for

the capacity prediction. Once we have the first data set {Fa,1;Fmax
p,1 }, we can find

the next four data sets {Fa,2;Fmax
p,2 }, {Fa,3;Fmax

p,3 }, {Fa,4;Fmax
p,4 }, and {Fa,5;Fmax

p,5 }

following Eqn. (26).
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Fa,i = Fa,i−1 + 0.05Fa,1 (26)

Fmax
p,i is the peak probe force of the cylinder that is axially loaded under Fa,i.

After having the five data sets, we predict the capacity of the cylinder by quadratic

curve fitting of these data sets. The predicted capacity Fpre is the value of Y axis

where the quadratic curve intercepts it assuming Fa corresponds to Y axis, and Fmax
p

corresponds to X axis. If the convergence criterion | Fpre − F a |< 0.1Fpre is satisfied,

Fpre will be the capacity of the cylinder. Otherwise, a new data set {Fa,i+1, F
max
p,i+1} is

added following Eqn. (27).

Fa,i+1 = Fa,i + cFpre (27)

Fmax
p,i+1 is peak probe force corresponds to Fa,i+1, and c is a constant whose value

depends on | Fpre − Fa |. The values of c are 0.25, 0.20, 0.15, 0.10, and 0.05; for

| Fpre − Fa |> 0.50Fpre, | Fpre − Fa |> 0.40Fpre, | Fpre − Fa |> 0.30Fpre, | Fpre − Fa |>

0.20Fpre, and | Fpre − Fa |> 0.10Fpre respectively. | Fpre − Fa |< 0.10Fpre is the

convergence criteria; the iteration stops at this point, and Fpre will be the predicted

capacity of the cylinder.

To illustrate the proposed procedure, we apply this computationally using FEA

package ABAQUS [80] on a perfect cylinder that represents mini Coke cans (7.5 fl oz),

made of aluminum as shown in figure 5.2. The dimensions and material properties of

the cylinder are given in Table 5.1. We use these cans because they are easily available

for the experiments. The modeling technique follows the one presented in Ref. [95].

The mesh for the models was created by user-written codes using S4R elements

with an element size of 0.91 mm, about 0.54
√
Rt, in both axial and circumferential

directions. The boundary conditions at the ends of the cylinder are applied using the
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Figure 5.2: A mini Coke can (7.5 fl oz) made of aluminum. This Coke can is used to
illustrate the proposed procedure for predicting the capacity.

same procedure as in Ref. [95] with rigid links, which connect the central node to the

nodes at the ends of the cylinder. Further, we simplified our modeling assuming the

cross-sections of cans are circular throughout the length, which is a slight deviation

from the real cans. This does not affect our analysis as here the purpose is the

evaluation of the proposed procedure not to emulate the experiments exactly. For a

perfect cylinder, probing can be done anywhere, as there is no imperfection. However,

we probe in the middle of the cylinder to avoid the effects of boundaries on the results.

For step 1 of the procedure, geometrically nonlinear static analysis is used to put the

cylinder under proscribed axial load, and for step 2, the arc-length based Riks method

[91] is used to probe the cylinder in the radial direction in the middle.

Figure 5.1a shows the force landscape—a three-dimensional phase space of axial

load Fa, probe displacement Dp, and probe force Fp— of the cylinder. This force

landscape is obtained by implementing the proposed procedure. The prediction is
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Table 5.1: Dimensions and material properties of mini Coke cans (7.5 fl oz)

E (GPa) R (mm) ν t (µm) L (mm)
68.95 286 0.3 100 107

converged after 11 iteration, and thus 11 probe force-displacement plots are shown.

In figure 5.1b, the axial load Fa and corresponding peak probe force Fmax
p is shown

along with their quadratic curve fitting (polynomial fit of order 2). The predicted

capacity, where the quadratic curve intercepts Y axis, of the cylinder Fpre is 2648.7

N, whereas the actual capacity of the cylinder Fact is 2584.7 N, which is obtained

computationally and is shown in figure 5.1b in red asterisk.

