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Abstract

An expression for the spacetime absorption coefficient of a scalar field in a five di-
mensional, near extremal black hole background is derived, which has the same form as
that presented by Maldacena and Strominger, but is valid over a larger, U-duality invari-
ant region of parameter space and in general disagrees with the corresponding D-brane
result. We develop an argument, based on D-brane thermodynamics, which specifies the
range of parameters over which agreement should be expected. For neutral emission, the
spacetime and D-brane results agree over this range. However, for charged emission, we
find disagreement in the ‘Fat Black Hole’ regime, in which charge is quantized in smaller
units on the brane, than in the bulk of spacetime. We indicate a possible problem with
the D-brane model in this regime. We also use the Born approximation to study the high
frequency limit of the absorption coefficient and find that it approaches unity, for large
black hole backgrounds, at frequencies still below the string scale, again in disagreement
with D-brane results.
February, 1997
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1. Introduction

Progress made in the past year has led towards a possible understanding of the nature
of black hole microstates within string theory (see e.g. the reviews [[I,f] and references
therein). Counting arguments based on the weak coupling D-brane description of string
solitons have been shown to reproduce the Bekenstein-Hawking formula for the entropy
of certain extremal and near-extremal black holes. The D-brane description also leads
to a manifestly unitary prescription for calculating the rate of absorption/emission from
the D-brane system [B], reproducing the characteristic black body form of the Hawking
emission spectrum. A number of authors [[l,H,p,[1.8,PLL0,LT,[2,[3,I4,[5,L6] have gone on to
compare in more detail the spectra of emitted radiation calculated for the D-brane system
with that calculated using semiclassical spacetime methods.

In the present paper we continue this work of detailed comparison between the D-
brane and spacetime calculations. We present a number of new results, including a U-
duality invariant (covariant) expression for the spacetime emission rate of neutral (charged)
particles, together with a discussion based on D-brane thermodynamics of the regime in
which we would expect to obtain agreement between this spacetime expression and D-brane
results; a discussion of the expected higher energy behavior of the spacetime emission rate;
and, most interestingly, a regime of disagreement between the D-brane and spacetime
calculations for emission of charged particles. This regime of disagreement occurs in the
‘fat black hole’ region of parameter space, in which charge is quantized in smaller units
on the brane, than in the bulk of spacetime [[7,[§. It is left as an open question whether
this disagreement can be resolved through a clearer understanding of emission processes
in the ‘fat black hole’ limit.

One might be tempted to dismiss these discrepancies as irrelevant since it was argued
in [[f] that the spacetime calculation of emission from a black hole is only valid for black
holes larger than the string scale whereas the perturbative D-brane calculation is only
valid for black holes smaller than the string scale. This would mean that there should be
no reason to expect agreement between the two. Nevertheless, agreement, where it has
been found, has been taken as further evidence for the general idea that D-branes provide
the correct microscopic description of black holes in string theory. It is important, then,
not only to point out when unexpected agreement occurs, but also to identify when the
calculations of emission rates, say, actually differ. This information may be just as valuable

in elucidating the black hole/D-brane correspondence.
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The spectrum of energy emitted in Hawking radiation [[9] by a charged black hole is
given by
dE _ w|A(w, g)|?
%(CW Q) - o (e(UJ—qq’e)/TH _ 1) ) (1)

where w and ¢ are the energy and charge of the emitted particle, Ty is the Hawking
temperature and the chemical potential ®. is the difference in the electrostatic potential
between infinity and the black hole horizon, ®, = ®,, — ®,. The prefactor |A(w, q)|?,
required by detailed balance, is the classical absorption coefficient for the emitted mode.

In the case of neutral emission, ¢ = 0 in ([l), Das and Mathur [§] showed agreement
between the D-brane and spacetime calculations of the absorption coefficient A(w) =
A(w,q = 0) at leading order in a small w approximation. Maldacena and Strominger
[1 then derived a more detailed result for the spacetime calculation of A(w), showing
striking detailed agreement with the D-brane result of [[](though still in a low energy
approximation). Below we show that a result for the spacetime absorption coefficient
A(w) of the form given in [{] continues to hold over a larger region of black hole parameter
space, yielding an expression which is invariant under U-duality transformations. The
expression is symmetric under interchange of the three charges carried by the black hole,
as one should expect for neutral emission.

This new expression for A(w) disagrees in general with the D-brane result. We then
ask the question, given that calculations in the D-brane system are limited to processes
in which the dynamics of branes and anti-branes are unimportant, over what region of
parameter space should we expect the D-brane result to be accurate? We show that if one
assumes that the statistical D-brane system is described by the U-duality invariant entropy
formula given in [27], as it must be to correspond to the black hole, then the region of
parameter space, for which left and right moving excitations dominate the process of energy
exchange of the system with its environment, matches precisely the regime for which the
D-brane and spacetime results for A(w) agree. This demonstrates a degree of consistency
in the assumption that a full understanding of D-brane dynamics would reproduce the
U-duality invariant results. The full expressions, moreover, may give clues towards such
an understanding. For example, in the U-duality related limit in which 1-branes and anti-
1-branes dominate, the expression for A(w) may be interpreted in terms of distributions
of branes and anti-branes.

Turning to the case of charged emission, ¢ # 0 in ([l]), contrary to the conclusions of

B1,[ , we find real disagreement between the spacetime and D-brane results for A(w, ¢) in
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an interesting region of parameter space. For charged emission, the spacetime result was
first calculated and compared with the D-brane result [RI,2J] to leading order in the small
parameter

w? — ¢ (2)
A more detailed result for the spacetime absorption coefficient was given in [[], again
showing apparent striking agreement with the D-brane result. We show here that this
agreement does not extend over the entire parameter range of interest. In particular, it
does not hold in the ‘fat black hole’ (hereafter FBH) regime [[7[I§]. We find that there
are two cases to consider; Case I, in which the difference (B) is small, with both w and ¢
individually small; and Case II, in which the difference (B]) is small, but neither w nor ¢
is small. We find that the D-brane and spacetime results for A(w, q) agree only in case 1.
Case II, however, applies in an interesting region of parameter space, the FBH regime. It
is left as an open question, whether the lack of agreement we find between the spacetime
and D-brane results in this case shows a real disagreement or an error in the D-brane
result. Such an error could arise in the FBH regime because charge is stored on the brane
in smaller units than may be carried by excitations in the bulk of spacetime [I7][L§]. Only
very special combinations of brane excitations can actually annihilate to carry charge off
the brane via the simple interactions considered in [f].

