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ABSTRACT

TOWARDS HIGHER POWER FACTOR IN SEMICONDUCTOR
THERMOELECTRICS: BANDSTRUCTURE ENGINEERING AND
POTENTIAL BARRIERS

SEPTEMBER 2021

ADITHYA KOMMINI
M.S.E.C.E., UNIVERSITY OF MASSACHUSETTS AMHERST
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Zlatan Aksamija

To keep up with the current energy demand and to sustain the growth requires efficient
use of existing resources. One of the ways to improve efficiency is by converting waste heat
to electricity using thermoelectrics. Thermoelectric devices work on the principle of See-
beck effect, where an applied temperature difference across the material results in a poten-
tial difference in the material. The possibility of drastic improvements in the efficiency of
thermoelectric (TE) devices using semiconductor nanostructured materials renewed inter-
est in thermoelectrics over the last three decades. Introducing confinement, interfaces, and
quantum effects using nanostructures for additional control of charge and phonon transport
made it possible to achieve this higher efficiency int hermoelectrics. H owever, improv-
ing TE efficiency by tuning charge transport is not completely understood e specially the
quantum effects that play a predominant role in nanostructures. This dissertation focuses
on understanding the impact of bandstructure engineering, carrier scattering, and potential

barriers on charge transport by accurately modeling the charge dynamics.
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Smart material selection with desired bandstructure properties is explored in this thesis,
especially in two-dimensional (2D) materials to maximize TE efficiency. We identify com-
putationally inexpensive material selection rules using properties in 2D materials that can
be obtained from material databases. We show that a 2D material having a combination
of low effective mass, higher separation in the height of the step-like density of states, and
valley splitting, which is the energy difference between the bottom of the conduction band
and the satellite valley, equal to 5 kT will lead to a higher TE power factor. Further, we find
that inelastic scattering with optical phonons plays a significant role: if inelastic scattering
is the dominant mechanism and the energy of the optical phonon equals 5 kT, then the TE
power factor is maximized. Introducing these material selection rules in MoS, provides a
two-order increase in power factor compared to intrinsic values.

Potential barriers introduced in materials using nanocomposites, superlattices, as well
as single and multiple barrier structures, improve TE performance using energy filtering.
Energy filtering is a process of restricting the movement of carriers with kinetic energy
smaller than potential barriers (thermionic emission). To study these effects, a comprehen-
sive model is developed that can simulate the classical (thermionic emission) and quantum
behavior (tunneling) of carriers by integrating Boltzmann transport equation (BTE) with
Wigner approach to include the carrier-potential interactions. Here we study single-layer
2D MoS;, with lateral potential barriers to introduce either energy filtering or carrier con-
finement by changing the direction of the electric field, with confinement resulting when
the electric field is parallel and energy filtering when the electric field is perpendicular to
the potential barriers. A Wigner-Rode model with electronic structure calculated from first
principles to simulate the effect of the shape and size of potential barriers on parallel and
perpendicular transport is implemented. Our results show that the power factor can be dou-
bled, from 25 mW m! K? without barriers to over 50 mW m! K? for parallel transport in

sharp, narrow potential wells.



Generally, modeling carrier transport in materials using semi-classical BTE assumes
phonons to be in equilibrium at all temperatures. However, at low temperatures phonons
can provide extra momenta to carriers through electron-phonon interactions of non-equilibrium
phonons. This phenomenon is called phonon drag that gives a boost to Seebeck coeffi-
cient and controlled by the mean free path of phonons. This effect is predominant in low-
dimensional materials due to the long mean free path of phonons. To understand the phonon
drag contribution in a 2D material, carrier transport is modeled in single-layer MoS,. Us-
ing accurate phonon distribution to calculate the coupling between carriers and phonons,
the phonon drag contribution to Seebeck coefficient is evaluated. Our simulations show
phonon drag boosts Seebeck coefficient up to 27% at low temperatures in MoS,. Also, TA
phonons contribute more towards phonon drag than LA phonons.

Recent research on twisted bilayer graphene (TBG) uncovered its unique electronic
properties [1, 2, 3, 4]. Experiments showed superconductivity, correlated insulating states,
and magnetism at different twist angles. The flat bands in TBG result in a sharp density
of states (DOS) that is desirable for superior thermoelectric performance. Using BTE and
bandstructure from exact continuum models, the power factor (PF) of TBG at different
twist angles is modeled. Our simulations show the power factor in TBG is twice in magni-
tude at 100 K compared to single layer graphene (SLG). The peak PF is observed at a twist
angle of 1.26° where the bandgap is high enough to improve the Seebeck coefficient com-
pared to SLG by improving the TDF even though the electrical conductivity is lower. We
observed an increase in PF of TBG with decreasing temperature, an unique behavior pre-
viously observed in superconductors with a high superconducting transition temperature.
The strong TE performance along with the ability to fine-tune the behavior using twist an-
gle makes TBG a solid candidate for future TE devices. Our results aid in improving TE
power factors and further the development of efficient waste-heat scavenging, flexible 2D

TE converters, and Peltier cooling of nanoelectronics.
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CHAPTER 1

INTRODUCTION

Increase in demand for energy sources inspired the search for new and efficient tech-
nologies that can maximize the utilization of existing resources. Current estimated energy
consumption in US as shown in Fig. 1.1 has 67.5% of energy resources lost in the form
of waste heat. Re-purposing waste heat to generate electricity using thermoelectrics is a
viable option to achieve the maximum efficiency in existing power generation methods.
But, to achieve the desired electrical output, efficient thermoelectric devices are required.
The efficiency of thermoelectric devices of a material for power generation is determined
by dimensionless figure-of-merit (Z71°) [7]:

7T = O—SQT (1.1

Ke + Kp
where o is electrical conductivity, S is Seebeck coefficient, k. is electronic thermal conduc-
tivity, s, is lattice (phonon) thermal conductivity. In Eq. 1.1, S, k., o, depend on electronic
structure of materials and r, depends on the phonon (lattice vibrations) transport alone.
In the quest for efficient thermoelectric device/material, many materials have been investi-

gated and studied over the years.

1.1 Physics behind thermoelectric energy conversion
Energy and particle transport accompany each other in a material, especially in ther-
moelectrics where a temperature is difference is applied across the material. A basic ther-

moelectric device based on p-type and n-type semiconductor legs connected at ends that
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Figure 1.1: Different sources of energy being used to support the energy requirements and
their corresponding share. Majority of the energy, approximately 67.5% is lost in the form
of heat to the environment.

are maintained at different temperatures. This temperature gradient drives electrons and
holes to diffuse from hot to cold side to distribute the energy. This results in Peltier cooling
at the hot junction and a heating effect at the cold junction. In the process of this carrier
diffusion, a potential difference is created between the two junctions. This whole process
of potential difference (AV') creation across two junctions at different temperatures (A7)
is called Seebeck effect. The energy transport that gives rise to heating and cooling trends
are governed by Peltier coefficient (IT) and the potential difference between the junctions

is caused by Seebeck Coefficient (S) where

S = —AV/AT. (1.2)

Peltier coefficient (II) and Seebeck Coefficient (S) are related using the Kelvin relation,

which is given as,



IT=5T. (1.3)

p-type and n-type semiconductor legs are connected, so that they are thermally parallel and

electrically in series to create a thermoelectric device.

1.2 Thermoelectric Performance Parameters
Determining the efficiency of thermoelectrics using figure-of-merit (Z7°) (Eq. 1.1) re-
quires the calculation of Seebeck coefficient (S), electrical conductivity (o) and thermal
conductivity of both electrons (x.) and phonons (,). In order to do that, Boltzmann Trans-
port equation (BTE) coupled with relaxation time approximation is used to model carrier
transport. BTE can capture the evolution of carrier probability distribution under the influ-
ence of different forces. Carrier transport occurs when the system is in a nonequilibrium
state and to describe this nonequilibrium condition BTE is used. BTE is given as,
%—i—v-vrf—l—%-ka:(g—{)c (1.4)
where f is the distribution function. The left hand side of BTE is influenced by two factors,
diffusion and drift. Diffusion is a result of the spatial gradient that effects f whereas drift
is force exerted by electric field. The right-hand side (typically referred to as scattering or
collision term) of the equation represents the interaction of this one particle with the rest of
the particles in the system and the evolution of carrier probability distribution due to these
interactions. To calculate the collision term in BTE, Fermi’s golden rule is used, which
gives rate of transition of a particle from one set of quantum states to other. By integrating
the transition of a particle at a particular quantum state into all possible quantum states
gives the scattering term for that particle. This scattering of particles is simplified using

relaxation time approximation (RTA),

of\ _ _f—Jo




where 7 represents the total relaxation time calculated by adding scattering rates from dif-
ferent processes and f; represents the equilibrium distribution of the carriers. Then the
expressions for S, o and k. are derived under the assumption that the local deviation from
equilibrium is small and the relation between heat transport and carrier transport is included

using the first law of thermodynamics. The expressions thus calculated are

o=LY (1.6)
1 LMW

S=FTo (1.7)

1 LWY?
Ko = a7 (L(2) _ (L(O)) ) (1.8)
L@ = / — Wg—gE)(E — Ef)*Z(E)dE (1.9)

0

E(E) = e*1(E)g(E)v*(E) (1.10)

where L(®) is called transport integral, Z(F) is called differential conductivity or transport
distribution function (TDF). E; is the Fermi energy, F is energy of the carriers, g(E) is
density of states, 7(E) is energy dependent relaxation time, Jf, (E)/OFE is Fermi window
and v(E) is group velocity of the carriers in the direction of the electric field or temperature

gradient.

1.3 Trade-off between electrical conductivity and Seebeck coefficient

Even though ZT is a measure of thermoelectric energy conversion, the power factor
052, which is a part of ZT', is predominantly controlled by the carrier transport (electrons
or holes). In metals, electrical conductivity o is high due to the high density of electrons
but S is low as most of the transport occurs near the Fermi level (E - E;=0). In insulators,
the o is low but .S is high due to high bandgap. Semiconductors, on the other hand, have

a moderate ¢ and S that give a good power factor compared to the insulators and metals



making them the suitable materials for thermoelectrics. Now, by carefully observing the
expression for .9, it can be interpreted as the weighted average of energies above the Fermi
level. To improve it, the peak in TDF should be matched with the peak in Fermi window
(Ofo (E)/OE) which occurs at the Fermi energy. But this alone is not sufficient because a
perfectly symmetric function centered at Fermi level has a minimal contribution towards S.
So, the peaks have to be matched by keeping the overlap asymmetric with respect to Fermi
energy. Low-dimensional materials which have sharp features in the density of states will
help to improve the S and o simultaneously due to the asymmetry caused by those sharp
features between the TDF and Fermi window. Doping can improve o by moving the Fermi
energy well into the conduction band, thereby improving the o, but decreases the S due to
the symmetry.

The electron group velocity, which depends on the effective mass (m,) as v(E) =
\/m, also causes trade-off between o and .S, especially in superlattices [8]. The
bands having high effective mass results in the higher density of states and lower mobili-
ties, resulting in high power factor. This is not the only possibility: even bands with high
mobility and low effective mass have good power factor as velocity depends only on the
curvature of the bands whereas the density of states depends on the entire dispersion rela-
tion. Selecting materials with a more suitable band structure can overcome this and better

power factor can be achieved with optimal ¢ and S.

1.4 Improving thermoelectric power factor

High performance thermoelectrics can be created either by using materials with re-
quired properties in TE devices or by tuning the existing materials by employing techniques
like bandstructure engineering, energy filtering. This thesis explores both approaches by
studying power factor of low-dimensional materials to improve the TE performance. Even
though we focus on improving the power factor, total thermal conductivity (k = ke + k)

of semiconductors that effect Z7' can be reduced without causing much change to the



electrical behavior, due to the vast difference in their transport behavior (differences in
electron and phonon mean free paths). Also, phonons contribution to thermal conductiv-
ity is relatively higher than electrons and reducing phonon contribution gives significant
performance gains. The phonon thermal conductivity (x,) depends on the lattice of the
material and can be reduced by using different approaches like edge roughness and inter-
face scattering [9, 10, 11], isotope insertion [12], grain boundaries [13, 14], and boundary
confinement [15, 16]. These changes can modify the phonon thermal conductivity as they
change the relaxation time of the phonons due to different scattering processes that are
being introduced without impacting the charge transport.

Seminal work by Hicks and Dresselhaus [17] predicted that low-dimensional materials
with sharp features in their density of states can significantly improve the power factor.
Also, Mahan and Sofo [18] suggested that a structure having a narrow energy distribu-
tion with uninterrupted high carrier velocity in the direction of applied field results in
high figure-of-merit. Towards this end, previous studies proposed simple material prop-
erty criteria to narrow the search time for identifying the bulk materials or compounds that
have better TE performance. Among them, the widely accepted criteria for bulk materi-
als are low effective mass [19, 20], higher bandgap [20, 21, 22], higher band degeneracy
[23, 20, 24, 25], doping and composition [24]. In our recent work, we studied the idea of
using inelastic scattering mechanisms in a confined material at low temperatures to achieve
an enhancement in Seebeck coefficient [26]. Modulation doping of material, by introducing
doped islands in an undoped material [27, 28], and electrostatic gating [29] have also been
shown to significantly improve electrical conductivity with little adverse effect on Seebeck
coefficient, thus further boosting the power factor.

Energy filtering, where the transport is restricted to carriers with kinetic energy exceed-
ing some potential barrier, also proved to enhance the power factor. There have been sev-
eral studies implementing energy filtering in nanocomposites [30, 28], superlattices, cross-

plane transport, as well as single and multiple barrier structures. Zide et al. [31] demon-



strated an increase in thermoelectric efficiency in a nanocomposite consisting of III-V semi-
conductors (specifically InGaAlAs) containing metallic nanoparticles of ErAs as energy-
dependent scatterers. Yokomizo and Nakamura [32] showed that lateral graphene/h-BN
superlattices drastically enhance the Seebeck coefficient compared to graphene. Neophy-
tou et al. [33] achieved a simultaneous increase in the electrical conductivity and Seebeck
coefficient due to grain boundaries in nanocrystalline silicon acting as energy filters. Also,
unprecedented high values of Seebeck coefficient in a graphene-based interference device is
observed [34, 35], where a series of gates are used to create a periodic potential in graphene.
Subsequent work based on the non-equilibrium Green’s function (NEGF) [36, 27] formal-
ism with an effective-mass Hamiltonian studied the effect of smoothness and size of a
potential barrier on thermoelectric parameters, but did not include detailed bandstructure
and energy relaxation through inelastic scattering mechanisms.

Electron-phonon interactions have predominant control over the intrinsic properties of
the material and they in turn control the TE performance. The general assumption that
carrier scattering is controlled by equilibrium phonons fails at low temperatures. Below
Debye temperature, a temperature at which most phonon modes become thermally excited,
phonon can provide extra momenta to electrons and can drive a current in the direction of
heat flow. This effect called phonon drag boosts the Seebeck coefficient, thereby improving
the power factor. Phonons with long mean free paths especially acoustic phonons have
major contribute towards phonon drag. The momentum transfer from phonon to electronic
system is mostly from acoustic phonons due to their long mean free paths especially below
Debye temperature. This effect is more pronounced in 2D materials, since phonon mean
path is longer in 2D systems.

This dissertation is an effort to improve the thermoelectric power factor by studying
the effect of electronic band structure along with dimensionality, phonon scattering and
periodic potential barriers in 2D materials as discussed above. In particular, identifying the

material parameters that effect the PF in 2D materials to formulate the material selection



rules. Twisted bilayer graphene (TBG) showed interesting properties due to the unique
bandstructure dependency on twist angles. These bandstructure properties are explored in
this thesis and the resulting boost to PF. The contribution of phonon drag is simulated to
understand the contribution of non-equilibrium phonons in MoS, by calculating the full
phonon distribution. Finally, the impact of spatially-varying potential barriers in MoS; is
studied by modeling carrier transport using Wigner formalism to incorporate the quantum

effects.