The percentage difference between the Fpre and Fact is 2.5% ( |Fact−Fpre|
Fact

×100); this

shows that the proposed procedure is predicting the capacity of a perfect cylinder

accurately. However, the real test of the procedure is when it predicts the capacity

of imperfect cylinders because all real structures are imperfect. This is the subject of

the next section.

5.2 Application of the procedure on imperfect cylindrical

shells

To apply the proposed procedure on imperfect cylinders, we induce a local dimple

imperfection in the middle of the perfect cylinder. The dimple imperfection is modeled

as a two-dimensional normal distribution function following Ref. [89] and Ref. [1].

The mathematical description of the dimple imperfection is:

w = −δe−(
x−x0
L1

)
2

e
−(

θ−θ0
θ1

)
2

(28)
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𝐹𝑎

𝐹𝑝

Axial
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Force

Axial
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Figure 5.3: Imperfect cylinder along with axial load (Fa) and poker force (Fp). The
dimple is modeled as a two-dimensional normal distribution following Ref. [89] and
Ref. [1] and is located in the middle of the cylinder. The probing is done in the
middle of the dimple because it is the worst imperfect location. The amplitude of
dimple is scaled up so that it is visible; however, in our analyses, the amplitude is of
the order the thickness of the cylinder, and it is difficult to visually distinguish the
imperfect cylinder from the perfect one.

𝛿 = 0.1𝑡

Actual Buckling Load

Actual Buckling Load

𝛿 = 0.1𝑡

(a) (b)

Figure 5.4: (a) Three-dimensional phase space of axial load Fa, probe displacement
Dp, and probe force Fp. This force is obtained by implementing the proposed pro-
cedure. The prediction is converged after 9 iteration. (b) The axial load Fa and
corresponding peak probe force Fmax

p along with their quadratic curve fitting. The
predicted capacity, where the quadratic curve intercepts Y axis, of the imperfect
cylinder Fpre is 2185.5 N, whereas the actual capacity of the cylinder Fact is 2183.0 N
and is shown in red asterisk.
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Where w represents the deviation from the original position in the radial direction,

δ is the amplitude of the imperfection, x and θ are the axial and circumferential

coordinates, (x0, θ0) are the center of the dimple whose values are chosen such that

the dimple is located in the middle of the cylinder. L1, and θ1 are the parameters

that dictate the length (in the axial direction) and the width (in the circumferential

direction) of the dimple. In this study, the value of L1 and θ1 are 0.55λ and 0.55λ/R

[1], where λ is the half-wavelength of classical axisymmetric buckling mode of the

cylindrical shell under axial load whose value is [79]:

λ = π

√
Rt√

12(1− ν2)
(29)

This dimple is induced in the perfect cylinder whose dimensions are given in

Table 5.1. Figure 5.3 shows the dimple-like imperfect cylinder along with axial load

Fa and probe force Fp that is applied radially inward in the middle of the dimple. In

this figure, the amplitude of dimple is scaled up so that it is visible; however, in our

analyses, the amplitude is of the order the thickness of the cylinder, and it is difficult

to visually distinguish the imperfect cylinder from the perfect one.

We apply the proposed procedure computationally using FEA package ABAQUS

[80] on the imperfect cylinder. For step 2 of the procedure, the probing is done in

the middle of the dimple. The output of the procedure for imperfection amplitude

δ = 0.1t is shown in figure 5.4. Figure 5.4a shows the force landscape, and figure 5.4b

shows the axial load Fa and corresponding peak probe force Fmax
p along with the

quadratic curve fitting (polynomial fit of order 2). The predicted capacity of the

cylinder Fpre is 2185.5 N, which is the value of Y axis where the quadratic curve

intercepts it in figure 5.4b. The actual capacity of the cylinder Fact, obtain by Finite

Element Analysis of the cylinder, is 2183.0 N that is 0.11% less than Fpre. Again,
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Figure 5.5: Actual Fact, and predicted Fpre capacities of the dimple imperfect cylin-
ders. Fact is found by Finite Element Analysis, while Fpre is calculated using the
proposed procedure. The predictions are quite accurate as the differences between
Fact and Fpre are very small for all the imperfect cylinders that are considered (δ ≤ 2t).