Thirdly, it should be recognized that the emission rate which has been computed for
the D-brane system does not by any means hold over the entire black body spectrum, for
either neutral or charged emission. In particular, as we will discuss below, in the high
frequency limit the black hole absorption coefficient approaches unity. This is just the
particle limit - an incident, zero angular momentum particle is absorbed by the black hole
with unit probability. For large black holes, the characteristic frequency wyye,r at which
the absorption coefficient goes to one, though well above the Hawking temperature, is still
small compared to the string scale. So at least naively, one should be able to use the
effective vertex for weakly interacting left and right movers given in [f,f] in this regime.

This paper is organized as follows: In section 2 we review the properties of the family
of spacetimes and the D-brane model, including the D-brane result for the absorption
coefficient. In section 3, we establish, via thermodynamic arguments based on the self-
consistency of the D-brane model, the regime in which we should expect agreement between
the D-brane and spacetime results. Section 4 presents the calculation of the spacetime
absorption coefficient. Section 5 is a comparison between the spacetime and D-brane
results. Section 6 contains a discussion of the high energy limit of the absorption coefficient.

We present our conclusions in section 7.



2. Black Holes and D-branes
2.1. The Spacetimes

The 5-dimensional black hole solutions of interest [0, are obtained from 10-
dimensional, boosted, black brane solutions to the low energy effective action of Type

IIB string theory, which contains the terms (in the 10d Einstein frame)

1
167TG10

[®av=g (R— SV - o ¢H2) (3)

where H is the RR 3-form, ¢ is the dilaton, G19 = 87%¢?, o/ =1 and ¢ is the d = 10 string
coupling. The d = 10 solutions are given by

2 - h2 2 .- h2 —1/4
= (1) (1 ) e o
2 h2 9
+ 74—g(cosh odt — sinh odrs)? + (1 + risin ) Z ]
=6
2 g2 1/4 h2 3/4 N
+ (1 + W) (1 + %) (1 - _g) dr® + r2d0;
r r

o206 _ (1 N rgsin2h27) (1 N 2 81112h2 a)_l
r r

H :27“(2) sinh? yes + 27“(2) sinh? ae™? ¢ €3,

—3/4

<

(4)

where *g is the Hodge dual in the six dimensions ¢, ..., x5 and €3 is the volume element on
the 3-sphere. The x5 coordinate is taken to be compact with period 27 R. The coordinates
T, . .., Ty are also taken to be compact and are each identified with period 2rV1/4. The
d = 10 solution is then specified by the six parameters a,, 0,719, R,V. These may be
exchanged for a set of six physical parameters; three charges @1, @5, n, the ADM energy
E, R and V. The three charges are given by

2
Q1= v /6¢*6H= %sinh%z,

47r2 g
Qs = g /H = Y% sinh 2+, (5)
R2Vrd
n = 0 sinh 20 .
292



The third charge n is related to the momentum around the circle in the x5 direction by
P =n/R. The ADM energy is

B RV’I‘(Q)

E
2g°

(cosh 2a + cosh 2 + cosh 20). (6)

The black hole entropy S, Hawking temperature Ty and chemical potential p,, (related
by a factor 1/R to ®, above) are given by

2 3 1 tanh
S = m cosh avcosh vy cosh o, —— = 27rg cosh a cosh vy cosh o, P = ane.
92 TH R
(7)
The reduced five-dimensional metric and additional Kaluza-Klein moduli can be read
off from

dS%O = e2X Z d.ﬁ[f% —+ 621/1 (d:[,‘g, + Aude'M)Z + 6—2(4X+1/))/3d8§ (8)

where p = 0,1, ...4. Using these normalizations, ds? is the Einstein metric in five dimen-

sions, which for (f]) takes the simple form

)

2 2\ !
ds? = —f~2/? (1 - :_g) di* + fV/* [(1 - %) dr? + r2d9

2 2 2
_ L U Tn

where the characteristic radii vy = rgsinh «, r5 = rgsinhy and r,, = rgsinh o are some-

(9)

times referred to as ‘charges’ below.

2.2. The D-brane Model

In reference [2(] the six physical parameters above were further exchanged for a set

of six ‘brane numbers’ via the relations
Q1= Ny — Ny, Q5 = N5 — N5, n = Np — Ng,

R RV 1
E = E<N1 —l-Nj) + 7(]\75 —I—Ng) + E(NR—FNL),

S (MNP NeN )
NN ) NN, '

N; and Nj are thought of as the numbers of 1D-branes and anti-1D-branes wrapping

around the circle in the z5-direction. Likewise, N5 and Ng are thought of as the numbers
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of 5D-branes and anti-5D-branes wrapping around the internal 5-torus, and Ny /R and
Ngr/R are the total momenta carried by massless, left and right moving, open string
excitations propagating along the common x5 coordinate of the branes. In terms of the

boost parameters, «, v, o appearing in the metric (f), the brane numbers are given by

Vrd Vrd o,
Nl — 4gO 62047 T = 4906 2 ,
2 2
N5 — 2_06277 Nf) = T_Oe_2V7 (11>
g 4g
2 2 2 2
B rgR°V 5, B rgR°V 5,
NL 492 e, NR— 492 (&

The black hole entropy, expressed in terms of the brane numbers, takes the simple form
[

S =2n (\/EJF Ni) (\/EJF N5> (m+ NL) . (12)

At this level, the brane numbers represent only a relabeling of parameters. However,
in the near extremal, weak string coupling limit, a string theory based counting argument,
in which the brane numbers stand for actual numbers of branes, reproduces the appro-
priate limit of ([3) as the statistical degeneracy of the system [B,24,20]. Very briefly, the
construction is the following. If the charges @)1, @s5,n are all taken to be positive, then
the extremal limit is N7 = N5 = Np = 0. Moving slightly away from extremality, the
expression for the energy E in ([[0) indicates that, if R?/g, R?V/g > 1, momentum modes
will be light compared to anti-branes. Adding a small amount of energy will then cause
Npg to increase, with N7, N5 remaining approximately zero. The counting arguments then
proceed by counting the number of distinct configurations of left and right moving open
string excitations having the correct total momentum, Ny and Ng.

In order correctly to reproduce the limiting form of the entropy ([[J) in the extremal
limit, N7 = N = Ny = 0, it is necessary to assume that the momenta of open string
excitations propagating along the brane are quantized in units of 1/L, with L = N1 N5R,
rather than in units of 1/R as for closed string states propagating in the bulk of the
spacetime [[7,I§]. We refer to this as the ‘fat black hole’ (hereafter FBH) prescription.
How the FBH prescription arises from string theory has been explored recently in [2H,26].

