








Figure 8.2. Comparison of the left and right-hand sides of Eq. 8.3 for different true reduced
velocities U*.

as a mass spring damper as in Eq. 8.2, and limit identification to the parameters associated
with each state, as

T =012 + O + O3q (8.4)

The parameters 61, 02, and 65 are estimated in simulation using non-linear least squares [78].
The model structure search is thus constrained to identification of a fluid force model as in

Eq. (8.3). Using ELGP, we attempt to identify the fluid force dynamics as

q.:f(q.7Q?’fl}7j;7x)

For the purposes of identification, §, ¢, & and & are estimated numerically, as described in

Ch. 3. This allows model forms to be evaluated numerically.
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8.4 e-lexicase selection
Lexicase selection is a parent selection technique based on lexicographic ordering of test

(i.e. fitness) cases. Each parent selection event proceeds as follows:
1. The entire population is added to the selection pool.
2. The fitness cases are shuffled.

3. Individuals in the pool with a fitness worse than the best fitness on this case among

the pool are removed.

4. If more than one individual remains in the pool, the first case is removed and 3 is
repeated with the next case. If only one individual remains, it is the chosen parent. If no

more fitness cases are left, a parent is chosen randomly from the remaining individuals.

As evidenced above, the algorithm is quite simple to implement. In this procedure, test
cases act as filters, and a randomized path through these filters is constructed each time
a parent is selected. Each parent selection event returns a parent that is elite on at least
the first test case used to select it. In turn, the filtering capacity of a test case is directly
proportional to its difficulty since it culls the individuals from the pool that do not do the
best on it. Therefore selective pressure continually shifts to individuals that are elite on
cases that are not widely solved in the population. Because each parent is selected via a
randomized ordering of test cases and these cases perform filtering proportional to their
difficulty, individuals are pressured to perform well on unique combinations of test cases,
which promotes individuals with diverse performance, leading to increased diversity observed
during evolutionary runs [60].

Lexicase selection was originally applied to multimodal [193] and “uncompromising” [60]
problems. An uncompromising problem is one in which only exact solutions to every test
case produce a satisfactory program. For those types of problems, using each case as a way to
select only elite individuals is well-motivated, since each test case must be solved exactly. In
regression, exact solutions to test cases can only be expected for synthetic problems, whereas

real-world problems are subject to noise and measurement error. With respect to the lexicase
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selection process, continuously-valued errors are problematic, due to the fact that individuals
in the population are not likely to share elitism on any particular case unless they are identical
equations. On regression problems, the standard lexicase procedure typically uses only one
case for each parent selection, resulting in poor performance.

We hypothesize that lexicase selection performs poorly on continuous errors because the
case passing criteria is too stringent in continuous error spaces. For individual ¢ to pass case
t, lexicase requires that e;(i) = e}, where e is the best error on that test case in the pool. To
remedy this shortcoming, we introduced e-lexicase selection [109], which modulates the pass
condition on test cases via a parameter €, such that only individuals outside of a predefined e
are filtered in step 3 of lexicase selection. We found that it is best to automatically adapt the
e threshold to take into account the values of e;(i) across P, denoted e; € RI”!, so that it can
modulate its selectivity based on the difficulty of case t. A common estimate of difficulty in
performance on a fitness case is variance [175]; in this regard e could be defined according to
the standard deviation of e, i.e. o(e;). Given the high sensitivity of o to outliers, however,
we opt for a more robust estimation of variability by using the median absolute deviation

(MAD) [157] of e, defined as

MAD(e;) = A(e;) = median; (|e;; — mediany(ey,)|) (8.5)

We use Eq. (8.5) in the definition of two € values, €. and €,, that control that pass condition

pe(i) as

e pe(7) = 1(er(i) < ef + A(ep)) (8.6)

ey - pe(7) = I (er(2) < A(ey)) (8.7)
Here I is the indicator function that returns 1 if true and 0 if false. As shown in Eq. (8.6),

€. defines p;(i) relative to e;, and therefore is always passed by at least one individual in P.

