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ERROR ANALYSIS OF COARSE-GRAINED KINETIC MONTE CARLO METHO D

MARKOS A. KATSOULAKIS* PETR PLECHAC!, AND ALEXANDROS SOPASAKIS

Abstract. The coarse-grained Monte Carlo (CGMC) algorithm was oaliynproposed in the series of works
[20,[21,24]. In this paper we further investigate the appnation properties of the coarse-graining procedure and
provide both analytical and numerical evidence that theahidy of the coarse models is built in a systematic way
that allows for error control in both transient and longisimulations. We demonstrate that the numerical accu-
racy of the CGMC algorithm as an approximation of stochdstiice spin flip dynamics is of order two in terms
of the coarse-graining ratio and that the natural smallmpetar is the coarse-graining ratio over the range of parti-
cle/particle interactions. The error estimate is showndid in the weak convergence sense. We employ the derived
analytical results to guide CGMC algorithms and we dematesta CPU speed-up in demanding computational
regimes that involve nucleation, phase transitions ancstebility.
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1. Introduction. Microscopic computational models for complex systems saagchlo-
lecular Dynamics (MD) and Monte Carlo (MC) algorithms arpitally formulated in terms
of simple rules describing interactions between indivicuaticles or spin variables. The
large number of variables and even larger number of interacbetween them present the
principal limitation for efficient simulations. Anothersticting factor is illustrated by essen-
tially sequential nature of approximating the time evalatin particle systems that yields a
substantial slowdown in the resolution of dynamics, esglydn metastable regimes.

In [20,[21,24] the authors started developing systematithemaatical strategies for the
coarse-graining of microscopic models, focusing on thagigm of stochastic lattice dynam-
ics and the corresponding MC simulators. In principle, seagrained models are expected to
have fewer observables than the original microscopic systeking them computationally
more efficient than the direct numerical simulations. Irsthpapers a hierarchy of coarse-
grained stochastic models —referred to as coarse-graite@@GMC) — was derived from the
microscopic rules through a stochastic closure argumeme. GGMC hierarchy is reminis-
cent of Multi-Resolution Analysis approaches to the diszagion of operators 4], spanning
length/time scales from the microscopic to the mesoscapie. resultingstochastic coarse-
grained processeswvolve Markovian birth-death and generalised exclusioocpsses and
their combinations, and as demonstrated.in [20[2]1, 24y, share the same ergodic proper-
ties with their microscopic counterparts. The full hietarof the coarse-grained stochastic
dynamics satisfies detailed balance relations and as & regunly it yields self-consistent
random fluctuation mechanism, but also consistent with titeetlying microscopic fluctua-
tions and the unresolved degrees of freedom. From the catimuodl complexity perspective,
a comparison of CGMC with conventional MC methods for the saeal time shows[[20],
that the CPU time can decrease approximatelél/q?) or faster, wherg is the level of
coarse-graining, as demonstrated for spin-flip latticeagiyics. Thus, while for macroscopic
size systems in the millimeter length scale or larger, nsicopic MC simulations are im-
practical on a single processor, the computational sawh@GMC make it a suitable tool

*Department of Mathematics and Statistics, University ofsbéehusetts, Amherst, MA 01003-9305, USA,
mar kos @mat h. umass. edu

fMathematics Institute, The University of Warwick, Coventr CV4 7AL, United Kingdom,
pl echac@mat hs. war wi ck. ac. uk

fDepartment of Mathematics and Statistics, University ofsbéghusetts, Amherst, MA 01003-9305, USA,
sopas@mt h. umass. edu


http://arXiv.org/abs/math/0509228v1

2 M. A. Katsoulakis, P. Plechac, A. Sopasakis

capable of capturing large scale features, while retaimiggoscopic information on inter-
molecular forces and particle fluctuations. In the caseffiigion (spin exchange) dynamics
we also observe an additional coarse-graining in time by®fg?, improving the hydrody-
namic slowdown effect in the conservative MC,][24].

In the recent papel 23] the authors rigorously analysed CGhbdels as approxima-
tions of conventional MC imon-equilibrium by estimating thenformation lossbetween
microscopic and coarse-grained adsorption/desorptibicdadynamics. In analogy to the
numerical analysis for PDEs, an error analysis was carugtetween thexact microscopic
process{o; };>o and theapproximating coarse-grained proce$s; }:>o. The key step in
this direction was to use, as a quantitative measure forogedf information in the coarse-
graining from finer to coarser scales, the information-te&oconcept of theelative entropy
between probability measures] [8]. Such relative entregpiyreates give a first mathematical
reasoning for the parameter regimes, i.e., the degree ofeamaining versus the interac-
tion range, for which CGMC is expected to give errors withigieen tolerance. Using the
rigorous results i [23] as a starting point, in this papefeegelis on carrying out a detailed nu-
merical analysis of the error propagation for spin flip tdynamics. Due to the numerical
intractability of the relative entropy for a large partiggstem, we employ, in the numerical
error calculations, suitable computable upper and lowends, as well agargeted coarse
observables. The latter point of view necessitates in ta@tia weak convergence framework
for the study of the error between CGMC and direct numericaliations of the stochastic
lattice dynamics. We demonstrate that the numerical acgwithe CGMC algorithm is of
order two in terms of the ratio of the coarse-graining overtinge of particle/particle interac-
tions. We also refer to recent work in]22] on weak error eat@s between microscopic MC
algorithms and therein derived SDE approximations. Furde¢ails about a priori estimates
for weak convergence of approximations to SDEs can be fau{i#][33] andl[2F]. Related a
posteriori estimates are discussed. [32]. We further eyntile derived analytical results to
guide CGMC algorithms and we demonstrate a CPU speed-upianiding computational
regimes that involve nucleation, phase transitions andhstegility. We demonstrate com-
putationally that CGMC probes efficiently the energy laragsx; yieldingspatial path-wise
agreement with the underlying microscopic lattice dynamnét least for fairly long but still
finite interactions.

The CGMC algorithms discussed here are related to a numberetiiods involving
coarse-graining at various levels, for instance fast sutiem&echniques, computational re-
normalization and simulation and multi-scale computatlonethods for stochastic systems.
One of the sources of the computational complexity of mdkcsimulations arises in the
calculation of particle/particle interactions, espdyial the case where long range forces are
relevant. The evaluation cost of such pairwise interastican be significantly reduced by
applying well-controlled approximation schemes and/oresianchical decomposition of the
computation. Such ideas have been successfully applideidevelopment of Ewald sum-
mation techniques, multigrid (MG) , fast multipole meth@BMP) or tree-code algorithms.
Typically, once the interaction terms are computed witha@fit@ese fast summation methods,
they are entered in the microscopic algorithm where a sitimmavith a large number of in-
dividually tracked particles has still to be carried outeToint of view adopted by CGMC is
related to these methods in the sense that the interacttenta or operator is approximated
in terms of a truncated multi-resolution decompositiortwrita given tolerance. The CGMC
is subsequently defined at the coarse level specified byuhedtion of the decomposition.
However, a notable difference is that CGMC models track niewler coarse observables in-
stead of simulating every individual particle. The equiliin set-up of CGMC is essentially
given by the renormalised Hamiltonian after a single iieratn the renormalisation group
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flow. It is not surprising that such an approach, when apgledear critical temperature
simulations, has many limitations. For example, in the estaneighbour Ising-type models
this fact is manifested in the aforementioned error estianhd the comparative simulations
in [20]. On the other hand the focus of CGMC is dynamic simala usually coupled to a
macroscopic system (see for instance the hybrid systeniliiil¥]), where criticality may
not be as important due to the presence of a time-varyingreadtBeld. Nevertheless, further
corrections to the CGMC dynamics from the renormalisatimug flow given by RGMC and
multigrid MC methods[Ib.17,-12] can improve the order of cagemce of the CGMC. We
refer to [18] for higher order accurate CGMC methods basedlaster expansions, where
the coarse-graining procedure described here is the moal@hd which a cluster expansion
is carried out with controlled errors. In that sense the CGHkhod is of order two accurate
as explained in Section 4.

In recent years there has been a growing interest in devejaid analysing coarse-
graining methods for the purpose of modelling and simutatioross scales. Such systems
arise in a broad spectrum of scientific disciplines rangnogif materials science to macro-
molecular dynamics, to epidemiology and to atmospherefoseience. Various coarse-
graining approaches may vyield explicitly derived stocitasbarse models using different
coarse approximations, e.gl, [13] 15] L6} 29, 31], or cantdtistics-based [30] or may
rely on on-fly simulations, e.g., the equation-free metli],[the heterogeneous multi-scale
method|[10], or multi-scale FE methods[14]. A systematiprapch to upscaling of stochas-
tic systems has been also developed from the multi-leveipaetive in [1[ 2, 6], where the
authors proposed algorithms for efficient multi-scale datians using Monte Carlo meth-
ods. Other coarse-graining techniques in the polymer seiditerature include the bond
fluctuation model and its variants 128]. Such coarse-gngimhethodologies often rely on
parametrisation, hence at different conditions (e.g.penrature, density, composition) coarse
potentials need to be re-parametrised [30].

