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ABSTRACT

FAST, SCALABLE, WARM-START SEMIDEFINITE 
PROGRAMMING WITH APPLICATION TO 

KNOWLEDGE EDITING AND MIXED INTEGER 
SEMIDEFINITE OPTIMIZATION

FEBRUARY 2025

RICO ANGELL

B.S.E., UNIVERSITY OF MICHIGAN

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Andrew K. McCallum

Semidefinite programming (SDP) has traditionally been limited to moderate-sized 

problems. Methods for scaling to larger problems have sacrificed the convexity of the 

original problem for scalalability. More recently, algorithms augmented with matrix 

sketching techniques have enabled solving larger SDPs. However, these methods 

achieve scalability at the cost of an increase in the number of necessary iterations, 

resulting in slower convergence as the problem size grows. Furthermore, they require 

iteration-dependent parameter schedules that prohibit effective u tilization o f warm-

start initializations important in practical applications with incrementally-arriving 

data or constraints.

We present Unified Spectral Bundling with Sketching (USBS), a fast and scalable 

algorithm for solving massive SDPs that can leverage a warm-start initialization to 

further accelerate convergence. Our proposed algorithm is a spectral bundle method

iv



for solving general SDPs containing both equality and inequality constraints. More-

over, when augmented with an optional matrix sketching technique, our algorithm

achieves the dramatically improved scalability of previous work while sustaining con-

vergence speed. We empirically demonstrate the effectiveness of our method across

multiple applications, with and without warm-starting. For example, USBS provides

a 500x speed-up over the state-of-the-art scalable SDP solver on an instance with

over 2 billion decision variables.

The speed and scalability of USBS enables the use of SDPs in novel applica-

tions. First, we present a new paradigm of interactive feedback, existential cluster

constraints, for correcting entity resolution predictions and present a novel SDP re-

laxation at the core of the proposed inference algorithm. We demonstrate empirically

that our proposed framework facilitates more accurate entity resolution with dramat-

ically fewer user feedback inputs. We show USBS is not only faster than the previous

state-of-the-art scalable SDP solver, but can also effectively leverage a warm-start

initialization to improve empirical convergence.

Finally, we provide evidence that USBS could potentially be used as part of a

mixed-integer semidefinite program solver. There are many applications where we

want to optimize a semidefinite program where a subset of the decision variables are

subject to additional integrality constraints. One of the barriers to applying standard

branch-and-bound techniques to mixed-integer semidefinite programs is the lack of

a fast semidefinite program solver that can warm-started. Given existing evidence

that USBS can effectively utilize a warm-start initialization, we explore the possibility

of using USBS as part of a branch-and-bound solver for mixed-integer semidefinite

programs.

v
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clustering is predicted. We observe that USBS is able to leverage
a warm-start initialization. In addition, we observe that the
performance gap is consistent for all dataset sizes. . . . . . . . . . . . . . . . . . 95
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INTRODUCTION

Semidefinite programming (SDP) is a convex optimization paradigm capable of

modeling or approximating many practical problems in combinatorial optimization [3,

64], neural network verification [42, 126], robotics [129], optimal experiment de-

sign [148], global optimization of two-layer polynomial activation neural networks [19],

VLSI [147], and systems and control theory [23]. Despite their widespread applica-

bility, practitioners often dismiss the use of SDPs under the presumption that op-

timization is intractable at real-world scale. This assumption is grounded in the

prohibitively high computational complexity of interior point methods, the standard

method for solving SDPs [5, 146].

The main challenge when solving SDPs with standard constrained optimization

approaches is the high cost of projection onto the feasible region. Projecting a sym-

metric matrix onto the semidefinite cone requires a full eigendecomposition, an op-

eration that scales cubicly with the problem dimension. The high computational

cost of this single operation severely limits the applicability of projected gradient and

ADMM-based approaches [28, 119]. Interior point methods, the de facto approach for

solving small-to-moderate sized SDPs, require even more computational resources.

Projection-free and conditional gradient-based methods have been proposed to

avoid the computational burden of projecting iterates onto the semidefinite cone [11,

162, 163]. These methods avoid projection onto the feasible region with various tech-

niques including subgradient descent in the dual space and a conditional gradient

method on an unconstrained augmented objective function. The bulk of the compu-

tational burden for these methods is typically an extreme eigenvector calculation. The
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scalablity of these methods is still limited, despite the improved per-iteration com-

plexity, since they require storing the entire primal matrix which scales quadratically

with the problem dimension.

The most well-known method for scaling semidefinte programming without stor-

ing the entire primal matrix in memory is the Burer–Monteiro (BM) factorization

heuristic [31]. The core idea of the BM method is to explicitly control the memory

usage by restricting the primal matrix to a low-rank factorization. However, this

method sacrifices the convexity of the problem for scalability. In some cases, the BM

method either requires having a high rank factorization, leading to burdensome mem-

ory requirements, or risks optimization getting stuck in local minima [153]. Yurtsever

et al. [164] extend the conditional gradient augmented Lagrangian approach [163]

with a matrix sketching technique [144]. This approach avoids storing the entire

primal matrix while maintaining the convexity of the problem leading to provable

convergence for general SDPs. In addition, this method uses iteration-dependent

parameters prohibiting it from reliably leveraging a warm-start initialization.

Spectral bundle methods, first proposed in [75], are an appealing framework for

solving SDPs due to their low per-iteration computational complexity and fast em-

pirical convergence. Furthermore, it has been shown under certain conditions that

spectral bundle methods can attain linear convergence [46, 101]. Additionally, spec-

tral bundle methods can be implemented without explicitly storing the primal ma-

trix, making them amenable to the same matrix sketching techniques [144] as used

by [164]. While several spectral bundle methods have been presented in the literature

[8, 46, 74, 76], previous work considers SDPs with either only equality constraints or

only inequality constraints. Furthermore, the lack of an efficient standalone imple-

mentation has prevented the evaluation of spectral bundle method on massive SDPs.
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Practicality of Semidefinite Programming

Semidefinite programming has been useful for many important theoretical appli-

cations, including approximation algorithms for various NP-hard problems among

others in machine learning, robotics, and control. The general strategy for combina-

torial optimization problems is to define an optimization problem that is intractable

and then use semidefinite lifting to relax the problem to a tractable convex optimiza-

tion problem in the form of a semidefinite program. The solution of the SDP is then

used as the input to a rounding procedure which converts the relaxed solution to a

solution that is feasible in the domain of the original problem. The most famous is the

Goemans-Williamson MaxCut approximation algorithm [64]. Analogous approaches

have been taken for other NP-hard problems including MAX-2SAT [64], SPARSEST-

CUT [10], and correlation clustering [140]. Despite these great theoretical results,

semidefinite programming is often not applied to practical problems due to the lack

of speed and scalability of SDP solvers.

A major contributor to the scalability issues of SDP solvers is due to the fact that

SDPs are extremely expressive convex optimization paradigm, encompassing sub-

classes including linear programming, second-order cone programming, and quadratic

programming. The goal is to find a general purpose solution to solving SDPs due to

the number of problems that can be expressed as SDPs. While this is unlikely due

to the generality and difficulty optimizing with respect to the semidefinite cone, a

suite of solutions designed for subclasses of SDPs based on problem structure and

compromises users are willing to make. This thesis contributes to a certain subclass

of SDPs for which we care about the positive semidefinite constraint and not as much

about fully satisfying the constraints.

In this thesis, we seek to demonstrate that a faster and more scalable approach to

solve massive weakly-constrained SDPs, and thus, improve the practicality of using

SDPs at real-world scale. Our approach compromises finding a strictly feasible solu-
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tion for scalability. We postulate that the improved practicality of solvers shown in

this thesis will enable the use of SDPs to solve problems beyond the already estab-

lished problems in this context. Finally, we seek to show that this scalable approach

can be warm-started, an uncommon attribute of many SDP solvers.

Summary of Contributions

We present USBS, a unified spectral bundle method designed for a broader class of

SDPs and show it is a practical approach for solving large problem instances quickly.

USBS flexibly allows the user to control the trade-off between per-iteration complex-

ity and the empirical speed at which the algorithm converges. In addition, USBS can

be augmented with a matrix sketching technique that can dramatically improve the

scalability of the algorithm while maintaining its fast convergence. We demonstrate

the empirical efficacy of our proposed spectral bundle method on three types of prac-

tical large SDPs seeing extraordinary performance improvements in comparison with

the previous state-of-the-art scalable solver for general SDPs. For example, USBS is

able to obtain a quality solution to an SDP with over 1013 decision variables while

the previous state-of-the-art fails to reach an accurate solution within 72 hours. In

addition, we see a 500x speedup over the previous state-of-the-art on an instance with

2 billion decision variables. We provide a standalone implementation of the algorithm

in pure JAX [29, 56], enabling efficient execution on various hardware (CPU, GPU,

TPU) and wide-spread use.

We introduce existential cluster constraints (i.e. ∃-constraints), a new paradigm

of interactive feedback for correcting entity resolution predictions and present a novel

SDP relaxation as part of a heuristic algorithm for satisfying ∃-constraints in the

predicted clustering. We demonstrate empirically that ∃-constraints facilitates more

accurate clustering with dramatically fewer user feedback inputs as compared to tra-

ditional must-link and cannot-link constraints. We show that USBS performs much
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better than the previous state-of-the-art scalable SDP solver on this problem, espe-

cially as the problem size grows. In addition, we find that warm-starting can lead to

more than a 100x speedup in the convergence of USBS as compared to cold-starting

while the previous state-of-the-art often is not able to reliably take advantage of a

warm-start initialization.

Finally, we seek to show the potential efficacy of using USBS as part of a mixed-

integer semidefinite programming solver. Many practical problems can be formulated

as mixed-integer programming problems, but one of the limiting factors for mixed-

integer SDPs is the lack of a reliable solution that can be efficiently warm-started.

Another well-known downside of interior point methods is that they cannot be ef-

fectively warm-started. In contrast, we further support the ability the warm-start

USBS by showing that it can be efficiently warm-started in the context of a branch

and bound algorithm. Specifically, we implement a branch and bound algorithm for

solving the mixed-integer programming version of interactive clustering with existen-

tial cluster constraints. As a proof of concept, we show that USBS can be reliably and

consistently warm-started in this context to provably satisfy the existential cluster

constraints. We see roughly 2x improvement in convergence on average warm-starting

USBS in the context of a branch and bound on all clustering with existential cluster

constraints datasets. Additionally, we observe that we need fewer existential cluster

constraints to achieve the perfect ground truth clustering since the branch and bound

algorithm will always find a high quality clustering that satisfies all of the constraints.
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CHAPTER 1

SEMIDEFINITE PROGRAMMING

Semidefinite programming is a convex optimization paradigm concerned with op-

timizing a linear objective over the intersection of an affine space with the cone of

positive semidefinite matrices. This description is technically sound, but does not

provide much intuition about where semidefinite programs could be useful or how we

should approach optimizing them. We instead will approach semidefinite program-

ming in a more accessible and intuitive way for those readers with some basic machine

learning knowledge. All semidefinite programs can be expressed in the following form

max
x1,...,xn∈Rn

cij(x
⊤
i xj)

s.t.
∑
i,j∈[n]

aijk(x⊤i xj) ≤ bk, k = 1, . . . ,m
(1.1)

where cij, aijk, bk ∈ R are the scalar problem data and the n, n-dimensional, vec-

tors xi ∈ Rn are called the decision variables ([n] := {1, 2, . . . , n}). From a machine

learning perspective, we can think about the decision variables xi as embeddings for n

different objects and we want to learn the embeddings that maximize the linear objec-

tive subject to linear constraints. For example, this formulation provides an intuitive

path to canonical relaxations of NP-hard combinatorial optimization problems.