1.5 Outline of the dissertation

This dissertation is organized as follows: Chapter 2 discusses various low-dimensional
material configurations studied in literature to understand the possibility of enhancing ther-
moelectric performance. Chapter 3 introduces the idea of improving power factor in a 2-D
material and creating simple material selection rules that help in identifying future TE ma-
terials. The impact of spatially-varying potential barriers and the direction of electric field
on TE performance in MoS is discussed in chapter 4 by incorporating the carrier potential
interactions using Wigner formalism. Chapter 5 discusses about solving coupled electron-
phonon Boltzmann transport equation to study the contribution of phonon drag towards
Seebeck coefficient in MoS,. Chapter 6 explorers the unique properties of TBG that result

in extraordinary high PF.



CHAPTER 2

IMPROVING TE PERFORMANCE IN HETEROSTRUCTURES
AND LOW-DIMENSIONAL MATERIALS

On the quest towards improving the TE performance, many studies applied the ap-
proaches like energy filtering, bandstructure engineering to a range of materials with differ-
ent chemical composition and dimensionality. Many review articles [37, 38, 39] presented
the research on thermoelectric properties in bulk materials and the performance improve-
ments achieved in those materials. Here, a brief review is presented to consolidate the TE

performance reported in literature on different class of nano-structured materials.

2.1 3D heterostructures and superlattices

With the discovery of negative differential resistance (NDR) in narrow highly doped
germanium p-n junctions by Esaki [40], a new era of electronics based on quantum tunnel-
ing devices was ushered in. These p-n junctions were called tunnel diodes as they demon-
strated interband tunneling of carriers from the valence band on the p-side to conduction
band on the n-side and vice versa. Tsu and Esaki [41] found that in the direction of a
one-dimensional periodic potential, such as that found in a heterostructure (superlattice),
electrons are localized to discrete energy states analogous to electrons in a two-dimensional
electron gas. Further, due to the comparable dimensions of these potentials with electron
wavelengths, the wave nature of electron leads to phenomena such as interference and
tunneling. In such structures, when the energy of electrons coincides with one of the dis-
crete energy states achieved by tuning the applied bias, electron can tunnel through the

barriers and can have near-perfect transmission. With further increase in the applied bias,



the number of available electrons decreases, thus reducing the current flowing through the
structure. Ultimately, the current increases again when high enough bias is applied to cause
thermionic emission of electrons over the top of the potential barrier. This distinct feature
is popularly known as NDR and has found numerous applications in devices such as high-
frequency oscillators, frequency converters, and detectors and also exhibits great potential

in high-speed logic devices and switches.

2.1.1 Progress in numerical simulation of 3D heterostructures

The semi-classical Boltzmann transport equation, which is used widely to simulate
electron and thermal transport in electronic devices, is not adequate to capture quantum
effects that are predominant in RTDs. Various quantum-transport frameworks such as the
Wigner formalism and the related density matrix approach, as well as non-equilibrium
Green’s functions (NEGF), have been employed to study transport in RTDs. NEGF was
one of the first methods used to study the transport in RTDs. Lake and Datta [42] studied
the effect of energy broadening and inelastic scattering and reported an enhanced valley
current due to inelastic scattering with simultaneous enhancement of occupation of the
resonant states. Time-dependent transport capabilities of NEGF were demonstrated by
simulating RTD [43] in mesoscopic region. Nam Do et al. [44] used fully self-consistent
non-equilibrium Green’s function approach to study the the impact of quantum-well width,
the barrier thickness and the temperature, and showed their effect on peak- and valley-
current ratio (PVR). PVR, as the name implies, is the ratio between the currents at the peak
before the onset of the NDR and the valley after it, which helps to determine the feasibility
of using the RTD for device applications.

Wigner formalism is one of the first methods [45] used to simulate the transport be-
havior of quantum-well RTD and their NDR. Biegel and Plummer [46] implemented a
self-consistent Wigner-function-based quantum device simulation using the RTDs as a test

case. A comparison between different iterative methods was presented here to solve the
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Wigner function. It concluded that transient Gummel approach is reasonably accurate with
low computational resource requirement for device simulations. A unified approach [47]
was proposed to merge Wigner functions with semi-classical Boltzmann transport equation

and treat the scattering term as a generating term.

2.1.2 Thermoelectric properties of superlattices

Quantum effects in heterostructures have a large impact on their thermoelectric prop-
erties, affecting both the Seebeck coefficient S, which is related to the average transport
energy per carrier, and the conductivity o. With the discovery of high figure-of-merit (Z7)
in BisTes quantum well superlattices [48] renewed the interest in low-dimensional het-
erostructures for thermoelectric applications. High anisotropy along certain direction at
low widths of quantum wells are shown to be the reason for this enhancement. This kicked
off extensive research into understanding their thermoelectric properties and possible use
in thermoelectric generators. Their predictions were later revised [49] when it was shown
that the enhancement is controlled by period of the superlattice and not by the width of the
well. Also, the overall ZT' is projected to be less than one when tunneling is introduced
between quantum wells. This idea was experimentally validated using PbTe/Pb,_,Eu,Te
superlattices [50] with a fivefold increase in Z'I' compared to bulk PbTe. A more exten-
sive analysis [51, 52] for the case which includes a non-zero barrier and effects of carrier
tunneling, revealed that the in-plane thermoelectric performance is not superior to bulk sys-
tems. Later short-period Si/Ge superlattice structures were shown [53] to provide higher
Z'T compared to thin-film Si/Ge and bulk Si-Ge alloys, which was attributed to the reduc-
tion in thermal conductivity. A further improvement [54] in ZT' is reported in Si/Ge su-
perlattices by applying strain to further tune the conduction band structure. Experimental
studies demonstrated the thin-film thermoelectric coolers using both single heterostructure

and superlattice structures from SiGe/Si [55, 56, 57, 58, 59, 60].
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Using an exact numerical solution, a complete treatment of powerfactor in PbTe quan-
tum well and quantum wire superlattices showed [61] weaker dependencies on potential
barrier. Extending the study to GaAs quantum wire superlattices [62], it was established
that significant enhancements in power factor can be achieved from restricting phonon
transport. PbTe/PbTeSe-based superlattices are experimentally shown [63, 64] to improve
ZT by 50% relative to bulk PbTe. This can be attributed to a reduction in thermal con-
ductivity, an effect of the increase in scattering due to alloying. Later, majority of stud-
ies used this approach to improve Z7'. Ge quantum dot in Si quantum dot superlattices
were shown [65] to improve Z1' by reducing the thermal conductivity due to scattering of
phonons. Theoretical calculations of TE properties in superlattice nanowires [66] based on
lead salts (PbS, PbSe and PbTe) exhibited a significantly higher Z7" values, especially for
5 nm diameter wires.

Even though significant improvement in Z7" was reported by restricting thermal con-
ductivity, further improvement can be achieved by tuning the TE power factor. Many stud-
ies proposed mechanisms and ways to improve power factor in superlattices by tuning the
band structure [67, 68, 69]. Energy filtering, a process of restricting movement of carriers
with kinetic energy smaller than barrier height, has been consistently found to enhance the
overall power factor. It raises the average energy of carriers and thereby its Seebeck coeffi-
cient. Nanocomposites [30, 28, 31], superlattices [32] as well as single and multiple barrier
structures have been used to introduce some form of energy filtering in a material. Grain
boundaries in highly-doped nanocrystalline Si have also been shown to simultaneously in-
crease the Seebeck coefficient and conductivity [33]. Several studies [36, 27, 34, 35] tried to
understand the effect of potential barrier smoothness and their structure on thermoelectric
performance. Using a series of gates placed periodically in graphene, creating periodic po-
tentials [34, 35] that resulted in a drastic increase in Seebeck coefficient. Thermionic emis-
sion over the barrier and tunneling through the barrier, control transport in these structures

as shown in Figure 2.1. Semi-classical transport (diffusive transport) theory like Boltzmann
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transport equation is capable of recreating the thermionic emission over potential barriers.
Quantum effects like tunneling are typically simulated using density matrix formulation,

Wigner formalism and non-equilibrium Green’s functions.

Thermionic

Tunneling
-3

Figure 2.1: Periodic potential barriers can be used to understand the superlattice or het-
erostructure. Here, V| is the height of potential barrier and L, is the period of the potential
barriers. Due the presence of potential barriers, carrier transport in the system is controlled
by thermionic emission over the barrier and tunneling through the barrier. Adapted from

[5]

2.1.3 Wigner formalism

In the semi-classical Boltzmann transport equation (BTE), widely used in device sim-
ulation, electrons are treated as point particles [70, 71]. Despite its widespread use, this
approach is unable to explain some device effects, such as underestimating the threshold
voltage in ultra-thin body MOSFET [72, 73], and the carrier interactions with the rapid
potential changes across heterojunctions. The impact of sharp spatially-varying potentials
on transport in a superlattice can be simulated using the Wigner formalism. The Wigner
formalism [74, 75] includes an additional quantum evolution term in addition to drift term
that can capture the spatial variation in potential. The Wigner formalism has been the sub-
ject of an extensive recent review article [76]. BTE can be modified as follows to include

Wigner formalism for rapid varying spatial potentials:
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where f, (r, k,t) is called Wigner distribution function, which is written as

/ /

1 )
fow(r k,t) = %/dr’e_" o (r + %,7‘ — %) (2.2)

where the mixed state is represented by the density operator p. Here the coordinates r and
r’ represent the center of mass and spread of the electron wave packet, respectively. The

potential operator Q) f,, (1, k, t), often called the quantum evolution operator, is given as

Qf (r 1) = / AV (ke — K fu (7 1) 2.3)

where the Wigner potential V,,(r, k) is itself also obtained through a Wigner transform

b= e [ (Vo) () e

Vi (1, k) can be simplified as

Vi (r k) = % Im{e* 7 (2k)} 2.5)

where V/ (k) is spatial Fourier transform of 1/
V(k) = / V(r)e " dr. (2.6)

The potential operator @ f, (r, k, t) is usually decomposed into two components: a slowly-

varying, often called classical, potential (such as the applied external bias) V;, and sepa-
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rate, rapidly-varying quantum-mechanical portion V,,. Together, these two make up the
potential according to

V(z) = Vu(z) + V(). 2.7

By including the additional effect of rapidly varying potentials in the BTE, the resulting
steady-state Wigner-Boltzmann transport equation (WBTE) can be written as (from Eq.

2.1)

(UTVT + %V;& fo (r kt) = Qfyw (r k,t) + (aaitw) " (2.8)

The collision term helps to further incorporate the semi-classical effects like energy and
momentum relaxation from time-dependent perturbation theory. The Wigner formalism
permits us to couple the interdependencies between quantum and semi-classical effects, as
it uses a phase-space formulation. Wigner formalism can represent quantum dynamics in
a phase-space formulation, which allows to better understand the carrier energy relaxation
in the presence of both inelastic scattering and periodic potential barriers. Even though the
Wigner formalism allows us to include quantum effects, there are several limitations to its
use in quantum device modeling. In some Wigner simulations, the use of semiclassical
boundary conditions for contacts results in unphysical results. This is due to the nonlo-
cal nature of Wigner equation which is incompatible with the standard boundary scheme
especially in the coherent regime that produces nonunique solutions [77, 78]. Dissipa-
tion and decoherence phenomena also pose a challenge in using Wigner approach. Even
though they provide a unique solution, the results may be unphysical. The type of colli-
sion operator used in Wigner transport equation to describe the dissipative transport also
causes anomalous behavior like negative probability-density [79]. Simplified local scatter-
ing models like relaxation time approximation (RTA) and Boltzmann-like treatments are
not enough to overcome these unphysical behaviors [80]. Some studies proposed alternate
approaches by density matrix using Lindbald-type scattering superoperators [81, 82] and

conditional wave functions [83].
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2.1.4 Non-equilibrium Green’s functions

The ability to simulate electron-electron correlations in the time domain is a central
feature of the non-equilibrium Greens’s function (NEGF) formalism, which allows it to
capture and simulate many-body quantum effects in nanoscale devices. A comprehensive
review on nanoscale device modeling using NEGF was published by Datta [84]. Here
we provide a brief overview of the technique before delving into its recent applications in
studying transport in RTDs and thermoelectric devices. The equations of motion in the
NEGEF formalism in the steady state are given by the Dyson and Keldysh relations [85, 86,
87] as

GR(E) = [El — Hy— V. = S%(E)]™!

G<(E) = G*(BE)S<(E)GA(E)

where V, represents the coherently treated interactions that include the mean-field Coulomb
L me o , rand
potential ch d and the electronic disordered part V;mn . The spectral self-energy used to

treat the incoherent interactions is expressed as

[ =i(Xf -2 =i(2° - 27), (2.9)

as

YR =0@1) (2 - ¥7). (2.10)

The expectation values of the observables and current operator are calculated using the
relation between density matrix and Green’s functions.

The NEGF technique has found applications in understanding the impact of quantum
effects on electronic and thermoelectric transport, as well as finding ways to further im-
prove TE properties through confinement in heterostructures. The effect of confinement
on the thermoelectric performance in Si/Ge/Si superlattices was simulated using NEGF.

Strain-induced energy splitting in Si/Ge/Si superlattices is shown to improve power factor
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by four orders in magnitude [88]. However, the gains in TE performance expected in such
structures was shown to be limited by the reduction in conductivity of superlattices with
thin barriers [89]. Quantum wire superlattices with lateral confinement were also studied
with NEGF, while including the scattering processes due to electron-phonon couplings,
phonon anharmonicity, charged impurities, surface and interface roughness and alloy dis-
order [90]. Thermionic emission and tunneling of carriers in periodic superlattices were
simulated in the NEGF formalism [36, 27], and their effect on TE properties has been
found to improve the power factor. These studies also investigated the optimum size and
shape of the potential barriers in Si-based superlattices to further improve TE performance.
They found that hierarchically designed materials, containing heterostructures at varying
scales from the atomic to the microscopic, can significantly impact transport and improve
the TE power factor [91]. Double-barrier RTDs were simulated in the NEGF formalism,
with self-consistent treatment of inelastic scattering, to show the enhanced valley current

which is a consequence of enhanced occupation of resonant state [42].

2.2 Quantum Wires

Quantum wires provide more quantum confinement than quantum wells. There are
many theoretical studies showing a huge improvement in Z7' due to additional confine-
ment. But there is lack of experimental results that indicate the same. Boukai [92] et
al. and Hochbaum [93] et al. claimed a ZI" of 0.6 for silicon nanowires. There are re-
ports showing that the boundary scattering in thin nanowires reduces thermal conductivity
that improves Z71' at low temperature. They also reported an improvement in Z1" at low
temperatures and attributed it to the phonon drag effects. Ryu et al. [29] also reported an
increase in the contribution of phonon drag towards the thermoelectric efficiency at low
temperatures. This phonon drag increases the Seebeck coefficient by using a phonon mode

in electron transport that doesn’t contribute much to thermal conductivity.
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2.3 Quantum Dots

Quantum dots have zero dimension which provides high levels of quantum confine-
ment. This gives a sharp density of states required to achieve high power factor. A single
quantum dot doesn’t help in making a thermoelectric device. It requires an array of quan-
tum dots to form a thermoelectric device. The transfer of heat from one location to other
require the movement of the electrons which is restricted if the energy barrier is narrow,
and carriers are highly confined. If the barrier is shallow, then the sharp density of states is
lost. When 3D array of dots is formed, then they behave like a bulk crystal. In their work,
Linke et al. [94] studied the coupling between quantum dot energy level and reservoirs
broadens the density of states and reduces the efficiency of the thermoelectric conversion

process.