2. Microscopic lattice models. The presented analysis applies to the class of Ising-
type lattice systems. For the sake of simplicity we assuraettte computational domain
is defined as the discrete periodic lattite = %Zd N T which represents discretion of the
d-dimensional toru& = [0, 1)¢ andd denotes the spatial dimension. We restrict presentation
of the results tal = 1, nevertheless higher dimensional cases are obtainedwigignmificant
changes. However, the algorithms can also be implementédwnded domains with usual
boundary conditions. The number of lattice sifés= n? is fixed. The microscopic degrees
of freedom or the microscopic order parameter is given bygglie-like variables(z) defined
at each siter € An. In this paper we discuss only the case of discrete spin hlaga
ie,o(x) € Twith¥ = {-1,1}, ¥ = {0,1} (Ising model) or¥ = {0,1,...s} (Potts
models). The case of the spin variable belonging to a confp@channien manifold, e.g.,
¥ = §? (Heisenberg model)y = SU(2) (matrix model), will be studied elsewhere. We
denote by = {o(x) |z € Anx} a configuration of spins on the lattice, i.e., an elementef th
configuration spac€y = YAV, The interactions between spins at a given configuration
are defined by the microscopic Hamiltonian

Ho) =3 3 Y Ja— oo+ Y o), 21)

TEAN yFx TEAN

whereh(z) denotes the external field at the site The two-body inter-particle potentidl
accounts for interactions between individual spins. Wes@ter the class of potentials with
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the following properties

1 n
Ja—y) =13V (Fle—vl) . zyein, 22)

V:R—-R, V(r)=V(-r), V(r)=0, if|r|>1. (2.3)
We impose additional assumptions Brwhich allow us to derive explicit error estimates:
V is smooth orR \ {0}, (2.4)

/ [V (r)|dr < oo, and/ |0,V (r)] dr < co. (2.5)
R R

Note that the summability condition faf guarantees that the potentiais also summable
due to the scaling factor. Hence the Hamiltonian is well defiaven forN, . — oo. The
canonical equilibrium state is given in terms of the Gibbasuge

1
pn,g(do) = 7

eiﬁH(U)PN(dU), ZN_ﬂ = / eiﬁH(a)PN(dU), (26)
N,B SN

wherePy(do) = [[,cn, r(do(x)) is the product measure &y and the sping (x) are
independent identically distributed (i.i.d.) random ades with the common distribution
p. For example, in the Ising model the prior distribution®n= {0, 1} would typically be
p(0) = p(1) =1/2.

The microscopic dynamics is defined as a continuous-time jivarkov process that
defines a change of the spir{z) with the probabilityc(z, o; £) At over the time interval
[t,t + At]. The functionc : Ay x Sy x ¥ — R is called a rate of the process. The
jump process{o; }+>¢ is constructed in the following way: suppose that at the tintlee
configuration isr;, then the probability of changing the spin at the site A 5 spontaneously
from oy () to a new valug € X over the time intervalt, t + At] is c(z, o; £) At + O(At?).
We denote the resulting configuration b$¢. In the case of the Ising-type state space and
spin-flip dynamics we omig in this notation. The generatdl : L>°(Sy) — L*>(Sy) of
the Markov process acting on a bounded test functian L>°(Sy) defined on the space of
configurations is given by

o)) = Y [ elwoi) (8(57) - o(0) de. @7)
rEAN z
The evolution of an observable (a test functigriy given by
d
G E[6(01)] = E[Lo(ar)], (2.8)

where the expectation operafBi.] is with respect to a measure conditioned to the initial
configurationo;—g = o¢. We require that the dynamics is of relaxation type such tiat
invariant measure of this Markov process is the Gibbs med&#). The sufficient condition
is known adDetailed Balancg€DB) and it imposes condition on the form of the rate

c(x,0;6)e PO = ¢(z, 0™, U(x))efﬁH("m) . (2.9)

This condition has a simple interpretatioa(z, o; €) is the rate of converting(z) to the
value¢ while ¢(x, 0%¢;o(z)) is the rate of changing the spin with the valyiat the siter
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back too(z). The widely used class of Metropolis-type dynamics sasqE9) and has the
rate given by

c(r,0;€) = G(BAL ¢H (o)), whereA, ¢H(o) = H(o%%) — H(o), (2.10)

whereG is a continuous function satisfying?(r) = G(—r)e~" for all r € R. The most
common choices in physics simulations &ér) = H#e (Glauber dynamics)E(r) =
e~ "I+, (Metropolis dynamics), witlr], = r if » > 0 and= 0 otherwise, 0iG(r) = e~"/.
Such dynamics are often used as samplers from the canongidibeéium Gibbs measure.
However, the kinetic Monte Carlo method is also used for &tians of non-equilibrium
processes. The dynamics in such a case is knowkrideenius dynamigswhose rates are
usually derived from transition state theory or obtainedrfimolecular dynamics simulations.

To avoid unnecessary generality we restrict the descrifitidhe Ising-type model with
¥ = {0, 1} used for modelling adsorption/desorption processes. ¥ea@hité in the nota-
tion. The Arrhenius rate is defined as follows

if o(z) =0,
o(z,0) :{ doe,gg(z_rg) y 08 L (2.11)

where

Ux,o)= Y J-yoly) - h(z). (2.12)

YyEAN ,y#w

Furthermore, the spin-flip rule is given by

ey | 1—0o(x) fy==z
"(”‘{ oly) iy

With the introduced notation the coarse-graining algamnittan be described as approxi-
mationof the microscopic dynamics, i.e., of the procéss},>o by a coarse-grained process
{n:}1>0 where the approximation is done in a controlled way. We aterésted not only in
the approximation of the invariant measurg s (do) (seel[ZB)) but also in the approximation
of the measure on the path space.

3. Approximation of the coarse-grained processThe coarse-graining is defined in a
geometric way by introducing the coarse-grained obseegaé$ block-spin variables. This
approach follows the standard procedure of real-spacemalisation, see for example]17].
We remark that although we introduce block-spins our ainoisto approximate the renor-
malisation group flow (either on the space of Gibbs measures dhe path space) rather
we want to find an approximation that is constructed with lmmnputational cost and with
controlled and computable error estimates.

In general terms we define the coarse-graining opefBtorSy — Sf, ,, where the
coarse configuration spac, , is defined on the coarse latticg,, and with the new state
spaceX¢, i.e., S5, , = (EC)ACM. The coarse configuration= To € Sj; , is defined on a
smaller lattice with)\/ lattice sites and with the coarse state spaeéor the new lattice spins
n(k). The parametey defines the coarse-graining ratio. The operdtanduces an operator
T. on the space of probability measures

T.:P(Sn) — P(Shrq)» o) = p(n) :== p{o € Sn|To =n}.

Ising-type spinsTo be more specific we analyse the following case of Ising-fiprdynam-
ics Sy = {0,1}*~. Each coarse lattice site € A§, represents a cub@), that contains
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q sites of the microscopic lattick ;. The projection operator defines the block spin at the
coarse sité

(To)(k) = ol). (3.1)

z€CY

If the dimensiond of the lattice is greater than one we understarahdx as multi-indices
k = (k1,...,kq) and we index the corresponding lattice sites in the natudsro Choosing
the projection operator in this way defines the coarse spateesas® = {0, 1,...q}. Given
the Markov proces${o; },>0, £) with the generato we obtain a coarse-grained process
{To:}+>0 Which isnot, in general, a Markov process. From the computational pafiaiew
this may cause significant difficulties should sampling aftsa process be implemented on
the computer. Therefore we derive approximatingMarkov procesg{n; };>0, £¢) which
can be easily implemented once its generator is given attplic

For the model Ising system the projected generator of theseegrained procegs), }:>o
can be evaluated explicitly by rearranging the summatianshe latticeAy. Given the
microscopic state and corresponding coarse state- To

Lip(To) = > [Z c(x,0)(1 - o(w))] [W(n + k) — ¥(n)] +

kEA‘]:\/I zeCly,

> [Z C(w,a)a(w)] [(n — o) — ()] - (3.2)

keAs, Lzecy

The configurationd;, defined on the coarse state space is equal to zero at all siteptehe
sitek € A§, where itis equal, i.e.,é,(j) = 1 for j = k and= 0 otherwise. We see from
the formula[[3R) that the exact generator for the coarsegm®can be written in the form