Example 1 (MaxCut). Given a graph G = (V,E) the goal of the maximum cut

problem is to find a partitioning of the vertices V such that the number of edges
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crossing the partitioning is maximized. This problem can be written formally as the

following integer quadratic program

max
v1,v2,...,vn∈{−1,1}

∑
(i,j)∈E

1− vivj
2

.

The decision variables use either −1 or 1 to determine the side of the cut and the

product of any two decision variables corresponding to an edge determines if the edge

crosses the cut or not. Unfortunately, this problem is NP-hard to solve exactly, but

we can relax it to the following well-known SDP

max
v1,v2,...,vn∈Rn

∑
(i,j)∈E

1− v⊤i vj
2

s.t. ∥vi∥22 = 1, ∀i ∈ [n]

In this case, the n different objects we want to embed are the vertices of a given

graph. A high quality approximate solution can be obtained by solving this SDP and

then using a randomized rounding scheme to select a cut [64].

Using this intuitive formulation of SDPs it is natural to see how SDPs could

be applied to various graph problems such as clustering [140, 167] and geometric

representations of graphs [81, 104]. It should also be mentioned that we should recall

the many other applications of SDPs mentioned in the introduction which do not

obviously fit into this framework. For more applications of semidefinite programming

from an operations research and control theory perspective, [105, 145] provide good

surveys. In order to understand those other applications it is useful to formulate

SDPs in their standard form.
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1.1 Standard Form

While the SDP formulation provided in (1.1) is intuitive, it is not the standard

form in which SDPs are normally written. In order to detail the standard form SDP

we need to introduce some concepts and notation.

Decision Variables. First, the dot products x⊤i xj in the objective of (1.1) are

normally organized into a matrix X ∈ Rn×n such that Xij = x⊤i xj. Throughout the

rest of this document we refer to X as the decision variable. First, notice that X is

symmetric, i.e. X = X⊤ (Xij = Xji, ∀i, j ∈ [n]). Denote the set of n× n symmetric

matrices Sn. The set of symmetric matrices is equipped with an inner product defined

as ⟨A,B⟩ = tr(A⊤B) =
∑

i,j∈[n]AijBij for any A,B ∈ Sn, where tr(A) is the trace

of A. The matrix X is referred to commonly as the Gram matrix. Furthermore, a

matrix is a Gram matrix if and only if it is positive semidefinite, hence the name

semidefinite programming. Before turning to the standard definition of semidefinite

matrices we must introduce additional concepts.

Eigenvectors and Eigenvalues. Let M ∈ Sn. An eigenvector of M is a vector

q ∈ Rn that is parallel to Mq, i.e. Mq = λq where the scaling factor λ ∈ R is the

corresponding eigenvalue. It is convention to scale q to have unit-norm. In addition,

any symmetric matrix can be factorized into the following form

M = QΛQ⊤ (1.2)

where Q ∈ Rn×n is an orthogonal matrix (orthonormal columns, i.e. Q⊤ = Q−1)

whose ith column is the eigenvector qi of M and Λ is a diagonal matrix with the cor-

responding eigenvalues oriented along the diagonal (i.e. Λii = λi). This factorization

is referred to as the eigendecomposition of a matrix. A matrix is positive semidefinite

if and only if all of its eigenvalues are non-negative, which is written as M ⪰ 0. We
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denote the cone of n × n positive semidefinite matrices by Sn
+. Given any positive

semidefinite matrix, we can recover the vectors that make it a Gram matrix by taking

it’s eigendecomposition and distributing the square roots of the eigenvalues to the or-

thonormal eigenvector matrices. It is also important to observe that the trace of a ma-

trix is equal to the sum of its eigenvalues, i.e. tr(M) =
∑

i∈[n]Mii = tr(Λ) =
∑

i∈[n] λi,

and the determinant of a matrix is the product of its eigenvalues. Given this, it is easy

to see that the diagonal of a positive semidefinite matrix is also always non-negative.

Standard Form. Given this definition of semidefinite matrices, we can rewrite (1.1)

as the following standard form SDP

max
X∈Sn+

⟨C,X⟩

s.t. AX = b

(1.3)

where C ∈ Sn is the cost matrix (i.e. cij = Cij ∈ R), A : Sn → Rm is a linear

operator, and b ∈ Rm. The constraint map A and it’s adjoint A∗ : Rm → Sn, i.e.

⟨AX, y⟩ = ⟨X,A∗y⟩ for any X ∈ Sn and y ∈ Rm, take the following form,

AX =


⟨A1, X⟩

...

⟨Am, X⟩

 and A∗y =
m∑
i=1

yiAi,

for given matrices Ai ∈ Sn. One observation about the standard form SDP (1.3)

is that there are no inequality constraints, only equality constraints. This makes

it easier to develop methodology and has the added benefit of still being able to

express all of the problems expressed by (1.1) via slack variables as we will see soon.

Unfortunately, this standard form does have its empirical drawbacks when it comes

to solving problems with many inequality constraints.
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Slack Variables. In order to incorporate inequality constraints, we need to add

slack variables, i.e. add dimensions to the decision variable to take up the slack of the

inequality constraint. Recall that a consequence of X being a positive semidefinite

matrix is that the diagonal elements are all non-negative. So, in order to incorporate

the following simple constraint

Xij ≥ 0,

we just need to expand X by a single dimension and rewrite this constraint as the

following equality constraint

Xij −Xn+1,n+1 = 0.

Since Xn+1,n+1 ≥ 0 due to X ⪰ 0, this equality constraint can be satisfied if and only

if Xij ≥ 0. This is not too big of a problem if there are a small number of inequality

constraints, but can become quite costly if the number of inequality constraints is

large. For example, in the standard correlation clustering SDP, we have n2 inequality

constraints, meaning that the size of the decision variable would have over n4 entries

in slack variable form. Furthermore, we might want to have even more complicated

constraints such as

|Xij|+ |Xkℓ| ≤ 1.

In this case, we actually need to create six slack variables for this single constraint.

First, we create need to create two slack variables Y1 and Y2 to remove the absolute

value constraints to get the following constraints

−Y1 ≤ Xij ≤ Y1

−Y2 ≤ Xkℓ ≤ Y2

Y1 + Y2 = 1
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Then, we need to create four slack variables to handle the four inequalities above. This

is a very small example, but we can see how slack variables could become practically

problematic. There are some ways to deal with this, some of which we will visit later

in this thesis.

Duality. As is the case with most constrained convex optimization, the dual is an

important part of solving SDPs. The dual of the standard formulation is as follows

min
y∈Rm

⟨b, y⟩

s.t. C −A∗y ⪯ 0

(1.4)

Denote the solution sets of (1.3) and (1.4) by X⋆ and Y⋆, respectively. It is a standard

assumption that (1.3) and (1.4) satisfy strong duality, namely that the solution sets

X⋆ and Y⋆ are nonempty, compact, and every pair of solutions (X⋆, y⋆) ∈ X⋆ × Y⋆

has zero duality gap: p⋆ := ⟨C,X⋆⟩ = ⟨b, y⋆⟩ =: d⋆. Strong duality holds whenever

Slater’s condition holds and A is a surjective linear operator. Additionally, we say

that the SDP satisfies strict complementarity if there exists (X⋆, y⋆) such that for

induced dual slack matrix Z⋆ := C −A∗y⋆,

rank(X⋆) + rank(Z⋆) = n.

Strict complementarity is satisfied by generic SDPs [4] and many well-structured

SDPs [47].

1.2 Solving SDPs

We will now briefly discuss several methods used for solving SDPs each with their

own advantages and disadvantages. This is by no means a comprehensive review, but

we give a broad overview of methods used to solve SDPs in practice with a special
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focus on the methods relevant to this thesis (see [111] for additional information).

We will describe each method in terms of how it solves the standard form SDP given

in (1.3). For each method, we will discuss the trade-off made between convergence

rate and scalability, the main challenge when it comes to solving SDPs.

1.2.1 Interior Point Methods

Primal-dual path-following interior point methods [3–5, 73] (i.e. interior point

methods) are by far the most popular algorithm for solving SDPs. The main idea

of these methods is to optimize the Lagrangian of the dual barrier function using

Newton’s method on a linearized version of the system of equations generated from

the first-order optimality conditions of the Lagrangian. The most common barrier

function used is the log-determinant barrier function. The contribution of the value

of this barrier function is controlled by a scalar µ. All of the iterates are strictly

feasible and converge to the optimal solution along a central path.

Interior point methods can solve small SDPs very efficiently and are the algo-

rithm of choice for this reason. In fact, under standard assumptions interior point

methods can solve SDPs in polynomial time. Interior point methods can find an

ε-approximate solution in O(log(1/ε)) Newton’s method iterations. Unfortunately,

each iteration requires at least O(n6) time to compute the update step. Additionally,

there are several numerical stability issues and degeneration that can happen with

interior point methods. Furthermore, it is unknown how to warm-start these meth-

ods effectively, making mixed-integer semidefinite programming more inefficient than

its linear counterpart. This trade-off is fine and manageable for small problems, but

has an extremely difficult time scaling. Regardless, there are several packages and

implementations of interior point methods and are some of the most widely used in

practice (e.g. Mosek [9]). As a forward pointer, we derive, implement, and utilize two
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primal-dual path-following interior point methods in our proposed method which we

detail in Appendix A.1.

1.2.2 Douglas-Rachford Splitting and ADMM

In order to be able to scale to larger problem sizes than can be reasonably solved

with interior point methods, first-order methods have been utilized to solve SDPs.

Among these, one of the most effective is splitting methods, e.g. Douglas-Rachford

Splitting and ADMM [28, 51, 53, 57, 63]. While these methods can be applied to more

general conic programs, they have been shown useful for solving moderately-sized

SDPs to modest accuracy quickly. The most widely used method and implementation

is the splitting conic solver [119, 121].

ADMM-based methods have several interpretations, but one that is commonly

used in convex optimization is the concept of an augmented Lagrangian. We will ex-

plain a simpler, but conceptually relevant, algorithm for solving (1.3). First, consider

the augmented standard SDP

max
X⪰0

⟨C,X⟩ − ρ

2
∥AX − b∥2

s.t. AX = b

The augmented Lagrangian the standard form SDP is just the Lagrangian of the

augmented problem given as follows

Lρ(X, y) = ⟨C,X⟩+ ⟨y,AX − b⟩ − ρ

2
∥AX − b∥22. (1.5)

The standard augmented Lagrangian approach is to alternate between optimizing

with respect to the primal variable and the dual variable as follows

Xt+1 ← arg max
X∈Sn

Lρ(X, yt),

yt+1 ← arg min
y∈Rm

Lρ(Xt+1, y)

(1.6)
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In many situations, there are also rules for updating the penalty parameter ρ > 0

over time depending on the infeasibility of the current iterate relative to past iterates.

This approach is much more efficient than interior point methods, but still struggles

when n starts to become larger. This is because the primal step takes at least O(n3)

time since an eigendecomposition needs to be computed in order to project the primal

iterate on to the semidefinite cone. Hence, splitting methods are suitable for solving

moderate-sized SDPs to modest accuracy, but do not scale to large SDPs. It is also

important to note that these methods can easily incorporate other types of constraints

and are easily warm-started given a good primal-dual pair warm-start initialization.