𝐹𝑎

𝐹𝑎

𝐹𝑝

Axial

Load
Poker 

Force

Axial

Load

Background

Imperfection 

Dimple

Imperfection 

Figure 5.6: The Can with two dimple imperfections along with axial load (FA) and
poker force (Fp). The dimples are modeled as a two-dimensional normal distribu-
tion following Ref. [89] and Ref. [1] and located in the middle of the cylinder and
dramatically opposite direction. We call the first dimple as dimple imperfection and
the second dimple as background imperfection. The probing is done in the middle of
the dimple imperfection. The amplitude of dimple is scaled up so that it is visible;
however, in our analyses, the amplitudes are of the order the thickness of the Can.
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the proposed procedure is predicting the capacity accurately of the imperfect cylinder

with imperfection amplitude δ = 0.1t.

The prediction procedure is also implemented on imperfect cylinders with higher

imperfection amplitude. In figure 5.5, the predicted capacities and the actual capac-

ities of imperfect cylinders are shown against the amplitude of the imperfection. It

can be seen that the procedure is predicting the capacity of the imperfect cylinders

accurately for higher imperfection amplitude (0 < δ ≤ 2t). We again emphasize that

in all these computations the probing is done in the middle of the cylinder. This

location is not known prior for real structures. The importance and implications of

this location will be discussed in section-6 along with the effect of probing location,

and the resilience of the procedure.

5.3 Application of the procedure on the Imperfect cylindrical

shells having background imperfections

For a cylindrical shells have more than one dimples, the proposed procedure is

predicting the capacity accurately when probing is done in the middle of the dom-

inating dimple. However, the procedure, always, over-predicts the capacity when

probing is done in the middle of the small dimple. This over-prediction is due to

the presence of other dominating imperfections, we call it background imperfections.

These background imperfections, when they are dominating, dictate the capacity of

the cans. Consequently, for the small amplitude dimple, the prediction overestimates

the capacity. Whereas for the high amplitude dimple, the prediction is accurate.

To illustrate this phenomenon of dominating imperfection further, we simulate

the can having two dimples: we call the first dimple as dimple imperfection and

the second dimple as background imperfection. These two dimples are shown in
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figure 5.6. In this figure, the amplitude of the dimples are scaled up so that it is

visible; however, in our analyses, the amplitudes are of the order the thickness of

the cylinder. Figure 5.7a shows the actual capacities, found by FEA analysis, of

this can with varying background and dimple imperfections. Figure 5.7a makes it

clear that the imperfection, which has a high amplitude, dictates the capacity of the

can. For example, when the background is zero, the capacity depends on the dimple

imperfection amplitude (X-axis) as the capacity is reducing with an increase in the

dimple imperfection amplitude But, for the background imperfection 0.2t, the curve

is flat till the dimple imperfection amplitude is less than 0.2t because the capacity is

decided by the background imperfection. Similarly, for the background imperfection

0.5t, the curve is flat until the background imperfection is less than 0.5t. Further,

for the background imperfection 2.0t, the curve is always flat, and the variation of

dimple imperfection amplitude does not affect the capacity as it is, always, less than

2.0t. It is clear from this analysis that the capacity of cylinders is decided by the

imperfection that has high imperfection amplitude. Here, we use a simple model for

the background imperfection; in reality, background imperfections are very complex.

Nevertheless, this simple model explains the concept of dominating imperfection.

Figure 5.7b shows the predicted capacity of the can; the predicted capacities are

almost the same for all the cases irrespective to the background imperfection, and fol-

low the actual capacity of the can without the background imperfection of figure 5.7a.