L) = > calk) [l +6) =]+ D calk) [p(n—6) —v(n)], (33)

kEAS, keAg,
where the new rates

cak) =Y elz,0)1-0(x), calk)= Y clz,0)0(x), (3.4)

x€Cy zeCl,

correspond to the adsorption and desorption processeshisiiorm the rates depend on
the microscopic configuratiom and not on the coarse random variafile. Therefore, it
is reasonable to propose an approximating Markov procesighwior the case of desorp-
tion/adsorption is dirth-deathprocessn, },>( defined on the state spaké = {0, 1,...q¢}.
This process is defined by the generaférof the form [3B) where the rates andc, are
replaced by approximate rates

Calkyn) = do(g —n(k)),  ca(k,n) = don(k)e PU*M (3.5)

For details we refer ta[20]. The new rates have a simplepnétation in terms of fluctuations
on each cellz, (k,n) describes the rate with which the coarse variafgle) is increased by
one (i.e., adsorption of a single particle in the coarse €g)landc,(k,n) defines the rate
with which it is decreased by one (desorption(ip). The new interaction potentidl (n)
represents the approximation of the original interactida ).
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DEFINITION 3.1. We define the approximatidi(k, n) of the potential/ (z, o), (Z12),
at the coarse level

U(k,n) =Y J(k,Dn(l) + J(0,0)(n(k) — 1) — h(k). (3.6)
leA§,
14k

The coarse-grained interaction potentiais computed as the average of the pair-wise inter-
actions between microscopic spins between the coarse(Gebsd C;

Z Z J(x —y), forallk,le A, suchthat #1,and (3.7)

zeCy yeC

J(k, k) = J(0, Z > I - (3.8)

zGCk yeCly
yF#w

The error estimate for the projection follows directly frone assumptions on the regularity
of J (or V) Z4)-[Z5) and the Taylor expansion of the potenfialVe state it as a separate
lemma.

LEMMA 3.2. Assume that satisfies[[ZM)E215) then the coarse-grained interaction
potential.J at the coarse-graining level approximates the potentidl with the error

1
(@ = y) = (k)] < Fea sup [[VV( = 9] <0 () (3.9)
T EC
y'€Cy
7 1 ’ ’ q
[J@=y) = JO.0] < Tes swp [VV@E -y)I<0(F), (310
L z',y'€Cy L
y'#a’

wherec; = maxgeas, {diam (Cy)}.
PROOF. Using the properties of the potentid| we expand/ into the Taylor series,

V(z) =V(Z)+ (2= 2).VV () +O(|]z = 2||) .

Using the definition of7, (Z2) and setting = = — y andz’ = 2’ — y/, wherex, 2’ € C} and
y,y" € C;, we have

J(x—y)z Z Z ZJx—y

zGCky cC

qu S Y (- IV )
z'eCr y’ eC
2 Z Z O || r—y ('r/_y/)HQ)v
z'€Cr y €C

and using the estimaté{z — y) — (2 — ¢')|| < ||z — /|| + ||y — ¥'|| < max{diam (C)}
we obtain[[3B) in the case+# [ and similarly fork = [.
From Lemmd_312 we derive the error bound for the approximaiicthe coarse-grained

potential . Note that in the definition of/ the principle contribution to the summation
involves interactions within the interaction rang&nd thus we have the following estimate.
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COROLLARY 3.3. The microscopic potentidl (x, o) is approximated by/ (k,n), with
the error

Agn(U,U) = Uk, To) — U(z,0)] = O (%) , forallz e Cp.  (3.11)

Note that this approximation represents the direct praedf the interaction kernel
on the coarse space and the contribution from fine scale®gteated. This procedure differs
from the renormalisation group approach where fluctuatfoora the fine scales contribute
to the transformed Hamiltonian. However, in the case ofdinitnge interaction kernelg
treated here, the above projection yields approximatiah@forderO(q/L)? as we discuss
in the next section. The coarse interaction Hamiltoniahéntgiven explicitly in terms of
andh as

1) = —5 S S0 T D) — 570,0) 3 a0 1)+ 32 D).

1EAS, k£l lEAS, lEAS,

l\3|’—‘

(3.12)
A direct galculation shows that the invariant measure ofNfegkov process(n;};>o0
generated by¢ is again a canonical Gibbs measure

151, q.5(dn) = ——e PHOIPy (dn)

ZM,q,8

where the product measuRa ,(dn) is the coarse-grained prior distribution. Note that the
prior distribution is altered by coarse-graining procedamd different projection operatdls
may yield prior distributions that are computationallyratdtable.

For example, the coarse-grained prior arising from theasrnmifmicroscopic prior £(0) =
p(1) = 1/2) is the binomial distribution corresponding4dndependent sites:

Parg(dn) = ] rildn(k), pé(n(k)=p)=q7! (3> .

(g —p)!
vehs, plg—p)! \2
The condition of detailed balance fém; } .o with respect to the measurg, ¢ g is

(k,m+ 0k) pins,q,8(n + )
(kym — 0k) pina,g,8(n — Ok) -

Ca(kym)par,q.8(n) =
ca(k,mpar,q,8(n) =

Cd
Cq

We only verify the first relation, while the second identiychecked in analogous way. Using
that H(n + 0x) — H(n) = —U(k) and the definitions of the ratdS{B.5), we have (assuming
without loss of generality]y = 1):
Ca(k;m)irtq,8(n) — Ca(k,n + Ok)irrq,8(n + k) =
(g —n(k))e PEDP s o () — (n(k) + 1)e PHOFTTBIP (1 5,) =
e 1 (g = n(k)Parg(n) = (n(k) + 1)Parq(n + )} =
IT 7 {(@—nk)nk) = (k) + 1)(n(k) + 1)} .

1=1,1£k

Since(q — p)pq(p) = (p+ 1)pye(p + 1), for all integerdd < p < g, the last curly bracket is
equal to zero, hence the detailed balance holds. This edilenlshows that due to the specific
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form of the self-interaction term({)(n(!) — 1) the detailed balance condition is satisfied for

the coarse Hamiltoniaf.{3112) and hence the fluctuations fmicroscopic dynamics are

properly included into the coarse-grained process. Theseegraining procedure described
here satisfies basic criteria imposed on an approximatiocgss:

(i) error control on a finite-time intervdD, 7. In particular, the derived coarse-grained
stochastic procesg), }+>o approximates a pre-specified observable on a finite-time
interval [0, 7], e.g., [(31). In particular, time-dependent error estgnaguch as
(&2) can rigorously demonstrate that the prodeg$;>o keeps track of fluctuations
from the microscopic level. Consequently expected valfiesain path dependent
(global) quantities can be properly estimated. We chariaet@approximation prop-
erties of{To; }+>0 by {n: }+>0 uUsing a suitable probability metric on the path space.

(i) approximation of the invariant (equilibrium) measufigne invariant measure, , ;(dn)
for the procesgn; }+>o defined onS§, , is close, in a suitable probability metric, to
the projection of the microscopic measuFe(uy,s(do)). In particular the error
estimates in[{5]1) below demonstrate that the coarseagtginocess can preserve
the ergodicity properties of the microscopic process withiprescribed tolerance.
We also note that the coarse-graining modifies the micrasqmpr Py (do) in
(23), yielding the coarse pridtas,q(dn).

If the approximating process follows the basic principigaiid (i) we observe as a result of

the error estimates presented here and 1h [23], that botinaghsient, as well as the long time

dynamics are expected to be captured accurately by theezgaaming. Although this is not

a complete proof of a controlled error for infinite time, itnsitutes a first rigorous step in

this direction. The approximation properties are also suigpl by the numerics presented

here and in the references.

4. Probability metrics and information theory tools. Since we propose the coarse-
grained proces$n, },>¢ to be only an approximation dfTo; },>¢ which can be computed
in a fast and simple way it is necessary to define in what sersevaluate the approxi-
mation properties. We view the approximation in coarsengmng procedure as information
loss. Such approach is naturally connected to the actuapatational implementation in
the Monte Carlo algorithm. In this section we give a briefaatuction to basic tools of in-
formation theory required in the error analysis. We defireelthsic notions on a probability
space with the countable state spacbut analogous properties and definitions hold for the
relative entropy of measures on general probability spéms[9]). Although the exposition
in this section is general we keep the notation consistetht tive previous section. However,
the reader may assume that the state spadees not necessarily refer to the space of spin
configurations.