2.4 Resonant tunneling diodes in 2D lateral heterostructures

Tuning the band alignment at lateral heterojunction interface can open up interesting
applications by optimizing their electronic and optical properties. Using one-step tube-
moving chemeical vapor deposition method [95], a lateral WS2/WSy(_;)Se,, hetrostruc-
ture was synthesized. Controlling the ratio of WSes and WSs in evaporaton sources en-
ables the tuning of the band alignment in heterostructures. Another approach to tuning the
bandgap [96] in MoS, nanoribbons is introducing the sulfur vacancies, which enabled the
creation of double barrier quantum well structure (DBQW). Following this approach [97]
and using NEGF based on tight-binding calculations, a DBQW of armchair MoS; nanorib-
bons with two sulphur line vacancies was simulated. The resultant analysis showed that the
double barrier structure has a PVR of about 78 at room temperature.

One of the first demonstrations [98] created pristine multi-junction heterostructures by
direct synthesis based on graphene, MoSs, MoSe; and WSe,. This led to the creation of
RTD in an atomically-thick stack with NDR. The spectrally-narrow NDR created in this

structure, is superior to manually stacked heterostructures that were studied previously.

18



TMDs in the symFET architecture [99] have been shown to achieve PVR up to 10? com-
pared to few hundred observed in graphene or III-V RTDs. Also, the ability to achieve such
high PVR even in nanoscale devices makes them promising candidates for digital logic ap-
plications. A vertical heterostructure based on phospherene/rhenium disulfide (BP/ReS,)
demonstrated NDR with a PVR up to 6.9 at 180 K [100]. A ternary inverter was also
created from this heterostructure that exhibited three distinct logic values, demonstrating a

proof of concept for future multi-valued logic devices.

2.5 Power factor in 2D heterostructures

In addition to having large electron mobilities, some 2D materials have exhibited in-
teresting thermoelectric (TE) properties, including possessing a large Seebeck coefficient,
also called thermopower. It is defined as the ratio of the voltage produced by thermally
diffusing electrons and the temperature gradient that is driving their diffusion from the hot
side to the cold. Research in this area started with the measurements of TE transport in
graphene [101], which exhibited anomalous TE transport of Dirac particles [102]. More
recently, the enhanced TE Seebeck coefficient in graphene [103] was attributed to the role
of hydrodynamic transport through inelastic scattering, which also leads to a violation of
the Mott relation for the Seebeck coefficient (not to be confused with the Schottky-Mott

rule for band alignment)

(2.11)

Proposals to enhance the TE properties of graphene used heterostructures [34] and func-
tionalization [104]. Graphene also exhibited a significant phonon drag component of the
Seebeck coefficient [105], which is defined as the additional thermopower caused by the
exchange of momentum between the heat-carrying lattice vibrations (phonons) and the
electrons. This effect is particularly prominent at low temperatures where the diffusion

thermopower is typically low.
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Using both carrier and phononic engineering on a ZrSe,/HfSe, single-layer superlat-
tice [106], a ZT' of 5.3 in n-type and 3.2 in p-type device was achieved. First-principles
calculations along with Boltzmann transport equation showed that this is achieved due
to the highly degenerate nature of the conduction bands in n-type device. A partially
overlapped graphene/graphene vertical heterostruture [107] studied using atomistic tight-
binding Hamiltonian demonstrated that the Z7" can reach unity at room temperature. An
analysis [108] on van der waals heterostructures with multilayer TMDs sandwiched be-
tween two graphene electrodes identified WSe, and MoSe; as the ideal TMDs that can
provide high TE conversion efficiency. Graphene/h-BN/graphene vertical heterostructures
are synthesized [109] to study their TE performance. Measurements in these structures
uncovered a significant Seebeck coefficient at the material interfaces, which makes such
heterostrutures suitable candidates for TE applications. Twisted bilayer graphene verti-
cal heterostructures are studied extensively [110] due to their interesting properties like
magic angles that can induce superconductivity, described in the previous section. With
regards to their thermoelectric properties, measurements showed exceptional cross-plane
thermopower, attributed to phonon drag from out-of-plane phonon modes (ZA/ZQO’). Be-
sides twisted graphene bilayers, MoS, has been shown to also exhibit a phonon drag effect

[111].

2.6 Phonon drag

At low temperatures, the conventional theory of Seebeck coefficient based on the lat-
tice being in equilibrium breaks down. Frederikse [112] shows that in antimony-doped
(n-type) germanium at low temperatures due to the non-equilibrium phonon distribution
boosting the electron transport. This increase in Seebeck coefficient and the corresponding
contribution towards Seebeck coefficient is called phonon drag. Also, they show that the
contribution by non-equilibrium phonon distribution is proportional to the ratio of phonon

and electron mean free path. Similarly, Geballe and Hull [113] measured Seebeck coeffi-
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cient between 20 K and 375 K in both p-type and n-type germanium. They show that there
is a significant improvement in Seebeck coefficient at low temperatures. In a single crystal
of molydenite, Mansfield and Salam [114] showed a similar effect on Seebeck coefficient.
Later, significant contribution from phonon drag towards Seebeck coefficient is observed
in n-type InSb [115]. An extensive study by Herring [6] developed the theory to effec-
tively include the phonon drag, the contribution from non-equilibrium phonons on Seebeck
coefficient.

The scattering of phonons with the charge carriers (either electrons or holes) improves
the net energy transport in the direction of the carrier movement. The predominant effect of
the temperature on phonon drag is dependent on the randomness of phonon transport, a con-
sequence of higher phonon-phonon collisions/scattering. Since phonon-phonon scattering
increases with increase in temperature phonon drag is mostly observed at low temperatures.
To understand the factors that drive the phonon drag and their effect, the factors that effect
the Seebeck coefficient should be studied. For a doped non-degenerate semiconductor with

required charge carriers, the electronic contribution towards Seebeck coefficient is,

By — By, — AEp
N el

Se (2.12)

where Ey is the Fermi level, E, is the energy at edge of either conduction or valence
band based on their doping, and A Er, is the average energy of carriers that participate in
transport. The difference between the band edge and Fermi level, £y — L, is determined
by the doping that controls the number of carriers available. Any material with density of

states effective mass of m;, available energy states at a given energy is

4
N(E) = h—ZQm;?’/?yE—Ebyl/?. (2.13)

Integrating N (E) over energy gives us the available carriers in a material. Hence, £y — E,

can be calculated using
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for a material with n available carriers. This helps to calculate the electronic contribution

towards Seebeck coefficient (S.) as,

7% 10 N\ |AE
S =862 | (3TN 3, (ma) BB 3, (2.15)
n 2 mo kT 2

To calculate AFEr/kT, assuming equilibrium conditions with relaxation time 7, the first

order perturbation to electronic distribution at a electric field of F'is
O o 7. FAL O, (2.16)

where f(©) is the equilibrium or Fermi Dirac distribution. From this, average transport
energy can be calculated by averaging energy using group velocity and relaxation time as

weights,
<U2 (E — Eb)7—€>
(v21,)

AEr = (2.17)

Except 7., average transport energy is controlled by the features in the material band struc-

ture. Some studies approximate the relaxation time 7, as a function of £ — Fj, as,

7. |E — By (2.18)

Based on the scattering process the exponent r is changed to simulate their effect on carri-

ers. Using full scattering rate equations instead of the Eq. 2.18 improves the accuracy of

the calculated Seebeck coefficient.
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CHAPTER 3

SELECTION RULES FOR IDENTIFYING HIGH POWER FACTOR
THERMOELECTRICS IN 2D MATERIALS

3.1 Introduction

One of the factors that limits our ability to improve power factor by band engineering, is
the strong coupling between S and o. Especially in semiconductors they have opposite be-
havior with respect to the carrier density and cannot be tuned independently. Hence, careful
selection of materials with desired properties is required to boost the power factor. Towards
this end, previous studies proposed simple material property criteria to narrow the search
time for identifying the bulk materials or compounds. Low effective mass [19, 20], higher
bandgap [20, 21, 22], higher band degeneracy [23, 20, 24, 25], doping and composition [24]
of bulks materials are shown to be good indicators of high TE performance. More complex
material descriptors or parameters are proposed to combine different material properties
that can be used to evaluate the material capabilities. One of the first ones is the B-factor
or material factor or 3 introduced by Chasmar and Stratton [116], that can be used as ma-
terial descriptor independent of the carrier density (thereby independent of Fermi energy).
A material with high 5 and optimal carrier density was shown to provide higher Z7T' [117].
To understand the anisotropy contribution to TE performance b-factor [118] is defined by
expanding B-factor to include any form of band structure and band degeneracy. The higher
band degeneracy requirement for high performing thermoelectrics [20, 24] is often proved
using a simple constant relaxation time approximation (CRTA) or constant mean-free-path
approximation. The first principles band structure calculations along with comprehensive

electron-phonon scattering rates improved our understanding on the effect complex band
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structures. In a material with multiple anisotropic valleys, the relative strength of intra
vs inter valley electron-phonon scattering is shown to control the TE performance more
than the degeneracy alone [118]. Parameters like Fermi Surface Complexity Factor [119]
(FSCF) are used to quantify the effect of anisotropy and band degeneracy on TE perfor-
mance in complex band structure materials. In an effort to come up with a metric that can
help to identify materials with single cut-off energy, as proposed by Mahan [18], shape
factor [120] (SF) a measure of the asymmetry in density of states (DOS) is proposed. A
high throughput search among the known compounds revealed that the shape factor should
approach unity to maximize Z71'. The required shape for the DOS to achieve it resembles a
step-like function, which is the shape of DOS in 2D systems. The material characteristics
that are proposed to identify high performing TE’s and described here, are consistent with
the conclusions from our previous study [26]. A system with 2D DOS (using an inversion
in gated silicon-on-insulator device), where the inelastic scattering (like intervalley scatter-
ing) of phonons with 5 k7" is dominant is showed to enhance power factor. There is a need
for further research in to formulating better or complete material descriptors in intrinsic 2D
materials to identify high power factor materials.

With the advent of new 2D materials like single TMDs, the TE efficiency of these ma-
terials is of increasing interest. Even though reports suggest that an improvement in the
power factor of these materials [121, 122, 123], but higher thermal conductivity restricts
them from achieving higher Z7. Apart from TMDs, there are other 2D materials that
have exceptional electronic and thermal properties, and a few exhibits good power factor
as well. But it is neither obvious nor it is feasible to synthesize and test every 2D mate-
rial. We need more insight into the relation between material parameters and TE efficiency,
which can help in formulating the material selection rules for new efficient TE materials.
Using publicly available material databases, studies [124, 125, 126] have predicted mate-
rials with weak van der Waals forces that can be exfoliated into single-layer forms. With

this extensive and growing knowledge, there is a need to explore the possibility of their
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use in future thermoelectrics. The main aim of this study is to use the distinct features of
2D materials and formulate simple yet powerful material selection rules that can provide
optimum power factor. We focus on those material parameters that are easily available or
that require computationally inexpensive calculations, to reduce the time required for initial
material capability evaluation.

The selection of the material for maximum energy conversion at a given temperature
depends on the interplay between the subband structure and effectively using the inelastic
scattering mechanisms to take the advantage of such subband structure. Simulation for
thermoelectric conversion coefficients in a silicon nanoribbon showed an enhancement in
Seebeck coefficient at low temperatures in situations where inelastic transitions are dom-
inant and little or no elastic interactions in the form of acoustic and surface roughness
scattering. A further detailed study showed the formation of almost delta shaped transport
distribution function due to the discrete band structure in confined nanostructures that re-
stricts the electron transport to the lowest subbands. This forces electrons to acquire or
emit the required energy to occupy these energy levels after scattering which is assisted by
the optical phonons due to the dominant intervalley optical phonon scattering. In addition
to that, we observed that a delta shaped TDF alone can’t provide maximum enhancement,
the Fermi window decides the extent of this enhancement. Furthermore, by applying ex-
ternal gate bias and thereby rearranging the subbands, we can achieve further control on
enhancement in the thermoelectric Seebeck coefficient by tuning the TDF. Changing the
density-of-states effective mass affects the height of the step in the TDF and further tunes
the enhancement; however, the corresponding change in the subband structure limits the
advantage from reduced effective mass.

In our study, the 2D nature is imparted by confining a bulk material and the applied gate
voltage controls the spacing in the discrete band structure, thereby creating a strong inter-
dependence that affects the enhancement. So, to avoid it an intrinsically 2D material can

be used which will have an independent native discrete band structure and then a detailed
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Table 1: Comparison of important material parameters between a Dirac material and a

semiconducting 2D material.
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analysis in such material gives more insight on proposed method for achieving thermoelec-

tric enhancement. A possible extension to this work can be implementing our approach

in such 2D materials to observe the nature of the enhancement and formulating a general

criteria to design an efficient thermoelectric device.

3.2 Parameters that effect power factor

Improving the power factor requires identifying the material parameters that effect the

Seebeck coefficient (S) and electrical conductivity (o). Using Boltzmann transport equa-

tion (BTE) under relaxation time approximation and assuming a small perturbation from

equilibrium, S and o in 2D systems can be calculated using Eq. 1.6 and Eq. 1.7. The

transport integrals (L*) and TDF (o, (E)) in 2D systems are defined as,

Lr=>" / (=0fy/OE) (E + E, — Ef)%0,(E)dE,

on(E) = €1,

(E) D (E)v*(E),
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Here E; is the Fermi energy, E,, is the bottom of subband or valley n, D,(E) is density
of states (DOS) of valley, 7,,(E) is the energy-dependent relaxation time, and v(E) is the
velocity of the carriers. The Fermi window 0f;/0FE is symmetric about E; and has a
spread of about 10 k7. The relaxation time of the carriers depends on dominant scattering
mechanisms in the material and has varying dependency on energy (E). Assuming that the
scattering completely randomizes the transport, the relaxation time is calculated by taking

an inverse of the sum of scattering rates.
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Figure 3.1: Schematic to show the parameters defined by the band structure and DOS of
a 2D material. The step-like DOS along with the inelastic scattering of carriers results in
window-shaped TDF. The approach used in our study is to maximize the power factor by
matching window-shaped TDF and Fermi window.

In effective mass approximation, velocity of carriers and DOS can be defined using
the effective mass of the valley and the energy. Now observing the transport integral, it
will be apparent that TDF has to be maximized to improve o. Also, it is shown that a J-
shaped TDF is needed for maximum achievable S [18]. But in realistic conditions, a delta-
shaped TDF is not feasible in 3D materials due to the quadratic nature of the relaxation
time (7,,) and density of states (D,,), which cancels each other gains (7,, o< 1/D,,). We
proposed an approach [26] to use an extrinsic 2D material, in which quantum confinement
in the material plane causes a step-like DOS with a separation of E.; as shown in Fig.
3.1. We further found that this effect is enhanced when inelastic scattering is the dominant

mechanism. Then by shifting the onset of inelastic scattering, a window-shaped TDF is
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achieved as illustrated in Fig. 3.1. The delay in onset of scattering (I"""!), where "¢
D, (E+E,;) (since emission is dominant and E,, is the energy of phonon being emitted),
the product results in a rectangular function. This, in addition to quadratic nature of v2,
gives a window shape for TDF. To simultaneously improve Seebeck and conductivity, the
Fermi window should coincide with the TDF. Maximizing this overlap of the half window
of 5 kKT around E; requires TDF to be 5 k7" wide and Ep = 0. Using this approach, we
showed a peak enhancement [26] in S at low temperatures in an inversion layer created by
confinement that has a step-like DOS.

Here we extend our approach to intrinsic 2D materials and formulate selection rules that
can be used to shortlist candidates with potentially higher power factor. As discussed above,
the important components to be optimized are TDF (which include 7,,(E), D,,(E), and v(E))
and Fermi window. Table.1 tabulates the contributing factors for TDF in two different band
profiles possible in 2D regime i.e., a Dirac material (like graphene) and a semiconducting
material (like MoS5). The electronic band structure of Dirac material can be defined using
massless Dirac equation with a Fermi velocity of vz, and for a semiconducting 2D material
effective mass approximation (effective mass of mj) with spherical bands is used. This
results in massless DOS for Dirac material, and an effective mass dependent DOS for
semiconducting material with a band degeneracy of g". Also, v(E) is constant for Dirac
materials and quadratic in nature for semiconducting material.