It means that the probing can only gauge the imperfections that are near to the point

of probing. And thus, the predicted capacity is accurate only if there is no other

dominating imperfection away from the point of probing. The predicted capacity of

figure 5.7b is accurate if the background imperfection amplitude is less than the dim-

ple imperfection amplitude. Otherwise, the prediction overestimates the capacity. For

example, when the background imperfection is 0.2t and dimple imperfection is 0.5t,
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(a) (b)

Actual capacity of the cylinder with

background imperfection
Predicted capacity of the cylinder with

background imperfection

Figure 5.7: (a) Actual Fact capacity of the can with background imperfection. The
amplitude of the background imperfection varies from 0 to 2.0t. The X − axis repre-
sents the amplitude of dimple imperfection that varies from 0 to 2.0t. (b) Predicted
capacities Fpre of the Can with background imperfection. For the prediction, probing
is done in the middle of the dimple. The predicted capacity of Fpre is accurate if the
background imperfection amplitude is less than the dimple imperfection amplitude.
Otherwise, the prediction overestimates the capacity.

the predicted capacity (figure 5.7b) and actual capacity (figure 5.7a) are the same.

But, when the background imperfection is 0.5t and dimple imperfection is 0.2t, the

predicted capacity (figure 5.7b) is more than the actual capacity (figure 5.7a). The

same pattern is observed for all the cases.

This observation reflects the crucial role played by the location of probing. To

further investigate this issue, we move the location of the probing away from the

imperfection in the axial and circumferential directions. The results are presented in

the next section.

5.4 Effect of the location of probing relative to the imper-

fections

In Section 5.3, we have demonstrated that the location of probing is of utmost

importance for the accurate prediction of the buckling capacity of thin cylinders.
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Figure 5.8: The axial load Fa and corresponding peak probe force Fmax
p for the

probing locations at θ = 0, 3.7, 10, 45, 90, 135, and 180 relative to the middle of
imperfection along the circumferential direction, for imperfection amplitudes δ = 0.5t
(a), and δ = 1.0t (b). The plot for the perfect cylinder is also shown. The probing
fails to recognize the presence of the imperfection for θ = 45, 90, 135, and 180, and
thus they do not predict the capacity accurately.

In this section, we further explore this issue, both computationally, by moving the

probing location away from the imperfection in the axial and in the circumferential

directions.

5.4.1 Computational study

We create a dimple-like imperfect cylinder similar to that described in Section 5.2

and shown in figure 5.3. First, we implemented the proposed procedure of Section 5.1,

but we probed away from the middle of the dimple. We found that the proposed pro-

cedure is not yielding accurate results, and concluded that the procedure works only

when the probing is done in the middle of the dominant imperfection (the imper-

fection that dictates the capacity of thin cylinders). Having asserted that now we

address a more fundamental question: is it possible to predict the capacity of thin

cylinders by probing away from the dominant imperfection? To answer this question,

the axially loaded imperfect cylinder is probe away from the imperfection, and prob-

ing data is used to predict the capacity. Here, we emphasize that we are not following
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Figure 5.9: The axial load Fa and corresponding peak probe force Fmax
p for the

probing locations at x = 0, 2λ, 4λ, 6λ, and 8λ relative to the middle of imperfection
along the axial direction, for imperfection amplitudes δ = 0.5t (a), and δ = 1.0t (b).
The plot for the perfect cylinder is also shown. The probing fails to recognize the
presence of the imperfection for x = 2λ, 4λ, 6λ, and 8λ, and thus they do not predict
the capacity accurately.