We consider two probability measures(c) andm (o) on the countable state spaSe
and we define the relative entropy

R(mi|m) = m(o)log mio). (4.1)
geS 2 (U)

Using Jensen’s inequality it is not difficult to show that

R (m |m2) >0 and,
R (m|m) =0 ifandonlyifm (o) =m(o)forale € S.
Although the above properties of the relative entr@pyr; | m2) suggest that this quantity

is a distance between the measurgsand 7, it does not define a true metric since it is
not symmetric, i.e.R (w1 | m2) # R (w2 |m ) for all measuresr;, m2. Nevertheless, there
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is an important inequality that allows us to use the relatinopy as a tool for estimating
distance between two measures and hence use it for evgatiors in the coarse-graining
procedures. Using the relative entropy we can bound thévatation of the measures;
andm,:

2
R (m|m) 2 5 <Z m1(0) —m(a>|> = Slim — malfhy @2)

ceS

and hence for any observahle= ¢(o) we have the bound
|Ex, [¢(0)] — Er, [¢(0)]] < sup[¢(o)|/2R (w1 [ 72). (4.3)

The following variational characterisation of the relative entropy is useful in therer
estimation. Given a bounded function (observable) L>°(S) defined on the state spaSe
we have the natural dual pairing with the measure§ on

(m,¢) =Y m(0)p(0) =Ex [4].

cES

The relative entropy[{4l 1) has the variational represemtdsee[25, pp. 338-339])

R (my|me) = sup {<7717¢> —10g<7T2,€¢>} . (4.4)
pEL>(S)

The variational representation is used in the next sectiobtain lower bounds on the relative
entropy error of coarse-grained processes.

It is worth mentioning the relation between coarse graininfprmation theory and ap-
plication of the relative entropy in the context of coarsaiging. The information point of
view also clearly explains the meaning of the relative gutras a tool that estimates the
loss of information. In information theory one is interesia encoding the random vari-
ables with values in the state spack and distributed according to the probability measure
7 = w(o), o € §. The information should be encoded using symbols from-aary al-
phabet, for example onlg and1 in the case of the binary alphabet. Suppose @afo)
is a code/string corresponding to the vatue S. We denote/p (o) the length of the code
needed for the state. Since the information is carried in the random variablee have to
ask what is theexpected lengtbf the code required to capture the states qfrovided we
know the distribution ofr. The expected length is given by

Er [(n(9)] =Y w(0)tn(0). (4.5)

geS

It can be shown (se&][8]) that the optimal (minimal) expetdedth is attained by choosing

¢p(o) =logp L . (4.6)
(o)

Obviously, to set the optimal length for encoding the statethe random variable one
needs to know the measure If we assume a wrong distributian = w(o) to define the
length of the code we obtain the expected length which woatdoe optimal. The relative
entropyR (7 | w) describes the increase of the lenthl(4.6) due to using thegutistribution
for the random variable. In this sens&R (7 |w) is interpreted as the increase in descriptive
complexity due to “wrong information”.
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This information point of view is applicable to the analysiscoarse-graining proce-
dures: the spin configuratiomsare sampled by the Markov chain Monte Carlo algorithms
and hence samples of a random variableith large-dimensional state space are generated.
On the coarse level we sample an approximate progsgs>o instead of the exact projec-
tion {To,}:>0 and thus assuming a wrong measure/distribution for thearanehriableo.
Using the relative entropy for evaluating the approximagwoperties we estimate the loss
of information arising from using samples ¢f;},>( instead of the exact coarse-grained
process.

5. Error analysis and a priori estimates for coarse-grainedorocesses.As described
in the previous section we construct a new process which appyoximates the projected
procesTo: }1>0. The approximation properties of such construction arentified in this
section.

We do not attempt to capture the effect of fine scales exantlyimcorporate them into
the coarse model through the renormalisation group tramsftion. Instead we construct an
approximate proces§y, },>o, with the invariant measurgg, . 5. The first question which
needs to be addressed is comparison and an error estimateefexactly coarse-grained
equilibrium measure, i.eT.un g, and its approximations, , ;. We recall thatT', is the
projection operator induced by the fine-to-coarse prajeatf spin variables.

5.1. Information theory estimates. The principal idea proposed in[24] is to conttioé

specific loss of informatioquantified by the relative entrofy (u‘;\,{_’q_ﬂ | T*uNﬁ) between

the coarse-grain equilibrium measwg, , ; and the projected equilibrium meastFe. v s
of the microscopic process.
PROPOSITIONS.1 ([24],A priori estimatd.

1
N
1

M(Jj\/[,q,ﬁ(n) . B 2
N 2. (“Nﬁ({U € Sv™ | To = n})> His,q,5(m) = O (L) .

nesfﬂ,q

R (5108 | Tetin,) = (5.1)

This a priori estimate quantifies the dependence of thenmdition distance, the specific
relative entropyR (u | v), in terms of the coarse-graining ratj@nd the interaction range.

The procedure described in the previous section definesrarblg of coarse-grained
algorithms parametrised ky The fully resolved simulations correspond to the micrgsco
modelg = 1 while the mean-field approximation is obtained in the caserah > L, i.e.,
when we coarse-grained beyond the interaction range of dkenpal. Each level of this
hierarchy introduces an error since some fine-scale fluotsmare neglected.

For the comparison of the proces$8@%, },>0 and{n; } >0 we need to carry out a similar
a priori analysis on the coarse path sp&&y;, ), i.e., on the space of all right-continuous
pathsn, : [0,00) — Sf, . Above we have presented estimates for the exact coarsergai
T.un g of the invariant measurgy s and its approximations, , ; computed in terms of
the coarse Hamiltonian. In a similar way we treat the measarethe path space: we de-
note@,, 0,7 the measure o (Sy) for the process on the intervl, 7], {o¢ }+c(o,77 With
the initial distributionoy. Similarly Qfm,[o,ﬂ denotes the measure on the coarse path space
D(S§;,)- With a slight abuse of notation we also uBeQ to denote the projection of the
measure&) on the coarse path space, i.e., the exact coarsening of theune&). The fully
rigorous analysis on the path space is more involved and fee te [23]. For the sake of
completeness we only state the main a priori estimate.
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PROPOSITIONS.2 ([23]). Suppose the process; } (o, 7], given by the coarse genera-
tor £¢, defines the coarse approximation of the microscopic poes (o, 7] then for any
g < LandN, Mq = N, the information loss ag/L — 0 is

%R (T-Qrecutom 15y 0m) =TO (1) (5.2)

REMARK: The detailed proof of this information estimate (dee [28})eals that no control of
fluctuations of the proceds, },>¢ is necessary for the estimate. Consequently the estimate
is very robust and, as long agL is small, the approximation by the coarse-graining scheme
yields a small error independent of the potentiabr the initial distributionsy. Although

the estimate is for finite timel®, 7' only, and grows withl", in many cases the system nu-
cleates a new phase at the initial stage of its evolution hod the estimate ensures good
approximation of the nucleation phase.

It is worth noticing that the relative entropy estimate dgd@emonstrate limitations of
the coarse-graining method since it gives the error of ooterfor short-range interactions
(the nearest neighbour interaction corresponds te 1). On the other hand the analysis us-
ing the relative entropy (information) distance identiftes small parameter in the asymptotic
expansion of the blocking error, namely the ratjd..

The next estimate provides a lower bound for the loss of médion in terms of coarser
observables:

PROPOSITION5.3 (Lower boung. Suppose the proceégr; }+c(o,77, £°), defined by the
coarse-graining operatofl’ with coarse-graining parameterd/q = N, is the coarse ap-
proximation of the microscopic proce$s: }+c(o,7)- LetTM"¢" pe another coarse-graining
operator, such that\i’ < M, M'q’ = Mq = N. Then the following estimate for the
invariant microscopic measurey, s and the coarse approximatiqrf, , 5 holds

R (1.4, Tettns) = R (T 1y 5 | T i) (5.3)

Moreover, on any finite-time intervi, T']
( Q000,17 | Q50 0 T) >R (TM q QTo0,[0,7] | ™ Qno [0, T]) (5.4)

PrROOF. We first recall the variational formulation for the relatientropy

R (u|v) _sgp{/fdu—log/efdu} : (5.5)

where the supremum is over all bounded functions in the sphege the measures are de-
fined. This inequality now readily implies the result since

R (u|v) > sup {/f oTdu— 1og/ef°T dl/} =R (Tup| Tyv) (5.6)
foT

whereT is the projection operator (super-scripts omitted) in taéesnent of the proposition.