Moving away from extremality by adding right-movers, keeping N, N5 ~ 0, in the
limit Ni, Ng > 1, the microcanonical distributions of massless, left and right moving,
open string excitations may be replaced by canonical distributions,

1 1

eUJL/TL _ 17 pR(WR) = 460.)R/TR _ 1, (13)

pr(wr) =



The temperatures Ty, Tr, determined by the conditions that the average total momenta

carried by the left and right movers be N, /R, Nr/R, are given by
1 | N1 Ny TTr1Ts \/7
e R = 2 2 — n |
T T N, 27“(2) < ro+ryg—r
1 N1N5 TriTs \/7
il Ry/ = 24902471, .
TR T NR 2T’(2) "n + "o T

Tr vanishes in the extremal limit. The entropy ([J) with N; = N5 = 0 is then reproduced

(14)

by the sum of two non-interacting one dimensional ideal gasses,
S =Sy + Sg =27%(T, +Tr)L. (15)

The excited D-brane system, i.e. with Ny > 0, decays via closed string emission
as described in [f]. A left moving open string having energy wy, annihilates with a right
moving open string having energy wpr to form a closed string having energy kg = wp +wg
and internal momentum ks = w; — wr. From a 5-dimensional point of view, the closed
string state carries electric charge ¢ = k5. Recall that the internal momentum ks of a
closed string state is quantized in units of 1/R, whereas the wy,,wr are quantized in units
of 1/L = 1/N1N5R. This implies a strong restriction on which left and right movers may
annihilate to form a closed string which can propagate into the bulk spacetime via this
interaction.

The basic interaction vertex for the above process has been determined both from the
low energy limit of perturbative string calculations [f] and from the Born-Infeld effective
action for the D-brane system [[]. The rate for both neutral and charged emission can be
calculated using the methods of [[] giving the result [P1],27]

dFE N1 N;
%(w,kg,) = w@G5 1 N5 R

(w? — k3)*pr(wr)pr(WR), (16)

where G5 = mg?/4RV. Comparing this expression with ([), the D-brane prediction for the
absorption coefficient is then

e(w=Runks)/Tu _
(e(wtks)/2Tr — 1) (elw—Fks)/2Tr — 1)

|Ap(w, ks)|? = 7G5 N1 N5 R(w? — k2) (17)

3. Expected Regime of Agreement Between D-brane and Spacetime Results

3.1. Neutral Emission
In section (4) we will obtain a result for the spacetime absorption coefficient |A(w, ks)|?

which disagrees in general with the D-brane result |Ap(w, ks)|? in (T7) above. We would
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like to ask, in advance, given that the D-brane calculation does not take into account
brane/anti-brane dynamics, over what regime of black hole parameter space should we
expect the D-brane and spacetime results to agree?

For neutral emission (ks = 0), the D-brane system is exchanging a small amount of
energy with its environment, the other physical parameters being held fixed. If the D-brane
system does indeed correspond to the black hole, then we can use ([[() to calculate how
the brane numbers change under a small change in the energy F, with the other physical
parameters (01, @5, n, R and V held fixed. We find these partial derivatives of the brane

numbers to be given by

ON1  ONi  gcosh2ycosh2o

OE ~ OE 2RQ
ONs  ONs  gcosh2acosh2o (18)
OE ~ OE 2RV
ONr  ONp _ Rcosh2acosh2y
OE — 0E 20 ’
where
2 = cosh 2a cosh 27y + cosh 2« cosh 20 + cosh 27 cosh 20. (19)

The dependence on g, R,V in these expressions reflects the masses of the different brane
species, as discussed above. The dependence on the boost parameters «, v, o, arises from
holding R,V fixed. We see that for the case of equal charges, « = v = o, the change in a
given brane number is simply the inverse of its mass per unit excitation.

The partial derivatives ([[§) are ingredients in a calculation of the Hawking tempera-
ture in terms of the brane numbers. We can write

1 s ON;\ 08
EZB—E:Z<6E)6M (20

i

where the index i runs over the six types of excitations. The derivatives 0S/0N; are easily

calculated from (IJ) and we arrive at

1 2 h h h
. ZTTOCOSHACORY CORRO {cosh 2~y cosh 20 + cosh 2a cosh 20 + cosh 2 cosh 27} |

Tu Q
(21)

which correctly reproduces the Hawking temperature ([]) of the black hole, since the three

terms in brackets sum to . The three individual terms in (BI]) come respectively from
1-branes & anti-1-branes, 5-branes & anti-5-branes and left & right moving excitations.

We see that the relative contributions have the same dependence on the boost parameters
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as appear in ([[§). However, the factors of g, R,V arising from the masses of the different
excitations have been normalized away by the coefficients 0.5/0N;.

We suggest that it is the relative size of the contribution of each brane species to the
Hawking temperature, as in (21]), which determines its importance to processes of energy
exchange, rather than the change in brane number itself. For example, with equal charges,
a = v = o, all three sets of excitations contribute equally to the temperature and are
therefore equally important thermodynamically. By this criterion, we see from (B1), using
the expression for Q ([9), that left and right moving excitations dominate the expression

for Ty in the limit ¢ < «, 7, which is equivalent to the condition
Th KL T1,75. (22)

If this criterion is correct, it is in this regime that we should expect agreement between
the D-brane and spacetime results. Note that the region of parameter space satisfying
(B9) is the same as the ‘dilute gas’ limit in reference []]. In [[], equation (P2) arose as
the consistency condition for a small amplitude approximation of the dynamics of classical
waves on a string. Here we see that the same condition emerges from considerations specific
to the D-brane system under study. Moreover, in this way of deriving the condition (£32),

it is explicit that in the limit (BZ) the inverse Hawking temperature reduces as in [[] to

1 1/1 1
— ==+ =. (23)
Ty 2 \T1p, Tgr
It is also clear from the above analysis that in the regimes related by U-duality to
(B2), i.e. m1 < ry, 75 and 15 <K 11,7y, the dynamics will be dominated by 1-branes and
5-branes respectively. In the limit

r L1y, s, (24>

for example, the Hawking temperature is approximately
1 1 /1 1
] (25)
Ty 2 \1T7 T;

1 2mrsr, 5 . o L 2mrsrn (/5 5
3 2 (w/ro +ri—r1 |, T 2 3 +ri+r (26)

can be thought of as the temperatures of canonical distributions of 1-branes and anti-1-

where

branes. These same temperatures will arise in our expression for the spacetime absorption
below after taking the limit (B4).