1.2.3 SDPLR and ManiSDP

In many important applications, the SDPs are sizeable and have highly structured

and sparse forms that admit low-rank solutions. The cost matrix C is often sparse,

containing many fewer than n2 non-zero entries. Additionally, the number of primal

constraints m is also much less n2, often being proportional to n or the number of non-

zero entries in C. Often SDPs of this form are referred to as weakly-constrained. The

most notable method is SDPLR [31], also know as the Burer-Monteiro factorization

heuristic. The main idea is to replace the primal variable X ⪰ 0 with a low-rank

factorization X = V V ⊤ where V ∈ Rn×r is unconstrained and r < n (often times

r << n for scalability reasons) which gives the following non-convex quadratically

constrained quadratic program (QCQP)

max
V ∈Rn×r

⟨C, V V ⊤⟩

s.t. A(V V ⊤) = b

(1.7)

Connecting this problem back to our initial embedding formulation, we can think

about V as the aggregation of r-dimensional embeddings for our n objects. This

optimization problem eliminates the difficult constraint X ⪰ 0 and enables memory
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savings for large problems, but unfortunately introduces non-linear (and non-convex,

in general) objective and constraints. In order to optimize (1.7), SDPLR simply

applies the augmented Lagrangian method. The augmented Lagrangian for (1.7) is

as follows

Lρ(V, y) = ⟨C, V V ⊤⟩+ ⟨y,AV V ⊤ − b⟩ − 1

2ρ
∥AV V ⊤ − b∥22. (1.8)

In SDPLR, L-BFGS [102] is used to optimize the primal step Vt ← arg maxV ∈Rn×r Lρ(V, yt).

Recently, ManiSDP [154] instead use a Riemannian trust-region method in order to

escape from saddle points when the problem is non-convex.

It is fairly well known that in order for (1.7) to be convex, the rank of the factor-

ization must be r = O(
√
m) [20, 124], which is not scalable in most cases. While this

is not scalable for most problems, Huang and Gleich [80] propose to modify the rank

r dynamically based on optimality bounds. In addition, there are specific instances

of MaxCut where SDLPR have difficulties due to its non-convexity [153].

1.2.4 CGAL and SketchyCGAL

Still concerned about scalability and solving weakly constrained SDPs, [163] in-

troduced the conditional gradient augmented Lagrangian (CGAL). This method does

not make any compromises by factorizing the primal variable and handles the primal

step of the augmented Lagrangian approach using a Frank-Wolfe (i.e. conditional

gradient) step. As an additional assumption, this method assumes that tr(X⋆) ≤ α

for some fixed and known α ∈ R for all X⋆ ∈ X⋆. In this case, the primal step involves

two steps:

Ht ← arg max
H⪰0:tr(H)≤α

⟨∇XLρ(Xt, yt), H⟩

∈ conv{αvv⊤ : v is a maximum eigenvector of ∇XLρ(Xt, yt)}

Xt+1 ← (1− ηt)Xt + ηtHt, where ηt =
2

t+ 1

(1.9)
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where the update direction Ht is a rank-one matrix. Using an eigenvalue decompo-

sition based argument we can see how the optimal update direction is determined.

Yurtsever et al. [163] show that this algorithm converges to an optimal solution always

without changing the problem structure or convexity. Other methods combine this

Frank-Wolfe style update with Burer-Monteiro factorization heuristic for performance

benefits [116].

This method, as described here, still requires storing the entire primal variable

which is the memory requirement bottleneck for weakly-constrained problems. As an

answer to this problem, Yurtsever et al. [164] introduce SketchyCGAL, showing how

to incorporate matrix sketching techniques in order to store a low-rank projection of

the primal variable, greatly reducing the memory requirements of the algorithm. This

sketching technique, as we will describe in more detail later, allows the algorithm to

use much less memory and still have provable guarantees about solution quality under

some simple rank assumptions without sacrificing the convexity of the problem. In

fact, on the MaxCut problems difficult for SDPLR to solve, SketchyCGAL is able to

solve them in very little time and much less space than required by SDPLR. This will

be our baseline throughout this thesis for our proposed method due to it’s combined

scale and provable convergence.
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CHAPTER 2

UNIFIED SPECTRAL BUNDLING WITH SKETCHING

In this chapter, we will present Unified Spectral Bundling with Sketching (USBS),

our proposed algorithm for solving SDPs that is fast, scalable, and can effectively

utilize a warm-start initialization. Our proposed spectral bundle method is a unified

algorithm for solving SDPs with both equality and inequality constraints and can be

integrated with a matrix sketching technique for dramatically improved scalability.

This work was originally published as part of the following publication:

Fast, Scalable, Warm-Start Semidefinite Programming with

Spectral Bundling and Sketching

Rico Angell and Andrew McCallum

ICML 2024

2.1 Preliminaries

We begin with the notation necessary to define the semidefinite programming

problem we seek to solve. For any matrix M ∈ Sn let λmax(M) denote the maximum

eigenvalue of M and let tr(M) denote the trace of M . For any given I ⊂ {1, . . . ,m},

let AI denote the linear operator restricted to matrices Ai for i ∈ I and yI to be the

corresponding subset of rows for any y ∈ Rm. In general, we utilize (·)I to extract the

subset of components corresponding to I from an arbitrary vector in Rm. Finally, let

I ′ := {1, · · · ,m} \ I be the compliment of I.

Given fixed C ∈ Sn, A, b ∈ Rm, and I, the primal (P) and dual (D) semidefinite

programs can be written as follows:
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max
X∈Sn+

⟨C,X⟩

s.t. AI′X = bI′

AIX ≤ bI

(P)

min
y∈Rm

⟨b, y⟩

s.t. C −A∗y ⪯ 0

yI ≥ 0

(D)

Note that while all SDPs of this form can technically be written as equality con-

strained SDPs (i.e. standard-form SDPs introduced in the previous chapter), doing

so in practice is ill-advised since the problem dimension, n, grows by one for every

inequality constraint. This increase in problem dimension is critically inefficient when

solving problems of already high dimension. In addition, we also represent the primal

feasibility set as the convex set K := {z ∈ Rm : zI ≤ bI , zI′ = bI′}, and measure the

primal infeasibility dist(AX,K). We use dist(z,Z) to denote the Euclidean distance

from a point z to a closed set Z and projZ(z) to denote the Euclidean projection of

z onto Z (i.e. the closest point in Z to z). Equivalently,

dist(z,Z) = inf
z′∈Z
∥z − z′∥ = ∥z − projZ(z)∥.

We denote the maximum nuclear norm of the primal solution set as N(X⋆) :=

supX⋆∈X⋆
∥X⋆∥∗. We denote the maximum norm of the dual given the level sets

of f as N(y0) := supf(y)≤f(y0){∥y∥}.

In many important applications, SDPs take a highly structured and sparse forms

that admit low-rank solutions. The cost matrix C is often sparse, containing many

fewer than n2 non-zero entries. Additionally, the number of primal constraints m is

also much less n2, often being proportional to n or the number of non-zero entries in

C. Recall, we refer to SDPs with these properties as weakly-constrained. We would

like to exploit these features with a provably fast and scalable optimization algorithm

that can solve any SDP.
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We use ∥ · ∥ to denote the ℓ2-norm on vectors. We use ∥ · ∥∞ to represent the ℓ∞-

norm. We use ∥ · ∥F to denote the Frobenius norm, ∥ · ∥∗ to denote the nuclear norm,

and ∥ · ∥op to denote the operator norm. We use O(·) to represent standard big-O

asymptotic notation. We use nnz(M) to denote the number of non-zero elements in

a (sparse) matrix M .

2.1.1 Proximal Bundle Methods

Proximal bundle methods [52, 87, 96, 114] are a class of optimization algorithms

for solving unconstrained convex minimization problems of the form miny∈Rm f(y),

where f : Rm → (−∞,+∞] is a proper closed convex function that attains its

minimum value, inf f , on some nonempty set. At each iteration, the proximal bundle

method proposes an update to the current iterate yt by applying a proximal step to

an approximation of the objective function, f̂t:

ỹt+1 ← arg min
y∈Rm

f̂t(y) +
ρ

2
∥y − yt∥2 (2.1)

where ρ > 0. The next iterate yt+1 is set equal to ỹt+1 only when the decrease in the

objective value is at least a fixed fraction of the decrease predicted by the model f̂t,

i.e.

β(f(yt)− f̂t(ỹt+1)) ≤ f(yt)− f(ỹt+1) (2.2)

for some fixed β ∈ (0, 1). The iterations where (2.2) is satisfied (and thus, yt+1 ← ỹt+1)

are referred to as descent steps. Otherwise, the algorithm takes a null step and sets

yt+1 ← yt. Regardless of whether (2.2) is satisfied or not, ỹt+1 is used to construct

the next model f̂t+1.

2.1.2 Model Requirements

The model f̂t can take many forms, but is usually constructed using subgradients of

f at past and current iterates. Let ∂f(y) := {g : f(y′) ≥ f(y) + ⟨g, y′−y⟩, ∀y′ ∈ Rm}
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denote the subdifferential of f at y (i.e. the set of subgradients of f evaluated at a

point y). Following prior work, we require the next model f̂t+1 to satisfy the following

mild assumptions:

1. Minorant.

f̂t+1(y) ≤ f(y), ∀y ∈ Rm (2.3)

2. Subgradient lower bound. For any gt+1 ∈ ∂f(ỹt+1),

f̂t+1(y) ≥ f(ỹt+1) + ⟨gt+1, y − ỹt+1⟩, ∀y ∈ Rm (2.4)

3. Model subgradient lower bound. The first order optimality conditions

for (2.1) gives the subgradient st+1 := ρ(yt − ỹt+1) ∈ ∂f̂t(ỹt+1). After a null

step t,

f̂t+1(y) ≥ f̂t(ỹt+1) + ⟨st+1, y − ỹt+1⟩, ∀y ∈ Rm (2.5)

The first two conditions serve to guarantee that a new model integrates first-order

information from the objective at ỹt+1. The third condition demands the new model

to preserve approximation accuracy exhibited by the preceding model.

2.1.3 Convergence Guarantees.

Recently, Dı́az and Grimmer [45] proved non-asymptotic convergence rates for the

proximal bundle method under a wide variety of conditions. The following theorem

summarizes the results relevant to this work (Theorems 2.1 and 2.3 from [45]).

Theorem 2. Let β > 0 and ρ > 0 be constant, f : Rm → (−∞,+∞] be a proper

closed convex function with nonempty set of minimizers Y⋆, and the sequence of

models produced by the proximal bundle method
{
f̂t+1 : Rm → (−∞,+∞]

}
satisfy
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the conditions (2.3), (2.4), and (2.5). If D := supt≥0{dist(yt,Y⋆)} < +∞ and

G := supt≥0{∥gt+1∥} < +∞ , then the iterates yt have f(yt)− f(y⋆) ≤ ε for all

t ≥ O
(

ρG2D4

β(1− β)2ε3

)
.

Additionally, if f(y)− f(y⋆) ≥ µ dist2(y,Y⋆) for all y and some constant µ > 0, then

the bound improves to f(yt)− f(y⋆) ≤ ε for all

t ≥ O
(

G2

β(1− β)2 min{µ/ρ, 1}ε

)
.

2.2 Unified Spectral Bundling

To apply the proximal bundle method, we need to reformulate the dual SDP as an

unconstrained optimization problem. Begin by considering the following Lagrangian

formulation of the model problem

p⋆ = max
X∈Sn+

min
y∈Rm:yI≥0

L(X, y) = min
y∈Rm:yI≥0

max
X∈Sn+

L(X, y) = d⋆, (2.6)

where the Lagrangian is defined as

L(X, y) := ⟨C −A∗y,X⟩+ ⟨b, y⟩. (2.7)

Let Y := {y ∈ Rm : yI ≥ 0}. Since X⋆ ⊂ X , we know

max
X∈Sn+

min
y∈Y
L(X, y) = max

X∈X
min
y∈Y
L(X, y) = min

y∈Y
max
X∈X

L(X, y). (2.8)

Furthermore, it is easy to show the following fact [120],

max
X⪰0 , tr(X)≤1

⟨Z,X⟩ = max{λmax(Z), 0}. (2.9)
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Incorporating (2.9) with (2.8) allows us to write an equivalent formulation of the

original dual problem by defining the penalized dual objective as shown in (pen-D)

f(y) := αmax{λmax(C −A∗y), 0}+ ⟨b, y⟩+ ιY(y), (pen-D)

where ιY(·) is the indicator function defined such that ιY(y) = 0 if y ∈ Y and

ιY(y) = +∞ otherwise. Minimizing (pen-D) is equivalent to optimizing (D) in the

sense that the optimal solution set and objective are the same. In the following

subsections, we will detail how the model is constructed and how to compute the

candidate iterates.

