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The onset of wrinkling and delamination has been compared by Mei et al. for thin 

films on elastomeric substrates[39].  The critical stress for wrinkling    based on energy 

analysis is[40]:  
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                                         (1.7) 

In equation (1.7),  ̅  and  ̅  are the plane-strain moduli of the substrate and the film, 

which also equal to  ̅         
   and  ̅         

  , respectively.  On the other 

hand, an implicit expression for the buckling delamination stress where elastic 

deformation of the substrate is considered, is derived by Yu and Hutchinson[41]:  
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Figure 1.1:  Comparison between the critical stresses for wrinkling and buckle 

delamination.  The open symbols are numerical results from equation (1.8) for various 

b/t ratios.   The dashed lines indicate the limiting stresses for buckle delamination[39].  

Used with permission:  Applied Physics Letters, 2007 
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In equation (1.8),     is the buckling stress,    is the critical stress for delamination,   is 

the film thickness, and   is the half-width of the delamination.     ,    , and     are 

determined numerically and depend on the ratio b/t and the stiffness ratio  ̅   ̅ [41].  The 

critical stresses for wrinkling and delamination, defined by equation (1.7) and (1.8), are 

compared as a function of stiffness ratio in Figure 1.1[39].  The plot shows that when the 

substrate stiffness is high, the delamination stress is lower than the wrinkling stress – 

dictating that delamination occurs first as compressive stress develops in the film.  For 

more compliant substrates, wrinkling stress is lower than the delamination stress, and the 

film wrinkles.   

 Folding is another mode of strain localization.  Pocivavsek and Cerda have 

recently investigated the relationship between wrinkles and folds in floating a thin film 

on water under simple uniaxial compression[31].  The transition from wrinkling to 

folding as the film is compressed was observed experimentally by monitoring the 

Figure 1.2:  The transition from wrinkling (A1/λ) to folding (A0/λ) for polyester films on 

water.  The scattered data is the experimental results and the solid line represents the 

numerical result for the film size of L = 3.5λ.  The inset shows the numerical results for 

various film sizes[31].  Used with permission:  Science, 2008 
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amplitude of the deformation as shown in figure 1.2[31].     and    are the amplitudes of 

the fold and the neighboring wrinkles, respectively, and d is the dimensionless lateral 

displacement,      , where   is the global deformation distance.  At low strains, 

folding amplitude     increased linearly with respect to  , while wrinkling amplitude 

increased proportionally as         .  Both experimental and numerical results show that 

at higher strains, when           (i.e.,      ),    continued to increase linearly 

whereas    started to decay, signifying the wrinkle-to-fold transition for a film 

compressed uniaxially on water.   

As Pocivavsek and Cerda discuss in their work, unlike wrinkling which is a 

smooth sinusoidal deformation, folding is a sharp localization where non-linear 

deformation must be accounted.  For a floating film, the total energy of the folded state 

    
 

 scales as[31]:   

    
 

                                                      (1.9) 

The difference between the total energy of the wrinkled state shown in equation (1.5) and 

the total energy of the folded state shown in equation (1.9) is the higher order term.  This 

higher order term lowers the overall energy as the film is compressed and folding 

becomes energetically favorable for the system.  The theoretical wrinkle and fold 

energies are within 10% of each other around      , which is in agreement with what is 

observed experimentally.   

 Holmes and co-workers have also studied the transition between wrinkling to 

folding of a floating axisymmetric thin film on water.  The film was lifted out of the 

water by a spherical probe to determine how the geometry and boundary conditions affect 

the wrinkling and folding phenomena[42].  Vertical probe displacement was monitored 
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using a nanopositioner, while the force required to deform the film was measured using a 

load cell.  The scaling relationship between critical displacement for the wrinkle to fold 

transition and the film thickness was found to be consistent for the uniaxial compression 

and the axisymmetric lifting case. The difference in geometry between the two cases 

manifests in the wrinkles near a fold.  In the case of uniaxial compression, only the 

wrinkle amplitude decreased upon folding.  Under the axisymmetric conditions, the 

wrinkle amplitude decreased but the wrinkle wavelength also decreased at the onset of 

wrinkle-to-fold transition which implies that the radial stress increased in the surrounding 

material upon onset of strain localization[42].   