3.2. Charged Emission

Our result for the spacetime absorption coefficient |A(w, k5)|? with ks # 0 disagrees
as well in general with the D-brane result ([7). So, again we would like to ask over
what region of parameter space we should expect agreement. We can perform an analysis
similar to that above, but now for a process in which the energy and charge change in a
fixed ratio. To understand which excitations dominate the emission of charge, we calculate

the chemical potential u,,, for emitting particles carrying n-charge in terms of the brane

72 (o) (ov): )

%

numbers,

where the partial derivatives are taken holding F, 1, @5, R and V constant. We find the

derivatives of the brane numbers are

aNR 1 20 20
n 20 (Cosh 2 cosh 2 + cosh 2cee”” + cosh 2ve ) ,
ON 1
L= — (cosh 20 cosh 2 + cosh 2ae ™27 + cosh 2’76_20) ,
ON1  ONj  gcosh2ysinh20
on  On 2R2Q) ’
ONs  ONs  gcosh2asinh 20
on  On 2R2Q) ’
Assembling these into a calculation of the chemical potential u,, gives
n 2 h h h
;_ — ~Mfocos a;zos TR {2 cosh 27 cosh? o + 2 cosh 2av cosh? &
H 29
tanh o (29)
— cosh 2y — 2 cosh 2 4 cosh 2accosh 27} 7

The terms in brackets sum to Q giving the correct result y,, = tanho/R as in (f]). In
(B9) the first two terms come from 1-branes & anti-1-branes and 5-branes & anti-5-branes
respectively. The remaining terms all come from right & left moving excitations. Again,
in the limit ¢ < a,~, corresponding to the limit (£9), we see that the contributions of
right /left moving excitations dominate. If we now consider a process in which the energy
changes by ky and the charge n by Rks5, we can see that the most important processes will
be those involving right/left movers in the regime (22). So, again we should expect to find

agreement between D-brane and spacetime results in the regime r,, < rq, 5.
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4. Calculating the Spacetime Absorption Coefficient
4.1. The Wave Equation

We now turn to the calculation of the spacetime absorption coefficient. Consider a
massless scalar field ® in ten dimensions, minimally coupled to the ten dimensional metric.
The field is taken to be spherically symmetric, have frequency w, momentum k5 in the x5
and to be independent of the other compact directions. From a five dimensional point of

view, the field will then carry charge ¢ = k5. Let
P = e Wheths®s () (30)

where k = m/R with m an integer. The ten dimensional Klein-Gordon equation becomes

178
Oy o (i) o ] (13 (1) oo

r3

where f(r) is as in ([), w2 = w? — k2 is the frequency squared of the wave at spatial
infinity and g = w — ks(1 4 r2/r2)z. In the extremal limit ro = 0, p is the frequency of
the wave near the horizon.
2
Transforming to the new radial coordinate v = 7§, the wave equation (BI]) becomes
Cy Cf

(1= (1 =) ) + [ D+ + 24 S =0 (32

where the constant coefficients C, C7,Cy and D are given by

1 1
Cz= (W2 (r3 +78) +pr2),  Cs3= ngwﬁo
1 2 (33)
C=— (wirirs + @ (rirl +r2r2)), D= -——ririr2,
4rg 4k

For vanishing internal momentum ks, 1 = ws, and all four coefficients are symmetric under
interchange of r1,r5 and r,.

The scattering problem we consider below is of the same form as that considered by
Maldacena and Strominger [[]]. However, our treatment will differ from that in [[] in two
important respects. First, we will not make the restriction r, < r1,r5. This turns out
to be unnecessary, and, consequently, we arrive at a result for the spacetime absorption
coefficient valid over a larger, U-duality invariant region of parameter space. Secondly,

we treat the matching problem involved in calculating the absorption coefficient more
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carefully, extracting limits on the range of parameters over which the matching is a good
approximation.
Specifically, we find that the spacetime absorption coefficient for general choices of

1,75, Ty continues to have the form found in [[q]

e27r(a—|—b) -1
(6277(1 _ 1)(6271'17 _ 1)’

|A(w, ks)|? = w2 ranab (34)

where
a=vVC+D+VD, b=+C+D-VD (35)

and the coefficients C' and D are as in (B3). This result is valid with the frequency at
infinity bounded by the condition.

70

< <1, (36)

wOO Tmax
Tmaa:

where 7,4, is the largest of r1,r5,7, and rq is restricted by TS < rirsr,. Note that

woo = \/(w — k5)(w + k5) may be small either because both w and k5 are small, or because
one of the factors w =+ k5 is small. This will be important later on.

Two different kinds of expansion techniques have been used recently to calculate the
absorption coefficient. One approach, developed in earlier work by Unruh [27] and Page
B3], and applied in the present context in [f5,21,27] is to note that the wave equation (1)
is exactly solvable for ws = p = 0 (equivalently, w = k5 = 0). The solution ¢(weo, ;1)
with finite parameters can then be expanded in a double power series in wo, and p. How-
ever, this expansion is valid only in a “middle region”, neither too close to the horizon,
nor to infinity. This is because the zeroth order solution is singular on the horizon, and
does not approach a plane wave at infinity. One then properly works with three regions.
In the tortoise coordinate, the solutions are asymptotically Bessel functions near infinity
and plane waves near the horizon. These pieces can be linked together by matching with
the low frequency expansion in between. The result for the absorption coefficient is then
given in terms of a power series expansion for small wee, u.

A second type of expansion, which yields results beyond a power series expansion for
the absorption coefficient, was developed for rotating and charged four dimensional black
holes in [29,B0,B])]. In these cases the wave equation can be solved asymptotically both near
the horizon and near infinity in terms of special functions (hypergeometric and confluent

hypergeometric functions), and there is an overlap region in which the asymptotic forms of
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the solutions can be matched. The existence of this overlap region requires some parameter
to be small, for example w — m{)y in the rotating case, where 2y is the angular velocity
of the horizon and m is the angular momentum of the scattered wave. A similar approach
the present context was introduced in [[f] to obtain results of the form (B4). In this case
the solutions near infinity and near the horizon are Bessel functions and hypergeometric
functions, respectively. However, in this case, as we will see below, there turns out to be no
overlap region in which one can match the two asymptotic regimes. Therefore one needs
again to introduce a “middle region”, and match the three parts of the solution, which we

do below.