The scattering of carriers especially from phonons determines the relaxation time (7,)
used to calculate TDF. Carrier scattering from phonons can occur in two forms: elastic and
inelastic scattering. Elastic scattering, where there is little or no change in the energy of
carriers. Acoustic phonons generally participate in such elastic scattering due to their low
phonon energy. The elastic scattering depends on D,,(E) of the band and a pre-factor I',
which is proportional to deformation potentials (=y). On the other hand, inelastic scatter-
ing involves emission or absorption of phonons by carriers, resulting in the change of their

energy. Controlling the relative strength of these two processes helps in achieving the win-
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Figure 3.2: Material features identified in this study that can improve the power factor and
their effect on power factor. (a) Effect of inelastic dominant material and the correspond-
ing phonon energy (E,;) on power factor enhancement. (b) Power factor is calculated
by changing the total DOS and relative height difference (D;/D5) in DOS of valleys. (c)
Matching the valley splitting (E.;) and phonon energy (E,;) to 5 £7" maximizes the power
factor along with the Fermi utilization. (d) Valley degeneracy (g;) and its effect on power
factor of the material. Higher degeneracy in lower valleys maximize the power factor.

dow shape for TDF. A; (for emission) and A, (for absorption) are used to make sure that
the energy conservation is achieved in inelastic scattering. As shown in Table. 1, inelastic
scattering in 2D materials can occur in the form of intervalley and intravalley transitions. In
Dirac materials, inelastic scattering from both intravalley and intervalley is proportional to

the ratio of initial and final D,,(E). While in a semiconducting material, intravalley scatter-
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ing is independent of D,,(E), but intervalley scattering has the same dependence as a Dirac
material. The linear DOS and a constant v(E) in Dirac material results in a linear TDF
instead of a window shape for TDF. The bipolar nature of the transport in Dirac materials
due to the absence of bandgap results in low power factor. Hence, rest of the analysis is
focused on semiconducting 2D materials.

Consolidating the variables to be analyzed, we divide them into two categories: pa-
rameters that control (a) the width and (b) the height of the TDF. The width of the TDF
depends on the shift in the onset of inelastic scattering, which can be tuned by phonon en-
ergy (since I oc D,,(EF E,)). To introduce this inelastic dominance, elastic scattering
is suppressed using the prefactor I'y. In addition to step-like DOS and E,;,, the separation
between valleys (E.;) also determines the width of TDF as shown in Fig. 3.1. Along with
controlling the width of TDF, E,;, and E help to maximize the Fermi window utilization.
D,,(E), which depends on the effective mass m;, and band degeneracy g, controls the height
of TDF. In addition to that, the inelastic scattering of carriers depends on the ratio of initial
and final state DOS (D,;/Dy). Here, to effectively understand the effect of D;/D; the total
DOS (3, D) is kept constant using my,; = » ., m). Now using these parameters to tune
the power factor, model uses MoS, [127] as prototype material (where E.; = 70 meV, E,j, =
47 meV, g}) =4, gi =6, my,; = 1.4, D1/Dy = 0.8) and isotropic circular valleys are assumed
for conduction band. We use this prototype material to vary the material parameters and

find the optimum combination for a 2D material that can provide high power factor.

3.2.1 Dominant inelastic scattering and E,;,

To obtain the window-shaped TDF by shifting the onset of scattering in a material,
inelastic scattering should be dominant. Here we achieve this indirectly by reducing the
elastic scattering by 50% using I'g. This results in an improvement in power factor as
shown in Fig. 3.2(a) (further the S vs o curve extends higher the power factor), mainly due

to the increase in o. The onset of inelastic scattering to create a window-shaped TDF and
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to maximize the Fermi window utilization can be shifted by changing the phonon energy
that participates in transport. By increasing the energy (E,;) of phonons that participate in
inelastic scattering a maximum in power factor is observed when E,;, =5 kI". Any increase
in E,;, further resulted in little or no improvement in power factor. This is a consequence
of better overlap of window-shaped TDF and Fermi window (which has a half width of 5

k).

3.2.2 D,/D; and m,,,

Once a window shape for TDF is achieved in the material with E,;, = 5 kT", the DOS
is tuned to further improve the height of TDF. By keeping the m;,; constant, the ratio of
D,/Ds is varied. As seen in Fig. 3.2(b), a lower D;/D, results in higher power factor. This
shows that the higher separation between D; and D5 is desirable to maximize power factor.
Now by keeping D;/D, constant, the my,; is varied and a lower my,; gives higher power
factor. Lower effective mass reflects higher velocity of carriers that improve the height of
TDF function (TDF o< v?). This requirement has already been established in 3D materials,

but it applies to 2D materials as well.

3.2.3 Valley splitting (E_)

Our approach tries to create a rectangular shape for the product of relaxation time (7;,)
and DOS (D,,) using the step-like DOS. The valley splitting (E.s) controls the width of first
step, which in turn decides the width of TDF. We already know that the ideal shift in the
onset of scattering occurs when E,, =5 £7'. Now by further matching this with the width of
the first step (when E., = E,;,), transport can be effectively restricted to first step or valley.
By calculating the power factor in an inelastic dominant 2D material with D;/D5 = 0.2 and
my,; = 0.5 when varying the valley splitting, a maximum is observed when E.s = E,, =5
kT as shown in Fig. 3.2(c). Further increase in E.; beyond 5 £7" by limiting E,, to 5 kT,

doesn’t help since the width is limited by E,.
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3.2.4 Valley degeneracy (g))

Till now, we studied the effect of different material parameters on power factor assum-
ing the degeneracy of the valleys to be 1 (circular valleys). Now to study the effect of valley
degeneracy, g, is varied but D;/D, is still maintained at 0.2 by adjusting the m. As shown
in Fig. 3.2(d), high valley degeneracy for D; (the valley that contributes to transport the
most) improves the power factor. However, a higher degeneracy for the secondary valley
deteriorates o, thereby reducing the power factor. This is due to the availability of more

states in second valley (high degeneracy) to scatter into from first valley.
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Figure 3.3: (a) The power factor enhancement achievable by tuning the material by includ-
ing the features identified in this study. By introducing these features there is two orders
of improvement in the power factor of MoS,. This shows that any highly degenerate 2D
material with high effective mass, low D,/D, and valley splitting of 5 k7" improves power
factor. Power factor will be further boosted if transport is dominated by inelastic scattering
mechanisms with phonon energies of 5 £7". (b) Shape factor is calculated for the material
features identified in this study to show the power factor enhancement achievable that is
not reflected in the shape factor.

Fig. 3.3(a) shows the step-by-step contribution from each material selection criteria
proposed here that can be achieved or maximum achievable power factor enhancement.
To compare the material selection criteria with already defined metrics, shape factor (SF)
is calculated by introducing the features identified in this study (as shown in Fig. 3.3(b)).

Observing the SF values, shows the inability of SF to predict the power factor enhancement
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seen here. Since SF is only controlled by the asymmetry in the DOS, it won’t be able to
completely capture the changes that occur in TDF. Here, SF is only affected by D;/D,
and increases when D,/D is reduced. Using only SF as a selection criteria will result in
a broad spectrum of 2D materials due to their intrinsic step-like DOS. Hence there is a
need to look beyond SF for the features like the ones identified in this study, that can be
used as material selection rules for 2D materials for better power factor prediction. Using
the simple transport model as described here along with the recent development of 2D
databases [128] that are comprehensive, identifying higher power factor materials can be

done in a faster pace.

3.3 Conclusion

In conclusion, the search for new highly efficient thermoelectrics requires the corre-
sponding materials used to have a high power factor. Here, a novel approach is proposed to
ease the process of this material search using selection rules that ensure high power factor.
A simple model based on effective mass approximation is implemented for 2D semicon-
ducting material where inelastic scattering is dominant along with step-like DOS and by
shifting the onset of scattering along with maximizing the Fermi window utilization. Our
simulations show such inelastic dominance (elastic processes are suppressed) with phonon
energy (E,,) of 5 KT improves the power factor. Also, a further enhancement is possible if
the separation between the DOS of valleys is large (lower D;/D5), lower effective mass, and
higher degeneracy for the conduction band valley that participate in the transport. By in-
troducing this combination of material features in our prototype material MoS,, the power
factor is boosted from 0.044 Wm 1K ~2 to 22 Wm~'K~2, which is an increase of two orders
in magnitude. We believe the material selection rules formulated here can help researchers
to reduce the time and resources in the process of predicting and preselecting 2D materials
that have high power factor. In future, these selection rules can be applied to 2D material

database like Computational 2D Materials Database (C2DB) [128] to search for possible
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high power factor materials. Further using machine learning algorithms and training on the
existing material TE properties data (using methods based on first principles and BTE) can
help to understand the properties (features) of materials that contribute to the TE perfor-
mance. Using these machine learning models one can predict the TE performance using

basic material properties without the need to simulate the transport in the material.
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CHAPTER 4

ENHANCEMENT OF SEEBECK COEFFICIENT IN RAPID
SPATIALLY VARYING PERIODIC STRUCTURES USING
WIGNER FORMALISM

Past the discovery of graphene, focus has been shifted to 2D materials that possess ex-
traordinary properties. One of such properties that can help in fabricating good TE devices
is power factor. Identifying new 2D materials with high power factor can be a tedious
task, both in terms of fabrication and expensive atomistic simulations. Other way is to tune
the existing 2D materials by introducing the potential barriers that can act as energy filters
that can boost the power factor. Multilayer thermionic devices are proposed like TMDs
[109] and hexagonal boron nitride [129] sandwiched between graphene electrodes that can
achieve high efficiency. Because of the weak van der Waals interlayer interaction in verti-
cally stacked 2D heterostructures, the electrical transport is deteriorated. Recent achieve-
ments in growth of 2D lateral heterostructures and superlattices provided new direction for
TE devices [129, 13]. Lateral heterostructures created from TMDs showed promising in-
crease in the Z7'[106]. These heterostructures can have single and multi-barrier structures.
In single barrier devices, an optimum height barrier is used in one direction and a large bar-
rier is used in other direction to prevent the reverse current. In multibarrier barrier devices,
Mahan and Woods [130] suggested an improvement by a factor by two but later concluded
that it worse than the normal devices. Seebeck enhancement by hot electron filtering is
observed in some systems [31], but this comes with a decrease in electrical conductivity
because of reduced number of carriers.

Recent achievements in the growth of lateral (in-plane) 2D heterostructures and super-

lattices provide a new direction for TE devices [129, 131, 132]. Depending on the direction
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of applied electric field relative to the potential barriers created by interfaces in the het-
erostructure, carriers experience either confinement or energy filtering, both of which can
be beneficial to TE properties. In addition to striped heterostructures [133], lateral poten-
tial barriers can be also realized in 2D materials by periodically modulating the bandgap
through one of several ways, including applying local strain [134] and wrinkling [135],
varying the local alloy composition [136], or patterning the substrate to very its dielectric
screening [137]. Such lateral heterostructures created from TMDs have shown promising
increases in the ZT [138] but research so far has focused primarily on the lattice thermal
transport [139]. However, a unified framework to assess the extent of possible enhance-
ment, the influence barrier shape and size on TE performance, and the anisotropy between
transport in the directions parallel and perpendicular to the barriers is still lacking.

The general interpretation of the carrier transport over the barriers is that the electron
with higher kinetic energy perpendicular to the barrier is emitted. Many hot electrons
with higher transverse momentum are unable to overcome the barrier. To break this, non-
planar barriers or scattering centers are created [140]. Moreover, the effect of barriers
on the distribution function of the particles is not considered. If the non-planar or the
scattering centers have a characteristic length less than electron de Broglie wavelength,
then wave nature of the electron has to be considered which makes the problem complex
to analyze. Even though simulating the TE parameters in superlattice or heterojunction is
done previously [36, 27], they lack comprehensive treatment of electron scattering. In our
previous work [5], we showed the impact of the barrier shape of such sharp potentials in
silicon (bulk and a square wire) and concluded that sharp, tall barriers with small periods
result in better TE performance. Our model captures the carrier-potential interactions in
the Wigner formalism as an additional force term (quantum evolution operator) along with
the semiclassical Boltzmann transport equation (BTE). The resultant Wigner-Boltzmann
transport equation is solved using Rode’s iterative method [141, 142]. We then studied the

impact of height, width, and shape (smoothness) of the potential barrier on TE properties.
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Even though Wigner formalism allows us to include quantum effects, there are limitations
to its use in quantum device modeling. TE applications, unlike their device counterpart,
require longer systems that are made of nm-thick layers, which can be considered periodic,

akin to the earlier work on quantum cascade lasers [143].

Perpendicular transport Parallel transport

Figure 4.1: Schematic of the simulated structure to study energy filtering in SL MoS,
with a series of spatially varying potential barriers. Here the effect of potential barriers
on electron transport with electrons flowing into the barriers (perpendicular transport) and
flowing parallel to the potential well (parallel transport) are studied.

Here we study the anisotropic transport in 2D materials, focusing on the transition
metal dichalcogenide (TMD) MoS; as a prototype. We introduce a series of potential bar-
riers, as shown in Fig. 4.1, to establish the extent of possible gains in TE power factors
and elucidate the conditions required for achieving them. If the direction of the field is
perpendicular to the barriers (perpendicular transport), they undergo energy filtering and,
depending on the features of the barriers, a combination of thermionic emission and tun-

neling is possible. Conversely, when the electric field is parallel to the barriers (parallel
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transport), the band offsets can confine the carriers by forming potential wells. Extending
our previous 3D Wigner-Rode model [5] to 2D materials, we calculate the conductivity and
Seebeck coefficients in both parallel and perpendicular directions in the presence of smooth
or sharp potential barriers. We study the effect of their shape, height, and smoothness on
the resulting TE performance and quantify the relative enhancement due to the barriers.
Our simulations show higher power factors are realize for transport parallel to the potential
barriers than perpendicular transport across them. We find that parallel transport is influ-
enced by confinement while perpendicular transport is dominated by energy filtering and

can result in the reduction of the power factor, especially with sharp square barriers.

4.1 Rode’s method for solving Boltzmann transport equation

To model the electron transport by solving the Boltzmann transport equation (BTE),
Rode ’s method can be used. Rode’s method [142] is an iterative method to calculate elec-
tronic characteristics of a material by solving for perturbation to the distribution function
due to the applied field. Then this perturbation is used to calculate electrical transport
parameters like the Seebeck coefficient, electrical conductivity, electron thermal conduc-
tivity etc. The collision operator in BTE (Eq. 1.4) includes the evolution of the particles
from scattering mechanisms. This evolution caused by the perturbation in the distribution
of carriers can be obtained easily in the absence of any inelastic processes using RTA ap-
proximation (Eq. 1.5) for collision operator in BTE. In the presence of dominant inelastic
scattering process, the concept of RTA is not accurate as the distribution of carriers doesn’t
relax to their equilibrium distribution.

In Rode’s method, the accuracy of the solution to BTE is improved by including contri-
butions from inelastic scattering processes, especially the in-scattering. This is achieved by
splitting the BTE collision integral into two separate terms—the in-scattering and the out-
scattering. To do that the distribution function is approximated to first order using Legendre

polynomials
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Fk) = folk) + Y gu(k)pn (cos(6)) (4.1)

where f,(k) is equilibrium distribution function, g, (k) is the perturbation to the distribution
function due to the applied electric field and 8 being the angle between carrier velocity and
electric field. The collision term in Eq. 1.4 can be written as sum of contribution from

elastic and inelastic scattering processes.