REMARK: This estimate provides a lower bound for the loss of infdiomain terms of

coarser observables, hence the condiMh< M whereM’ " = Mq = N. For instance

if M’ = 1,4 = N the measure@™ ¢ 15 4.5 aNATYT 1y 5 are the PDFs of the total
coverage with respect to the coarse- gralned (essentlaikynnfleld with a noise) and the
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microscopic Gibbs states respectively. We characterige an estimate ag priori since the
bound depends on the exact microscopic process, in analdmpuinds for approximations to
PDEs which depend on the Sobolev norm of the exact solufidf, [At first glance it may
appear that such an estimate is hard to implement since éndispon the exact microscopic
MC. However, for relatively small systems where microscddiC can be carried out, the
bound [&:B) can provide a lower bound on the loss of inforomatas well as a sense on how
sharp are the upper bounds given by a posteriori estimatese bpecifically when{’ is
small , i.e.,, M’ = 1,2,3... etc., the PDFs can be calculated as a histogram by MC and
subsequently the relative entropy in the lower bound isgtteorward to compute.

5.2. Microscopic reconstruction and weak convergence estates. In many prac-
tical MC simulations the main goal is to estimate averagepdeted values) of specific
observables. Therefore it is natural to analyze the weakoappation properties of the
coarse-graining procedure. The weak error is defined asuhetitye,, = |Es [¢(To:)] —

Es [+ (n:)]], where the expectatidis [-] is defined for the path conditioned on the initial con-
figurationny = Toy = S. Alternatively we can compare the microscopic procgss :>o
with its synthetic proces§y; }+>o which is reconstructed from the coarse procggs:>o.
The weak error is then defined@s = |Es [¢(0:)]—Es [¢(1:)]], where the expectatidis []

is now defined for the path conditioned on the initial confagiomo, = S. Here and in what
follows ¢ denotes a test function (observable) on the fine level whikeused for a test func-
tion on the coarse level. Theoréml5.8 and Corollary 5.9 dfyahe rate of convergence for
the weak error on both levels gg. — 0. We refer to[2R] for error estimates in the weak
topology between microscopic MC algorithms and thereiivedrSDE approximations.

Before we formulate the proposition and proceed with theopitis worth clarifying
the difficulty of comparing the projected procegBo, },>¢ with the approximating process
{n:}1>0. The projectionTo; of the microscopic process on the coarse grid does not nec-
essarily define a Markov process. On the other hand the ajppating procesgn: }+>o IS
constructed as a Markov procedsy; }:>o, £¢) with the generatoL® defined by [35). To
circumvent the technical difficulty the authorsiin[23] segted to construct an auxiliary pro-
cess{v:}:>0 as an intermediate step in the estimation of the relativeopgptbetween the
processe$o; }>o and{n; },>o. We adopt the same strategy in order to make comparison be-
tween observables which depend on Markovian procegsés- and{~: }.+>0. The process
{1+}+>0 can be directly reconstructed from the coarse-grainedgssie; };>0. Thus we are
lead to the definition of theynthetic microscopic (Markov) proce§s; }:>( associated with
the procesgo; }i>o.

DEFINITION 5.4 (Synthetic microscopic process)he auxiliary procesg~,}i>o is
defined on the microscopic configuration sp&geby the generato£” : L>°(Sy) — R

(L) (0) = Y cy(x,0)(d(0”) = ¢(0)), (5.7)

T€EAN

where the rate functioa, (x, o) is defined in terms of the coarse-grained interaction pa&ént
ey(z,0) = do(1 — o(x)) + doo(z)ePUKE).To)

The coarse-grained interaction potentidl(k,n) has been defined ilL{3.6). The piece-wise
constant interpolation is used to extend the functioh, .) from the coarse lattice to the
fine lattice. We denotk(z) to be the cell index of the cell to which the sitdelongs, i.e.,
WS Ck(z)-
The properties of v, }:>0 were studied in[23] and it was proved that:
(i) the coarse-grained projectioiiTy, },>¢ of the Markov proces${~; }:>0, L") is still a
Markov process.
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(i) the processe§T~,}:>o and{n; }+>o have the same transition rates. Hence, whenever the
processes have the same initial distribution they induesaime probability measure
on the coarse-grained path spde€Sy, ). If we defineQ; (7, t) andQ., (v, t) to
be the probability measures of the Markov proceqsg$.>o and{~;};>o respec-
tively (conditioned on the initial condition, = T+), then for all¢ > 0 we have
the projection

(7:70 (777 t) = T*Q'yo ('Yv t) = Z Q'yo (% t) s

{7 I Ty=n:}

provided this relation is satisfied &= 0. Hence this property allows us to compare
the processes in a path-wise way.

(iii) the microscopic proces$y; }:>¢ can be reconstructed from the approximating coarse
processn: }+>0. Such reconstruction is an inverse procedure to the piojefrom
fine to coarse configuration space. In such a way we can cortipaogiginal micro-
scopic process with the approximation on the coarse corfiigur space. A simple
choice of a reconstruction operator is to distribute spis) for z € Cj, uniformly
so thatTy,|c, = (k).

REMARK: Itis conceivable that the synthetic procéss}:>o can be used not only as a tech-

nical tool but as a systematic procedure for reconstrudtirgnicroscopic process, }:>o

for the purpose of model refinement or adaptivity since, asvshin Theoreni 218, the re-

construction is done under rigorous error estimates. Iretiienates derived below we deal

with a specific class of test functiogise L>°(Sx ) which depend only on the coarse variable

n = To, in other words we impose the assumption

(AL) ¢(o) = ¢(To), wherep € L>=(S5, ), and (5.8)
Z |0:6(0)] < C, whereC is a constant independentdf.  (5.9)
rEAN

REMARK: Observables, such as, for example, the total coveragé,imske numerical sim-
ulations satisfy this assumption.

The principal tool for analysing the weak error is its reprgation in terms of solutions
to the final value problem ofy

o(t,o) + Lu(t,o) =0, o(T,)=¢(), fort<T,

where/L is a generator of the Markov semigroup that defines the éatlymamics. Before we
state the main estimate of the weak error and its proof we seeetal preliminary lemmata
that characterize properties of the semigroup generataebgperatoi’ defined by [Z17).
The specific calculations are better presented by intraduan alternative notation for the
generatoi’. We define an operator of discrete differentiation for fimms f € L>°(Sy)

O f(0) = f(c®) — f(o), forallz e Ay, (5.10)
and we introduce two vectors indexed by the lattice sitesA
Vof(0) = (02f(0)seny » €(0) =(c(2,0))peny -

The scalar product is defined in the natural wag@s) - V. f (o) = > ,ca, ¢(2,0)0: f(0).
Using this notation we write

Lf(c)=c(o) -Vsf(o), forallo e Sy. (5.11)
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The space of functions defined on the configuration sgaces equipped with the strong>

topology given by the nortfj f||oc = sup,{f(o)}.

To prove the estimate in Theoréml5.8 we need an estimateddiffierence operatdv,
stated here as a separate lemma.

LEMMA 5.5.Letw(t, o) be the solution of

v+ Lv=0, v(T,0)=¢(c), fort <T, (5.12)

on a given intervat < 7', then

ST 1000t e <O D 11020]lc - (5.13)

zEAN TzEAN

Moreover, the constar depends exponentially on the final tiffie
PROOF. Using the notation introduced above and the definitiof @fe recast the evolution
equation[[5.112) into a familiar form of a transport equatiorthe configuration space

Ov+c(o) - Vov=0, oc€S8n,t>0. (5.14)
Subtracting[54) foo (¢, o%) andv(t, o) we have
By (v(t, ™) —v(t, )+ (o) (Vou(t, o) — Vou(t, o))+ (c(0®) — e(0)) Vou(t,o%) =0,
which we write as
8y (90(t, 0)) + ¢(0) - Vo (9u0(t, 0)) + Ope(o) - Vou(t,o®) =0.  (5.15)

Next we derivel.>°-bounds for the discrete derivativésc(c) using the explicit definition of
the rates:(z, o) in ZI1). For each component, indexedb¥ A, of the vectore(o) we
have

Opc(z,0) = c(z,0%)—c(z,0) = (1—0%(2))+0%(2)e V7)) —(1—0(2))+o(2)e V=)
For the spin-flip dynamics, i.es*(y) = 1 — o(y) if = y ando*(y) = o(y) otherwise, a

straightforward calculation gives.U(z,0) = U(z,0%) — U(z,0) = J(z — 2)(1 — 20(x))
if z # x and itis equal zero otherwise. Thus the discrete deratéo) is

_ [ (o) - - V), for = =
Ozc(z,0) = { O_(Z)er(z,cr) (1 _ eJ(I*Z)O*QU(z))) if 2 #£ .