1.3 Thesis Organization 

Prior buckling studies have shown that wrinkles transition into folds at a high 

applied strain for a film floating on a liquid.  However, a fundamental understanding of 

the transition from wrinkle to strain localization, specifically on elastic foundations, is 

lacking.   Our work presented here was designed to further our understanding of the 

differences and similarities of wrinkling and strain localizations, and investigate the 

transitions that occur on the surface of a thin glassy film placed on an elastomeric 

substrate.  Also, we aimed to extend our existing knowledge of thin film buckling 

mechanics by investigating the effect of the geometry, boundary conditions, and material 

systems.     

1.3.1 Project Aims and Governing Questions 

The project objectives and governing questions for each chapter is listed below: 

 

Chapter 2:  Wrinkling and Strain Localizations 
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Objective:  Investigate the transition from wrinkles to folds and delaminations for 

thin polymer films attached to an elastomeric substrate  

• What is the difference between wrinkling, folding, and delamination? 

• What material and geometrical properties affect the transition from 

wrinkles to strain localized features? 

Chapter 3:  Wrinkling with Confined Boundaries 

Objective:  Study how wrinkle amplitude varies with position between rigid 

boundaries 

• How does wrinkle amplitude increase as a function of applied strain? 

• Can we systematically control the wave number?  

Chapter 4:  Mechanics of Wrinkling Membranes 

Objective:  Examine the scaling of amplitude and wavelength of a free-standing           

circular membrane 

• How does the geometry, such as pattern size, pattern spacing, and film 

thickness affect the wrinkling wavelength? 

• How is the wrinkling behavior different in free-standing membranes 

compared to the supported film? 

Chapter 5:  Liquid Encapsulation in Microwells 

Objective:  Develop a single-step method for encapsulating water in hydrophobic 

microwells 

• How does the pull-out velocity and geometry affect the amount of liquid 

captured in the patterned microwells? 

• How can we quantify the amount of water captured in the microwells? 
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• Can we use this method to capture or deposit particles or crystals 

suspended or dissolved in water? 
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CHAPTER 2 

WRINKLING AND STRAIN LOCALIZATIONS 

2.1 Introduction 

Wrinkling is a phenomenon commonly observed in everyday life, such as in aging 

human skin or ripening fruits, and has been studied extensively both theoretically[43–45] 

and experimentally[46–49].  In contrast to the periodic sinusoidal deformation of 

wrinkling, strain localization, such as folding or delamination, may occur as an applied 

compressive strain increases beyond a critical value.  These strain localizations occur due 

to instability associated with a geometric non-linearity[31].  In essence, localization of 

applied global strains necessitates the growth of a particular wrinkle in comparison to its 

neighbors.  This transition from wrinkles to localized features is crucial for 

morphogenesis of many biological systems, such as ciliary folds in embryonic 

development[50], and has also raised interest among researchers for technological 

applications, such as microelectronics[21] and microfluidics[51].  However, a 

fundamental understanding of the transition from wrinkling to strain localization is still 

lacking.   

Recently, several researchers have investigated the wrinkling and folding of a thin 

film floating on a fluid surface[31,38,42,52].  Under uniaxial compression, wrinkling 

amplitude scaled as the square root of applied strain until a fold occurred.  As the wrinkle 

transitioned to a fold, its amplitude increased linearly; whereas, adjacent wrinkle 

amplitudes decayed.  These important experimental results provide a starting point 

towards understanding the relationship between wrinkling and strain localization, but the 
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geometry, boundary conditions, and material systems were not relevant for many 

technologies where solid-solid interfaces are used.  These differences are likely to play a 

critical role in the transition from wrinkling to folding.  In this chapter, we investigated 

the differences among wrinkling, folding, and delamination of a glassy polymer film 

attached to an elastomeric substrate.  Using measured differences in amplitude, we 

examined how material parameters controlled the critical strains for the transition from 

wrinkling to strain localization. 