— = = — 4.2
( at )coll ( at )coll " at coll ( )
Including both in-scattering and out-scattering processes of inelastic scattering mecha-

nisms, its contribution can be written as

(%) — cos(0) [1(k) - g(k)L,(k) (43)

Z g(k")cos(a S,’c’,?l fo+ S (1 — fo)] in-scattering processes  (4.4)

I,(k) = Z (S fo + Sipst (1 — fol)] out-scattering processes (4.5)
k
and the contribution from elastic mechanisms can be written as

of\" _ g(k)cos(9)
- = outscattering processes 4.6
(%)~ 0 e 0
where « is the angle between the initial and final wavevector, Sy is the scattering rate
from k' to k, fy is the Fermi-Dirac distribution of corresponding wavevector and 7 (k)
is the elastic processes relaxation time. Substituting Eq. 4.2 in Eq. 1.4, perturbation in

distribution can be written as

Fo %,
() = (I(k) L) @)
where Z gi(K)cos(a) [Sis' fo + S (1 — fo)] - (4.8)
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Sp is the sum of out-scattering rates of all processes and in-scattering rates of all scatter-
ing mechanisms except inelastic mechanisms. Here the 7" iteration solution of g; is used
to calculate the (i + 1)th solution of the perturbation to the distribution function and the
process is continued till it converges. The iteration is started from an equilibrium distribu-
tion, such that the initial in-scattering term is zero and the first update is straightforward
to compute. A general Jacobi iteration is implemented to solve for g(k) in Eq. 4.7, along
with successive over-relaxation (SOR) to achieve better convergence. The calculated per-
turbation (¢g(k)) to distribution function is used to calculate transport distribution function

(TDF) as

o(E) = W / o(k)g(k)S(E — E(k))d%k 4.9)
where v(k) is group velocity of carriers, € is the volume of the first Brillouin zone, and
F' 1s applied electric field. We can recover the widely-used relaxation-time-approximation
(RTA) solution of the BTE by substituting the zeroth-iteration solution of the perturbation
go(k) = eFu(k)T(k) [0fo(E)/OE]. Here, 7(k) is the relaxation time, which is the inverse
of total out-scattering rate S,(k) in the RTA. Once the iteration reaches convergence, as

measured by the norm of the difference between successive iterations, S and o are calcu-

lated from the TDF using Eq. 1.6 & Eq. 1.7.

4.2 Rode’s implementation of the Wigner Boltzmann transport equa-
tion

Next, Rode’s approach is applied to solving the WBTE by adding the Wigner potential

contribution representing the additional forces arising from the potential variation in the

structure. Then, the resultant perturbation to the distribution function in Eq. 4.7 can be

modified as

gi+1(k) = (I(kﬁ) + —— - v(k)% + wa) /So(k) ) (4.10)
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In this thesis, an extensive study of effect of rapid varying periodic potentials of different
periodicity and shape is done. The reason for a rapid varying periodic potential is to limit
position dependence and complexity of solution of the potential operator or quantum evo-
lution term at a fixed position for a single electron packet. To study the effect of periodic
potential structure (shape and size), a square barrier with smoothening parameter 5 and a
smooth cosine shaped potential barrier are used. A generalized potential that is spatially

periodic can be represented as

V()= Y_ Vy(r—nL,). (4.11)

n=—oo

The quantum evolution (Eq. 2.3) (derived in Appendix B of [5]) of this generalized form

for periodic potentials is

Q=3 Walt) [1u (k= 2T) - o (k4 2T a2

m=1 p

The quantum evolution force for square barriers,

Vo(r) = <2 {—erf[5(r — a)] + erf[5(r + )] @.13)

of height V[, with smoothening factor § and width 2a or L, /2 is (refer to Appendix B for

derivation)

2Vp  =mix2 2mma 2mmr
— B2Lp? & ] . 4.14
Win(r) p— sin ( I, ) sin ( I, ) (4.14)

In perfectly smooth potentials, a cosine shaped potential V() = A cos(K,r), (applied in r
direction) where K, = 27/ L, has a simple quantum evolution as it has single order Wigner

potential which is calculated using the Eq.2.4 (detailed derivation is shown in Appendix B)
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and the quantum evolution in Eq. 2.3 for cosine potential is obtained as (refer to Appendix

B for derivation)

wa:WmOn) |:fw (T,k—%) _fw (T,k’—i—%)] (415)
where W(r) = Asiz—%Km“) (4.16)

It should be noted that the quantum evolution force for a smooth potential is the first order
approximation (m=1) to the quantum evolution force of a square barriers (Eq. 4.12).

The solution for the perturbation g(k) to distribution function (Eq. 4.10) in WBTE can
now be used to study the thermoelectric behavior of the system. The Wigner distribution
function used in above formulations to calculate the quantum evolution term can be written

as
fuw (ryk,t) = fo(r,k,t) + gu (1, k,t) 4.17)

which is the sum of equilibrium distribution function from Fermi-Dirac statistics, and per-
turbation to distribution due to the electric field and rapid potential variation (as shown in
Eq. 2.7). This shows the nonlinearity of WBTE, hence using the Rode’s iterative method
the perturbation distribution is evaluated at 7' iteration and then the quantum evolution for
(i + 1) is calculated as shown in Eq. 4.10 with solution of i*" iteration. This process can

be repeated till convergence is achieved.

4.3 Implementation of Transport Model

Rode’s approach of Wigner-Boltzmann transport formalism is implemented in single
layer MoS, which is used here as a prototypical gapped 2D material. To maintain a more
realistic approach to the implementation, the full band structure of MoS, is used for mod-
eling the thermoelectric properties. The electronic structure of MoS, used in this study is
calculated from first principles using self-consistent density functional theory (DFT) calcu-

lations with the open-source software Quantum-Espresso [144]. For MoS,, we used a non-
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relativistic norm-conserving pseudopotential (NCPP) for molybdenum (Mo) and a scalar
relativistic NCPP for sulfur (S). The potentials employed a Martins-Troullier method with
a Perdew-Wang (LDA) exchange correlation. The lattice constant of MoSs used here is
a=23.125 A and z = 3.11 A, where z is the SS distance. Planes of atomic monolayers
of MoS, are separated by a 20 A vacuum to calculate the monolayer band structure and
a cutoff energy of 140 Ry is used. A convergence threshold of 107! is implemented for
initial total energy calculation on a MonkhorstPack grid sizes of 6 x 6 x 4. Using the cen-
tral difference method, the group velocities in each band (v(k)) are obtained to calculate
the transport properties.Then the density of states (DOS) is calculated using the Spherical
averaging method (SAVE) [145]. Then the scattering rates are calculated from the band-
structure and the density of states.

The scattering rates that are covered in this model are elastic acoustic deformation po-
tential phonon scattering and Frohlich scattering. Also, inelastic intervalley optical phonon
scattering (f-type and g-type processes)(refer to Appendix A for the expressions). Us-
ing the electron-phonon deformation potentials determined from first principles [127]. An
acoustic deformation potential of 2.1 eV is used for longitudinal acoustic (LA) phonons
and 5.2 eV for transverse acoustic (TA) phonons. For inelastic scattering, an optical phonon
deformation potential of 2.6x10% eV cm™* for longitudinal optical (LO) phonons with a
phonon energy of 48 meV. A deformation potential of 4.1x10% eV cm™! is used for ho-
mopolar phonons with a phonon energy of 50 meV. A coupling constant of 98 meV is used
for Frohlich (LO) interactions. Once scattering rates are calculated, then the drift compo-
nent of Eq. 4.10 is calculated. The model in this dissertation is written for a single period
length of the potential (either cosine shaped or general square potential). The length of the
material along with the rapid varying potential is discretized for the simulation. Then the
quantum weight W, (r) is calculated at every point in the grid, from where the convergence

for g; is started.
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As Rode’s method uses in-scattering of the inelastic mechanisms for calculating the
perturbation in distribution function, it has to be implemented carefully. For any band the
inelastic mechanism used here i.e., intervalley optical phonon scattering, can have the in-
scattering contributions from other three branches and from the same branch. To include
this we again used the spherical averaging method [145] to calculate (k). For example,
for f-type emission the / (k) is calculated using SAVE method with Ajy,ems (k) g; (k') as an
weight using Eq. A.6 and Eq. 4.8, where DOS is written as [ dk §(E — E(k)). So,

I(k) = / 0K imems () g5 (K') 8(E; + Fico — E(K')) 4.18)

where the E(k’) is the band from which the carrier scatters to the band F;. g; is the per-
turbed distribution function of the i iteration and #wy is the optical phonon energy. The
coefficient A;,..,,s for a f-type intervalley scattering can be written as using Eq. A.6 as

A e(No+1— f (k) (Z - 2)Dy’
mems pwf

(4.19)

where N is phonon Bose-Einstein distribution, f (k) is the Fermi-Dirac statistics for elec-
tron., Dy is the optical coupling potential for f-type processes, Z is the degeneracy of
silicon, p is density and wy is the frequency of f-type phonons. This method is used to
calculate the in-scattering contribution from intervalley optical phonon scattering by both
f and g processes for a band from other three bands and from itself. Sy in Eq. 4.7 is
calculated as follows:

SO - Sacs + Simp + Sb + Se

i0p

(4.20)

Sacs 1s deformation acoustic phonon scattering rate, .S;,,,, 1S impurity scattering rate, .Sy is
the boundary scattering rate and .57, is out-scattering rate of inelastic intervalley phonon
scattering. To evaluate the contribution from rapid varying potential in Eq. 4.15 and 4.12,

the k vector displaced ¢;(k™) and g;(k ™) is calculated by interpolating g;(k).
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4.4 Power factor

To validate our model’s ability to reproduce the intrinsic behavior, we calculated TE
parameters for SL MoS, without any potential barriers. Figure 6.2(a) shows the depen-
dence of Seebeck coefficient (solid) and conductivity (dashed lines) on carrier concentra-
tion in intrinsic MoS, at temperatures of 100 K, 200 K, 300 K, and 400 K. Solid lines
in Figure 6.2(b) show the calculated power factors corresponding to Figure 6.2(a) and the
maximum is observed at a carrier concentration of 7 x 102 cm~2 at room temperature
and below. Beyond this value, the power factor drops, which can be traced back to both
Seebeck coefficient and mobility (dashed lines in Fig. 6.2(b)) degrading at high carrier
concentrations. Comparing our results with experimental measurements [146], there is
good agreement in Seebeck coefficient of intrinsic MoS,. The power factor calculated here
is slightly higher than experimental measurements because we focus on phonon-limited
carrier transport, resulting in higher electrical conductivity than the measurements, which
likely included some scattering from charged impurities. Our simulations show a peak
power factor of 23 mWm™'K~2 at 300 K whereas experimental measurements show a
peak power factor of 0.15 mWm *K~2 [147] and 5 mWm'K~2 [146]. In this study, we
assume field-effect (electrostatic) doping by a series of gates, so carriers do not experi-
ence ionized impurity scattering from dopants, resulting in higher electrical conductivity.
The absence of ionized impurity scattering is observed in field-effect-doped TMD WSe,
[148] in the form of higher mobility compared to Ta-doped WSe,[149]. The mobility in
SL MoS; is reduced five-fold due to the ionized-impurity scattering[150] when impurity
density is increased from 10* cm™2 to 10'® cm™2. Our phonon-limited mobility values
(around 400 cm?V~!s~! at room temperature), shown as dashed lines in Figure 6.2(b), are

in good agreement with those calculated from first principles [127].
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Figure 4.2: TE properties of MoS, calculated by varying the carrier densities of electrons
at various temperatures. Seebeck coefficient and electrical conductivity are plotted in (a)
by varying the carrier density. From (b), a peak in power factor (solid lines, left axis)
is observed at a carrier density of around 7 x 10'? cm™? at temperatures below 300 K,
attributed to the drop in electron mobility (dashed lines, right axis).

4.4.1 Perpendicular Transport

Next, spatially-varying potentials are introduced into the MoS, and TE parameters are
calculated by solving WBTE using our Wigner-Rode iterative method. Perpendicular trans-
port is modeled after introducing both smooth and sharp barriers. Fig. 6.3(a) shows the
effect of potential barrier height (V - Ef) on the TE performance for both cosine (smooth)
and nearly square (sharp) barriers. With an increase in (V - Ef) and the absence of tun-
neling, S increases because of energy filtering from thermionic emission of carriers that
allows only high energy electrons to flow across the barrier. This can be seen in the bar-
riers with wide period lengths, L, = 7 nm (irrespective of barrier shape, smooth or sharp)
and in smooth barriers with short period lengths, L, = 3 nm. When carriers are moving
perpendicular to the sharp potential barriers, tunneling emerges in narrow potential barriers
and results in a reduction of S (solid green line in Fig. 6.3(a)), particularly with effective
barrier heights (V, - E) greater than 16 meV. This in turn allows more carriers to cross the
barrier, increasing the electrical conductivity (dotted green lines in Fig. 6.3(a)) compared

to wide sharp potential barriers (dotted purple lines in Fig. 6.3(a))
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To better understand this behavior of S, energy-resolved S(FE) is plotted for both nar-
row and wide sharp barriers as shown in Fig. 6.3(c) and Fig. 6.3(d). In thin sharp barriers,
the tunneling of the carriers is higher and can be seen in the form of low average energy
of the carriers participating in the transport. Whereas wider sharp barriers are efficient at
filtering the carriers and results in a larger contribution to S. Coming to the o, conductiv-
ity decreases with the effective barrier height irrespective of the barrier shape and period
length. The observed relative difference is due to the variation in the tunneling of carriers
as discussed above. For sharp barriers with thin period lengths, L, = 3 nm, this results in
a reducing power factor beyond 16 meV. At wide period lengths with sharp barriers, the
reduction in conductivity compensates for any gains in S which results in an overall reduc-
tion in power factor. In smooth barriers, power factor increases with effective barrier height
(Vo - Ey) and converges to 25% for thin period lengths whereas for wide barriers power
factor changes almost linearly with effective barrier height.

To this point, effective barrier height (V, - Ef) was changed using V,, while keeping the
Fermi level constant. To understand the influence of carrier concentration N, via the Fermi
level (Ey), the barrier height is changed using E; by keeping V, at 13 meV. The peak in
power factor with changing the E; is seen around N; = 7x 10'? cm™2 (E; =-10 meV) same
as in intrinsic monolayer MoS,. Due to the increased proportion of tunneling from lower-
energy carriers around the middle of the barrier height in sharp barriers, smooth barriers

have higher power factors than sharp barriers in the case of perpendicular transport.

4.4.2 Parallel Transport

The perpendicular transport simulations in MoS, with potential barriers helped us il-
luminate the interplay between tunneling and energy filtering on the TE power factor. To
compare it with the influence of carrier confinement, the direction of the electric field is
changed to be parallel to the barriers. In parallel transport, our simulations show sharp

barriers have higher S (as shown in Fig. 4.4(a)) due to efficient carrier confinement that
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Figure 4.3: Perpendicular charge transport in presence of potential barriers at T = 300 K in
MoS,. (a) Effect of potential barrier height (V, - E¢) on S and o with smooth and sharp
barriers at a carrier density of 7x 102 cm™2. (b) Power factor calculated by varying the
Fermi level with V fixed at 13 meV for the same barriers as (a). The peak in the power
factor still stays at 7x 10'2 cm~2. To understand the difference in S for sharp barriers
with L, = 3 nm (¢) and L, = 7 nm (d), energy resolved S is plotted (dotted lines represent
the barrier dimensions in the material). The heat map shows the higher tunneling in sharp
barriers with L, = 3 nm that results in lower average energy for the carriers.

increases the average carrier energy. This effect is more predominant in potential barriers
with thin period lengths. This confinement of carriers with the potential wells created by the
barriers, effects the conductivity of carriers. o of smooth barriers is higher than the sharp
barriers and this behavior is not affected by the period length (also seen in Fig. 4.4(a)). To
understand this behavior, the energy resolved conductivity is plotted using Eq. 4.9 at L, =

3 nm for smooth (Fig. 4.4(c)) and sharp (Fig. 4.4(d)) barriers. The relatively low barrier
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Figure 4.4: Parallel charge transport in presence of potential barriers at T = 300 K in MoS,.
(a) Effect of potential barrier amplitude (V - Ef) on S and o with smooth and sharp barriers
at a carrier density of 7x 102 cm~2. (b) Power factor calculated by varying the fermi level
with the barrier height fixed at 13 meV for the same barriers as (a). The peak in the power
factor is observed at Vo-E; = 23 meV = 0.9 kT and the calculated carrier density at the
peak where E; = -10 meV is 7x 102 cm™2. To understand the difference in o for smooth
(c) and sharp barriers (d), energy resolved o (Eq. 4.9) is plotted (dotted lines represent
the barrier dimensions in the material). Lower o seen in sharp barriers is a result of the
effective confinement experienced by carriers as shown in the heat map.

height of 0.0155 eV compared to average energy of carriers (1 kpT = 0.0259 eV) allows for
significant conduction of carriers above the potential barrier. The energy used in Fig. 4.4(c)
and (d) is relative to the band edge, which follows the potential barriers. Sharp barriers
confine carriers more effectively compared to the smooth barrier which can be seen in the

lack of conducting channels in the presence of sharp barriers. Even though this explains
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the lower conductivity in sharp barrier, the higher Seebeck coefficient translates to higher
power factor in sharp barriers.