4.2. Near Infinity

The wave equation (BJ) becomes Bessel’s equation in the regime where the terms
with coefficients C' and D may be dropped relative to those with coefficients C5, C's. Such
an approximation is valid for r > r,,4., where again r,,,, is the largest of r1,r5 and r,.
Normalizing the incoming part of the wave to unit amplitude, the solution ¢, near infinity

is given in terms of the r coordinate by

o e—iT/4
o) = | 25T (B ) +iSH (o)), v = 10 7 418) + 2
(37)
Here S is the scattering coefficient, related to the absorption coefficient |.A|? by the unitarity
relation |S]? + |A|?> = 1. The goal of the calculation then is to determine S given the
boundary condition that at the horizon the outgoing part of the wave vanishes. Equation
(B7) is a large r (small v) solution, however the Bessel functions may still be expanded for

small argument, provided

WooTmaz <K 1 (38)
In terms of v, this expansion yields the leading terms

Goo ~ b1v + b2 + b3 log v, v > Wiy (39)

where the coefficients b; depend on § and w., and are given in the appendix.
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4.8. Near the Horizon

The near horizon regime is defined by keeping the C' and D terms in the wave equation

(BY) and dropping the Cy and C3 terms. Several conditions are required for this approxi-

mation to be valid and different limiting cases are important. One necessary condition in
all cases is

e L T Y. (40)

Over the range r1 ~ rs, r,, < rq (which includes both the equal charge case and r,, < 1), a

second condition deduced from (B2),([B3) is 7 < \/7,71. The solution ¢y, in this regime, with

the boundary condition that there is no outgoing flux at the horizon is the hypergeometric
function [

b = A(l — )" U@/ 2P(—ja, —ib,1 — ia — ib, 1 — v), (41)

where the constants a and b have been defined in terms of the parameters of the wave

equation in (BY), and the constant A is to be determined through the matching procedure.

This has the expansion as v — 1
¢n ~ Aexp{—iv/C + Dlog(1 —v)} , v — 1. (42)
Expanding ¢, for v — 0, away from the horizon, one finds the leading terms
on ~ AE(1 4+ gv — abvlogw). (43)

Here the function E(a,b) was defined in [[] and is given in (A.4) the appendix below, and

the constant ¢ is given by

“(a+b) +ab(1 =2y — (1 — ia) — (1 - it)), (44)

where v is the digamma function and v = —(1) is Euler’s constant. For the expansion

g:

(E3) to be valid, with the terms ordered as written (which will prove to be important in

the matching below), v must satisfy
abv|logv| < |g|lv < 1. (45)

We find by plugging in the actual coefficients a, b, g that these inequalities require v > A,

us

where A =~ e~ ™, and also imply a restriction on the frequency

WosTmay < —2 (46)

7/"I'TLCLCE

Since 1o /Tmaz 18 itself constrained to be small by (f0), equation (fq) tells us how small we,

needs to be for our calculation to hold. In the notation of [i], weer1 ~ O(2) corresponds
to ab ~ O(1). Equation (f0) is the condition for k5 > 0, i.e. charge equal to zero, or the
same sign as the black hole, which are the processes with the greatest emission rates. For

ks < 0, the analogue of ({) is ur, < 70/"maz-
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4.4. Matching

The result for the absorption coefficient in [[] comes from matching the constant and
linear terms in the expansions of ¢ (BY) and ¢, (). It is important to note, however,
that there is no actual interval in which the asymptotic forms ¢, and ¢, are both good
approximate solutions. If we consider the equal charge case, ry = r5; = r,, and take
ks = 0, then ¢ is a good approximation for r > ri, while ¢y, is valid for r < rq, giving a
clear gap. Moreover, if we consider the limit in which one of the charges is much smaller
than the other two, such as r,, < r1,r5 with r; &~ r5, then the gap widens further. The
condition for ¢, remains r > ;. However, the condition for ¢, deduced from (B2) and
(B3)) becomes r < /r,71. Recall that this is the parameter range in which agreement is
expected with the D-brane result. It is clear then, that, in general, there is a need for a
third approximate solution in a middle region, which can be matched on to ¢, and ¢;, at
either end.

Unfortunately, we have been unable to find such an approximate solution and middle
region with overlaps at both ends. However, an alternative way to see the need for a
middle region is to note that the analytic forms for ¢, and ¢, in equations (BY) and ({3),
which we want to match, disagree functionallyﬂ. In particular, ¢ contains a vlogwv term
for small v, while ¢, has a logv term, and a priori one expects the log’s to be important
for small v. In particular, the vlogwv term in ¢y, is lower order than the v term as v — 0.

With this in mind, we try a series expansion of the form
¢mid:AO+A1U+...-i-logU(Bo-i-Bl’U-i-...), (47)

which has the appropriate analytic structure to link together the analytic forms of ¢, and
¢n. Substituting ¢,,;q into the wave equation (BJ), we find that ¢,,;4 is a good approximate
solution for r < 7,4z, giving the coefficients B,,, n > 0 and A,,, n > 2 in terms of Ay and

A;q. For example,
BO = CQAO + 03141, B1 = ——AO — CQAl (48)

Ap and A; are then two arbitrary constants determined by the matching. Matching the

constant and linear terms between ¢y, ¢miq and ¢, then gives

b2 = AO = AE, b1 = Al = AEg (49)

1 For a discussion of matched asymptotic expansions see e.g. [B).
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Matching the logv and vlogv terms with those in ¢, and ¢; then gives nontrivial
consistency checks on the solution, as there are no free parameters left. One can show
that the coefficient of the logv term in ¢,,;4 indeed matches the coefficient b3 in the small
argument expansion of the Bessel function ¢, (see appendix for details). This is good,
since logv diverges as v approaches zero, and one would, therefore, expect this term to be
important. However, we find that the coefficient B; of the vlogv term in ¢,,;q does not
match the corresponding coefficient in the expansion (f3) of the hypergeometric function
P

Does this lack of agreement pose a real problem? The regions of validity for ¢; and

Gmiq overlap for

A<ov<1 (50)

If v is in this range, then |abvlogv| < |gv|, and it is reasonable to keep the linear term
and ignore the logarithm in the expansion of the hypergeometric function. Still, we should
take this as a cautionary note; the lack of matching implies that using the form of the
hypergeometric function away from the horizon as given in (3) may not be valid. However,
the expansion (f3) is the key ingredient which yields the detailed form of A(w), which
agrees so well with the D-brane prediction [[q].