Recalling the definitior[{2]13) of the interaction potentialve have that/(z — z) ~ 1/L for
|z — z| < L andJ = 0 otherwise. Hence we derivdd™-bounds for the discrete derivative
of the rates

0O(1), for z = z,
Ogc(z,0) ~ ¢ O(1/L), for|z—=z| <L, (5.16)
0, otherwise.

Going back to the equatiof{5]15) we have foralf Ay

01 (0xv0(t,0)) + LOpv(t,0) + Y Duc(z,0)0,0(t,0%) = 0. (5.17)

zEAN
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The estimates if.{5.16) imply

D10,0(t, o) + LOyv(t, o) + O(1)d,v(t,0%) + O (%) > dw(te")=0, (5.18)

zEAN
|z—=z|<L

and we have for al € Sy the solution formula

T
Ov(t, o) = ew[@zv((),a)]—l—/ eYL10(1)8,v(s, 0% )+0(1/L) Z 0,v(s, 0"
t

|z—z|<L

By the contractive property of the semigroefy we have the estimate
T
10zv(t,)loo < [1020(0,-)[|s +/ OM)[|0zv(s,)loc ds +
/ 0(1/L) 110:0(5, )| ds

forall z € An. Thus summing over alt € Ay we obtain

Do st oo < D 110:0(0, oo +

TEAN TEAN
+ [ O T 1ats, Ml +00/D) T 3 svtos ) s
TEAN z€AN |z—z|<L

where the last double sum in the integrand is boundefby " |(0,v(s, -)||-. Hence by
settingd(t) = >, ||0.v(t, -)||sc We have

T
6(t) < 6(0) —|—/ 0O(1)0(s)ds,
t
from which, by using Gronwall’s inequality, we obtain theunal
0(t) < e T=99(T),

which concludes the proof df(3.5).
Next we establish ai°°-bound for discrete derivatives of solutions generateddmis
groupse'£ andet~” .
LEMMA 5.6. Letu(t, o) be the solution of
Ou+Lu=0, u(T,.)=¢, fort <T,
and letv(¢, o) solves
v+ Lv=0, oT,.)=1¢, fort<T,

then for anyt < T the following estimate holds

> l10su(t,) = vl Yoo < CLUT) D 11026 = 0utl oo + Co(T) (1) - (5.19)

zEAN TEAN
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The constantg’; and C, are independent of and L but depend exponentially on the final
timeT.

PROOF. We use the same approach and notation as in the proof of LdafinaSubtract-
ing the evolution equations and defining.(t,0) = 0u(t,o) — d,v(t,0), w(t,o) =
(we(t,0))zery We have

Orwy(t,0) + Lwy(t,0) + (5.20)
(cy(0) —c(0)) - Vou(t,o”) + (5.21)
+0zc(o) - w(t,o%) + (5.22)
(0zc(0) — gy (o)) - Vou(t,o®) =0. (5.23)

From Lemmd35]5 we have estimates for the terms invol¥ipg(¢, .) (notice that the lemma
essentially gives the estimate 0V, v(¢,.)||). Furthermore, from the definition of rates
¢(z,0) andc, (x, o) direct calculation (similar to that used in the proof of Lealln$) yields

the estimate
q

le=esll =0 () - (5.24)

which allows us to contro[@5.21) anf(5123). Ted (.22)resated in the same way as a
similar term in the proof of Lemmad.5. Hence, forale A we obtain

Orwy(t,0) + Lwa(t,0) + O/L) > wa(z,0%) < O(g/L)||0:0(t, ) oo
|z—a|<L

Similarly as in the proof of Lemnfad.5 we complete the proosbgnming over € A and
applying Gronwall's inequality.

Since we are comparing the procéss},>( with the proces$; },>0, which is defined
only up to the equivalence given by the projection operd@tare have to establish uniqueness
of solutions for initial data satisfying the assumptiofil ).

LEMMA 5.7. Let¢ € L>(Sn), ¢ € L>(Sj,,) be test functions satisfying (Al).
Assume that(t, ) is the solution of the final value problem

Qv+ Lv=0, o(T,7)=9¢()=¢(Ty), (5.25)
then for ally, 4" € Sy such thatT'y = T/
v(t,y) =wv(t,y), forallt<T. (5.26)

PROOF. For convenience we write(t,v) = v(t, Tv). Given a configuratioy € Sy we
can reconstruct an arbitrary configuratighe Sy such thatT'y’ = T+ by considering a
permutationr : Ay — Ay, ™ = (71,...,mpr) such that

g Cr —Cy, k=1,....,M.

The action ofr on the configuration space is defined in a natural way: -y o 7, or equiva-
lently+'(z) = v(nx). Since the permutation does not change the total spin iretheve have
T~ o = Tv. Hence we writev(¢,~') = v(t,y o) andv(T,y o w) = v(T,v) = ¥(Tv).

It is sufficient to show that the functian(t,y) = v(¢,y o ) is a solution of [225). From the
uniqueness of solutions tb {5125) we conclude immediatedy:t(¢, v) = v(¢,~). From the
definition of the generata” we have

Opvu(t,yom) + Z Z cy(z,yom)(v(t, (yom)®) —v(t,yom)) =0. (5.27)

keA§, zeCy
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Recall the definition of the rate,

cy(z,y) = do(1 —y(x)) + dofy(;p)efﬁg(k(m)yT'y) :

and denote, (z,v) by C,(v(z), k, Tvy) to emphasise the dependence@n), k, andn =
T+ only. Thus the inner summation ih{5]27) becomes

Y Cilyom b, Ty) (vt (yom)") —v(t,y o 7). (5.28)

zeCl

On the other hand the definition of spin-flip dynamics leads to

(o) = { Y(fi)(mf) z 7—é ) while W(M)(WZ) B { Y(jz”y)(wx) zii’

(5.29)
Hence we obtain

(yom)™(2) =4 (rz) = (" o) (2), (5.30)

and substituting to the expressién(3.28) leads to

> Cy(a(ma) b, Ty (u(t, (o 1)) = v(t,y o) =

zeCl

Z Cy( ), k, Ty)(v(t,y™ o) —w(t,yom)) =

zeCl

= > C(1®), kb TY)(u(t, 4 om) —v(t,yom)) =

y€Ck

= > C(v(w), b Ty (u(t,4Y) — ult, ) .-

yeCk

Thus we have shown that

Opu(t,y) + Z chzcv ¥*) —u(t,y)) =0.

]CGA‘I:w zeCly,

Recalling the definition of(t, ) we obtain that (¢, yor) also solved(5.25). The uniqueness
of solutions to[[5.25) implies that(t, v o ) = v(¢,) for all v or v(¢,+") = v(¢,~) for all
~" such thatl'y’ = T+.

Now we can formulate and prove the weak error estimate thavslus to compare the
microscopic process and its coarse-level approximatioa.egtfimate the weak error on the
microscopic level by comparing the microscopic processisglnthetic process.

THEOREM 5.8 (Weak erroj. Let¢ € L*°(Sy) be a test function (observable) on the
microscopic space satisfying (A1) and (€t }:>0, L") be the synthetic Markov process (in
the sense of Definitidn3.4) of the microscopic prod¢ss};>o, £) with the initial condition
oo = S, then the weak error satisfies, for< T < oo,

Es [6(or)] ~ Es[o(r)]l < O (£)° 531)

where the constartt'r is independent of and L but depends off'.



Coarse-grained kinetic Monte Carlo 19

PROOF. The two ingredients of the proof, the Feynman-Kac formuid ¢he martingale
property, follow from the standard properties of Markovgesses (see for example[26]). If
we define, for the microscopic proceiss },>o defined by the generatay, the function

u(t, ) =E[p(or) |0 = 5],

then from the Feynman-Kac formula with the zero potentifidfes that the functionu(¢, S)
solves the final value problem

ou+Lu=0, uT,)=¢, t<T. (5.32)

On the other hand the martingale property implies that fgrsamooth functiorv(¢, S)
and the procesgy, };>o with the generatof” we have

T
Es [v(T,77)] = Es [v(0,70)] + /O Es [(9s + L7)v(s,7s)] ds .

The definition ofu(t, .S) leads to the representation of the erf®g [¢(or)] — Es [¢(vr)]]
by e, = |Eg [u(0,5)] — Es [u(T,~r)]| and hence

T
/0 Eg [(0s + L7) u(s,vs)] ds

Cyw =

The functionu(t, S) solves the equatiofl,u = —Lu thus we obtain

T
Es [¢p(or) — ()] :/0 Es [L7u(t,ve) — Lu(t, v)]dt =

dt.