2.2 Experimental Approach 

2.2.1 Materials Preparation 

In order to investigate the transition from wrinkling to strain localization, we 

chose polystyrene for the film material and PDMS-based elastomer (Dow Corning 

Sylgard
TM

184, x-PDMS) for the substrate material.   Polystyrene was chosen as the film 

material because film thickness could be controlled very precisely.  x-PDMS was chosen 

because the modulus could be tuned easily by changing the pre-polymer to cross-linker 

mixing ratio.  The substrate was prepared by mixing the pre-polymer with the cross-

linker in 20:1 and 10:1 ratios.  The mixture was then degassed for 30 minutes, poured 

into a 10 cm by 10 cm polystyrene petridish with a thickness of 3-5 mm, and cured at 70 

C° for 20 hours. After cooling, the x-PDMS substrate was cut into rectangular sections of 

6 cm x 1 cm x 4 mm.  The elastic modulus (  ) of these substrates was measured using a 

JKR contact mechanics technique with a 5 mm diameter spherical glass probe[53].  The 

average    of substrates prepared from 20:1 and 10:1 formulations was 0.75 ± 0.05 MPa 

and 1.85 ± 0.3 MPa, respectively. 
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 Atactic polystyrene (PS) with MW~115 kg/mol and ~1050kg/mol was used as 

received from Polymer Source, Inc. PS solutions in toluene were prepared at various 

concentrations and spun cast onto a clean sheet of mica.  The experimental conditions 

and parameters used for this experiment are summarized in appendix A.  The thickness of 

PS film was varied from 5 nm to 180 nm, as measured by a Filmetrics F20 

interferometer, a Zygo NewView
TM

 7300 optical profilometer, and a Veeco Dimension 

3100 atomic force microscope. 

2.2.2 Mechanical Deformation Experiments 

 The x-PDMS substrates were stretched by ~10% on a custom-built uniaxial strain 

stage manually in the direction of the substrate’s long axis.  A PS film was floated on 

water, transferred to a circular washer, and then subsequently transferred to the pre-

stretched x-PDMS substrate.  As the global strain (ε, distance compressed divided by the 

original length) was released, surface deformations, including wrinkles, folds, and 

delaminations, were observed using an optical microscope, an optical profilometer, and 

an atomic force microscope.  The global strain rate was approximately 0.0025 s
-1

.  

Optical microscopy and optical profilometry measurements of surface deformations were 

made with 60 s of reaching specified applied strains. 

2.3 Results 

 We observed different surface deformations, shown schematically and in 

representative optical micrographs in Figure 2.1, as global compressive strains were 

applied to the PS films attached to the x-PDMS substrates.  In general, wrinkling is a 

sinusoidal and uniform deformation; whereas, folding and delamination have a localized 
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increase in amplitude.  Folds generally formed in a staggered manner.   Delaminations 

propagated across the surface.  Delamination, in general, can be differentiated from 

folding in optical images by the interference pattern caused by the air gap between the 

film and substrate, but for localizations with dimensions smaller than optical resolution 

the differences in amplitude and curvature shown in Figure 2.3 must be used for 

differentiation.  Also, we did not observe any sliding of the film with respect to the 

substrate in our experimental system at macroscopic length scales. 

 The critical global strain for each deformation is defined as w for wrinkling, f for 

folding, and d for delamination.  Wrinkling has a well-defined wavelength, λ, which 

depends on film thickness, t, the elastic modulus of the film Ef, the elastic modulus of the 

substrate Es, and scales as:  

   (
 ̅ 

  ̅ 
)
   

                                                  (2.1) 

Figure 2.1:  Schematic and optical microscope images of a. wrinkling, b. folding, and c. 

delamination[97]. The scale bar is same for all images, and the film thickness and applied 

global strain are a. t=60 nm, ε=0.02, b. t=25 nm, ε=0.04, c. t=60 nm, ε=0.05.  Used with 

permission:  Soft Matter 2012.  
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In our material system, it was confirmed that the wrinkling wavelength follows the 

classical scaling represented in equation (2.1), as shown in Figure 2.2.  For substrates 

with two different moduli, the wrinkle wavelength was linearly proportional to film 

thickness.  The slope of the linear fit is a function of Ef and Es, which corresponded to 

0.047 and 0.061 for 1.82 MPa and 0.71 MPa, respectively.   