Conversely, €, (Eq. (8.7)) defines p;(i) relative to the target value y;, meaning that g,(7) must
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be within +e, of y; to pass case t. In this way €, provides no selection pressure if there is
not an individual in the population within adequate range of the true value for that case.
An important consideration in parent selection is the time complexity of the selection
procedure. Lexicase selection has a theoretical worst-case time complexity of O(|P|?>N),
compared to a time complexity of O(|P|N) for tournament selection. Although clearly unde-
sirable, this worst-case complexity is only reached if every individual passes every test case
during selection; in practice [60], lexicase selection normally uses a small number of cases for
each selection and therefore incurs only a small amount of overhead. The wall clock times
for our variants of lexicase compared to other methods were quantified in [109] and showed

negligible differences.

8.5 Related Work

Although to an extent the ideas of multiobjective optimization apply to multiple test
cases, they are qualitatively different: objectives are the defined goals of a task, whereas test
cases are tools for estimating progress towards those objectives. Objectives and test cases
therefore commonly exist at different scales: symbolic regression often involves one or two
objectives (e.g. accuracy and model conciseness) and hundreds or thousands of test cases.
One example of using test cases explicitly as objectives occurs in Langdon’s work on data
structures [113] in which small numbers of test cases (in this case 6) are used as multiple
objectives in a Pareto selection scheme. Other multi-objective approaches such as NSGA-
IT [32], SPEA2 [220] and ParetoGP [190] are used commonly with a small set of objectives
in symbolic regression. The “curse of dimensionality” prevents the use of objectives at the
scale of typical test case sizes, since most individuals become nondominated!, leading to
selection based mostly on expensive diversity measures rather than performance. Scaling
issues in many-objective optimization are reviewed in [76]. In lexicase selection, parents are

guaranteed to be nondominated with respect to the fitness cases. Pareto strength in SPEA2

'Program i1 dominates iz if f;(i1) < fj(i2) V4 and f;(i1) < fj(i2) for at least one j (f is minimized).
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promotes individuals based on how many individuals they dominate, and similarly lexicase
selection increases the probability of selection for individuals who solve more cases and harder
cases (i.e. cases that are not solved by other individuals) and decreases for individuals who
solve fewer or easier cases.

A number of GP methods attempt to affect selection by weighting test cases based on
population performance. In non-binary Implicit Fitness Sharing (IFS) [98], the fitness pro-
portion of a case is scaled by the performance of other individuals on that case. Similarly,
historically assessed hardness scales error on each test case by the success rate of the popula-
tion [89]. Discovery of objectives by clustering (DOC) [97] clusters test cases by population
performance, and thereby reduces test cases into a set of objectives for search. Both IFS and
DOC were outperformed by lexicase selection on program synthesis and boolean problems
in previous studies [61, 118]. Other methods attempt to sample a subset of T to reduce
computation time or improve performance, such as dynamic subset selection [48], interleaved
sampling [51], and co-evolved fitness predictors [175]. Unlike these methods, lexicase selec-
tion begins each selection with the full set of training cases, and allows selection to adapt to
program performance on them.

The conversion of a model’s real-valued fitness into discrete values based on an € threshold
has been explored in other research; for example, Novelty Search GP [130] uses a reduced
error vector to define behavioral representation of individuals in the population. This pa-
per proposes it for the first time as a solution to applying lexicase selection effectively to
regression.

As a behavioral-based search driver, lexicase selection belongs to a class of GP systems
that attempt to incorporate a program’s behavior explicitly into the search process, and as
such shares a general motivation with recently proposed methods such as Semantic GP [139]
and Behavioral GP [99], despite differing strongly in approach. Although lexicase is designed
with behavioral diversity in mind, recent studies suggest that structural diversity can also

significantly affect GP performance [20].
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Table 8.1. Global modeling settings.