Similar to the perpendicular transport, the E; is changed independent of V which is
kept constant at 13 meV. Power factor calculated for smooth and sharp barriers at different
period lengths show a peak at N; = 7x 10" cm™2 (E; = -10 meV), which is consistent
with perpendicular transport. Also, sharp barriers outperform smooth barriers in terms of
power factor and barriers with thin period lengths are more effective in confining carriers

resulting in higher power factor.

4.5 Anisotropy in the TE Power Factor

To understand the anisotropy in TE properties, power factor is calculated using the per-
pendicular and parallel transport simulations for smooth (Fig. 6.4(a)) and sharp barriers
(Fig. 6.4(b)). Parallel transport dominated by carrier confinement always results in higher
power factor, which doubles from 25 mWm ™K ~2 without barriers to over 50 mWm K2,
a record-high value exceeding those reported for graphene encased in hexagonal boron ni-
tride (hBN) [151]. The significant increase in S compared to the reduction in ¢ with the
barrier height coupled with the quadratic dependency of S on power factor results in power
factor enhancement observed in parallel transport. The increase in the power factor in par-
allel transport by increasing the barrier height (Vy - E¢) will eventually converge to the
power factor of an infinite potential well. In the perpendicular transport regime, the smooth
barriers outperform the sharp barriers while sharp barriers are better for parallel transport.
A 25% increase in power factor can be achieved using tall smooth barriers under perpendic-
ular transport. But tunneling in sharp barriers at thin period lengths and low conductivity
of carriers at wide period lengths reduce the power factor, even below the intrinsic values.
The power factor enhancement varies linearly (Fig. 6.4(a)) with effective barrier height
once transport is moved in parallel with the barriers. In smooth barriers, enhancement of

power factor in parallel transport is 70% higher than perpendicular transport with tall barri-
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ers. This difference reaches around 300% for sharp barriers when comparing both transport

regimes at low period lengths.
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Figure 4.5: Changes in power factor of S MoS; by introducing potential barriers using
a series of gates. Comparison between perpendicular and parallel transport in a) smooth
barriers and b) sharp barriers at different period lengths. c) Effect of period length on the
power factor in smooth and sharp barriers in both the transport regimes. d) Power factor
changes with the asymmetry in shape of the sharp barrier are observed by changing a.

The difference in transport mechanisms of parallel and perpendicular transport can be
seen in their respective dependence on the period lengths (L,). Fig. 6.4(c) shows the
power factor calculated at different period length with effective barrier height of 23 meV
for both sharp and smooth barriers. In the presence of sharp barriers where tunneling and
confinement are strong, increasing L, improves power factor in perpendicular transport

and decreases in parallel transport. In perpendicular transport, where energy filtering and
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tunneling impact transport, increasing L, improves energy filtering (through thermionic
emission) and reduces tunneling, resulting in an increase in power factor. Confinement of
carriers in parallel transport reduces power factor with increase in L,,. This is a consequence
of the higher energies of the available states that participate in transport when carriers travel
through the potential wells with thin period length. These higher energies translate to higher
S at thin period lengths as seen in Fig. 4.4(a), even though o experiences no effect. Varying
L, for smooth barriers shows no change in power factor at a given barrier height.

Another sharp barrier parameter that can affect the TE performance is the duty cycle
(ratio of the barrier width to the period length) of the potential barrier. To this point, all the
simulations were performed by assuming a symmetric sharp potential barrier (o = 50%).
By changing the duty cycle of sharp barriers, the power factor of the structure is plotted
in Fig. 6.4(d). In perpendicular transport, power factor increases in sharp barriers that are
asymmetric (o higher or lower than 0.5), especially barriers with lower period lengths (L,
=3 nm). At higher period lengths, increasing o improves the power factor of the structure
due to more efficient energy filtering with the wide barrier. As duty cycle («)) approaches
100%, the wells in the potential barriers disappear creating a constant potential throughout
the material. This results in an intrinsic material with higher band edge which results in
the difference in power factor and does not converge to the value at « = 0%. In parallel
transport, asymmetry in barriers results in changing the effective potential well width. Re-
ducing the well width raises the energy levels in the well, thus altering the resulting power
factor. Hence, highly asymmetric barriers (having larger «) result in thin potential wells

that produce higher power factors.

4.6 Conclusion
Improving thermoelectric efficiency of nanoscale TE devices requires a thorough un-
derstanding of carrier scattering, tunneling, and confinement. In any 2D material with

spatially-varying lateral potential barriers experiences these effects depend on the direction
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of the electric field with respect to the potential barrier direction. When the field is per-
pendicular to the potential barriers, carrier transport is affected by thermionic emission and
tunneling while in the direction parallel to the barriers, carriers are confined by the change
in the potential across the material. We implemented a comprehensive model based on the
Wigner formalism and the Boltzmann transport equation to fully account for the influence
of the potential barriers at nanoscale along with the scattering of carriers. Using electronic
structure obtained from first-principles DFT calculations, we calculated TE properties of
MoS; with lateral potential barriers and varied the shape and size of the barrier. Our results
show that potential barriers result in a two-fold enhancement of power factor, from 25 to
50 mWm~'K~2, particularly with parallel transport in sharp barriers having small width.
Regardless of barrier shape, carrier transport parallel to the barriers results in a factor of
three enhancement in power factor compared to perpendicular transport. We observe sig-
nificant anisotropy as smooth barriers outperform sharp barriers in the case perpendicular
transport while sharp barriers have higher power factor with parallel transport. Lastly, our
simulations show that introducing potential barriers does not always improve power fac-
tor, particularly when transport is perpendicular to the barriers, nor that sharp barriers are
universally advantageous. Our study will guide future implementations of flexible and effi-
cient 2D TE devices with significantly enhanced power factors. Further investigation in to
understanding the effect of multi barrier structures on TE efficiency is much needed. This
will help in understanding the impact of resonant states on TE performance especially in

resonant tunneling diodes (RTDs).

53



CHAPTER 5

PHONON DRAG CONTRIBUTION TOWARDS SEEBECK
COEFFICIENT IN MoS;: USING FULL PHONON DISTRIBUTION

Studies explored the phonon drag contribution in 2D systems like GaAs/Al,Ga,_,As
heterojunctions, LaAlO3/SrTiO3 heterostructures [152, 153, 154, 155, 156, 157, 158]. Sim-
ilar 2D systems like carbon nanotubes [159, 160, 161, 162], graphene [163, 164] and
graphene nanoribbons [165] are studied to understand the phonon drag effect in these sys-
tems. This boost to the electron transport can be calculated by taking in to account the rate
at which momentum is transferred from electronic system to phonon and carrier current
density. Assuming that phonons are in equilibrium and isotropic, phonon drag contribution
can be written as [166],

Spn = Fm vl (fr,/er.T) (5.1)

where 7, is the effective phonon relaxation time, 7. is effective electron relaxation time, Ug
is the group velocity of phonons and m* is the electron effective mass. f is the fraction of

the crystal momentum lost by electronic system to phonon system and written as

7_71

f= ac (5.2)

—1 1’
Tac + Tes

1 1

where 7, and 7. are electron-phonon relaxation time and rest of the momentum de-
stroying processes, respectively. Processes like impurity scattering can result in loss of
electron momentum which restricts the complete transfer of momentum. To obtain the

above phonon drag Seebeck coefficient, Onsager relation is used where Peltier coefficient
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is calculated. Peltier coefficient is the ratio of phonon heat flux and electric current density.

Phonon heat flux is written as
QP = $U£Tpean, (5.3)

and using electric current density J = o F', substituting them in Onsager relation gives Eq.

5.1.
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Figure 5.1: Momentum transfer from electronic system to lattice or phonon modes of low
and high wavelength (adapted from [6]).

Much of the momentum contributed from electronic system is fed into long wavelength
phonons (low ¢). The upper sign represents electrons and lower sign represents holes. For
phonon contribution towards Seebeck coefficient to be significant, the ratio of phonon to
electron/hole relaxation time to be significantly higher. As shown in Fig. 5.1, these long
wavelength phonons can escape to short wavelength phonons through phonon-phonon scat-
tering or lost to processes like boundary scattering. The momentum transferred to short
wavelength phonons is lost to impurity, umklapp, or boundary scattering. At low tem-
peratures, much of the momentum stays with long wavelength phonons as they are less

susceptible to scattering. Due to their significant contribution towards the total momentum
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at low temperatures, long wavelength phonons alone almost determine the phonon scatter-
ing rate 7,,. Cantrell-Butcher formulated the phonon drag in 2D systems which are scattered

by 3D phonons [167] as

gsGv€ / a / /o
Sph =+ > g f(B)[(1 = FE)P)(k, K)oy (ki — vih)  (5:4)
k,k',Q

where g5, g, are the spin and valley degeneracy, the electron transition rate py is given by

27
h

9p

2
0 N,S(E}, — By, — hwy)Sx - (5.5)

Pk k') =

One can retrieve the Eq. 5.1 from Eq. 5.4 by replacing the scattering with acoustic phonon
scattering with equilibrium phonons at weak electric fields (for details refer [168]). Using
this formalism, phonon drag is calculated in MoS; at low temperatures to show significant
contribution towards Seebeck coefficient. Even though these studies explored the effect
of phonon drag in 2D systems, they excluded the impact of normal phonon-phonon pro-
cesses that play a significant role in these systems. This dominant contribution of normal
processes to transport, more than momentum destroying umpklapp processes, results in
hydrodynamic transport especially in low temperatures. By including the impact of normal
processes in phonon distribution, a better understanding of phonon drag can be achieved in

2D systems.

5.1 Nonequilibrium phonon contribution to electron transport
The time-dependent phonon BTE (pBTE) for the phonon modes ¢ in a branch b is given
by

ON, (7 1)

BT (5.6)

ON, (Tt
+ Tgp - VeNgo(7 t) = {M} |
coll

ot

In order to include these normal processes Allen’s improved Callaway model (AIC) [169]

introduces a perturbation to phonon distribution due to the presence of normal processes
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that relaxes to a drifted distribution with a drift velocity of X. The collision term is written

as the sum of two terms

ot n TR ™ ’ '
coll q,b q,b

which is the sum of rate at which non-equilibrium distribution returns to Bose-Einstein
distribution (N, = [e"*s+/¥T) — 1]=1) and drifted distribution N, (referred to as flowing
equilibrium) respectively. The flowing equilibrium is written as drifted Bose-Einstein dis-
tribution N7, = [exp(hwgs/kT + X - q) — 1]7%, with a displacement X. The 71 and 7.,
are the average resistive and normal scattering times respectively. The Tq]?b and T(ﬁ) are the
average resistive and normal scattering times respectively that relaxes the non-equilibrium
distribution. Resistive processes include umklapp phonon-phonon processes, isotope, and
line-edge roughness scattering. The deviation of the phonon distribution function from
equilibrium is @, (7, t) = Ny — N, (?J,. The flowing equilibrium N/, is expanded around
X=0ina Taylor series, [170, 171] keeping terms up to first order in X

. - [ON* kT2 ON°, _
N* ~ N5 (A=0) 4+ X- [ —2b - NO —ab(X. ). 58
q,b q,b( ) + ( a)\ )XO q,b hqub aT ( (7) ( )

On replacing N, on the right side of Eq. (5.6) with the expression in Eq. (5.8), and

Ngp — N, gy p» With @, 4, and first Fourier-transform the time-dependent pBTE is written as

ONY? P 1 [ kT2 ON?, -
by VI—2b = ——ab —zb X7 5.9
Fad ar 7G0T TN [y o Y (>9)

where 1/7)% + 1/7)%, is the combined quasi-particle relaxation rate 1/75, [171]. By rear-

ranging the terms, ®,;, can be written as

O,y =150, - VT — 40 — 22X
o = “Tawor Vg = g o M9

(5.10)
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To obtain an expression for the displacement of the drifted distribution X we follow AIC
model [171], according to which the total crystal momentum should be the same for both

the actual distribution N, and the flowing equilibrium N;,. From which we can write

ONY
5:%<ﬁhmﬁﬁ?)VT

displacement as

A\ OT ,b
A:;a2: q , (5.11)
A3 kT LOND, kT2 . o
Zq' OT Ty \ 71,
q.b ’

where ¢ is the phonon wavevector in the transport direction.

To better include the phonon drag contribution that comes from acoustic phonon scatter-
ing, the phonon distribution is expanded to include the non-equilibrium contribution (@ ;).
In order to do that the general equipartition approximation used to calculate the acoustic

phonon scattering given as
2rD?KTD(FE)

Ve = hpv?

(5.12)
is expanded to include the full scattering matrix. The acoustic phonon scattering including

the complete phonon distribution is defined as

nD?
pv

rye =0 [aw (N;b Fout [T %) (kg — K)S(E(K) + ey — E(K).
(5.13)

The full scattering matrix based acoustic phonon scattering can be included in the Rode’s

equation (4.7) to solve for the perturbation in the electron distribution. This perturbation in

distribution can be used to calculate the TE parameters that can effectively account for the

phonon drag contribution towards TE performance.

5.2 Model implementation
A comprehensive model that solves the coupled electron and phonon transport using

BTE and account for the effect of non-equilibrium phonons on electron transport is im-
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plemented here. Rode’s method along with the AIC model [171] is used to solve the cou-
pled electron and phonon BTE. The non-equilibrium phonon contribution towards electron
transport is included by solving for the perturbation in phonon distribution and replacing
the acoustic phonon scattering with Eq. 5.13. The deviation or perturbation of the phonon
distribution (®,;) as shown in Eq. 5.10 is calculated using AIC model. Here, we use
monolayer MoS; in this study to understand the phonon drag contribution towards TE per-
formance. Phonon dispersion and band structure of MoS; are calculated from Quantum
Espresso, a first-principles DFT implementation. Then the phonon scattering rates used
including anharmonic umklapp and normal phonon-phonon [12], isotope [172], and line-
edge roughness [173] are taken from [174]. The only unknown component in Eq. 5.10
is the temperature gradient (V7') across the simulation domain. In order to calculate VT,
Rode’s method is used to calculate the perturbation to distribution with Bose-Einstein dis-
tribution assuming ®,, = 0. The scattering rates that influence charge transport in MoS,
are elaborated in 4.3 and the same parameters are used in this model. Here, instead of using
open circuit method to calculate the transport parameters, a current compensation method

is implemented. At a given VT, g(k) is iteratively solved at an applied electric field by

modifying 4.7,
Fo 0
Siogi + %a—";“ - vra—J;?VT
gi-i—l = SO . (514)

Using bisection method to scan between 7}, and 1,,,;,, a VT is identified that can com-
pensate the current from the applied field to produce zero current (J = 0) as shown in Fig.
5.2.