T
:/O Eg l Z (c(x,m) — ey(x,v)) Oxult, i)

TEAN

We split the summatiod ., . which gives us

Es [¢p(or) = o(yr)] /0 Es [ DD (el ) — ey, 7)) dsult %)} dt =

keA§, zeCy,

= / ES |: Z Z 'yt —BU(z,vt) _ e_BU(k(w),T%))(akU(t7 T’yt) + R%’L(l’))] dt.
0

keA§, z€C)

Here we need to repladg u by thed, v, wherev solves the final value problefi{5132) with
£ replaced by.?. From Lemmd516 we know that the error ted:” () = d,u(t, ) —
dv(t,~) is controlled byO(q/L) in||-||o. Furthermore, Lemn{ad.7 guarantees that with the
final conditiony which satisfies Assumption (A1) the solution depends onlfferand hence
we can replace the discrete differetibe by the differencéjv(t, ) = v(t,n+ k) —v(t, n),
wheren = T~. Next we expand the exponentials to obtain

D= X bale)e TEOT (AD,0) + PANO.0)+ O (PAWO.V)))

zeCl
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and we recast the error representation into

T
Es [$(or) - ¢(yr)] = / Es | 32 Tl 1)00(t o) + 3 (el 1) — (. 70)) RE (@) | dt

keAS, TEAN
T
:/ Es |q Z 8kv(t,nt)E[F(k,7)|T'y:m] dt + (5.33)
0 kEAS,
T
+/0 Es Z (c(x,ve) —cv(x,%))R%L(x)] dt. (5.34)
TEAN

Assumption (A1) and Lemma®.5 imply that the teqrﬁ:keAi[ Orv(t,n:) is bounded. To
estimate the conditional expectation we use the properthefeconstruction operator for
the proces$+: }+>o, in particular on each cell,(z) is reconstructed from, (k) by assuming
a “local” equilibrium and distributingy; (=) uniformly in the cellCy,,. Using this property
we can compute the conditional expectation explicitly ardobtain forl # &

E [Z 7($)A(UaU)‘T7=771 = nKM Z (J(z—y) —Ju) =0.
z€C}, z€Cy
yeC,

Similarly we handle the case= k and we conclude that, after averaging, the first-order term
A(U,U) inT'(k,~) vanishes. We recall (see(B.3)) that

. . q
A(0,U) = U(k(x),Ty) = U(z.7) = O (1) -
and hence we can estimafe (8.33) @y;?/L?). For the term[[5:34) we use the estimate

Y weAn |R%* ()| ~ O(g/L) from Lemmd5 and the Holder inequality

> it

TEAN

Es | D (el@,n) — cv(%%))R%L(:v)] <lle = ¢y[lEs

TEAN

The first term on the right-hand side is estimated frhm {58840’ (¢q/L) and hence the left-
hand side behaves &x¢*/L?). Combining the estimates df{5133) afid(%.34) we conclude
the proof.

Using the estimate for the synthetic process and its rengigin from the coarse-
grained proces$n, }:>o We can compare the projected proc€d%, },>¢ and the coarse-
grained proces$n, }:>o also on the coarse level. The weak error for observables ®n th
coarse space is also natural in simulations where we uspiljgct finer simulations on the
coarse level and use estimators for the coarse processes.

COROLLARY 5.9. Lety € L*(Sj, ) be a test function on the coarse level such that
there exists a test functioh € L>°(Sy) satisfying (Al) with the property(To) = ¢(o).
Given the initial configuratiory we define the coarse configuratign = To. Assume the
microscopic proces§{o, }1>0, £) with the initial conditiono, and the approximating coarse
process({n: }+>0, £°) with the initial conditionn, = Toy, then the weak error satisfies, for
0<T < oo,

Es [0(Tor)] ~ s [p(nr)] < 0r (1) (539)

where the constartt'r is independent of and L but depends off'.
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6. Implementation of the coarse-grained Monte Carlo algorthms. The hierarchy of
coarse-grained Monte Carlo processes (CGMC) parametrisetias been designed in such
a way that it is easily implemented in the unified manner. tt,fdne nature of the generator
L° at the levelq allows us to use the same implementation as for the stand&diMhe
microscopic level, i.eq = 1.

The stochastic system is simulated with the kinetic Montddd&MC) algorithm. Each
iteration of the Monte Carlo simulation produces a varidioie stepAt within which a spin
flip occurs at a specific lattice node based on the transitiobgbility,

[ca(ka 77) + Cd(kv ﬁ)]At + O(AtQ)

wherec, andcy are as in[(315). This procedure repeats until the stoppiiterier (see below)

have been met. More specifically, the simulation is impletingrthe followingglobal up-

datingprocess-type kinetic Monte Carlo (KMC) algorithm for spiip fArrhenius dynamics:

Step 1 Calculate all transition rateg k, n) (adsorption)¢,(k, ) (desorption) from{315) for
all nodesk in the latticeA§,

Step 2 Calculate the totdl, = ZZGACM ca(lyn), Ry = ZleA‘jw cq(l,n) adsorption, desorp-
tion rates respectively. Similarly obtain the total r&e = R, + Rg.

Step 3 Obtain two random numbersandps.

Step 4 Use the first random number to choose between absorptidesorption based on
the measure created by the rafes R, and R7. Assume that the choice is to ad-
sorb(desorb) and denote by= ¢, (I, 1), (ca(l,n)) andR = R,, (Rq4), respectively.

Step 5 Find the node at lattice positibe A§, such that,

-1

l
C(ja T]) > p2R > C(jv 77)
J=0 J

Il
o

Step 6 Update the timeé,= ¢ + At where
At=1/Rr. (6.1)

Step 7 Repeat from Step 1 until equilibrium or dynamics afiiest have been captured.

As expected a kinetic Monte Carlo algorithm produces nol"reteps and therefore
every trial is accepted. A similar version of the algorithamalso be implemented with a
local updating mechanism which can improve speed substantiatheaeciprocal expense
of allocating further computer memory for dynamic arrapedition. In the simulation that
follow we use a finite size interaction potential and latseee L, N < oc.

We produce simulations and compare observables at migrws¢p = 1) and coarse
grained ¢ > 1) levels. For consistency purposes we use the same seed rfoammdom
number generator in order to compare simulations for diffecoarse grained values @f
This allows us to focus on the differences attributed onlgheocoarse graining variable and
not on those resulting from different paths due to the ihgeed. In the case of several
realisations we initialise each new microscopic realisatiith a different seed. Once again,
for comparison purposes, we initialise each subsequemseagaained realisation with the
same seeds used in the respective microscopic simulatidlhsimulations are compared
in the same non-dimensional time units. The correspondargdimensional time-step is
respectively set by the Monte Carlo simulation based onutetg@].

In the simulations which follow we try, when possible, to gpdogether various param-
eters in the model so the results are presented with respeatiations in a smaller number
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Coverage vs External Potential
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FiG. 7.1.Equilibrium coverage:(o) and its dependence on the external field. The critical painttfe {0, 1}
spins satisfieg.Jo = 4. The solid line depicts equilibria below the critical temgieire. The hysteresis shape of
the curve manifests existence of two equilibria in the risdginhood of the zero external field.

of parameters. In that respect we point out that for the fixeteraal fieldh it is possible to
group togethet, andh in @3) as follows,

Galk, ) = con(k)e— 151 TrDNW+T0.0)(n(k)~1)]

wherecy = doeﬁ. We provide the values of all pertinent parameters as welhandcg in
the relevant figures.

7. Numerical simulations. We use the CGMC described and analyzed in the previous
sections for efficient simulations in the spin systems tmateugo phase transitions. Within
the context of spin-flip dynamics a typical example is nuiiterof spatial regions of a new
phase or a transition from one phase (all spins equal to zerafother (all spins equal to
one). In such simulations the emphasis is on the path-wiggepties of the coarse-grained
process so that the switching mechanism is simulated efflgievhile approximation errors
are controlled. We compare simulations on the microscepiell; = 1 with those performed
on different levels of coarse-graining hierarchy parairett byq.

The qualitative behaviour of the Ising model with a longgamotential can be under-
stood from the mean-field approximation of the equilibriwotat coverage (o). Below the
critical temperature the Gibbs measure is not unique (irttteemodynamic limitN=- — oo)
and two phases can coexist. When the energy landscape isdobgtchanging the external
field h we observe non-unigueness of the equilibrium coveragepasted in FiguréZIl. The
fluctuations allow for transitions between the equilibrimimch leads to nucleation of regions
with a different phase. Changing the external fielchakes the original phase unstable and a
switching occurs — the system transforms into the othedibgiuim configuration.