Setting Value
Population size 1000
Crossover / mutation 80/20%
Program length limits [3, 20]
ERC range [-1,1]
Generation limit 1000
Trials 30
Terminal Set {x, ERC, +, —, *, /, sin, cos, exp, log}
Elitism keep best

8.6 Experimental Analysis

Since the dynamics were not observed to exceed 5 Hz, the data was filtered to 10 Hz for
identification. Each set was split 50/50 into training and test sets. Identification was first
performed on each data set collected at specific flow velocities. 10 trials of age-fitness Pareto
optimization (AFP, see §3.6.1) were used to train the models. During identification, solutions
are archived based on Pareto-dominance in complexity and fitness (as in Ch. 6). The solution
archives are then consolidated into a seed population, and global identification is performed
on the cascaded training sets.

Global identification of the fluid force dynamics is performed on the cascaded data sets,
preserving the training and test partitions. To assess the effect of seeding the initial popula-
tion and using e-lexicase selection, 30 trials of six treatments were tested, with ‘4+S’ indicating
a seeded initial population: AFP, AFP+S, Lex ¢, Lex €,+S, Lex €., and Lex €.+S. The ELGP

settings are shown in Table 8.1.

8.7 Results

The local model identification is presented first, in terms of the best fit models as well
as the archives that produce the seeded solutions for global identification. Then the global
models are presented. We compare the six treatments according to the fitness of the models
they produce. Finally, the best fit model is evaluated and simulated along with the parame-
terized mass spring damper model. The modeling results are compared to measurement data

for each flow velocity.
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Table 8.2. Best fit local models..

U* Equation Complexity Tra“; Tes;
R R
4.4 §=18.8z —2.08¢ + 18.8% 28 100 0.92
A7 j=z—Tq— & (z&—0.186) 15 090 091
5.1 j=1—114¢+0.1383 9 082 088
5.5 §=3.28z — q+293§+0.155% 15 092 087
5.8 §=0.177d& — 0.0351% — 0.955¢ 13 085 081
6.2 G =0.0446 & — 0.995 ¢ + 0.172 11 080 085
6.5 =018 —1.11q — 0.18 log(&) (z + 0.493) 22 087 085
6.9 §=0.156& — q+0.156% 7085 082
7.3 §=0.169% — g+ 0.169 — 0.169 log(i &) 24 087  0.83
7.6 §=0693z— q+3+0.1464 11 095 089
8.0 §=035i— q+0.1833 9 092 092
8.4 §=0.53% — 1.16 ¢ +0.159 ¥ — 0.25 20 088 0.6
8.7 i = 0.606% — 1.19.¢ + 0.206 & 11 090 088
9.1 G = (0.0755q + i + 0.612) — g — 0.278 13 095 095
9.5 j = ) — 117 — 0.237 68 094  0.86
9.8 §=x—1.35q+3.71& + 1.35 sin(1.34z) 24 092 091
102 §=0871%—1.1gq 7 08 093
105  §=-2.07q—0.346z — 2.07 (z + &) (i — 8.96) 15 099 091
109 §=208U2 (z+3i+0.01643) — 2.08¢ — 0.00754 34 097 096

8.7.1 Local Models

The best local models for each data set are listed in Table 8.2. The correlations on the
test set range from 0.81 to 0.96 depending on the data set. Figure 8.3 shows the archives
resulting from local identification. The models marked by red squares represent the Pareto
front of the archived results of the trials. These models are inserted into the initial population

of the global identification runs.

8.7.2 Global Models

The best-of-run model R? values on the test data are shown in Figure 8.4 and demonstrate
the improved model quality that results from 1) using e-lexicase selection and 2) seeding the
initial populations with locally fit models. The e-lexicase selection treatments all produce
models with better median R? values than AFP and AFP+S; in addition, the seeding for
Lex €, and Lex €. generates a significant improvement in the median model quality. The
head start in model quality produced by seeding is also evident in the progress of best fit

models during the algorithms’ executions, as shown in Figure 8.5. The seeded runs start with
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Figure 8.3. ELGP runs on local data sets generate the models marked with x. These are
consolidated into a single archive based on Pareto dominance to seed the initial population
of ELGP trained on the global data set.

163



~ 20% lower MAE values. In addition, the lexicase treatments converge much quicker on
fitter solutions than the AFP treatments.