Using VT to calculate @, for acoustic modes, phonon wave vectors that contribute to
electron scattering is calculated using the electronic band structure. For all electron states
k, phonon wave vectors required for all the possible transitions to £” for both absorption and
emission, can be accounted for in a single ¢ (¢ = k — k') matrix (in both x and y directions).
A series of reduction criteria are used to reduce the required ¢ elements to calculate ®,;, as

described in Fig. 5.3. This reduction in number of ¢ elements can speed up the calculations
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Figure 5.2: Temperature gradient (V1') required to calculate the perturbation to phonon dis-
tribution (®, ;) is solved for using bisection method using current compensation method.
By applying an electric field and scanning for the appropriate V1’ as shown in flow chart
that produces zero current due to the compensating drift (from electric field F') and diffu-
sion (from temperature gradient V') currents.

along with avoiding any redundant calculations. First, the entire ¢ is divided in diagonal,
upper and lower triangular arrays. The phonon perturbation for diagonal array requires the
calculation of ®,;, at ¢ = 0 due to no change in state or self scattering. To further reduce the
required calculations, all the phonon wave vectors without sufficient energies are removed
from both upper and lower arrays. Using the phonon dispersion, the maximum possible
energy of phonons in acoustic modes is calculated and compared with the required energy
to facilitate the transitions from k to k’. This is done by comparing the F(k) — E(k') with
Erar = maz{E,,} where b € {LA, T A} modes. From the remaining ¢ arrays, unique
pairs of (¢, q,) are identified in upper and lower triangular arrays, to remove redundancy.
These arrays are used to calculate @, ;, for acoustic phonon modes that contribute to acoustic
phonon scattering. Then using diagonal, upper, and lower arrays to create the full ®,,
matrix is reconstructed to calculate the acoustic phonon scattering I';¢.

The perturbation to the electron distribution is calculated using the Rode’s method with
the updated acoustic phonon scattering rates. Due to the inclusion of inelastic processes in
acoustic phonon scattering, Rode’s is updated to reflect the contribution from in-scattering
towards 7 (k) (as shown in Eq. 4.18). Electron scattering deformation potentials used are

described in section 4.3. After solving for the perturbation in electron distribution, TE
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parameters are calculated as shown in Eq. 1.6 & Eq. 1.7 that include the phonon drag
contribution towards Seebeck coefficient S,,. The implementation of our model used in

this study is shown in Fig. 5.4 in the form of a flow chart.

e and ph dispersion from QE

y

e and ph scattering rates

phonons electrons
AIC model Rode’s method
! ; )
q=k—-k'
K vT
ph Reductionl,
Reduced g
$(q)
Expand
$@) €

v

e and ph scattering rates with ¢(q)

!

Rode’s method

v

Sph

A 4

Figure 5.4: Flow chart of coupled electron-phonon Boltzmann solver to calculate the im-
pact of phonon drag on Seebeck coefficient.

5.3 Phonon drag in MoS,

Seebeck coefficient (S) of MoS, is calculated to understand the contribution of non-
equilibrium phonons by varying temperature and electron carrier density. Fig. 5.5(a) and
(b) shows the S obtained at Ny = 1x 10*? cm™2 and Ny = 7x 102 cm ™2 respectively. In-
cluding the perturbation (¢ shown in Eq. 5.10) to calculate Inelastic acoustic scattering with

complete phonon distribution boosts S compared to elastic acoustic scattering. Further,
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Figure 5.5: Seebeck coefficient of MoS; at a) Ny = 1x 10'2 cm~2 and b) N; = 7x 10!2
cm 2. The full phonon distribution is included in calculating the inelastic acoustic phonon
scattering. Perturbation in phonon distribution from normal processes contribute signifi-
cantly towards phonon drag in addition to resistive phonon processes. The phonon drag
contribution towards S at different temperatures is plotted for carrier density of ¢c) Ny = 1%
102 cm™2 and d) Ny = 7x 102 cm 2.

¢ also includes the contribution from phonon normal processes that can improve S. Fig.
5.5(a) and (b) shows this additional contribution from these normal processes especially
at low temperatures. Fig. 5.5(c) and (d) help to visualize the phonon drag contribution to
S (Spr) and the relative contribution from ¢. Approximated phonon drag S, (Eq. 5.1) is
plotted to show the inability of this approximation in calculating the phonon drag. Avail-
ability of more carriers to interact with phonons result in high contribution from phonon

drag towards S especially at temperatures below 70 K. Above 70 K, there is little to no
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effect from difference in electron carrier density. Including the phonon normal processes,

a peak Seebeck phonon drag of 17 uV K~ at T > 70 K irrespective of the carrier density.
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Figure 5.6: Acoustic phonon scattering at a) T = 50 K and b) T = 100 K at a carrier
density of Ny = 1x10'2 cm~2. TA phonons contribute more towards acoustic phonon
scattering thereby contributing more towards phonon drag. The cummulative contribution
of mean free path towards electrical conductivity is compared at t = 50 K and T = 100 K
to understand the impact of ¢. Higher mean free path contributing more towards transport
at d) Ny = 7x 102 cm~2 results in higher phonon drag contribution compared to ¢) N; =
1x10'2 cm~2 at low temperatures.

The impact of carrier density can be understood using the mean free path of carriers.
Fig. 5.6(c) and (d) shows cumulative contribution towards electrical conductivity corre-
sponding to mean free path of carriers at T = 50 K and T = 100 K. Using inelastic acoustic
scattering accounts for non-equilibrium phonons leads to more electron-phonon interaction

and decreases the mean free path of carriers. At lower temperatures, conductivity of carri-
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Figure 5.7: Electrical conductivity of MoS, at a) Ny = 1x10'2 cm~2 and b) Ny = 7x10!2
cm~2 and the impact of non-equilibrium phonons on electrical transport. The influence
of carrier density on mobility of electrons at carrier densities ¢) Ny = 1x10'2 ¢cm~2 and
d) N; = 7x10'? cm~2 by varying the temperature. The change in mobility of electrons is
minimal even with change in carrier density especially at carrier densities below Ny = 1 x
10 cm—2.

ers is higher which is a consequence of higher mean free path. With increasing the carrier
density from Ny = 1x 102 cm™2 to Ny = 7x 10'? cm™2 the mean free path of carriers that
contribute also changes. At Ny = 7x 102 cm~2, where peak power factor is observed in
intrinsic MoS,, higher mean free path carriers contribute to transport compared to lower
carrier density especially at low temperatures. Coming to the relative contribution of TA
and LA towards the phonon drag, acoustic scattering rate is plotted in Fig. 5.6(a) and (b)

with respect to the carrier energy. TA phonons interact more with electrons compared to
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LA phonons irrespective of the temperature especially at low energies that contribute to the
transport. Since phonon drag contribution towards S (Eq. 5.1) is inversely proportional to

relaxation time, TA phonons contribute to more towards phonon drag.
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Figure 5.8: Significant increase in phonon drag contribution at low temperatures (T <
70 K) with a carrier density of Ny = 6x 102 cm™2. The impact of carrier density on
Seebeck coefficient in MoS, at a) T = 50 K and b) T = 100 K. The corresponding phonon
Seebeck coefficient is plotted in ¢) and d). At T > 70 K, there is no change in phonon drag
contribution with increase in carrier density.

The increase in electron-phonon interactions at low temperatures which boosts the
phonon drag in turn reduces the electrical conductivity. As seen in Fig. 5.7(a) and (b), in-
cluding ¢ in phonon distribution results in reduction of electrical conductivity compared to
using equilibrium Bose-Einstein distribution. This trend in electrical conductivity doesn’t

change with carrier density but scales with changes in carrier density. Little to no change in
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mobility of electrons as seen in Fig. 5.7(c) and (d) with carrier density leads to this linear
scaling in electrical conductivity. To further understand the impact of carrier density on
phonon drag, S is calculated by varying the carrier density as shown in Fig. 5.8. Increasing
the carrier density shows the expected decrease in S irrespective of the temperature. This is
due to the diffusion Seebeck coefficient that dominates the total Seebeck coefficient. But,
at T = 50 K the phonon drag contribution (S,,) peaks near N; = 6x 10'? cm~2 where the
power factor peaks. Phonon drag contribution at this carrier density is more than twice of
that observed Ny = 1x 102 cm~2. This behavior is not observed at temperatures higher
than 70 K and S, is not affected by the change in carrier density. Also, using a elastic

acoustic phonon scattering to influence transport is unable to capture this behavior.

5.4 Conclusion

Applying our transport model that captures the non-equilibrium phonon influence on
carrier transport in MoSs, we calculate the contribution of phonon drag towards Seebeck
coefficient. Since the model is based on full phonon distribution and exact scattering rates,
we will estimate the amount of momentum transfer to electrons from phonons. Also, the
relative contribution from TA and LA towards phonon drag is studied. Our simulations
show TA phonons contribution towards phonon drag is higher than LA phonons. At higher
carrier densities, phonon drag boosts Seebeck coefficient up to 27% to low temperatures.
This boost in phonon drag is due to increase in electron phonon interaction that result in
higher scattering rates. Using this comprehensive model, we show the phonon drag impact
on Seebeck coefficient and is not captured by existing models. Further, this model can be
adopted to materials with known higher influence of normal processes on transport that
control the phonon drag, which in future can be used in material selection for TE devices

that operate at low temperatures.
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CHAPTER 6

HIGH THERMOELECTRIC POWER FACTOR IN TWISTED
BILAYER GRAPHENE (TBG)

With the breakthrough in graphene fabrication [175], extensive research is carried out to
understand its properties and viability in different applications. Even though graphene has
high electrical conductivity, the Dirac nature of the material with almost no bandgap limits
its use in electronic devices. Especially in TE devices where higher bandgap improves
Seebeck coefficient. Several techniques [176, 177, 178, 179] have been proposed to open
bandgap in graphene but they result in reduced carrier conductivity. Graphene using hBN
substrates is shown to achieve the highest known PF of 36 mWm K2 [180]. Apart from
the power generation applications, high power factor materials like graphene can enhance
passive cooling which is vital for electronic devices [181]. Further graphene thermocouples
exhibit highest reported sensitivity [182] which can used in reliable temperature sensors.

Recent studies showed that absence of Fermi velocity at certain magic-angles in twisted
bilayer graphene (TBG) resulted in unconventional superconductivity [1, 2] properties. The
theoretically predicted flat bands near magic-angles [183, 3] contributes to superconducting
states depending on the carrier density and twist angle. These remarkably flat bands with
strongly correlated states also exhibits Mott-like insulator behavior at half-filling of moiré
subbands. Even though the flat bands indicate sharp features in density of states (DOS),
the suppression of DOS at half-filling results in insulating behavior. This combination of
features in DOS is desirable for thermoelectric materials where sharp DOS maximizes the
thermoelectric performance (ZT)[184, 22]. This in addition to secondary band gap between
the lowest and first subbands in TBG can maximize the transport distribution function [26].

The highly tunable bandstructure of TBG with sharp DOS features, offers a new level of
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control and a novel avenue to further decouple Seebeck and conductivity but nothing is
known yet about its TE performance.

Here we study the impact of unique TBG DOS, on carrier transport and thermoelectric
properties of TBG. In strongly correlated systems or ’strange metals”, resistivity scales
linearly with temperature, which is observed in TBG [185, 186]. In these materials, quan-
tum fluctuations are proposed to be the dominant scattering mechanism not phonons that
results in T-linear behavior [187, 188]. However, the T-linear resistivity observed at broad
range of twist angles in TBG independent of the correlated phases at magic angles [189].
This indicates a unified scattering mechanism control the carrier transport not correlation
phases. Hence this study focuses on simulating phonon limited carrier transport at tem-
peratures much higher than the critical temperature (>100 K) using bandstructure derived
from continuum model. Here Boltzmann transport equation (BTE) is solved using Rode’s
method to model the carrier transport in TBG. Our model shows TBG has significant high
PF compared to other 2D materials and an order higher compared to single layer graphene

(SLG).

6.1 Transport model

The twist-angle resolved band structure of TBG used in this study is obtained from
openly available exact continuum model proposed in [190]. The exact continuum model
is based on k - p perturbation theory, combined with the computational efficiency of tight-
binding Hamiltonians and the twist-angle control offered by continuum models. A self-
consistent Jacobi iterative scheme based on Rode’s method [191] is implemented to solve
BTE. Rode’s method is used here to incorporate the inelastic scattering effectively, espe-
cially the in-scattering of carriers. This is important in a Dirac material like graphene where
transport is predominantly bipolar and significantly affected by inelastic scattering [101].
The carrier probability can be written as a sum of the equilibrium component (determined

by Fermi-Dirac statistics, fy(k)) and a small perturbation (g(k)) in the direction of the
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applied field, f(k) = fo(k) + g(k). Using the standard Boltzmann form of the collision
operator and Rode’s method, the perturbation to carrier distribution is calculated using Eq.
4.7 and 4.18.

The 6 function in Eq. 4.18 is evaluated using 2D version of Spherical Averaging (SAVE)
method [192] by expanding the band structure inside a circle of radius R, to compute the
length of the constant-energy contour with a weight of A(k)g;(k’). S, is sum of the scat-
tering processes, [ is the applied electric field and A is a scattering dependent pre-factor
to include the in-scattering rates [5]. The scattering rates included here are elastic acoustic
phonon scattering (I',., Eq. A.5) and inelastic optical phonon scattering (I',,, A.10). In Eq.
A.10, pre-factor to the integral represents A(k') used in Eq. 4.8. Once the Jacobi iteration
reaches convergence, as measured by the error between successive iterations, converged
g(k) is used to calculate transport distribution function (TDF) using Eq. 4.9. S and o of
the carriers are calculated from the TDF using Eq. 1.6 & Eq. 1.7 respectively. Due to the
bipolar nature of the transport in TBG, the effective Seebeck coefficient (S ) is calculated
by averaging the electron (S,,) and hole Seebeck coefficient (.S,) over their respective con-
ductivities (o, and 0,,), Se¢ = (Sp0p + Spop)/(0, + 0p). The total carrier conductivity is

the sum of electron and hole conductivity, o ¢ = o, + ).

6.2 Power factor in Graphene

In order to validate our model, TE properties of SLG are calculated using electronic
band structure obtained from first principles [193]. Scattering rates are calculated using
Eq. A5 and Eq. A.10 with D, = 3 eV, D}, = 100 eV nm™" at I'-point, and D}, = 200

eV nm~!

at K-point. The deformation potentials are taken from [194] and adjusted to
match the Seebeck coefficient [195] and maximum power factor [101]. The inelastic optical
phonon processes are calculated at optical phonon energies of wgp = 1589 cm™! = 0.197

eV at I'-point and w) = 1197 cm™" = 0.148 eV at K-point taken from [196]. Fig. 1(a)

shows the S, ¢ calculated for SLG at different temperatures by varying the carrier densities

70



using Rode’s method. Our S.¢¢, o.¢f and PF (Fig.6.1) for SLG are in agreement with the
literature ([195, 180, 101]) and shows the need to implement Rode’s method to include the
contribution from inelastic processes [197]. A peak PF of 28.6 mW m~! K? is observed
in SLG for electrons at 300 K when electric field is applied in [0 1] direction (as shown in

Fig.6.1(c)).
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Figure 6.1: Thermoelectric properties of SLG a) Seebeck coefficient, b) electrical con-
ductivity, and c¢) PF calculated at different temperatures. The peak in S is observed when
applied electric field in [0 1] direction at T = 300 K. This translates to higher power factor
in [0 1] direction. S ;¢ decreases with decreasing temperature while o, s increases.