2.2.1 Spectral Bundle Model

The form of (pen-D) is not quite conducive to defining the model and solving for

the candidate iterate ỹt+1. To address this, we will consider an equivalent formulation

to (pen-D) that is more amenable to this effort. For any fixed α ≥ 2N(X⋆), let

X := {X ∈ Sn
+ : tr(X) ≤ α} be the trace constrained subset of the primal domain.

Let N := {ν ∈ Rm : νI ≤ 0, νI′ = 0} be the domain of the dual slack variable ν ∈ Rm

for the indicator function ιY(·). Consider the dual form of the indicator function ιY(·)

ιY(y) = sup{−⟨ν, y⟩ : νI ≤ 0, νI′ = 0}. (2.10)

Define N := {ν ∈ Rm : νI ≤ 0, νI′ = 0}. Substituting (2.10) into (pen-D) and

utilizing (2.9) gives

f(y) = sup
(X,ν)∈X×N

⟨C −A∗y,X⟩+ ⟨b− ν, y⟩. (2.11)

Remark 3. This reformulation is inspired by the formulation introduced by Helm-

berg and Kiwiel [74]. In this work, we differ from [74] in the model, how we solve
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the subproblems, and the fact that we experiment with both equality and inequality

constraints, not just inequality constraints. That being said this particular dual slack

variable supremum reformulation is given almost exactly from [74]. As far as we know,

this is the only other work that has incorporated inequality constraints explicitly.

Defining the model. This equivalent formulation is clearly just as difficult to

optimize as (pen-D), but is helpful in defining the model we will utilize in the spectral

bundle method. The main idea is to consider (2.11) over a low-dimensional subspace

of X such that (2.3), (2.4), and (2.5) are satisfied. The subspace we will consider at

step t is parameterized by matrices X̄t ∈ Sn
+ and Vt ∈ Rn×k and is defined as follows

X̂t :=

ηX̄t + VtSV
⊤
t

∣∣∣∣∣∣∣
η tr(X̄t) + tr(S) ≤ α

η ≥ 0, S ∈ Sk
+

 . (2.12)

The matrix Vt has k orthonormal column vectors, where k is a small user defined

parameter. The columns of Vt are partitioned into kc ≥ 1 current eigenvectors and

kp ≥ 0 orthonormal vectors representing past spectral information. Regardless of the

setting of kc and kp, the columns of Vt will always include a maximum eigenvector v1

of C−A∗ỹt, which also means b−αAv1v⊤1 ∈ ∂f(ỹt). For scalability reasons, we expect

k = kc +kp to be relatively small. The matrix X̄t is a carefully selected weighted sum

of past spectral bounds such that tr(X̄t) ≤ α and enables the last model condition

(2.5) to be satisfied. Hence, the model is

f̂t(y) := sup
(X,ν)∈X̂t×N

⟨C −A∗y,X⟩+ ⟨b− ν, y⟩. (2.13)

We show that this model satisfies the conditions (2.3), (2.4), and (2.5) in Section 2.2.3.

Remark 4. Helmberg and Rendl [75] do not prove non-asymptotic convergence rates,

but we follow a very similar proof technique method to Ding and Grimmer [46], which
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relies heavily on the new results of Dı́az and Grimmer [45] for general proximal bundle

methods.

Updating the model. Independent of whether a descent step or null step is taken,

the model needs to be updated. At every step, we solve the following minimax

problem

min
y∈Rm

sup
(X,ν)∈X̂t×N

⟨C −A∗y,X⟩+ ⟨b− ν, y⟩+
ρ

2
∥y − yt∥2, (2.14)

where (ỹt+1, Xt+1, νt+1) is the minimax solution. The structure of X̂t allows us to

rewrite Xt+1 as

Xt+1 = ηt+1X̄t + VtSt+1V
⊤
t . (2.15)

To compute X̄t+1 and Vt+1 we first compute an eigendecomposition of St+1 to separate

current and past spectral information as follows

St+1 = QpΛpQ
⊤
p +QcΛcQ

⊤
c , (2.16)

where Λp is a diagonal matrix containing the largest kp eigenvalues and Qp ∈ Rk×kp

contains the corresponding eigenvectors. The diagonal matrix Λc contains the remain-

ing kc eigenvalues and the corresponding eigenvectors are contained in the columns

of Qc ∈ Rk×kc . Given this decomposition, we set the next model’s X̄t+1 as follows

X̄t+1 ← ηt+1X̄t + VtQcΛcQ
⊤
c V

⊤
t . (2.17)

In the case that kp = 0, observe that X̄t = Xt for all t. To update Vt+1, we first

compute the top kc orthonormal eigenvectors v1, . . . , vkc of C −A∗ỹt+1.

Remark 5. For the sake of the theoretical results, we only need the accuracy of the top

eigenvector to be extremely accurate. We use a thick-restart Lanczos algorithm [77,

155] to compute these top eigenvectors. The vast majority of the computation required
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to compute the eigenvectors comes from sparse matrix-vector multiplication. This is

dependent on the number of non-zeros in C − A∗yt. In addition, we expect to need

O(log(n)) iterations for some large constant to guarantee a fixed level of accuracy

in the eigenvectors [92]. In practice, it seems like using a relatively low number of

matrix-vector multiplications and restarts seems to work well enough.

Then, we set Vt+1 to k orthonormal vectors that span the columns of [VtQp; v1, . . . , vkc ]

as follows

Vt+1 ← orthonormalize
(

[VtQp ; v1, . . . , vkc ]
)
, (2.18)

where we can use QR decomposition to orthonormalize the vectors. If kp = 0, or-

thonormalization is unnecessary and we just set Vt+1 ← [v1, . . . , vkc ].

Remark 6. This is essentially the same model as presented by Ding and Grimmer

[46], except for the fact that the penalized dual formulation allows for explicit in-

equality modeling. This model differs from the original spectral bundle work [74, 75]

where kc = 1 and kp > 0 can vary and provide past spectral information to improve

convergence. We also utilize and present the same model update steps as done in [46].

2.2.2 Computing the Candidate Iterate

We will now discuss how to compute the candidate iterate ỹt+1 by applying a

proximal step to the current approximation of the objective function (i.e. solve (2.1)).

Notice that the candidate iterate can be written as follows

ỹt+1 = arg min
y∈Rm

sup
(X,ν)∈X̂t×N

F (X, ν, y), (2.19)

where

F (X, ν, y) := ⟨C −A∗y,X⟩+ ⟨b− ν, y⟩+
ρ

2
∥y − yt∥2.
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To solve for ỹt+1, start by fixing (X, ν) ∈ X̂t × N arbitrarily. Then, completing

the square gives

arg min
y∈Rm

F (X, ν, y) = arg min
y∈Rm

⟨b− ν −AX, y⟩+
ρ

2
∥y − yt∥2

= arg min
y∈Rm

ρ

2

∥∥∥∥y − yt +
1

ρ
(b− ν −AX)

∥∥∥∥2

= yt −
1

ρ
(b− ν −AX).

This implies that the candidate iterate can be computed as follows

ỹt+1 = arg min
y∈Rm

f̂t(y) + ∥y − yt∥2 = yt −
1

ρ
(b− νt+1 −AXt+1), (2.20)

where (Xt+1, νt+1) ∈ X̂t × N is the solution to the following optimization problem

(Xt+1, νt+1) ∈ arg max
(X,ν)∈X̂t×N

ψt(X, ν), (2.21)

where

ψt(X, ν) := ⟨C,X⟩+ ⟨b− ν −AX, yt⟩ −
1

2ρ
∥b− ν −AX∥2. (2.22)

To solve for (Xt+1, νt+1) ∈ X̂t×N, we propose using the alternating maximization

algorithm. After initializing ν̃ = 0, the the following update steps are repeated until

convergence:

X̃ ← arg max
X∈X̂t

ψt(X, ν̃) (2.23)

ν̃ ← arg max
ν∈N

ψt(X̃, ν) = projN(b−AX̃ − ρyt) (2.24)

Clearly ψt is smooth, and in this case the alternating maximization algorithm is

known to converge at a O(1/ε) rate [22]. If ψt happens to also be strongly concave,
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Algorithm 1 Unified Spectral Bundling

1: Input: Problem specification (C,A, b, I), parameters (α, ρ, β, kc, kp), and initial-

ization of X0 = X̄0, y0, and orthonormal V0 to fully parameterize f̂0 and X̂0.
2: Output: XT , yT
3: for t = 0, 1, . . . , T do
4: (Xt+1, νt+1)← arg max

(X,ν)∈X̂t×N

ψt(X, ν)

5: ỹt+1 ← yt − 1
ρ
(b− νt+1 −AXt+1)

6: if β(f(yt)− f̂t(ỹt+1)) ≤ f(yt)− f(ỹt+1) then
7: yt+1 ← ỹt+1 // descent step

8: else
9: yt+1 ← yt // null step

10: Update f̂t+1 and X̂t+1 using (2.12), (2.13), (2.17), (2.18).
11: return XT , yT

the rate improves to O(log(1/ε)) [107]. The function ψt is only guaranteed to be

strongly concave if A is bijective.

We solve (2.23) using a primal-dual interior point method derived in Appendix A.1.2.

Remark 7. For the sake of our theoretical convergence results, we advocate for solv-

ing for (Xt+1, νt+1) ∈ X̂t ×N exactly. This differs from the other work which enables

explicit inequality modeling [74]. Helmberg and Kiwiel [74] prove asymptotic results

which do not need to solve this joint maximization problem exactly. We do need opti-

mality in order to use the proximal bundle method results of Dı́az and Grimmer [45].

We find that it is not a computational burden to solve this alternating maximization

problem to full optimality. It is also easy to check for convergence by just checking

the norm of the difference between ν̃ as successive iterations.

Feasibility of ỹt+1. If we substitute νt+1 = projN(b − AXt+1 − ρyt) into (2.20), it

can be seen that the candidate ỹt+1 is always feasible

(
ỹt+1

)
I = max

{(
yt
)
I −

1

ρ

(
bI −AIXt+1

)
, 0

}
≥ 0,
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and is also complementary to the dual slack variable νt+1, i.e. ⟨ỹt+1, νt+1⟩ = 0. This

view allows us to see that we can equivalently express the candidate iterate as

ỹt+1 = projY

(
yt −

1

ρ
(b−AXt+1)

)
.

The complete algorithm is detailed in Algorithm 1. Notice that USBS has no iteration-

dependent step-sizes or parameters, making it more amenable to effectively utilize a

warm-start initialization. It is important to note that the main cost of computing

f(yt) and f(ỹt+1) is a maximum eigenvalue computation of C−A∗yt and C−A∗ỹt+1,

respectively. Lastly, we compute f̂t(ỹt+1) using a primal-dual interior point method

derived in Appendix A.1.1. This interior point method has a per-iteration complexity

of O(k6) and converges at a rate O(log(1/ε)).

Remark 8. Ding and Grimmer [46] claim that (2.23) could be solved using (accel-

erated) projected gradient descent and describe the method necessary for projection

and proper scaling, but they use Mosek [9], an off-the-shelf solver, in their experi-

ments. We find that while theoretically possible, projected gradient descent does not

work well in practice since choosing the correct step size to obtain a high quality so-

lution to (2.23) is difficult and varies between time steps t. We instead use (and

advocate for) the primal-dual interior point method derived in Appendix A.1.2. This

interior point method has a per-iteration complexity of O(k6) and converges at a rate

O(log(1/ε)).