2λ

𝛿 = 0.5𝑡

Figure 5.10: Three-dimensional phase space of axial load Fa, probe displacement Dp,
and probe force Fp corresponds to δ = 0.5t, and x = 2λ. In the last four plots, the
probe returns before reaching the peak; this is a kind of buckling that makes the
cylinder unstable. We cannot probe the cylinder under axial load that is near to the
capacity of the cylinder. It also explains the reason behind the bending of the Fa

and Fmax
p plots in figure 5.9a. The bending is happening because the Fmax

p is not the
peak probe force, but the maximum probe force that can be achieved by probing at
the higher Fa.
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any specific scheme as the objective of this Section is to evaluate the possibility of

prediction, and not to propose a procedure.

Figure 5.8 shows the plots of axial load Fa against the peak probe force Fmax
p when

the probing is done away from the middle of the imperfection along the circumferential

direction, for the imperfection amplitude δ = 0.5t, and 1.0t. We chose 7 locations

along the circumferential direction, i.e., θ = 0, 3.7, 10, 45, 90, 135, and 180; where θ is

the angular distant between the probing location and the middle of the imperfection.

θ = 0 represents when probing is done in the middle of the imperfection that yields

accurate prediction. Figure 5.8 also shows the plot for the perfect cylinder.

For δ = 0.5t, plots for θ = 10, 45, 90, 135, and 180 follow the plot of the perfect

cylinder; and the probing fails to recognize the presence of the imperfection. Con-

sequently, they predict the capacity of the perfect cylinder instead of the imperfect

cylinder; indeed, this what we found. These results indicate that the probing fails

to recognize the presence of imperfection if it is done away from the region of in-

fluence of the imperfection. Here, we use the term ’region of influence’ to describe

a region near the imperfection such that if the probing is done outside this region,

the presence of the imperfection is unrecognized. For example θ = 10, 45, 90, 135,

and 180, are outside from the region of influence in figure 5.7a. While for θ = 3.7,

the Fa and Fmax
p plot matches, although not exactly, the plot of imperfect cylinder

with θ = 0. This means that when θ = 3.7 the probing location lies in the region

of influence of the imperfection and thus predicted value is near the exact value of

the imperfect cylinder. It should be noted that when the probing is in the region of

influence, this does not mean that the prediction will be accurate; this only means

that the imperfection has some influence on the Fa and Fmax
p plot. For imperfection

amplitude δ = 1.0t, we got a similar pattern as shown in figure 5.8b; only the region

of influence is larger as the imperfection has an impact on the plot for θ = 10.
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Figure 5.9 shows the plots of axial load Fa against the peak probe force Fmax
p when

the probing is done away from the middle of the imperfection along the axial direction,

for the imperfection amplitude δ = 0.5t, and 1.0t. We chose 5 locations along the

axial direction, i.e., x = 0, λ, 2λ, 3λ, and 4λ; where x is the distance between the

probing location and the middle of dimple, and λ is classical axisymmetric buckle half-

wavelength for cylindrical shells under axial load as given in Eq. 29. x = 0 represents

when probing is done in the middle of the imperfection that yields accurate prediction.

Figure 5.9 also shows the plot for the perfect cylinder. For the four cases, x = λ,

2λ, 3λ, and 4λ, the Fa and Fmax
p plots can be divided into two distinctive regions:

the first region is when the plot follows the plot of the perfect cylinder, we call it

region1, and the second region is when the plot bent sharply near the axial capacity

of the imperfect cylinder, we call it region2. In region2, the plots are bending towards

the actual capacity, and it seems that the capacity can be predicted. However, On a

closer look, we find that it is not the case. We cannot use the data corresponding to

higher Fa because the probing at the higher Fa makes the cylinder unstable.

Figure 5.10 shows the three-dimensional phase space of axial load Fa, probe dis-

placement Dp, and probe force Fp corresponds to δ = 0.5t, and x = 2λ. It can be

seen that, for the last four plots, the probe returns before reaching the peak; this is

a kind of buckling that makes the cylinder unstable. We cannot probe the cylinder

under axial load that is near to the capacity of the imperfect cylinder. It also explains

the reason behind the bending of the Fa and Fmax
p plots corresponds to region2; this

bending is happening because the Fmax
p is not the peak probe force but the maximum

probe force that can be achieved by probing at the higher Fa. As a result, the data

corresponding to the region2 cannot be used for the prediction.