6.3 Power factor in TBG

Our model is then used for TBG to calculate the TE properties at different twist an-
gles. In Fig. 6.2(a) and Fig. 6.2(b) we show the electronic band structures used in this
study at twist angle ¢ = 1.01° and 6 = 1.35° respectively extracted from exact continuum
model [190]. It shows the flat bands near magic-angle (6.2(a)); the low energy bands open
up with increase in twist angle (6.2(b)) and eventually obtains a Dirac cone at K-point. The
secondary band gap (E,; shown in 6.2(b)), the bandgap between lower and first subbands
for both electrons and holes influences the carrier transport. Especially at half-filling where
the material exhibit insulating behavior due the lack of states in the band gap to conduct.
Due to the presence of flat bands the DOS of TBG has sharp features. Collision broadening

[198, 199] due to carrier scattering with phonons is implemented in this study to account for
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Figure 6.2: Bandstructure and density of states (DOS) of TBG at different twist angles a)
1.01° and b) 1.35°. Room temperature c) Seebeck coefficient(S), d) electrical conductivity
(0), and e) PF of TBG at different twist angles. The peak in power factor is observed at
a twist angle of 1.28°. At this twist angle the maximum in S is observed which results in
maximum power factor. The dotted lines represent £n, as the carrier density required to
fill the lowest moiré subband.

its effect on steady-state energy distribution of carriers at high fields. Collision broadening
also results in a high-energy tail of carrier distribution which effects high-energy scattering
processes. The DOS calculated after applying inhomogenous collision broadening using
acoustic phonon scattering is showed in Fig. 6.2(a) and Fig. 6.2(b) and compared with
DOS without any broadening applied. The acoustic phonon scattering in TBG is calculated
with a acoustic deformation potential of D,. = 9 eV. This is in line with literature values
that suggest D,. of TBG is higher than the the value observed in SLG [200, 189]. Dgp =
10 eV nm~! with optical phonon energy of 0.150 meV (1213 cm™1') at I'-point and Dﬁ; =
20 eV nm~! with optical phonon energies of 0.148 meV (1197 cm™1) at K-point is used to
calculate the inelastic phonon scattering rates [200].

Applying our model, the calculated S, o.¢r and PF in [0 1] direction at T = 300 K are

plotted in 6.2(c-e) with respect to twist angle and carrier density. The simulation domain is
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Figure 6.3: (a-d) TE properties near magic-angle (¢ = 1.09°), at twist angle with peak PF(#
=1.33°), and at twist angle with maximum S.;; (¢ = 1.50°) a) S.¢¢, b) DOS, ¢) o.¢f, and
d) PF at T = 300 K. The secondary bandgap in the bandstructure results in a gap in DOS
that maximizes the S, €) Room temperature S, vs 0. ;s of TBG at different twist angles
compared with SLG to understand the PF peak at # = 1.33°. The constant PF lines are
plotted as a guide to the PF. f) Change in the carrier Fermi velocities of TBG with twist
angle. The secondary bandgap (E,) for electrons and holes at different twist angles. g)
Band structure, Fermi velocity and band gap of TBG at a twist angle 6 = 1.33° where peak
PF is observed.

limited to twist angles above 0.65° due to the limitation of continuum model used for band
structure calculation. This limitation comes from the inclusion of atomic relaxation in TBG
that suppress the secondary magic-angle below # = 0.65°. The peak in PF is observed at 6
= 1.33° for both electrons and holes near the carrier density of +n, (£ 4.11 x 102 cm~2
for & = 1.33°). The peak in S, translates to the peak in PF as seen in 6.2(c) and oy has
the expected dependency on carrier density, o.s¢ increases with increase in carrier density.
Both room temperature S. ;s and o, observed at § = 1.33° is higher than SLG. In 6.3(a),
Sers observed at @ = 1.33° is compared with S.¢; near magic-angle (¢ = 1.09°) and 0 =
1.50°. Comparing S.s; at these twist-angles with their corresponding DOS (6.3(c)) shows

that the peak in S. ¢ is a consequence of DOS band gaps where secondary band gaps (E,)
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are observed in band structure. These band gaps in DOS lead to little or no scattering
which in-turn maximize the TDF (Eq. 4.9). TDF is proportional to perturbation in carrier
distribution (g(k)) which is inversely proportional to scattering rates. Also, included in
TDF is temperature dependent Fermi window (0 f /J E) that determines the peak in S. .
Our calculations show that at room temperature, holes have S, of 122 uV K~! which
is higher than 107 'V K~! observed in electrons as shown in Fig. 6.3(a). The peak in
Sy observed at a twist angle of # = 1.33° with a carrier density of 3.06 x 10'* cm™ in
holes and 4.02 x 10" cm™? in electrons. On the other hand, o, shows a decreasing trend
with increasing twist angle with peak near magic-angle. This can be seen in 6.3(b) where
increasing the 6 from 1.09° to 1.50° decreases the o.s. This trend is illustrated by observ-
ing the S.¢; and corresponding oy for different twist angles in 6.3(e). A simultaneous
increase in S.¢ and o.¢y with twist angle peaks at 6 = 1.33° and decreases with further
increase in twist angle. Comparing with SLG, both S.¢; and o.s is higher for TBG in
the twist angles studied here. The observed peak in PF at room temperature is 40.8 mW
m~! K2 in holes and 33.3 mW m~! K2 in electrons at § = 1.33° (Fig. 6.3(d)). These
peaks in PF occur at a carrier density of 3.99 x 10'2 cm~2 in holes and 4.71 x 102 cm—2
in electrons which is near the first band filling n, = & 4.11 x 10?2 cm~2. To further un-
derstand the control of band gap E, on S.;; thereby on PF, highest PF observed at each
twist angle either in electrons or holes is plotted along with the corresponding electron and
hole secondary band gaps (E,) in 6.3(f). Both electron and hole band gaps peak near 1°
twist angle due to the flat bands in the band structure. This is evident in the corresponding
electron and hole Fermi velocities at different twist angles. This shows that the maximum
PF observed at any twist angle is dependent on band gap and peaks near the twist angles
where band gap is highest. The exact position of the peak in PF relative to peak in band
gap 1s temperature dependent due to change in width of Fermi window. 6.3(e) shows the

electronic bandstructure at ¢ = 1.33° where peak PF is observed, along with the band gap

between first and second bands which is 16.6 meV in electrons and 10.2 meV in holes.
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Figure 6.4: Power factor ata) T = 100 K and b) T = 200 K of TBG at different twist angles.
c) Temperature dependence of peak PF at twist angles of TBG, observed by varying the
carrier densities. The peak in power factor is observed at § = 1.33° fot T =300 K, § = 1.33°
for T = 200 K, and 6 = 1.26° for T = 100 K. d) Temperature dependence of S.;; at ¢ =
0.97°. e) o(FE) at Fermi levels where peak in S,/ is observed at T = 100 K. S.;, peaks
when o(FE) is asymmetric with respect to the corresponding Fermi level. Variation in f) o
and g) power factor with temperature at # = 1.26° at different carrier densities. The peak in
power factor is observed at carrier densities near +£n, depending on the temperatures.

To understand the temperature dependence of PF in TBG, TE properties are calculated
at T =100 K and T = 200 K by changing the twist angle. We focused on T >= 100 K in
this study as transport in lower temperatures can result in hydrodynamic transport which
is beyond the scope of our model [201]. 6.4(a) and 6.4(b) shows the PF at different twist
angles and carrier densities at T = 100 K and T = 200 K. With decreasing in temperature, the
range of carrier densities with high PF reduces and the twist angle with peak PF decreases.
The peak in PF either in holes or electrons at T = 100 K and T = 200 K is compared with
the values observed at room temperature in 6.4(c). The peak PF is at ¢ = 1.33° for 300 K
and 200 K whereas for 100 K it occurs at § = 1.26°. A peak PF of 140.2 mW m~! K2

is observed at T = 100 K and 79.6 mW m~' K2 at T = 200 K while the value is 40.8
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mW m~! K~2 at room temperature. The dotted black line in Fig. 6.4(c) represents peak
PF observed in SLG. TBG exhibits a peculiar behavior of increasing power factor with
temperature while SLG shows the opposite trend [180]. This temperature dependence is
previously observed in high-T. superconductors like TBG [202]. Power factor in ultrathin
FeSe increases an order in magnitude by decreasing temperature from 300 K to 100 K.
These peaks in PF coincides with the peak in bandgap (between second and first bands) for
both electrons and holes (shown in Fig. 6.3(f)). In 6.4(d), S, is plotted at 6 = 0.97° where
PF peaks at T = 100 K, by varying Fermi level (Ey) at different temperatures. Seebeck
coefficient increases with the increase of asymmetry in TDF with respect to E;. Once the
lowest subband is filled, increasing E ¢ further moves peak in TDF beyond E; resulting in a
change in the sign of S as seen in 6.4(d). Contrary to the reduction of S.¢; in SLG with
decreasing temperature, it increases in TBG. This behavior can be explained using o(E) or
TDF, at lower temperatures the narrow width of Fermi window combined with the band
gap maximizes the TDF as shown in 6.4(e). o(E) is plotted at Fermi levels where S.¢
maximum for holes and electrons which is Ey = -0.01 and E; = 0.03 respectively. o(E)
seen above 0 eV corresponds to electrons and below 0 eV corresponds to holes. o.¢ at
this twist angle increases with decreases with temperature due to the reduction in carrier
scattering. This results in peak PF where the S, peaks with PF increasing with decreasing
temperature. The peak in PF observed is at carrier densities that are near +n, as shown in
6.4(g). This shows that E; above the first subband into the bandgap in DOS optimizes the

TDF providing the observed high PF.

6.4 Conclusion

In conclusion, using an iterative solver for Boltzmann transport equation, phonon-
limited thermoelectric properties of TBG are calculated by varying the twist angle. Both
acoustic and optical phonon scattering rates are included to capture the carrier interac-

tions. Band structure of TBG is obtained from a exact continuum model coupled with
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tight-binding Hamiltonians. Our calculations show a peak PF of 40.8 Wm~! K~2 at room
temperature at a twist angle of 1.33°, which is two orders higher than SLG. The combi-
nation of flat bands with secondary band gap results in high Seebeck coefficient which
eventually improves PF. The peak in power factor converges to a twist angle where the
secondary band gap is maximum 6 =~ 1.26°, as temperature decreases from room temper-
ature. Using temperature and twist angle as knobs, TE properties of TBG can be tuned
to achieve desired TE performance. These unique properties of TBG makes it a promising
candidate for future TE devices that can be operated under a wide spectrum of performance

requirements.
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APPENDIX A

SCATTERING RATES

The scattering rates that have been used in our calculations are:

A.1 Acoustic phonon scattering

Acoustic phonon scattering rate (I'*?) in Bulk or 3D material is given as:

2w D2 kT

F3d —
ac hvgp

DOS(E)

2d
acs

Acoustic phonon scattering rate (I'2%.) in a confined 2DEG is given as:

2 _ 21 D2 kpTe? _ ¢
ac hvgcp —nm

where

B = / / | (e, ) [2] mlz, y) * dady

¢ = /5(1% — K.+ q,)8(E — E')dz

(A.1)

(A.2)

(A.3)

(A4)

where D, is acoustic phonon deformation potential, p is density, v, is velocity, DOS(E)

is density of states and 1) is the electron wave function. The momentum resolved acoustic

phonon scattering in intrinsic 2D materials can be written as:

. 27TD201€BT

Tai(k) = =5 7 / S(E(k) — E(K))dK.
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A.2 Intervalley optical phonon scattering

. . 3d . . . . .
Intervalley optical phonon out-scattering rate (I';;,) in bulk or 3D material is given as:

qZD?2, (N + 31+ f%)

Plop

FSd _

wop

DOS(E =+ hw,y) (A.6)

where hw,,, is optical phonon energy, f is Fermi-Dirac statistics for electron, NV is the Bose-

Einstein distribution for optical phonons, D, is optical phonon coupling constant, w,,, is

2

frequency of optical phonons and Z is the number of symmetry directions. '+  denotes
absorption of phonon and ’-’ denotes emission of phonon, the corresponding change in
energy of electron are taken care through Fermi-Dirac statistics.

Intervalley optical phonon out-scattering rate (I'2¢

iop) In @ confined 2DEG is given as:

D> 1 1
[ =—2(N+-+-)= A
o= Do ( t3 2) nmG (A7)
where
Zam = / [ 1 nls) Pl () P dody (A8)
¢ = /5(1@; — K.+ ¢.)0(E — E' + hwy,)dz (A.9)

"+’ shows that there is both emission and absorption of optical phonons. The momentum

resolved acoustic phonon scattering in intrinsic 2D materials can be written as:

2d ﬂ—Dgp + 1 1 / /
Lip(k) = —=(N£ [+ F3) /5(E(k) + Ty — E(K))dE . (A.10)
PWop 2 2

A.3 Deformation potential optical phonon scattering
Deformation potential optical phonon out-scattering rate (inp) in Bulk or 3D material

is given as:
7TD(27p(NOP + fi)
prP

where D, is deformation potential of the optical phonon.

F3d o

dop —

DOS(E + hw,,) (A.11)
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A.4 Impurity scattering
The impurity scattering rate that has been implemented here is derived by Conwell-

Weisskopf as

22 4N VA 2N1/3
Tipnp = L log 1+ 5 (A.12)
16\/§7T€2m*1/2Ek dmrek),

where Ny is the number scattering centers created due to the impurities, m* is effective

mass of the material and Ej, is the energy of carriers.

A.5 Boundary scattering
The boundary scattering rate where there is confinement of material with width L and

velocity of carriers perpendicular to the boundary v,is given as:

1— v
Fboundary = (1 +§) Z (A.13)

where the specularity parameter p is calculated by
p = exp(—4k*A*cos(pp)) (A.14)

and k is the wave vector of the electron, A is the surface roughness and ¢p is the angle

between the incident electron with the normal of the boundary.
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APPENDIX B

WIGNER POTENTIAL AND POTENTIAL OPERATOR

B.1 A square potential with smoothening

A periodic fast-varying potential can be written as

= > Vi(r—nLy) (B.1)

n=—oo

where V/, is the potential and L,, is the period length. The Wigner potential as shown in Eq.

2.5,1s

2 - <
Vy (r k) = %Im{emm/;@k) D iy (B.2)

n=—oo

where \7(1(2143) is the Fourier transform of V;, and it can be written as
2 ot -
Vi (r, k) = %Im{em’”%(%) > 0k —mm/Ly)} (B.3)
The quantum evolution term (Eq. 2.3)is obtained as

Qfw (r k) = % i Im{e®™™ /Loy (2mz /L) } fu(r, k — mm /L)

m=—00

Z W (r) fuo(r, k — mar / L)

m=—00
o0

= ZWm [fuw(r,k —mn/Ly) — fu(r,k+mm/L,)]

where the quantum weight W, () is

Wm(m:% S Im{em /b V, (mr /L)) (B.A4)

m=—00
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For a periodic potential of period L, with a square potential of height V) with smoothening

factor (5 and width 2a of form

Vy(r) = %{—erf[ﬁ(r—a)] +erf[B(r+a)l} (B.5)

and Fourier transform of V,(r) is

A~ 2 2 2
V,(k) = %ek 145 sin(ka) (B.6)

The quantum weight is obtained as

oMy =—m’x2 (2 2
Win(r) = 2 e P07 gin ( T“) sin ( ”mr) (B.7)

- 1hm » L,

B.2 Cosine potential
For a cosine potential of form V,(r) = A cos(Kyr), the Wigner potential (Eq. 2.5)is

obtained as

2A

Vi (r k) = T Im{e**"V, (2k)}
_ %[m{e%kr [6(2k — Ko) + 6(2k + Ko)]}
_ M:—g’“” [3(2k — ) + (2K + Ko)]

The potential operator or force term corresponding to potential variation is

Qf (r 1) = / AV (r ke — K Fu (r, )

= /dkz’A Si"@(;_ K)r) [0(2(k — k') — Ko) + 6(2(k — k') + Ko)] fu (r, k)

™

A sin(Kor) Ky Ky
A [ () e (e )
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