2.2.3 Convergence Analysis

In this section, we present the non-asymptotic convergence results for USBS. Un-

der any setting of the algorithms parameters, Theorem 9 guarantees sublinear con-

vergence for both primal and dual problems, showing that the iterates Xt and yt

converge in terms of objective gap and feasilibity. The results are summarized in the

following theorem.
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Theorem 9. Suppose strong duality holds. For any fixed ρ > 0, β ∈ (0, 1), kc ≥

1, kp ≥ 0, and α ≥ 2N(X⋆), USBS produces iterates Xt ⪰ 0 and yt ∈ Y such that for

any ε ∈ (0, 1],

approximate penalized dual optimality: f(yt)− f(y⋆) ≤ ε,

approximate primal feasiblity: dist(AXt,K) ≤
√

2ρ

β
ε,

approximate dual feasiblity: λmax(C −A∗yt) ≤
ε

N(X⋆)
,

approximate primal-dual optimality: |⟨b, yt⟩ − ⟨C,Xt⟩| ≤
α

N(X⋆)
ε+ N(y0)

√
2ρ

β
ε.,

for all iterations t

t ≥ O
(

ρG2D4

β(1− β)2ε3

)
,

where G ≤ ∥b∥+α∥A∥∞. And, if strict complementarity holds, then these conditions

are achieved for all t

t ≥ O
(

G2

β(1− β)2 min{µ/ρ, 1}ε

)
.

Additionally, if Slater’s condition holds and y⋆ is unique, then the approximate primal

feasibility and approximate primal-dual optimality respectively improve to

dist(AXt,K) ≤ ρ
√

2µ ε and |⟨b, yt⟩ − ⟨C,Xt⟩| ≤
(

α

N(X⋆)
+ N(y0)ρ

√
2µ

)
ε.

Remark 10. This theorem assumes perfect subproblem solving, namely accurately

computing extreme eigenvectors, the penalized dual objective f(y), the model f̂(y),

and optimal values of (2.21). In practice, we cannot compute these quantities exactly

and resort to highly accurate approximate methods. Anecdotally, the accuracy of the

solutions to these subproblems is extremely important to the quality of the SDP solu-

tion. While we do not perform the analysis using approximate subproblem solutions,
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the error from each approximate step can be bounded. We leave this analysis for future

work.

Note the following fact necessary to use Theorem 2.

Fact 11. The set {y ∈ Y : f(y⋆) ≤ f(y) ≤ f(y0)} is compact and contains all iterates

yt. Moreover, the iterates yt and subgradients gt+1 are bounded, i.e. sup t≥0{dist(yt,Y∗)} <

∞ and sup t≥0 {∥gt+1∥ : gt+1 ∈ ∂f(ỹt+1)} <∞.

Proof. The function f is continuous and proper over the domain Y . It is a well-

known fact that the level sets of continuous proper functions are compact. Hence,

the union of level sets {y ∈ Y : f(y⋆) ≤ f(y) ≤ f(y0)} is compact, and therefore,

sup t≥0{dist(yt,Y∗)} < ∞. The subgradients take the form gt+1 = b + αA(vv⊤) ∈

∂f(ỹt+1) where v ∈ Rn is a unit-normed vector, and thus, ∥gt+1∥ <∞ for all t.

The following lemma guarantees quadratic growth whenever strict complementarity

holds.

Lemma 12. Let y ∈ Y be arbitrary. Then,

f(y)− f(y⋆) ≥ µ dist2
d

(y,Y⋆), (2.25)

where µ > 0 is constant and d ∈ {0, 1, . . . ,m} is the singularity degree [49, 135, 138].

If strict complementarity holds, then d ≤ 1, and if Slater’s condition holds, then

d = 0.

Proof. Let F := {y ∈ Rm : A∗y − C ∈ Sn
+}. Observe that Y⋆ = Y ∩ F . Since Y⋆ is

compact, the Hölderian error bound [49, 135, 138] ensures that

dist(y,Y⋆) ≤ c
(

dist2
−d

(y,Y) + dist2
−d

(y,F)
)
,
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where c > 0 is constant and d ∈ {0, 1, . . . ,m} is the singularity degree of the SDP.

This implies that for y ∈ Y ,

dist2
d

(y,Y⋆) ≤ c2
d

(dist(y,F))

≤ c2
d

(αmax{λmax(C −A∗y), 0})

≤ c2
d

(f(y)− f(y⋆)) .

The following three lemmas guarantee primal feasiblity, dual feasibility, and primal-

dual objective optimality given convergence of the penalized dual objective, i.e.

f(yt)− f(y⋆) ≤ ε.

Lemma 13. At every descent step t,

dist(AXt+1,K) ≤
√

2ρ

β
(f(yt)− f(y⋆)). (2.26)

Additionally, if Slater’s condition holds and y⋆ is unique, then

dist(AXt+1,K) ≤ ρ
√

2µ(f(yt)− f(y⋆)). (2.27)

Proof. For any descent step t, it is easy to verify from (2.20) and (2.24) that

projK(AXt+1)−AXt+1 ≤ ρ(yt − yt+1),

and therefore,

∥AXt+1 − projK(AXt+1)∥2 ≤ ρ2∥yt − yt+1∥2.
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To complete the proof we utilize the fact that f̂t(yt+1) = miny∈Y f̂t(y) + ρ
2
∥y − yt∥2,

the fact that f̂t(y) ≤ f(y) for all y ∈ Y , and the definition of a descent step, which

gives

ρ

2
∥yt+1−yt∥2 ≤ f̂t(yt)−f̂t(yt+1) ≤ f(yt)−f̂t(yt+1) ≤

f(yt)− f(yt+1)

β
≤ f(yt)− f(y⋆)

β
.

Assume Slater’s condition holds and y⋆ is unique. Then, using Lemma 12 gives

∥AXt+1 − projK(AXt+1)∥2 ≤ ρ2∥yt − yt+1∥2

≤ ρ2
(
∥yt − y⋆∥2 + ∥yt+1 − y⋆∥2

)
≤ µρ2

(
(f(yt)− f(y⋆))

2 + (f(yt+1)− f(y⋆))
2
)

≤ 2µρ2(f(yt)− f(y⋆))
2.

Lemma 14. Suppose strong duality holds and α ≥ 2N(X⋆). Then, at every descent

step t,

λmax(C −A∗yt) ≤
1

N(X⋆)
(f(yt)− f(y⋆)) . (2.28)

Proof. By definition of strong duality, we know that for any X⋆ ∈ X⋆ that ⟨C,X⋆⟩ =

⟨b, y⋆⟩, and equivalently, ⟨X⋆,A∗y⋆−C⟩ = 0. Then, the dual objective gap is bounded

as follows

⟨b, yt − y⋆⟩ = ⟨AX⋆, yt − y⋆⟩

= ⟨X⋆,A∗(yt − y⋆)⟩

= ⟨X⋆, (A∗yt − C)− (A∗y⋆ − C)⟩

= ⟨X⋆,A∗yt − C⟩

≥ −∥X⋆∥∗ max{λmax(C −A∗yt), 0}.
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We now utilize this bound to obtain the desired result

f(yt)−f(y⋆) = ⟨b, yt−y⋆⟩+αmax{λmax(C−A∗yt), 0} ≥ ∥X⋆∥∗ max{λmax(C−A∗yt), 0},

where the last inequality is implied by the assumption that α ≥ 2N(X⋆) ≥ 2∥X⋆∥∗.

Lemma 15. At every descent step t,

|⟨b, yt+1⟩ − ⟨C,Xt+1⟩| ≤
α

N(X⋆)
(f(yt)− f(y⋆)) + N(y0)

√
2ρ

β
(f(yt)− f(y⋆)). (2.29)

Additionally, if Slater’s condition holds and y⋆ is unique, then

|⟨b, yt+1⟩ − ⟨C,Xt+1⟩| ≤
(

α

N(X⋆)
+ N(y0)ρ

√
2µ

)
(f(yt)− f(y⋆)). (2.30)

Proof. We start by rewriting the primal-dual gap as follows

⟨C,Xt+1⟩ − ⟨b, yt+1⟩ = ⟨C,Xt+1⟩ − ⟨AXt+1, yt+1⟩+ ⟨AXt+1 − b, yt+1⟩

= ⟨Xt+1, C −A∗yt+1⟩+ ⟨AXt+1 − b, yt+1⟩.

We will now bound the absolute values of the two resulting terms to bound the desired

quantity. Using the Cauchy-Schwarz inequality and Lemma 13 it can be seen

|⟨AXt+1 − b, yt+1⟩| ≤ ∥AXt+1 − b∥∥yt+1∥

≤ ∥yt+1∥
√

2ρ

β
(f(yt)− f(y⋆))

≤ N(y0)

√
2ρ

β
(f(yt)− f(y⋆)).
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Assume Slater’s condition holds and y⋆ is unique. Then, using Lemma 12 gives

|⟨AXt+1 − b, yt+1⟩| ≤ N(y0)ρ
√

2µ (f(yt)− f(y⋆)) .

Since Xt+1 ⪰ 0 and tr(Xt+1) ≤ α by construction, we can use Lemma 14 to yield

|⟨Xt+1, C −A∗yt+1⟩| ≤ αmax{λmax(C −A∗yt+1), 0}

≤ α

N(X⋆)
(f(yt+1)− f(y⋆))

≤ α

N(X⋆)
(f(yt)− f(y⋆)).

The immediately yields the desired result.

Using these lemmas and Theorem 2, we present the following proof of non-

asymptotic convergence of USBS.

Proof of Theorem 9. The overall proof strategy is to use Theorem 2 to show that the

penalized dual gap, f(yt) − f(y∗), converges at a worst case rate of O(1/ε3), which

improves to O(1/ε) if Slater’s condition or strict complementarity hold. Then, we

can use Lemmas 13, 14, and 15 to obtain the stated convergence of primal feasibility,

dual feasibility, and primal-dual optimality.

To apply the result of Theorem 2, we showed that the norms of the iterates and

subgradients of f are bounded (Fact 11), and so all we need to do is show that the

model satisfies the conditions (2.3), (2.4), and (2.5).

Let v be a maximum eigenvector C −A∗ỹt+1 if λmax(C −A∗ỹt+1) > 0 and v = 0,

otherwise. Then denote gt+1 = b + αA(vv⊤) ∈ ∂f(ỹt+1) as the subgradient of f

corresponding v at the candidate iterate ỹt+1. Let st+1 = ρ(yt − ỹt+1) ∈ ∂f̂t(ỹt+1) be

35



the aggregate subgradient. Recall that at iteration t + 1 the model approximates X

by the low-dimensional spectral set

X̂t+1 :=
{
ηX̄t+1 + Vt+1SV

⊤
t+1 : η tr(X̄t+1) + tr(S) ≤ α, η ≥ 0, S ∈ Sk

+

}
.

and therefore the penalized dual objective and model respectively take the following

forms for any y ∈ Y ,

f(y) = sup
X∈X
⟨C−A∗y,X⟩+⟨b, y⟩ and f̂t+1(y) = sup

X∈X̂t+1

⟨C−A∗y,X⟩+⟨b, y⟩. (2.31)

Verifying (2.3). The condition (2.3) follows from (2.31), since X̂t+1 ⊆ X .

Verifying (2.4). Since Vt+1 spans v, there exists a vector s ∈ Rk such that Vt+1s = v.

Taking η = 0 and S = αss⊤ implies αvv⊤ ∈ X̂t+1. Hence,

f̂t+1(y) ≥ ⟨C −A∗y, αvv⊤⟩+ ⟨b, y⟩

= ⟨C −A∗, αvv⊤⟩+ ⟨b, ỹt+1⟩+ ⟨b+ αA(vv⊤), y − ỹt+1⟩

= f(ỹt+1) + ⟨gt+1, y − ỹt+1⟩.