A consolidated Pareto archive of all of the modeling results is shown in Figure 8.6. In
this case, complexity is plotted on the y-axis, and fitness is plotted on the x-axis, to allow
the model forms to be shown. The fluid force model that achieves the best test fitness has

the following form:

G = sin (043 + 052 — q + Og2) — q (8.8)

with 8, = 18.009, 05 = 17.827, and g 0.341. Under algebraic evaluation this model has an
average correlation of R? = 0.94 with ¢ on the test data. The parameters of the cylinder
displacement (Eq. (8.4)) are estimated via nonlinear least squares as ¢; = -11.9411, 63 = -
0.1955, and 63 = 2.0527. The cylinder displacement shows good agreement with measurement
data as expected, with an average correlation of R? = 0.96.

To evaluate Eq. (8.8) in its prediction of ¢, we simulate its behavior using initial conditions
(¢(0),4(0)) chosen from the test sets at different U*. The results for six seconds of simulation
at each flow velocity are compared to measurements in Figure 8.7. The results indicate good
agreement with the measurements. However, we note that for simulation lengths longer than
10 seconds, the predictions begin to diverge from measured values, indicating that the model
may only be locally stable.

Eqns. (8.4) and (8.8) are simulated in a decoupled fashion, meaning that the states are
integrated only with respect to their own derivatives. Under these conditions, accurate phase

portraits of the VIV dynamics can be generated at each flow velocity, as shown in Figure 8.8.

8.8 Discussion and Conclusion
The results demonstrate that e-lexicase selection with seeding provides a viable approach
to generalization for modeling dynamic systems with GP. In comparison to the AFP algorithm

used for ELGP, e-lexicase selection is shown to converge more quickly and produce higher
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Figure 8.7. Model of q compared to measurement data for different flow velocities.

fidelity models. We are able to create a reduced-order model of the VIV phenomenon that
captures the cylinder displacement and fluid force as they vary with U*. The final model is

of the form

T = 019'c+02w+03q

(j:sin(94di'+95x—q+06§c)—q

Challenges to fully capturing the VIV dynamics remain. In particular, a fully coupled sim-
ulation that remains stable for more than 10 seconds has yet to be accomplished. Although
we have shown that the models produce accurate results given appropriate measured inputs,
the fully coupled simulation will allow researchers to begin to explore more aspects of VIV
beyond the behavior modeled here. In addition, it is of great interest to apply this modeling
tool to different experimental setups such that the generalizability of the identified model

with respect to system parameters can be analyzed.
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CHAPTER 9
CONCLUSION

This dissertation presents three methods that are designed to improve the capacity of
system identification methods to identify succinct and accurate model structures. Model
structures that are intelligible are more adept at informing experts of their embedded knowl-
edge. The challenge of succinct nonlinear modeling pervades disciplines across the spectrum
of science and engineering; here, it has been addressed for three scenarios. The first scenario
applies to continuous dynamic processes for which experts have designed intelligible models
or controllers that fail to fully explain or control the nonlinearities of the process exhibited
in measured observations. MSAM is designed to optimize the introduction of nonlinear cou-
plings to these models that improve their performance while maintaining their intelligibility.
The second scenario applies to continuous dynamic processes for which no accurate start-
ing models are available. ELGP is designed to produce concise model structures achieved
by improving the capacity and search for such models in GP. The third scenario applies to
multiclass dynamic processes, like the behavior of bald eagles, for which no starting model
is available. M4GP is designed to produce models for this task by using GP as a feature
engine that can perform feature selection as well as feature synthesis, resulting in succinct
models represented as transformations of the original feature space. These methods are
demonstrated through application to the identification of nonlinear dynamics for control de-
sign, wind turbine modeling, bald eagle behavioral modeling, and fluid-structure interaction
modeling.

Together, MSAM, ELGP, and M4GP address several of the challenges to succinct non-
linear model structure identification. The rest of this chapter is devoted to identifying the

challenges they do not address, and to providing some insights into future research directions.
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Whereas the discussion sections in the respective chapters identify some of the method-specific
extensions, the goal of this discussion is to identify more broadly the challenges to model
structure identification for dynamic processes. The first research question discussed in §9.1 is
the trade-off between algebraic and simulation-based evaluation of candidate models, which
deserves a more thorough treatment. The second research question stems from the insight
that MSAM, ELGP and M4GP are hybrid methods. §9.2 discusses what role deterministic

and stochastic machine learning methods could play in the future of system identification.