From these analyses, it is clear that the probing location relative to the imperfec-

tion is crucial information, and the prediction would be inaccurate if the probing is
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away from the imperfection. These analyses also reveal some interesting phenomena:

1) there exists a region of influence of the imperfection, and if probing is in this re-

gion, the imperfection affects the probing profile, otherwise, the probing profile is the

same as for the perfect cylinder. The area of this region of influence depends on the

imperfection amplitude and shape. 2) If the probing is done near the axial capacity

of the cylinders, the probing might causes the failure of the cylinders. Thus, some

safety margin between the axial load and the capacity must be maintained.

5.5 Discussion

A nondestructive procedure is proposed to predict the buckling capacity of thin

cylindrical shells. This procedure is implemented computationally on mini Coke cans.

For the perfect, computational implementation of the procedure predict accurate

results. The percentage difference between the predicted capacity Fpre and actual

capacity Fact is 2.5% ( |Fact−Fpre|
Fact

× 100); this shows that the proposed procedure is

predicting the capacity of a perfect cylinder accurately. For the imperfect can, the

computational implementation yields accurate results when the probing is done in

the middle of the imperfection. The percentage difference between the Fpre and Fact

is 0.11% for imperfection amplitude δ = 0.t. For other imperfection amplitudes also

we are getting very accurate predictions. However, the procedure over-predicts the

capacity of the cans when the probing is done away from the imperfection; the probing

fails to recognize the presence of imperfection and the predicted capacity is near to the

capacity of the perfect cane instead of imperfection one. This demonstrates the crucial

role played by the probing location. Another significant finding is the phenomenon

of dominating imperfection: if more than one imperfection is present in the cylinder,

the capacity is dictated by the dominating imperfection.

Overall, this study demonstrates many aspects of the probing of axially loaded
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thin cylinder shells: 1) probing can be used to predict the buckling capacity of shells

containing a dimple imperfection, 2) the probing location plays a crucial role in the

accuracy of the prediction, and 3) a framework can be developed for non-destructive

experiments to predict the buckling capacity of thin shells.

These results show that the prediction of imperfect cylinders is possible if the

probing is done at the proper location. Although finding the proper location in a real

cylinder is a challenge. Nevertheless, this study gives a hope that a framework can

be developed for non-destructive experiments to predict the buckling capacity of thin

shells.
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CHAPTER 6

SUMMARY, CONCLUSIONS AND FUTURE

WORK

6.1 Summary and concluding remarks

This thesis has addressed its four objectives: 1) understanding the bending be-

havior of thin steel cylindrical shells, and find rational knockdown factors within the

range of slenderness used in tall wind turbine towers, 2) shedding new light into the

response of imperfection insensitive wavy cylinders under uniform axial compression

and bending, 3) implementing the idea of the wavy cylinders for making wind turbine

towers, and assessing the practical utility of the wavy cylinders, and 4) developing a

non-destructive technique for the evaluation of thin cylindrical shells buckling capac-

ity.

It has been found that steel cylindrical shells (60 < R/t < 120) are highly im-

perfection sensitive under inelastic bending, and the strain-hardening model plays

an impactful role on the bending behavior. Moreover, the presence of imperfections

reduces the collapse curvature more than the reduction in peak moment. For the

geometric imperfections, modal shape, dimple-like, unbiased, and biased have been

used; and for the strain-hardening model, a bilinear one and three versions of the

Ramberg-Osgood plasticity model have been used. Our analyses have illustrated

that the biased imperfection is worst and the dimple-like imperfection is least worst

among all the imperfections. We have observed that the bending behavior of thin

steel cylindrical shells highly depends on the strain-hardening models. The moment

capacity and the collapse curvature are minimum for the bilinear model and maximum
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for Ramberg-Osgood model with n = 9 among all the models used. The significance

of the strain-hardening model can be exemplified by the fact that the ratio of collapse

curvature for n = 9 to bilinear is around 3 (R/t = 60), which demonstrates that

the same cylinder could collapse at three times less curvature if the strain- hardening

model changes. This is a very significant finding and suggests that the selection of a

strain-hardening model is extremely important because it can highly overestimate or

underestimate the collapse curvature and bending capacity.