 To investigate the differences quantitatively between the wrinkles and strain 

localized features, the amplitude of the buckled structures was quantified as a function of 

the compressive global strain.  In this thesis, amplitude is defined as the distance between 

the peak and the valley of the buckled features.  Figure 2.3 shows the amplitude growth 

of a single wrinkle transitioning into a strain localized feature as global strain is applied, 

and is compared to the amplitude growth of a nearby wrinkle which is not observed to 

Figure 2.2:  Wrinkling wavelength for x-PDMS substrates with varying PS film 

thicknesses[97].  The circular markers are the average values for of wrinkling wavelength 

for each film thickness and the line is the linear fit to our experimental data.  The 

wrinkling wavelength is linearly proportional to film thickness with a slope dictated by Ef 

and Es.  The modulus of the x-PDMS substrate was 1.82 MPa (left) and 0.71 MPa (right).  

The wrinkling wavelength was measured at the onset using optical profilometer or optical 

microscope with Fast Fourier Transform.  Used with permission:  Soft Matter 2012. 
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localize on the same sample.  

 The amplitude of a wrinkle is known to scale as[10]: 

  

 
                                                                  (2.2) 

where ε is the applied global strain and Aw is the amplitude of wrinkling.  For low global 

strains, the amplitude of all topographic features followed the wrinkling behavior 

described in equation (3.2).  When delamination occurred, the amplitude of a local 

feature increased discontinuously at εd and continued to increase with global strain 

(Figure 2.3a).  The wrinkle amplitude nearby the delamination (distance of 3λ away) 

decreased at the instant delamination occurred, but continued to increase as more strain 

was applied. For structures which we describe as folds (Figure 2.3b), the amplitude 

Figure 2.3:  Amplitude as a function of applied global strain for a. delamination and b.  

fold[97]. The amplitude of a nearby wrinkle is shown in both a. and b. in open circles. 

The solid black line in a. shows the square root scaling for wrinkling predicted by 

equation (2.2). The experiments shown were a. 230 nm thick PS film on 20:1 x-PDMS 

and b. 70 nm thick PS film on 20:1 x-PDMS, respectively.  Used with permission:  Soft 

Matter 2012. 
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slowly deviated from the wrinkling behavior and had a linear relationship with the 

applied global strain up to a strain of 0.1.  This linear relationship is consistent with the 

observed high strain behavior of a film compressed on a liquid substrate[31,42]; however, 

important differences are observed.  First, the wrinkling amplitude near the fold (3λ 

away) did not decay after the fold formation.  This observation confirms that the strain 

released during fold formation is a local event, and the global strain is recovered over a 

materials-defined length scale associated with the thickness of the film and the elastic 

modulus mismatch of the film and the substrate. We observe that this distance is on the 

order of λ, which is consistent with interfold length scales recently observed for a thin, 

glassy block copolymer film placed on an elastomer[54].  A second difference between 

the folds observed in our experiments and folds on liquid substrates is that multiple folds, 

not a single fold feature, are observed across the entire sample (Figure 2.1b).  Again, this 

observation is consistent with the concept of strain released during folding being local, 

such that films with lateral dimensions greater than a material-defined size will exhibit 

multiple folds.  

 A closer look at the topographic shape of each deformation also highlights key 

differences compared with features observed in compressed films on liquid surfaces.  A 

cross-section in Figure 2.4a, obtained by optical profilometry, shows that the 

delamination amplitude is very large compared to the amplitude of wrinkling or folding, 

and that the wrinkling amplitude near a delamination decreases.  Wrinkle and fold cross-

sections are similar, but folding shows one peak that is slightly larger than other peaks.  