The parameters in the simulations have been chosen as $olWw& use a uniform finite
range potential for all examples presented. We simulateite fattice with a total ofN =
1000 microscopic nodes and allow a potential interaction rarffg&o+ 1 for L = 100. We
choose the constadf = 1 so thate, = 1 andcy = 1. Hence in this case the critical value
Ocis given bygs.Jy = 4. If Jy > B.Jo = 4 the system is in the phase transition regime and
the two phases can coexist. In this region we typically olesartransition from one phase
(e.g., zero (low) coverage) to the other phase (e.g., fulerage). For the phase transition
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FiIG. 7.2.Relaxation dynamics. Comparison of microscopie<( 1) and coarse grainedy= 10) simulations.
The plot depicts a short time simulation in order to calilerdéhe code and compare to Figure 4 fram][20].
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FiG. 7.3. Time series of the coveragd. Simulations for different coarse-graining ratios are shwin the
phase transition regime. The cage= 1000, m = 1 (mean-field approximation) shows significant discrepancy.
Parameters used: potential radius length= 100, 3Jo = 6,do = 1, co = .072

examples we fix3Jy = 6 > 5.Jy. The simulations become difficult wheéh~ (3. and there
is no external fieldh applied. We note that the coarse-graining algorithm will perform
well close to the critical poinB. whenh = 0. In the numerical studies we first investigate
approximation properties of the CGMC algorithms for ceriglobal quantities.

Coverage:We define the coverage to be the process computed as the spatial mean

Ct(O't) :% Z Ut(l'), qiM Z nt(k)

TEAN leAs,

i (m)

We present time evolution of the coverage at the phase ti@mségime GJ, = 6. Note
that the casg = 1000, m = 1 which corresponds to the mean-field approximation (“over
coarse-grained” interactions) does not follow the phaaesition path of the other simula-
tions. On the other hand the agreement in the results isregtyegood for the remaining
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Weak and Strong Errors and Convergence Rates
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FIG. 7.4.Estimated weak., [c] and stronge;[c] errors. We compare the exact processq = 1 with coarse
approximations:?, ¢ = 10, 25, 50 and 100. The simulation parameters were fixedlat= 100, do = 1, cop = .07,
BJo = 6 > BcJo and the lattice sizéV = 1000. The convergence rates depicted are estimated by the Ilmestr
fit on the logarithmic scale. The statistical error or depende of the estimates on the number of realisations is
depicted in the right figure.

values ofq. Furthermore, these numerical results indicate path-¢ggeng) approxima-
tion of the microscopic process by the coarse-grained geoc€his observation suggests a
stronger error control than the relative entropy estimateiged by Propositioh 5l 2.

To quantify the error behaviour we calculate two errors leetvthe exact stochastic
process:; and its coarse approximatiefi at the level of coarse-graining We define the
weak errore,,[c] and the strong errat;[c] respectively:

ew[c]:/o IE [ei] — E[ef]]dt es[c]:/(] E[|Te, — c?Jdt.

The expected values are estimated by empirical means artéigeal in time by the piece-
wise constant quadrature.

The simulations allow us to estimate the convergence ratbdth errors. The rates in
the case of fixed parametets= 100, dy = 1.0, ¢g = 0.07 and/3Jy = 6 on the lattice of
the sizeN = 1000 are depicted in Figude_1.4. Note that we need to eliminatestitistical
error, arising from approximation of expected values by ieicgd means. However, as seen
in FigurdZ the estimator of the rate converges as the nuofibealisations tends to infinity.

Since the coarse-grained Hamiltonian neglects higheraateections arising from the
fluctuations on fine scales one may expect that the approximiatpoor ifq/L is not very
small. This is certainly true at the critical point (i.6,= 5. andh = 0) but further from
the critical point the approximation properties are im@y This is demonstrated in the
following table, where the simulations were performed ia gresence of different (large)
external fields. The relative error becomes small even fdyferude coarse-graining = 20
in the case of shorter interaction radii

Mean time to reach phase transitiorDne quantity of interest that is calculated from the
simulations is the mean tinfe: = E [] until the coverage reachés' in its phase transition
regime (see Figule~d.3). The random exit time is definedras inf{t > 0]c; > C*}. We
estimate the probability distributions. and p? from the simulations. We record a phase
transition at the tim&r when the coverage exceeds the threshold vatie= 0.9.



Coarse-grained kinetic Monte Carlo 25

TABLE 7.1
Relative strong errore;[c] in the presence of an external field defineddgy Comparisons are made for
different values of the interaction radius and different coarse-graining levels Size of the lattice fixed @V =
1000.

Co L q=5 q=10 q¢q=20
100 | .0591 .0733 1134
.07 | 40 | .0820 .0880 1113
20 | .1508 .2214  .1832
100 | .0186 .0563 .0480
.09 40 | .0678 .0749 .1064
20 | .1760 .1767 .1812
100 | .0010 .0010 .0025
1 40 | .0036 .0040 .0054
20 | .0016 .0043 .0065

TABLE 7.2
Approximation offr, R (p% | T p-) and relative error.

L g T R(PL|T.p;) Rel Err. CPU]Js]
100 1 532 0.0 0 309647
100 2 532 0.003 0.01% 132143
100 4 530 0.001 0.22% 86449
100 5 534 0.003 0.38% 58412
100 10 536 0.004 0.82% 38344
100 20 550 0.007 3.42% 16215
100 25 558 0.010 4.91% 7574
100 50 626 0.009 17.69% 4577
100 100 945 0.087 77.73% 345

In Figure[Z$ we plot approximations of the Probability Dignsunctions (PDFs) of
and compare them for different valuesqof

The qualitative agreement observed in Fiduré 7.5 is quedtifiy using the information
distance for error estimation, i.e., by estimating thetiadeentropy

R (p1]p2) = Zpl 1og( 8%) (7.1)

Nucleation: The nucleation of a new phase is a typical phenomenon in tjieneewhere
8 > B.. Essentially, there exist two equilibria (phases). Randloictuations will induce
transitions from one state to another by overcoming eneagydss that separate the equilib-
ria. We investigate approximation of the path-wise behavan the configuration space for
nucleation of a new phase. Two different initial configuras are used.

TEST CASE I: The initial state is at the metastable equilibrium whére toverage is zero.
The fluctuations will cause the transition to the full cowgaquilibrium which is stable
due to the external applied field. We present only qualéatiemparison in the series of
snap-shots (Figude_1.8) of the phase transition from thétmi(zero) initial coverage to
the full coverage. We observe a striking path-wise agre¢meithe configuration space for
relatively large values of compared to the interaction radilis However, as the ratig/L
increases the corresponding coarse-grained processdhgmibwhich is also demonstrated in
the expected values of transition times. Such behaviougestg that fluctuations at regions
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FIG. 7.5. Probability Density Function (PDFs) comparisons betweéferent coarse-graining levelg. The

estimated mean times for each PDF are shown in the figures.PBHEs comprised of 10000 samples and the
histogram is approximated by 100 bins.
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with uniform states are well-approximated by a highly ceagsained process while finer
resolution is necessary for resolving nucleation of newsphahrough islands.

TESTCASE Il: We have already documented the path-wise agreemenedadfproximating
dynamics under both transition and relaxation cases. fnetkample we examine the nucle-
ation phenomenon at the critical parameter regime of phassition3.J, = 6. We chose
the initial state to be at a saddle point of the energy surfaee the mean coverage is set to
0.5. Snapshots of the spatial distribution of spins are preskimt Figurd_ZJ]7. Under all four
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dynamics examineg = 1, 5,10 and20 we observe complete spatial path-wise agreement.
Over time the total coverage may fall towards zero or riseatols one in which case it will
remain there since we are at the phase transition regimeavthese represent stable equilib-
ria. Furthermore such spatial examples of nucleation avesstibelow in Test Case Il under
the assumption of an “island-type” of initial state.

Spatial Comparisons and Nucleation Spatial Comparisons and Nucleation
T T
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FIG. 7.7. Snap-shots of the transition from the initial state with thean coverage a.5. Comparisons
between the microscopic= 1 and coarse grained simulations= 5, 10 andq = 20. The interaction radius is set
to L = 100, the external fieldg = 0.0492, dg = 1 and the total number of lattice site$ = 1000.

TEST CASE IlI: The last set of simulations presents evolution from ttoa-uniform initial
state, giving a qualitative comparison of nucleation franistand of a given size (FiguEe¥.9).
In these simulations we observe spatial propagation ofitieeface in time for different initial
size of the island.
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FiG. 7.9. Snap-shots of the nucleation from a small-size initial s&@dmparisons between the microscopic
g = 1 and two coarse grained simulatiogs= 10 andq = 50. Potential radius is set td&. = 100 and the size of
the lattice toN = 2000.
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