For the wavy cylinders under axial compression, we have found that the dimple-

like imperfection does not reduce the load-carrying capacity significantly in the range

of imperfection amplitude considered in this study. This is aligned with the findings

of Ning and Pellegrino [66, 67], although they considered eigenmode imperfections.

Many factors are responsible for making wavy cylinders insensitive to imperfections:

1) reduction in effective radius of curvature [66], 2) stiffness introduced by waviness,

and 3) periodic change in the direction of curvature that creates disharmony with the

imperfection and consequently, reducing the impact of imperfections. These factors

are engaged simultaneously to achieve the imperfection insensitivity. For the wavy

cylinders under bending, we again have found that wavy cylindrical shells are in-

sensitive to the imperfections and the presence of imperfections does not reduce the

load-carrying capacity significantly. Previous studies [66, 67] revealed similar conclu-

sions for thin cylindrical shells under axial compression. Based on the comparisons

between the knockdown factors of the wavy cylinders and the circular cylinders we

have reported that for small amplitudes of imperfection (wo < 0.3t) the reduction

in bending capacities is high for the circular cylinders compared to the insignificant

reduction for the wavy cylinders. Apart from this, we have found that the bend-

ing capacities of wavy cylinders are higher than the bending capacities of the circular

cylinders. The wave parameters, i.e., the wave amplitude Ar and the number of waves
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N , play a crucial role to impact the knockdown factor. The effectiveness of the wavy

cylinders increases as the number of waves and the wave amplitude increase. For

the higher wave amplitudes and the higher number of waves, wavy cylinders are less

sensitive to imperfections, and their bending capacities are high. Further, this study

has revealed that the wavy cylinders perform better than the stiffened cylinders in

terms of imperfection sensitivity and the volume of the material required.

To assess the practical applicability of wavy cylinders, we have chosen a 61 m

NORDEX S70/1500 wind turbine tower of 1.5 MW capacity, and have converted it

into a wavy tower by using sinusoidal waves along the circumference. The study has

revealed that the reduction due to imperfections in the bending capacity of the wavy

turbine tower is insignificant compared to the reduction in the circular tower. For

imperfection amplitude, w0 = 0.1t, and first eigen mode imperfection, the reduction

in the wavy tower is 4.0%, while the reduction in the circular tower is 20%. A similar

pattern has been found for all the other imperfections and imperfection amplitudes.

This means imperfection insensitivity of individual tapered wavy cylinders is trans-

ferred to the wind turbine tower made of multiple tapered wavy cylinders. Moreover,

the wavy tower can bear substantially more load than the circular towers, and the

wavy tower is more economical in terms of the volume of material required. Besides,

the effect of a realistic dimple-like imperfection on the bending capacity of the towers

has been explored, and it has been found again that the wavy tower performed better

than the circular tower.

We have proposed a nondestructive procedure to predict the buckling capacity

of thin cylindrical shells. This procedure has been implemented computationally on

mini Coke cans. For the perfect Coke cans, computational implementation of the

procedure has predicted accurate results. The percentage difference between the pre-

dicted capacity Fpre and actual capacity Fact is 2.5% ( |Fact−Fpre|
Fact

× 100); this shows
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that the proposed procedure is predicting the capacity of a perfect cylinder accurately.