Verifying (2.5). From the first-order optimality conditions and the update step (2.20)

we know that

st+1 = ρ(yt − ỹt+1) = b− νt+1 −AXt+1,

f̂t(ỹt+1) = ⟨C −A∗ỹt+1, Xt+1⟩+ ⟨b− νt+1, ỹt+1⟩.

To show the desired result, we first want to show that Xt+1 ∈ X̂t+1. If kp = 0, we

are done since Xt+1 = X̄t+1. Otherwise, kp ≥ 1. First note that tr(Xt+1) ≤ α by

construction. Then,
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Xt+1 = ηt+1X̄t + VtSt+1V
⊤
t

= ηt+1X̄t + Vt(QpΛpQ
⊤
p +QcΛcQ

⊤
c )V ⊤

t

= ηt+1X̄t + VtQpΛpQ
⊤
p V

⊤
t + VtQcΛcQ

⊤
c V

⊤
t

= X̄t+1 + VtQpΛpQ
⊤
p V

⊤
t .

Since Vt+1 spans each of the columns of VtQp, we can conclude that Xt+1 ∈ X̂t+1.

Thus, for any y ∈ Y ,

f̂t+1(y) ≥ ⟨C −A∗y,Xt+1⟩+ ⟨b− νt+1, y⟩ = f̂t(ỹt+1) + ⟨st+1, y − ỹt+1⟩.

2.3 Scaling with Matrix Sketching

The memory required to store the primal iterates X̄t (similarly Xt) is prohibitive

to scaling SDPs to large problem instances. We will utilize a Nyström sketch [62,

71, 97, 144] to track a compressed low-rank projection of the primal iterate as it

evolves which at any iteration can be used to compute a provably accurate low-rank

approximation of X̄t.

First, notice that the operations carried out by USBS do not require explicitly

storing X̄t. In fact, if we are not interested in the primal iterates and we only want

to solve the dual problem (e.g. in the case where we want to test the feasbility of

the primal problem), we only need to store ⟨C, X̄t⟩, tr(X̄t), and AX̄t. This means

that our representation of X̄t is independent from the operations taken by USBS. In

addition, these values can be efficiently maintained given low-rank updates to X̄t due

to the linearity of the operations,
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⟨C, X̄t+1⟩ ← ⟨C, ηt+1X̄t + VtQcΛcQ
⊤
c V

⊤
t ⟩ = ηt+1⟨C, X̄t⟩+ tr

(
V ⊤
t Q

⊤
c

(
CVtQcΛc

))
,

tr(X̄t+1)← tr
(
ηt+1X̄t + VtQcΛcQ

⊤
c V

⊤
t

)
= ηt+1tr

(
X̄t

)
+ tr(Λc) ,

AX̄t+1 ← A
(
ηt+1X̄t + VtQcΛcQ

⊤
c V

⊤
t

)
= ηt+1AX̄t +A

(
VtQcΛcQ

⊤
c V

⊤
t

)
,

where A
(
VtQcΛcQ

⊤
c V

⊤
t

)
can be computed efficiently since

(
A
(
VtQcΛcQ

⊤
c V

⊤
t

))
i

= tr
(
V ⊤
t Q

⊤
c

(
AiVtQcΛc

))
.

2.3.1 Nyström Sketch

Consider any iterate X̄t ∈ Sn
+. Let r ∈ N be a parameter that trades of accuracy

for scalability. To construct the Nyström sketch, we sample a random projection

matrix Ω ∈ Rn×r such that Ωij ∼ N (0, 1) are sampled i.i.d. The projection of X̄t, or

sketch, can be computed as follows

Pt = X̄tΩ ∈ Rn×r. (2.32)

We can efficiently maintain Pt as X̄t evolves with low-rank updates,

Pt+1 ←
(
ηt+1X̄t + VtQcΛcQ

⊤
c V

⊤
t

)
Ω = ηt+1Pt + VtQcΛc

(
Q⊤

c V
⊤
t Ω

)
. (2.33)

Note that computing Pt+1 in this manner is equivalent to applying the projection

matrix to Xt+1. Given the sketch Pt and the projection matrix Ω, we can compute a

rank-r approximation to X̄t. The approximation is as follows

̂̄Xt := Pt(Ω
⊤Pt)

+P⊤
t = (X̄tΩ)(Ω⊤X̄tΩ)+(X̄tΩ)⊤, (2.34)

where + is the Moore-Penrose inverse. The reconstruction is called a Nyström ap-

proximation. We will almost always compute the best rank-r approximation of ̂̄Xt for
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memory efficiency. In practice, we use the numerically stable implementation of the

Nyström approximation provided by Yurtsever et al. [164]. The Nyström approxima-

tion yields a provably good approximation for any sketched matrix. See the following

fact from [144],

Fact 16. Fix X ∈ Sn
+ arbitrarily. Let P := XΩ where Ω ∈ Rn×r has independently

sampled standard normal entries. For each r′ < r− 1, the Nyström approximation X̂

as defined in (2.34) satisfies

EΩ

∥∥X − X̂∥∥
∗ ≤

(
1 +

r′

r − r′ − 1

)∥∥X − [[X]]r
∥∥
∗, (2.35)

where EΩ is the expectation with respect to Ω and [[X]] is returns an r-truncated

singular-value decomposition of the matrix X, which is a best rank-r approximation

with respect to every unitarily invariant norm [115]. If we replace X̂ with [[X̂]]r, this

error bound still remains valid.

This means that by applying this Nyström sketching technique the only approxima-

tion error is in the approximation ̂̄Xt, and all of the error is constant (i.e. the error

does not compound over time) and comes only from the projection matrix (and the

choice of r).

2.3.2 Memory Requirements

When we implement USBS using this matrix sketching procedure we see signifi-

cant decrease in time and memory required by USBS. Storing the projection matrix Ω

and Pt requires O(nr) memory. Storing ⟨C, X̄t⟩ and tr(X̄t) requires O(1) memory, re-

spectively, and storing AX̄t, νt, yt, and ỹt+1 requires O(m) memory. The primal-dual

interior point methods require O(k2) and O(k4) memory, respectively, and storing Vt

requires O(nk) memory. This means that the entire memory required by USBS is

O(nr+nk+m+k4) working memory (not including the memory to store the problem
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data) which for many SDPs is much less than explicitly storing the iterate X̄t which

requires O(n2) memory.

2.4 Discussion of Algorithmic Contributions

USBS extends previous work with several theoretical and practical contributions.

The main high-level contribution is to extend the algorithm presented by Ding and

Grimmer [46] to handle inequality constraints. We utilize some of the insight provided

by Helmberg and Kiwiel [74] to incorporate inequality constraints into the penalized

dual objective function via the dual of the indicator function for the feasibility of y.

Helmberg and Kiwiel [74] differs from this work since they use a much simpler model

and they do not solve (2.22) exactly, which we need to be exact (high-precision) for

our proofs of non-asymptotic convergence rates. Lastly, we derive two novel primal-

dual interior point methods for solving (2.23) and f̂t(ỹt+1), respectively. We found

that it is empirically important to solve the subproblems to high precision and that

these primal-dual interior point methods are the most reliable way to solve these

subproblems. Having an efficient standalone implementation with these algorithmic

innovations (including sketching) all contribute to the speed and scalability of USBS

in practice. Moreover, a standalone implementation is the only way to utilize a

GPU to improve empirical performance. For more details on implementation and

experimental details, see the implementation in pure JAX and the next chapter.
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CHAPTER 3

USBS FOR CLASSIC COMBINATORIAL
OPTIMIZATION PROBLEMS

We first evaluate USBS on two different classic SDP problem types, MaxCut and

Quadratic Assignment Problems, with and without warm-starting strategies against

the scalable semidefinite programming algorithm CGAL [163, 164] (with sketching).

Yurtsever et al. [164] perform an extensive evaluation against strong SDP solvers, in-

cluding SeDuMi [137], SDPT3 [143], Mosek [9], SDPNAL+[160], and the BM factor-

ization heuristic [31]. They show on several applications that CGAL with sketching is

by far the standard against which to compare for scalable semidefinite programming.

This work was originally published as part of the following publication:

Fast, Scalable, Warm-Start Semidefinite Programming with

Spectral Bundling and Sketching

Rico Angell and Andrew McCallum

ICML 2024

3.1 General Experimental Setup and Details

Following Yurtsever et al. [164], we scale the problem data for all problems such

that the following condition holds,

∥C∥F = tr(X⋆) = 1. (3.1)
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In both problem types, the constraints exactly determine the trace of all optimal

solutions. Since we know the trace of the optimal solution and we apply problem

scaling (3.1), we can set α = 2 for all problem types.

We consider the primal iterate an ε-approximate solution if the relative primal

objective suboptimality and relative infeasibility is less than ε, i.e.

⟨C,X⟩ − ⟨C,X⋆⟩
1 + ⟨C,X⟩

≤ ε and
dist(AX,K)

1 + ∥b∥
≤ ε. (3.2)

Computing the relative infeasibility is simple. As for the relative primal objective

suboptimality, we do not usually have access to the optimal primal objective value

⟨C,X⋆⟩, but we can compute an upper bound. For any y ∈ Y ,

f(y) = αmax{λmax(C −A∗y), 0}+ ⟨b, y⟩ ≥ ⟨C −A∗y,X⋆⟩ − ⟨b, y⟩ = ⟨C,X⋆⟩,

=⇒ ⟨C,X⟩ − ⟨C,X⋆⟩ ≤ ⟨C,X⟩ − f(y).

(3.3)

We use this upper bound to approximate the relative primal objective suboptimality

in our experiments for USBS. We use the upper bound given in [164] to compute the

relative primal objective suboptimality for CGAL.

For both CGAL and USBS, we compute eigenvectors and eigenvalues using an im-

plementation of the thick-restart Lanczos algorithm [77, 155] with 32 inner iterations

and a maximum of 10 restarts. Both CGAL and USBS are implemented using 64-bit

floating point arithmetic. Unless otherwise specified, we use a CPU machine with 16

cores and up to 128 GB of RAM. Throughout the presentation of the experimental

results we use ↑ to indicate that higher is better for that particular metric and ↓ to

indicate lower is better for that particular metric.
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3.2 MaxCut

The MaxCut problem is a fundamental combinatorial optimization problem and

its SDP relaxation is a common test bed for SDP solvers. Given an undirected graph,

the MaxCut is a partitioning of the n vertices into two sets such that the number of

edges between the two subsets is maximized. Formally, the MaxCut problem can be

written as follows

max
1

4
x⊤Lx s.t. x ∈ {±1}n, (3.4)

where L is the graph Laplacian. This optimization problem is known to be NP-

hard [85], but rounding the solution to the SDP relaxation can yield very strong

approximate solutions [64].

3.2.1 SDP Relaxation

For any vector x ∈ {±1}n, the matrix X := xx⊤ is positive semidefinite and all

of its diagonal entries are exactly one. These implicit constraints allow us to arrive

at the MaxCut SDP as follows

max
1

4
tr(LX) s.t. diag(X) = 1 and X ⪰ 0, (3.5)

where diag(·) extracts the diagonal of a matrix into a vector and 1 ∈ Rn is the all-ones

vector. A matrix solution X⋆ to (3.5) does not readily elicit a graph cut. One way to

round X⋆ is to compute a best rank-one approximation x⋆x
⊤
⋆ and use sgn(x⋆) as an

approximate cut. There are more sophisticated rounding procedures (e.g. [64]), but

this one works quite well in practice.

Notice that (3.5) contains exactly n equality constraints. Additionally, in many

instances of MaxCut, the graph Laplacian L is sparse and the optimal solution is

low-rank. This means that we can represent the MaxCut instance with far less than

O(n2) memory. These attributes make sketching the matrix variable X with relatively

small r an attractive and effective approach when considering the MaxCut problem.
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3.2.2 Rounding

Both CGAL and USBS maintain a sketch of the primal variable that, along with

the test matrix, can be used to construct a low-rank approximation of the primal

iterate X̂ = UΛU⊤ where U ∈ Rn×r has orthonormal columns. Following [164], we

evaluate the size of r cuts given by the column vectors of sgn(U) and choose the

largest.