This is also observed in the topographic images and cross-section of wrinkles and folds 

obtained by AFM, as shown in Figure 2.4c and 2.4d.  It is important to note here that the 
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folding we observed was always out of the substrate, which contrasts other recent 

observations for folding films[31,54]  Since the amplitude change for a fold can be slight 

at the initial onset, the second derivative of amplitude with respect to the distance, or 

curvature, can highlight the key difference between wrinkling and folding, as shown in 

Figure 2.4b.  For sinusoidal wrinkling, the second derivative also is sinusoidal.  For 

folding deformations, the localization feature has a curvature that deviates from a smooth 

Figure 2.4:  a. Cross-section and b. second derivative of amplitude with respect to 

position for a typical wrinkle, fold, and delamination[97].  This experiment was shown 

was conducted on 60 nm film placed on 20:1 x-PDMS.  The data was collected at an 

applied strain of 0.081 using an optical profilometer.  c. Three-dimensional AFM image 

and d. cross-section amplitude data of a folded region.  The amplitudes of folds are 

larger than that of wrinkles directly adjacent to the folds.   This experiment was shown 

was conducted on 45 nm film placed on 20:1 x-PDMS.  The data was collected at an 

applied strain of 0.04 using AFM.  Used with permission:  Soft Matter 2012. 
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sine wave. A large negative curvature is observed at the peak of the fold, and the 

difference between the peak and valley of the fold curvature is significantly larger than 

that of the wrinkle.  

 In order to study the amplitude progression as a function of applied global strain 

more statistically, an amplitude histogram as a function of global applied strain is 

constructed by quantifying the amplitudes of all surface deformations across a 

representative area of a compressed sample.  To collect this data, a program written in 

Matlab® (See Appendix B for the code) takes three-dimensional data from optical 

profilometry measurements and calculates a histogram of the amplitude distribution.   

Figure 2.5 shows a representative amplitude histogram as a sample was compressed.  The 

first column shows the amplitude histogram just after wrinkling occurred on the surface.  

Since wrinkling is a uniform, sinusoidal deformation, a single peak corresponding to the 

average wrinkling amplitude is observed. It is important to note that there is 

polydispersity in the amplitude values even in wrinkling, signifying non-uniformity 

Figure 2.5:  Amplitude histogram progression of a sample with film thickness of 60 nm 

placed on top of 20:1 x-PDMS as applied strain is increased[97]: On the y-axis is the 

normalized frequency count, showing relatively how many times each amplitude is 

observed on a given sample across the optical field. The analyzed image has a 

dimension of 0.07 mm by 0.05 mm, and the optical profilometer has a lateral resolution 

of 0.11 mm. The amplitude data was compiled from optical profilometry data using 

Matlab® program (see Appendix B for the code). As the applied strain increased, 

amplitude peaks for various deformations appeared.  Used with permission:  Soft 

Matter 2012. 
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across the surface.  As the system is compressed further, folding occurred, and the 

amplitude histogram is shown in the second column.  After folding, wrinkling features 

were still dominant as indicated by the larger frequency, but a second peak associated 

with fold features is observed at higher amplitudes. The wrinkle distribution is also 

observed to increase in width, which is likely associated with small decreases in wrinkle 

amplitudes very near to the fold features.  After delamination occurred, shown in the third 

column, the wrinkle amplitude distribution split into multiple peaks.  This is associated 

with the decrease in wrinkle amplitude near delamination features, as shown in Figure 

2.3a. 

 Using the trademarks described above to distinguish among the buckled 

structures, we measured the critical strain for the onset of each deformation mechanism 

as a function of film thickness.  Figure 2.5 shows our measurement of the critical strain 

for wrinkling, folding, delamination as a function of film thickness for two different x-

PDMS substrates, with an average elastic moduli of 1.95 MPa (10 : 1) and 0.75 MPa (20 : 

1), as well as two different PS materials with molecular weights of ~115 kg mol
1
and  

~1050 kg mol
1
.  In the plot, we have combined the experimental data from the two 

different molecular weights.  We define the general critical strain, εc as:  

   
  

  
                                                                    (2.3) 

where Δc is the global deformation distance at which the first deformation mode is 

observed for a representative area on the sample, and L0 is the original length of the x-

PDMS sample.  For the flat to wrinkle transition, the critical strain is known to scale 

as[12]: 