For the imperfect can, the computational implementation has yielded accurate results

when the probing is done in the middle of the imperfection. The percentage differ-

ence between the Fpre and Fact is 0.11% for imperfection amplitude δ = 0.t. For

other imperfection amplitudes also we have got accurate predictions. However, the

procedure over-predicts the capacity of the cans when the probing is done away from

the imperfection; the probing fails to recognize the presence of imperfection and the

predicted capacity is near to the capacity of the perfect can instead of the imperfect

one. This demonstrates the crucial role played by the probing location. Another

significant finding is the phenomenon of dominating imperfection: if more than one

imperfection is present in the cylinder, the capacity is dictated by the dominating

imperfection.

6.2 Outlook and future work

The results of this study are very promising and have the potential to change the

way thin cylindrical shells are designed. However, there are several limitations that

need to be addressed before the industrial applications of the reported results. These

limitations, along with the suggestions for future work, are listed below.

• The effect of residual stresses, combined loading, and discontinuity in cylindrical

shells have not been studied in this thesis. Studies, directed to addressed these

issues, will be fruitful and will help to improve the designing of thin cylindrical

shells.

• Three main factors are responsible for making wavy cylinders insensitive to im-

perfections: 1) reduction in effective radius of curvature, 2) stiffness introduced

by waviness, and 3) periodic change in the direction of curvature. The individ-
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ual contributions of the three main factors have not been addressed. It would

be interesting to understand the individual contributions and the mechanics be-

hind the imperfection insensitivity; this helps to design efficient thin cylindrical

shells.

• The manufacturing feasibility of wavy cross-sectional thin cylindrical shells has

not been studied; in the future, this aspect can be explored.

• The wavy cylindrical shells have been investigated for their sensitivity to geo-

metric imperfections; however, the effect of material imperfections and residual

stresses has not been addressed. These are the natural next steps in this line of

research.

• The proposed procedure for the non-destructive capacity prediction has not

been implemented experimentally that is necessary for the verification of our

results. In future, experiments could be done to explore the idea further; indeed,

one of our collaborator is performing experiments on mini Coke cans.

A long journey has to be traveled before the findings of this study are realized in

real engineering applications. Nonetheless, the results of this study open a new avenue

to explore, which will help designers of cylindrical shells and tall wind turbine towers

in particular. This study shows that if wavy cross-sectional cylindrical shells are

used, the high imperfection sensitivity of thin cylindrical shells can be circumvented.

Further, our work on the non-destructive technique gives a hope that a framework

can be developed to predict the buckling capacity of thin shells without measuring

the imperfection.
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[85] Lee, A., Jiménez, F.L., Marthelot, J., Hutchinson, J.W., Reis, P.M., The geo-
metric role of precisely engineered imperfections on the critical buckling load of
spherical elastic shells, Journal of Applied Mechanics (2016), 83(11): 111005.

[86] Sherman, D.R., TEST OF CIRCULAR STEEL TUBES IN BENDING, Journal
of the Structural Division (1976), 102(11): 2181-2195.

[87] Elchalakani, M., Zhao, X.L., Grzebieta, R., Bending tests to determine slender-
ness limits for cold-formed circular hollow sections, Journal of Constructional
Steel Research (2002), 58(11): 1407-1430.

[88] Hilburger, M.W., Lindell, M.C., Waters, W.A., Gardner, N.W., Test and Anal-
ysis of Buckling-Critical Stiffened Metallic Launch Vehicle Cylinders, Proc.
AIAA/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Con-
ference (2018).

[89] Gerasimidis, S., Virot, E., Hutchinson, J.W., Rubinstein, S.M., On Establishing
Buckling Knockdowns for Imperfection-sensitive Shell Structures, Journal of
Applied Mechanics (2018), 85(9): 091010.

[90] Seide, P., Weingarten V., On the buckling of circular cylindrical shells under
pure bending, Journal of Applied Mechanics (1961), 28(1): 112-116.

137



[91] Riks, E., An incremental approach to the solution of snapping and buckling
problems, International journal of solids and structures (1979), 15(7): 529-551.
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