3.2.3 Experimental Setup

We evaluate the CGAL and USBS with and without warm-starting on ten in-

stances from the DIMACS10 [13] where n and the number of edges in each graph are

shown in Table 3.1. We warm-start each method by dropping the last 1% of vertices

from the graph resulting in a graph with 99% of the vertices. We pad the solution

from the 99%-sized problem with zeros and rescale as necessary to create the warm-

start initialization. Unless otherwise specified, we use the following hyperparameters

for USBS in our experiments: r = 10, ρ = 0.01, β = 0.25, kc = 10, kp = 1. In

our experiments, we find that kp > 0 does improve performance slightly. See the

implementation for more details.

3.2.4 Experimental Results

Figure 3.1 displays the time (in seconds) taken by CGAL and USBS, with and

without warm-starting on 99% of the problem instance, to achieve an ε-approximate

solution where ε = 10−1. In all cases, we optimize until an ε-approximate solution is

found or 72 hours has elapsed (the same stopping criteria is used for creating a warm-

start initialization). The bars marked with † indicate that an ε-approximate solution

was not achieved in 72 hours. As can be seen, USBS without warm-starting converges

to an ε-approximate solution faster the CGAL with and without warm-starting. On 7

out of 10 data instances, CGAL fails to achieve an ε-approximate solution in 72 hours

while USBS reaches an ε-approximate solution for all data instances within 72 hours.

44



On 1 out of 10 data instances, USBS fails to leverage the warm-start initialization

improve convergence time to acheive an ε-approximate solution (problem instance

598a). In all other cases, warm-starting either helps or at least does not hurt the

convergence time. On a moderate size problem instance, fe body (> 109 decision

variables), USBS is able to achieve an ε-approximate solution in 5 minutes while

CGAL takes 45 hours to achieve the same ε-approximate solution, yielding over a

500x speedup. On a massive problem instance, 333SP (> 1013 decision variables),

USBS is able to achieve an ε-approximate solution in 28 hours.

Figure 3.2 plots three different convergence measures over time for a large data

instance, 144 (>1010 decision variables), for a total time of 12 hours. For this instance,

warm-starting helps achieve a faster convergence rate of both relative primal objective

suboptimality and relative infeasibility. Additionally, the weight of the cut produced

from the primal iterates generated by USBS does not drop in value when warm-

starting whereas the weight of the cut produced by CGAL drops in value before

rising again. This is an additional indication that USBS is able to utilize the warm-

start initialization better than CGAL. Finally, observe that USBS, with and without

warm-starting, produces a marginally better graph cut than CGAL.

Table 3.1: MaxCut data instance statistics.

fe sphere hi2010 fe body me2010 fe tooth 598a 144 auto netherlands osm 333SP

n 16K 25K 45K 70K 78K 111K 145K 449K 2.2M 3.7M
nnz(L) 115K 149K 372K 405K 983K 1.6M 2.3M 7.1M 7.1M 25.9M

Figures 3.3 and 3.4 compare USBS’s infeasibility gap against time for different

settings of kc and kp on the 144 instance from DIMACS10 on both CPU and GPU. As

a general trend, we find that the infeasibility gap of the solution produced by USBS

improves when kc is larger. If choosing between allocating resources between kc and
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Figure 3.1: Convergence time (sec) to moderate relative error tolerance (↓). The
time (in seconds) for CGAL and USBS to achieve an ε-approximate solution for ε = 10−1

with and without warm-starting on 99% of initial data on ten DIMACS10 MaxCut instances.
The bars marked with † indicate an ε-approximate solution was not achieved in 72 hours.
The datasets are sorted in ascending order by n, ranging from 16K to 3.7M (more than 1013

decision variables for 333SP). Note that warm-starting generally improves convergence, but
does not always (e.g. 598a). We observe USBS achieves an extraordinary improvement in
convergence over CGAL which fails to reach an accurate solution on 7 out of 10 instances.
In contrast, USBS is able to reach a solution on all of the problem instances in 28 hours or
less without a warm-start initialization.

Figure 3.2: Convergence measures on instance 144. We solve instance 144 from
DIMACS10 and plot the primal objective sub-optimality (objective residual, ↓), relative
infeasibility (infeasibility gap, ↓), and weight of the cut (↑) produced by the rounding
procedure. The warm-started runs use 99% of the original data to obtain a warm-start
initialization. We observe that USBS is able to more reliably leverage a warm-start initial-
ization. In these plots, USBS is executed with kc = 8, kp = 8. All runs were executed on a
compute node with 16 cores and 128GB of RAM.

kp we find more resources should be given to kc. The infeasibility gap of the solution

produced by USBS is also generally better when kc > kp.

Figures 3.5 and 3.6 compare USBS’s objective residual against time for different

settings of kc and kp on the 144 instance from DIMACS10 on both CPU and GPU. As

a general trend, we find that the objective residual of the solution produced by USBS
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(a) kp = 0 (b) kp = 1 (c) kp = 2

(d) kp = 5 (e) kp = 8 (f) kp = 10

Figure 3.3: Infeasibility gap vs. time for different settings of kc and kp. In each
plot, the x-axis is time (up to 12 hours) and the y-axis is the relative infeasibility gap. In
every case, USBS is cold-started on the 144 instance from the DIMACS10 dataset. Each plot
considers one value of kp and several values of kc. All runs were executed on a compute node
with 16 cores and 128GB of RAM. We observe that USBS performs best when kc ≥ kp.

improves when kc is larger. The value of kp seems to have less of an impact on the

objective residual of the solution produced by USBS than with the infeasibility gap.

These results might vary with different settings of ρ.

Figures 3.7 and 3.8 compare CGAL and USBS on CPU and GPU for different

settings of kc and kp on the 144 instance from DIMACS10. We observe approximately

a 25x speedup on a single NVIDIA GeForce 1080 Ti GPU as compared to a CPU

instance with 16 cores and 128GB of RAM for both CGAL and USBS. We also

observe that USBS performs best when kc ≥ kp. In addition, USBS executed on CPU

significantly outperforms CGAL executed on GPU.
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(a) kp = 0 (b) kp = 1 (c) kp = 2

(d) kp = 5 (e) kp = 8 (f) kp = 10

Figure 3.4: Infeasibility gap vs. time for different settings of kc and kp. In each
plot, the x-axis is time (up to 12 hours) and the y-axis is the relative infeasibility gap. In
every case, USBS is cold-started on the 144 instance from the DIMACS10 dataset. Each
plot considers one value of kp and several values of kc. All runs were executed on a single
NVIDIA GeForce 1080 Ti GPU. We observe that USBS performs best when kc ≥ kp.
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(a) kp = 0 (b) kp = 1 (c) kp = 2

(d) kp = 5 (e) kp = 8 (f) kp = 10

Figure 3.5: Objective residual vs. time for different settings of kc and kp. In each
plot, the x-axis is time (up to 12 hours) and the y-axis is the primal objective suboptimality.
In every case, USBS is cold-started on the 144 instance from the DIMACS10 dataset. Each
plot considers one value of kp and several values of kc. All runs were executed on a compute
node with 16 cores and 128GB of RAM. We observe that USBS performs best when kc ≥ kp.
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(a) kp = 0 (b) kp = 1 (c) kp = 2

(d) kp = 5 (e) kp = 8 (f) kp = 10

Figure 3.6: Objective residual vs. time for different settings of kc and kp. In
each plot, the x-axis is time (up to 12 hours) and the y-axis is the relative primal objective
suboptimality. In every case, USBS is cold-started on the 144 instance from the DIMACS10

dataset. Each plot considers one value of kp and several values of kc. All runs were executed
on a single NVIDIA GeForce 1080 Ti GPU. We observe that USBS performs best when
kc ≥ kp.
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(a) kc = 8, kp = 0 (b) kc = 8, kp = 1 (c) kc = 8, kp = 2

(d) kc = 8, kp = 5 (e) kc = 8, kp = 8 (f) kc = 8, kp = 10

Figure 3.7: Infeasibility gap vs. time on CPU and GPU. In each plot, the x-axis is
time (up to 12 hours) and the y-axis is the relative infeasibility gap. In every setting of kc
and kp, we compare CGAL and USBS cold-started on the 144 instance from the DIMACS10
dataset on both a compute node with 16 cores and 128GB of RAM (CPU) and a single
NVIDIA GeForce 1080 Ti GPU (GPU). We observe that USBS performs best when kc ≥ kp.
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(a) kc = 8, kp = 0 (b) kc = 8, kp = 1 (c) kc = 8, kp = 2

(d) kc = 8, kp = 5 (e) kc = 8, kp = 8 (f) kc = 8, kp = 10

Figure 3.8: Objective gap vs. time on CPU and GPU. In each plot, the x-axis is
time (up to 12 hours) and the y-axis is the relative primal objective suboptimality. In every
setting of kc and kp, we compare CGAL and USBS cold-started on the 144 instance from
the DIMACS10 dataset on both a compute node with 16 cores and 128GB of RAM (CPU) and
a single NVIDIA GeForce 1080 Ti GPU (GPU). We observe that USBS performs best when
kc ≥ kp.
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3.3 Quadratic Assignment Problem

The quadratic assignment problem (QAP) is a very difficult but fundamental

class of combinatorial optimization problems containing the traveling salesman prob-

lem, max-clique, bandwidth problems, and facilities location problems among oth-

ers [103]. SDP relaxations have been shown to facilitate finding good solutions to

large QAPs [166]. The QAP can be formally defined as follows

min tr
(
WΠDΠ⊤) s.t. Π is an n× n permutation matrix, (3.6)

where W ∈ Sn is the weight matrix, D ∈ Sn is the distance matrix, and the goal

is to optimize for an assignment Π which aligns W and D. The number of n × n

permutation matrices is n!, so a brute-force search becomes quickly intractable as n

grows. Generally, QAP instances with n > 30 are intractable to solve exactly. In our

experiments, using an SDP relaxation and rounding procedure, we can obtain good

solutions to QAPs where n is between 136 and 198.

3.3.1 SDP Relaxation

There are many SDP relaxtions for QAPs, but we consider the one presented

by [164] and inspired by [30, 79] which is formulated as follows

min tr
(
(D ⊗W )Y

)
s.t. tr1(Y) = I, tr2(Y) = I, G(Y) ≥ 0,

vec(B) = diag(Y), B1 = 1, 1⊤B = 1⊤, B ≥ 0,

X :=

 1 vec(B)⊤

vec(B) Y

 ⪰ 0, tr(Y) = n

(3.7)

where ⊗ denotes the Kronecker product, tr1(·) and tr2(·) denote the partial trace

over the first and second systems of Kronecker product respectively, G(Y) extracts
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the entries of Y corresponding to the nonzero entries of D⊗W , and vec(·) stacks the

columns of a matrix one on top of the other to form a vector. In many cases, one of

D or W is sparse (i.e. O(n) nonzero entries) resulting in O(n3) total constraints for

the SDP.

The primal variable X has dimension (n2 + 1)× (n2 + 1) and as a result the SDP

relaxation has O(n4) decision variables. Given the aggressive growth in complexity,

most SDP based algorithms have difficulty operating on instances where n > 50. To

reduce the number of decision variables, we sketch X with r = n, resulting in O(n3)

entries in the sketch and the same number of constraints in most natural instances.

We show that this enables CGAL and USBS to scale to instances where n = 198

(more than 1.5 billion decision variables and constraints).

3.3.2 Rounding

We adopt the rounding method presented in [164] to convert an approximate

solution of (3.7) into a permutation matrix. Reconstructing an approximation to the

primal variable from the sketch yields X̂ = UΛU⊤ where U has shape (n2 + 1) × n.