It is our view that this matching is correct in the parameter regimes indicated. As
mentioned before, ¢ can be expanded in a double power series in wy, 4 in a middle region.
This is a well defined expansion, and yields a form of ¢,,;q which is the same as in ({7);
the zeroth order term is ¢ ~ ag + ayv and the first order terms gives the logarithms. The
virtue of the expansion is that it is well defined; the drawback is that from it one only

|2 ~ ww?.

obtains the very low frequency form of the absorption coefficient |A(w, k)
Finally, let us complete the calculation of A(w,ks5). The matching conditions (#9)
imply that by /bs = g, which allows us to solve for S in terms of g, a known function of the

parameters in the wave equation. This gives
. T2 2
1448 = —iGwryg (51)

Using properties of the digamma function given in the appendix and the relation |AJ? =
1 — |S8|?, then gives the expression (B4) for the absorption coefficient, completing the

derivation.
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4.5. Flux Computation

The conserved particle number current of the Klein-Gordon equation can also be used
to compute the absorption coefficient, as in [E7[]]. We use this method to generate a
consistency check on our solution, since the current should be independent of radius r. In

terms of the tortoise coordinate r,, the flux is

1 9
F=o f1/2r3(¢>*a—:i —ce) (52)

Using ¢oo, (B7), this gives as r — 00, a sum of the incident flux and the outgoing scattered

flux,
F =weo(=1+[S%) (53)

On the other hand, using the expression (f3) for ¢ near the horizon, the flux is

1
F :2—2_(27“(2)(1 —0)p* 0y — c.c.) (54)

— —(a+b)AP v —1

Now, if one uses the expansion of the hypergeometric function away from the horizon,

equation ([B), the flux must be the same. Again, using (A.6) this works out,

fz—ir%(a—kb)\AEP(g—g*), v—0

(55)
=—rg(a+b)|AEP|E|™

Further, one could use ¢;,;q4 or the small argument expansion of ¢, to compute the flux.

For example, using either ([@7) or (BY), the flux in the region w?rZ < v < 1 is

F = —irg(bsb1 — bibz)

(56)
= —irg(a+b)|AE*(g — g*).

Finally, the absorption coefficient is the ratio of the flux into the horizon to the incident

flux at infinity. From (BJ) the latter is just weo, and we again get (B4) for A.

5. Agreement and Disagreement with D-Brane Prediction

We have now established that the spacetime absorption coefficient has the form (B4),

which we repeat here,

e27'r(a—|—b) —1

2_ 2.2 2
|A(w, ks)|* = wi rgm ab(ezm Do) (57)
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with constants a and b given by

a=vC+D++vVD, b=vVC+D-vVD

1 2
C = (Wirird + 20 +v2r2)) . D= i, (58)
Wi =Wtk p=w— k(L)Y

This result is valid under the conditions 7§ < 71757, and WooTmaz < 70/Tmaz < 1. This
range of parameters is invariant under U-duality transformations interchanging the three

charges.

5.1. U-duality and Neutral Emission

For neutral emission (k5 = 0), the absorption coefficient (p7) is itself invariant under
interchange of the three charges r1, 75,7, and in general disagrees with the D-brane result
for the absorption coefficient in ([[7). We saw in section (2), that we should expect agree-
ment only over the range 7, < r1,r5. In [[] the spacetime calculation was done restricted
to this parameter range, yielding remarkable agreement with the D-brane result. Here we
simply show that the approximation r, /r1,r,/rs < 1 can be made on our final result as
well to get agreement with the D-brane result.

In the neutral case, the coefficients a, b in (57),(E§) can be put in the form

g oSt ([T o TE
2r2 r2 - rd o o2 ’

n

(59)
p Wlw_éw_é@_ )
2rg re  Tri T§
Making the approximations rg,r,, < 71,75 one recovers the result of [[f]
a gwr1;“5 e 44, | = v
2rg 4nTR
(60)

Wwrirs w
b~—— R4 —ry, ) = —,
272 Ty,

leading to agreement between the exponential factors in (57) and (7). The prefactors
can also be seen to agree in this limit, implying that our expression for the spacetime

absorption coefficient agrees overall in this limit with the D-brane result, as in [[q].
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If instead of r,, < r1,75, we consider, for example, the U-duality related limit r; <

Tn, 75, then the constants a and b in (57) reduce to

wrats (5 W
“= 2r2 < KO 7‘1) ATy
WrnTs w
b~ 5 (g/rg-l-r%—rl) = T

0

(61)

where the temperatures T3, 77 were defined above in (B). It is then tempting to think of the
exponential factors in the denominator in (57) as arising from Bose-Einstein distributions
of 1-branes and anti-1-branes. The analogue of the quantized momenta of the left and right-
movers, might then be the number of times a given 1-brane, or anti-1-brane, is wound.
Perhaps more careful analysis of (b7) in this limit (or the similar limit for 5-branes) could

yield insight into brane/anti-brane dynamics.

5.2. Charged emission

Analysis of the charged case is complicated by the difference between the factors wqo
and p. Validity of the spacetime calculation requires woo7mar to be small compared to
70/Tmaz- However, this does not imply that u is necessarily small as well. We consider two
cases. Case I, in which w? = (w — ks)(w + ks) is small, with both w and ks individually
small; and Case II, in which w? is small because either the difference or sum of w and
ks is small, with neither one individually small. In Case I, p = w — \/Wkg, is also
small, of the same order as w,. However, in Case II, y will be small only if rq/r, is also
small (and it is the difference of w and k5, which is small, rather than the sum).

Let us see what effect this has on the coefficients a and b, which may be written as
2 2 2
a= W —y Tl + 5+ 5)+u|,
2r3 (\/ < r2 a s 7“52)) M)

2 2 2
b= 2 "0 e 0 oy )

Case I: w, and p are the same order of magnitude. In the limit ro, r, < 71,75, the ro/r

(62)

and rg/rs terms inside the square root may then be consistently dropped relative to the

other terms and we get
W — ]{75 w + k?5

~

- 47TTR, o 47TTL ’

(63)
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giving agreement between the exponential factors in (F7) and ([[7), as in [[f]. Once again
the prefactors may also be seen to agree in this limit, giving overall agreement between
the two expressions. As in the neutral case, the spacetime and D-brane results disagree
for r,, outside of the limit r,, < rq,rs.

Case II: Assuming that ro/r, is not much smaller than 1, then p is not small in this case.
The w? r2/r? term under the square root in a, b then can have the same order of magnitude
as the p?r2/r?, p2r2/r2 terms, and the latter may not be consistently dropped relative
to the former. The expressions for a,b then do not reduce to the form (f3) necessary to
obtain agreement with the D-brane result. With r/r, < 1, it is simple to see that again
the w? r2 /r2 term may be of the same order as, or less than, the p?rg/r?, u?r2/r2 terms,

giving disagreement with the D-brane result.