9.1 Model Evaluation

As mentioned in Chs. 2 and 3, the common choice for estimating the model output(s) is nu-
merical integration (i.e., simulation) of state variables, i.e. the “output error” method [121].
However, given the sensitivity of simulation to different model structures and the compu-
tational cost of numerical integration, the alternative approach of algebraically estimating
candidate model outputs is preferred for symbolic regression [15, 177]. In the algebraic
approach, un-measured states, denoted x, are estimated from measurements via numerical
differentiation together with smoothing functions. This yields an algebraic estimate for the
prediction error, given in Eq. 3.2.

The algebraic prediction error will differ from the error yielded by simulated-based eval-
uation. To illustrate why, consider the classical Runge-Kutta method (RK4) to solving an

ordinary differential equation:
g=rfty), ylto) = yo

then for step size h,
h
Ynt+1 = Yn + g(lﬁ +2(k2 + k3) + k1) , tny1 =tn +h

where
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kl = f(tna yn)

h h
k2 = f(tn +-9n + *kl)

2 2
h h
ks = tn o Yn —k
3= f( +2y +22)

ky = f(tn + h,yn + hkS)

now consider a model § = f(t, y) with algebraic error € = y — y, such that § = § — € =

f(t,y) — €(t). Then the error propagates through simulation as

:gn =Yn —€n
]%1 = f(tnayn - €n)

. h b
ko :f(tn+§yyn_€n+§f(tmyn_€n))

h A h h -
k3 :f(tn+§’yn_€n+f(tn+§uyn_€n+§f(tnayn_€n)))

~

]%4 :f<tn+h7yn_€n+

~

h . h h -
hf(tn + §ayn —€p + f(tn + §7yn — €+ §f(tn7yn - 6”))))

Thus the error at a particular time step is amplified in the estimation of subsequent time
steps. The algebraic evaluation can be considered optimistic in the sense that it assumes
the state variables x to be free of error propagated from previous time steps. The argument
for this approach is that the algebraic error more accurately reflects the differences between
competing model structures since it is not masked by error propagation through simulation.
It also requires only one evaluation of each model on the target data, rather than 4, in the
case of RK4. However, problems can arise when simulating candidate models that have
been chosen via algebraic evaluation, because their robustness to error propagation has not
been quantified. An example of this is noted in Ch. 8, where identified models drifted from

measurement after many time steps.
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Future work should address the difference between algebraic and simulated-based error
more analytically to justify the use of one approach, the other, or both. An interesting topic
could be to investigate algebraic estimates of simulation-based error propagation to improve
algebraic estimates of simulation error without having to resort to expensive simulations
during identification. Identification could also proceed through stages in which certain mod-
els in the population are chosen for simulation to enhance confidence in their capacity for

generalization.

9.2 Hybrid Methods

The three methods presented in this dissertation represent hybrid approaches to model
structure identification. MSAM intertwines exhaustive search with parameter estimation;
ELGP interwines stochastic hill climbing with GP; M4GP intertwines GP with distance-
based classification. These methods are part of a growing body of research that combines
stochastic model structure identification algorithms with deterministic algorithms to achieve
a balance between structural and parametric search [201, 132, 72, 99, 2, 3]. The abundance of
disparate hybrid algorithms suggests that a generalized theory for interfacing the strengths
of GP methods (e.g. feature creation and selection, model structure optimization) with the
strengths of fast machine learning algorithms (e.g. ordinary least squares, decision trees,
naive Bayes, etc.) has yet to be realized. Recent methods like Behavioral GP [99] treat
the subprogram outputs of GP individuals as features for data mining, and the data mining
in turn determines which sub-components are important to share. At the other end of the
spectrum, several methods treat individual model outputs as features in a single ensemble
model [85, 132, 72, 31, 3]. In other words, the balance and scale of GP in relation to other
methods has not been decided. Future work could explore the trade-offs and the scales at

which hybrid GP algorithms are most effective.
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