5.3. Charged Emission Via Boosts

Another way to analyse the results for charged emission is to exploit, as in [, the
boost invariance of the scattering problem. In [q] it was shown that the wave equation
for a scalar, with energy w and internal momentum ks, can be rewritten in terms of the

neutral (k5 = 0) equation, with boosted parameters given by

. ' w F ks
w? = w? — k2, r! =rgsinho’, et = et (W F ks) - ) (64)
w

In terms of the boosted parameters, the coefficients C' and D are

12 12

C = % (rirg 4+ rirl2 +r2r?), D= w—r%rgr’z. (65)
0

The constants a and b in the absorption coefficient are then

w'ryrsrl rd 12 rd
=$< °+r + 2+1+1

2r0 r2
(66)
2
b— wr17‘57‘ (\/_2+_+_+1_1>
2r0 T T
In the limit
To, T;L < 1,75 (67>
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we recover the result [[],

w,T’lT’g, W — k?5
@>— Vi +r2+r ) = T

0

w/T1T5 w + k5
b~ 2 12 _ ) = k
2r3 R 47Ty,

(68)

We then have agreement with the D-brane case, so long as (f7) holds. We can now ask
for what range of the original unboosted parameters (f7) fails. From the definition of the

boosted parameters in (p4), we have

/ w — kg o w+ks _
U: g g — U‘ 69
c \/w+k5e’ © w—kg)e (69)

From this we see that 7/, = r¢sinh o’ can become large (for fixed rg) in two different ways,

either by 0 — 400, which would make r,, itself large, or by having (w — ks5)/(w + ks5) tend
to zero or infinity, keeping o finite. This latter possibility in which (1) fails is exactly
Case II above, in which the sum or difference of w and k5 is small, with neither individually
small. We have then reproduced the results of the previous analysis in terms of the boosted

parameters.

5.4. Disagreement in the Fat Black Hole Regime

In section (2) we argued that the D-brane and spacetime results for the absorption
coefficient should agree over the parameter range ro, r, < r1,75. We have found, however,
that the results for charged emission actually disagree within this parameter range, when
the quantity w2 = (w—ks)(w+ks) is small, without either w or ks being small individually.
We now show that this is characteristic of low energy, charged emission in the FBH regime.

Recall that in the FBH regime, open string excitations on the brane have w, k5
quantized as integer multiples of 1/N; N5R. Whereas, modes which propagate in the bulk
have ks quantized as an integer multiple of 1/R. The lowest energy charged emission
possible would be, e.g., a left moving open string with energy and momentum wj; =
ks = (N1N5 +1)/N1N5R and a right moving open string with wp = —ks g = 1/N1 N5 R,
annihilating to form a closed string with energy and internal momentum w = (N7 N5 +
2)/N1N5sR, ks = 1/R. This process then falls, for N1 N5 > 1, within our Case II above,
in which the difference between w and ks is much smaller than the sum (or alternately,

sending ' — 00), and the spacetime and D-brane results disagree.
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It should be noted that the size of the disagreement we have found between the
spacetime and D-brane results is not largea. We have observed above that in the FBH
limit, we can have r], — ry, rs, while 7, itself is still small. The term r3/r/? in (F§) is then
of the same order as the r3/r? and r2 /r2. The latter terms then cannot be ignored relative
to the former. The exponential terms in the D-brane and spacetime results then differ by
terms of this order. As a check that our spacetime result is accurate to this order, it is
straightforward to verify that the low frequency limit of (57) yields the black hole area, as
the results of [B3] demand, to this orderd.

6. Disagreement in Higher Energy Scattering

The wave equation (BI]) can also be solved for the scattering coefficient S at frequencies
sufficiently high that the wave is over the scattering barrier. At these energies, one can use
the Born approximation. We will see that the absorption coefficient rapidly goes to one
- this is just the particle limit, in which the particle is captured. However, the D-brane
prediction for the emission rate, still given by ([[) and no longer matches the Hawking
emission in this higher frequency part of the spectrum. For classical sized black holes,
these higher frequencies are still well below the string scale, at which corrections to the
approximate vertex [Bf] used in the computation of ([[7) should be important.

First rewrite the wave equation in a standard scattering form. The tortoise coordinate
is defined by

dr, = >dr (70)

Let A = r3/2f1/4 and let x = A¢. Then the wave equation (BT) becomes

X”(T*) + [Wgo - ‘/coul - thrcw:| X = 07 (71)
where ) ) ")
2 Woo — M _ A T

‘/coul =T, T2 + 7“721 ) Vgrav — )\ ) (72)

and prime denotes differentiation with respect to .. The total potential falls off like 2

as r, — 00, S0 the parameter w., is the frequency at infinity. The “Coulombic” potential

2 We thank J. Maldacena for emphasizing this point to us.
3 An additional order of accuracy in 73 /ri can be obtained by considering the U-duality in-
variant extension of the results of [[J]. See Note Added below.
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is monotonic decreasing from the horizon to infinity. The “gravitational” potential falls
off exponentially fast towards the horizon (r, — —oo) like €2*™, where k = 27Ty is the
surface gravity.

Near the horizon ([1]) becomes
X"+ wix ~ 0, (73)

up to exponentially decaying terms, where w, = w — k(1 + :—(2%)_1/ 2. This verifies the claim
made earlier that near the horizon the solutions are plane wz:ves in the tortoise coordinate,
with frequency wy,.

The absorption coefficient (B4) describes the scattering behavior of the solutions to
([F1) in the low frequency limit wooTmas < 1. At high frequencies when most of the incident
wave is absorbed, the Born approximation can be used: |S|? = @\ [ dyV (y)e 2wy |2
valid when w? > Maz(V). To find the frequency cutoff, we need the height of the potential
barrier. We specialize to the neutral case at this point. In this case V,,,; vanishes. The
result in the charged case is similar.

The gravitational potential Vj,.q, is rather complicated and is difficult to maximize

analytically. However, it is straightforward to estimate the height. Omne finds that
Max(V) ~ O(1)r2,., and so we need

W > Woper = 1/Tmax (74)

Once this condition on the frequency is satisfied, the integral in the Born approximation
above goes rapidly to zero with increasing w: the integrand is an oscillatory factor times
the positive definite potential, and one can check that the width of the potential is much

greater than the wavelength. Therefore
AW =1, 0> wover (75)

This classical result ([7H) clearly disagrees with the D-brane prediction (7).
It is simple to check that wye, is above the Hawking temperature, their relation being

given approximately by
wover ~ 27Trmaxrn

~ 1. 76
TH T’g > ( )

Emission is therefore going to zero in this regime. It seems reasonable, however, to expect

emission from the D-brane system to approach zero in the same manner. We note that even
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though weyer < Ty, it may still be small compared to the mass difference AM = Ni/R
from extremality. We find that wyyer < AM is satisfied if

Pmas > o2 (77)

In this case it is appropriate to model emission as a thermal process. The absorption
coefficient therefore approaches unity below the energy range in which the considerations
of reference [[2,[f] are necessary.

There appears to be an error then in the D-brane prediction at high frequencies (but
frequencies which are still small compared to the string scale, for macroscopic sized black
holes). The basic vertex used in the D-brane calculations does not correctly describe the
higher energy processes. This vertex is the first term in a low-energy expansion of the exact
string vertex in [d]. However, it is not difficult to check that, if one considers the next
terms in the expansion, the behavior of the resulting approximate vertex also does not give
an absorption coefficient approaching unity. If the D-branes are to give this characteristic
black hole behavior in the particle limit, there is some piece of D-brane physics which is

missing from the present picture.

7. Conclusions

In this paper, we have shown that the spacetime absorption coefficient has the form
found in [[] and given in (B4) over a large range of parameter space. Moreover, our
derivation gives explicit limits to the range of validity of this result. The spacetime result
(B4) disagrees in general with the D-brane expression ([[7). We argued in section 3, based
on the conjectured statistical mechanics of D-branes, that agreement should be expected
for r, < ry,7rs.

In section 5, we saw that in the neutral case, the results agree over precisely this
regime (as we would expect, based on [[]]). However, for charged emission, we found that
the expressions disagreed for parameters in the FBH regime, in which charge is quantized
in much smaller units on the brane than in the bulk of spacetime. Whether, or not, one
accepts the argument of section 3, this demonstrates that the current D-brane calculations
are at best insufficient to describe charged emission in the FBH regime correctly. It seems
plausible that a better understanding of D-brane dynamics will resolve this issue, insofar

as in the current model the difference in charge quantization conditions, between the brane
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and the bulk of spacetime, prohibits low lying left-moving excitations on the brane from
contributing to charge emission.

In section 6, we showed that the Born approximation can be used to show that for
W > Woper, but still below the string scale, the spacetime absorption coefficient approaches
unity, as it should in the particle limit. This behavior, however, is not seen in the D-brane
results. The effective vertex used in the D-brane calculation should be valid up to the

string scale. This result then poses an additional challenge for the D-brane model.

Note Added: After this work was completed the paper [L1J] appeared also giving the
expression for the spacetime absorption coefficient (B4) over the extended parameter region.

In addition, the paper [[[3] appeared which treats the case of two charges, e.g. r1, 7,
being small. In attempting to reconcile our result with that of [[J] we discovered that, in

the limit

T1,"n,T0 < rs, (78)

the requirement for the hypergeometric equation to hold becomes r < rg, implying that
our result does not hold in this regime. Fortunately, the methods of [[J] lead simply to an
improved U-duality invariant result. Klebanov and Mathur showed that the C5 term in
(B2) may be included in the mapping to the hypergeometric equation. Carrying through
the calculation in [[J] without making the approximation ([/§) then gives a result for the
absorption coefficient of the form (B4) but with v/C + D replaced by +/C + D + C5 in the

coefficients a and b in (B4). It is interesting to note that if the result were extended to

vV/C + D + Cs + C3, then the exponential factor in the numerator of (B4) would exactly
cancel the Hawking term. Moreover, this modification also correctly yields the exact
horizon area in the low energy limit of the absorption coefficient and fits in well with the

considerations of [B4].

Acknowledgements: We would like to thank J. Gauntlett for useful conversations. DK
and JT thank the Aspen Center for Physics, where this project was initiated. FD thanks
the Relativity group at DAMTP, Cambridge, for hospitality during the writing up of this
work. JT is supported in part by NSF grant NSF-THY-8714-684-A01. FD was supported
in part by US DOE grant DE-FG03-92-ER40701 at the Lauritsen Laboratory, Caltech.

25



Appendix A. Details of Absorption Coefficient Calculations

The solution to the wave equation (B2) is constructed by matching three pieces. Near
infinity (v = 0), the solution is given by a Bessel function (B7), near the horizon (v = 1)
by a hypergeometric function (f]), and these are linked together by a “middle solution”
(7). The large v (small ) expansion of the Bessel function can be matched to ¢4, as
is done in (f9). The large v expansion of the Bessel function is given in (BY), where the

coefficients are

2 . (1+iS) emim/4 ,
by = Zemim/A_ T ) by = i———w3/2(1 +iS Al
1 Z\/;e 7’8\/@, 3 22\/%woo( +1 )7 ( )
_1 —in/a [T 3/2 iy j . _ . 2 2
by = 5¢ 5 Wot (1—-iS)+—-(14+iS)(1 —2v+2In2 —Inwi rd)| . (A.2)
T

Likewise, the hypergeometric function can be expanded for v — 0. To derive (fJ), one
can use, as in [[]], equation (15.3.6) from Abramowitz and Stegun[Bg]. (There is a misprint
in (4.21) of [@]; the first two arguments of the last hypergeometric function should be
interchanged.) This involves inserting a regulator and taking a limit. Alternatively, one

can directly use equation (15.3.11) from [BY], which gives
F(—ia,—ib,1 —ia —ib,1 —v) — E |14+ v(g — %(a—i— b)) —abvlnv|, v—0 (A.3)

where ¢ is given in ([4)), and as found in [[q],

Tl —ia—1ib)
E(ab) = sa—ara—a) (A.4)

In deriving the form (B4))for |.A| one uses (6.1.31) of [BH] and finds, as in [{],

1 2mab  (e2(etd) 1) (A5)
B (a+Db) (€2 — 1)(e?m® — 1) '

In working out some of the bounds, and when computing the flux, we use some of the

properties of g, defined in (f4). Using (6.3.13) of [BJ] one has

Im(g) =2 ; b abIm (1 — ia) + (1 — ib)
<e27'r(a—|—b) _ 1) (AG)
=mab

<627ra _ 1)(627rb _ 1)
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And, using (6.3.17) of [BY],

Re (g(a,b)) = ab 1_a22nn2+a2_ 2Znn2—|—b2 (A7)

So over the range of interest for a, b, we have

Re(g(1,1)) ~ —

(A.8)

Re(g(a,b)) ~ ab, a, b1 (A.9)

Lastly, we make some comments about the solution in the middle region and the
matching. When the ansatz (1) for ¢4 is substituted into the wave equation (B3),
this form of solution requires that terms of order % have been dropped compared to
%. This is consistent for % < v. Although this requirement looks like we are losing
the overlap region, this does match onto the Bessel function. This is most easily seen
by looking at how the analogous expansion works for Bessel’s equation: Bessel’s equation
for the function f = r=3/2H(1:2) written in the variable v is f”(v) + (C3 )f = 0.
Substituting in an expansion of the form ([[7]) gives the same relation for By as in ([).

On the other hand, it can also be seen directly from the differential equations that
the coefficient B; of the vInwv term for the actual solution, is different from the coefficient

inferred from the hypergeometric equation.
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