For each column of U , we discard the first entry of the column vector, reshape the

remaining n2 entries into an n × n matrix, and project the reshaped matrix onto

the set of n × n permutation matrices using the Hungarian method (also known as

Munkres’ assignment algorithm) [83, 93, 117]. This procedure yields a feasible point

to the original QAP (3.6). To get an upper bound for (3.6), we perform the rounding

procedure on each column of U and choose the permutation matrix Π which minimizes

the objective tr
(
WΠDΠ⊤).

3.3.3 Experimental Setup

We evaluate CGAL and USBS on select large instances from QAPLIB [32] and

TSPLIB [128] ranging in size from 136 to 198. Provided with each of these QAP

instances is the known optimum. For many instances, we find that the quality of the
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permutation matrix produced by the rounding procedure does not entirely correlate

with the quality of the iterates with respect to the SDP (3.7). Thus, we apply the

rounding procedure at every iteration of both CGAL and USBS. Our metric for

evaluation is relative gap which is computed as follows

relative gap =
upper bound obtained− optimum

optimum
.

We report the lowest value so far of relative gap as best relative gap. CGAL [164]

is shown to obtain significantly smaller best relative gap than CSDP [30] and

PATH [165] on most instances, and thus, is a strong baseline.

To create a warm-start initialization, we create a slightly smaller QAP by dropping

the final row and column of both D and W (i.e. solve a size n − 1 subproblem of

the original instance). We use the solution to slightly smaller problem to set a warm-

start initialization for the original problem, rescaling and padding with zeros where

necessary. We stopped optimizing after one hour. When warm-starting, we optimize

the slightly smaller problem for one hour and then optimize the original problem for

one hour.

Following [164], we apply the following scaling of the problem variables in (3.7)

∥C∥F = tr(X⋆) = ∥A∥op = 1 and ∥A1∥F = · · · = ∥Am∥F. (3.8)

We use the following hyperparameters for USBS in our experiments: ρ = 0.005,

β = 0.25, kc = 2, kp = 0. In our experiments, we find that kp > 0 does not improve

performance. See the implementation for more details.

3.3.4 Experimental Results

Figure 3.9 and Figure 3.10 plot relative gap and best relative gap against

time (in seconds) for three instances, respectively. Figure 3.9 shows that even for
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(a) pr136 (b) kroA150 (c) tai150b

Figure 3.9: relative gap (↓) vs. time. We plot the relative gap (y-axis) against
time in seconds (x-axis) for three instances from QAPLIB and TSPLIB. We observe that for
both algorithms the best rounded solution is found early in optimization. In addition, we
observe that USBS is able to more reliably leverage a warm-start initialization.

(a) pr136 (b) kroA150 (c) tai150b

Figure 3.10: best relative gap (↓) vs. time. We plot the best relative gap (y-axis)
against time in seconds (x-axis) for three instances from QAPLIB and TSPLIB. We observe
that USBS is able to more reliably leverage a warm-start initialization.

Figure 3.11: best relative gap (↓). The best relative gap obtained in one hour
of optimization is shown for ten instances from QAPLIB and TSPLIB. We observe that on
most problem instance that USBS produces a better relative gap than CGAL and that
a warm-start initialization helps USBS obtain a better relative gap. CGAL is much less
reliable in leveraging a warm-start initialization.
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large instances the best relative gap is obtained within the first few minutes of

the hour of optimization. In these instances, we can also observe that USBS not

only obtains a better best relative gap, but also is able to leverage a warm-start

solution to improve performance.

Figure 3.11 shows the best relative gap obtained for ten data instances over

one hour of optimization. It can be seen that warm-starting does not always yield a

better best relative gap, but USBS is better able to leverage a warm-start solu-

tion than CGAL. These results show that warm-starting is a beneficial heuristic for

finding a quality approximate solution to QAPs. The warm-starting technique used

in these experiments is not the only possible warm-starting initialization strategy. For

examples, one could generate several warm-start initializations for (3.7) by dropping

other rows and columns of D and W besides the last row and column. Then, after

creating n warm-start initializations, we could take the best upper bound obtained

by optimizing (3.7) from each of those warm-start initializations.
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CHAPTER 4

USBS FOR INTERACTIVE ENTITY RESOLUTION
WITH ∃-CONSTRAINTS

Real-world deployed machine learning systems will inevitably be imperfect despite

ever growing labeled training data and model sizes. Machine learning models will

encounter novel inputs and patterns and noise unseen at training which will lead

to incorrect predictions. This lack of precision is amplified in applications where

training data is limited or the objective is misaligned with the task. Fortunately,

human users interacting with machine learning systems over time have the ability to

provide feedback to correct the model outputs and thus improve the precision and

safety of the system.

Techniques and approaches for gathering, representing, and utilizing human feed-

back have been developed for tasks in both supervised and unsupervised machine

learning. For classification, human-in-the-loop active labeling techniques have been

employed to gather labels for problematic inputs and fine-tune the model [132]. Weak

supervision enables noisy label gathering by allowing users to write labeling rules for

data where labeled data is scarce [127]. Integrating human feedback about relevant

features instead of input example labels into classification models has been shown

useful [33, 41, 48, 59, 100]. Human preferences about agent actions in complicated

environments have been integrated into reinforcement learning systems to improve

policy learning [34, 70]. Tasks with difficult to define objectives, such as learning to

summarize text [136], have been shown to benefit from human feedback. Interactive

models have been used for applications such as knowledge base construction [91] and
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entity resolution [90]. Human user feedback has also been used to correct both flat

and hierarchical clusterings [16, 25, 43, 113, 118, 149].

Clustering is an area of machine learning that could particularly benefit from

human feedback. Since clustering is often unsupervised and used for discovery of

entities, patterns, and groups, it generally needs additional input or side information

to guide predictions. In past work on clustering with human feedback, users interact

with the predicted clustering and provide feedback in the form of pairwise point

constraints [151], relative comparisons among data points [55], and cluster sizes [158].

Existing approaches either directly integrate this feedback into existing clustering

frameworks [88, 133, 152] or adapt the similarity measure of the data to produce a

more accurate predicted clustering [94, 98, 99, 106, 156].

In this chapter, we consider the problem of interactive entity resolution with user

feedback to correct predictions made by a machine learning algorithm. Entity res-

olution (also known as coreference resolution or record linkage) is the process of

identifying which mentions (sometimes referred to as records) of entities refer to the

same entity [1, 2, 6, 26, 159]. Entity resolution is an important problem central to

automated knowledge base construction where the correctness of the resulting knowl-

edge base is vital to its usefulness. The entity resolution problem is fundamentally

a clustering problem where the prefect clusters contain all mentions of exactly one

entity. Due to the large volumes of raw data frequently involved, machine learning

approaches are often used to perform entity resolution. To correct inevitable errors

in the predictions made by these automated methods, human feedback can be used

to correct errors in entity resolution.

Utilizing human feedback to guide and correct clustering decisions can be broadly

categorized into two groups [14]: active clustering (also know as semi-supervised

59



clustering) [113, 130, 149, 150, 157] and interactive clustering [21, 35, 36, 50]1. There

are several paradigms of human feedback used to steer a clustering algorithm [55, 88,

94, 98, 99, 106, 133, 152, 156], the most common of which is pairwise constraints [151]

(i.e. statements about whether two points or mentions must or cannot be clustered

together).

In this chapter, we introduce existential cluster constraints (i.e. ∃-constraints),

a new paradigm of interactive feedback for correcting entity resolution predictions

and present a novel SDP relaxation as part of a heuristic algorithm for satisfying

∃-constraints in the predicted clustering. This novel form of feedback allows users

to specify constraints stating the existence of an entity with and without certain

features. More specifically, human users view the predicted clustering and make

statements about the existence of a cluster containing a specific subset of discrete

features and not containing another disjoint subset of discrete features. We posit this

enables users to convey cluster-wise preferences more naturally with respect to a user’s

mental model of the output clustering. Furthermore, existential cluster constraints

are more efficient in terms of the number of human feedback inputs to reach an ideal

output clustering both in theory and practice. Lastly, unlike prior forms of feedback,

existential cluster constraints allow users to provide feedback when data privacy is a

concern without viewing the raw data or cluster sizes.

We show theoretically that existential cluster constraints are able to express feed-

back with far fewer human inputs than pairwise point constraints. Unsurprisingly,

we also show that it is NP-hard in general to find a clustering which satisfies all of

the existential cluster constraints.

1Commonly, active clustering is used to describe techniques where the algorithm queries the
human for feedback about a specific pair or group of points or clusters (akin to active learning) and
interactive clustering is used to describe techniques where humans observe the clustering output and
provide unelicited feedback, typically in the form of some type of constraint, to the algorithm.
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We introduce an inference algorithm for clustering with existential cluster con-

straints within the correlation clustering framework. The algorithm begins by solving

a semidefinite programming (SDP) relaxation of an integer linear program which

jointly clusters the data points and existential cluster constraints by combining the

traditional correlation clustering optimization problem with extra optimization con-

straints formed from the existential cluster constraints. Next, we construct a DAG-

shaped hierarchical clustering (i.e., sparse cluster trellis [108]) over the data points

and existential cluster constraints using the solution of SDP relaxation as an affinity

matrix. Finally, we extract the optimal flat clustering consistent with the trellis con-

structed in the previous step using a dynamic programming algorithm which memoizes

optimal partial clusterings.

We evaluate the efficiency of existential cluster constraints in terms of human

feedback inputs and the efficacy of our inference algorithm on publicly available author

coreference datasets. Author coreference is a real world clustering task where the

predictions are viewed by human users on websites such as Google Scholar2, Semantic

Scholar3, and OpenReview4. We simulate the process of human feedback in a series

of rounds in which an oracle generates one or more constraints to correct the previous

round’s predictions and run our inference algorithm on the running set of constraints.

We compare existential cluster constraint directly against must-link and cannot-link

constraints. On every dataset, we find existential cluster constraints require nearly

half as many user feedback inputs than must-link and cannot-link constraints to reach

the ground truth clustering.

2scholar.google.com

3semanticscholar.org

4openreview.net
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4.1 Problem Setup

In this section, we will describe the problem setting that will be the foundation

from which we will detail our contributions. We will define the correlation clustering

objective used throughout the remainder of the paper, the domain of the vertices and

cluster features used to express existential cluster constraints, and our assumptions

about a latent ground truth clustering.

4.1.1 Correlation Clustering

Correlation clustering is a graph-based clustering framework that has several ad-

vantages over other clustering objectives [17, 44, 140]. For example, correlation clus-

tering does not require the user to specify the number of clusters or a threshold for

choosing a particular flat clustering. There are several correlation clustering objec-

tives with different properties, but we will use a version of the max-agree correlation

clustering objective.

In our setting, we are given a graph G = (V,E) of n vertices where each edge

e = (u, v) has a weight we ∈ R (sometimes written as wuv) representing the affin-

ity between u and v. A clustering C = {C1, C2, . . . , Cm} of vertices V is a set of

nonempty sets such that Ci ⊆ V , Ci ∩ Cj = ∅ for all i ̸= j, and
⋃

C∈C C = V . The

goal of the correlation clustering problem [17] is to find a clustering of the vertices
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which maximizes the sum of positive edge-weights within each cluster minus the neg-

ative edge-weights across the clusters. Let E+ and E− be the subsets of edges with

positive and negative edge weights, respectively. Formally, the max-agree correlation

clustering optimization problem can be written as follows:

max
∑

(u,v)∈E+

wuv xu · xv −
∑

(u,v)∈E−

wuv(1− xu · xv)

s.t. xv ∈ {e1, e2, . . . , en}, v ∈ V

(4.1)

where ei ∈ Rn is the ith standard basis vector. A complete assignment to the

decision variables xv defines a clustering of the vertices: xv = ei implies vertex v is

assigned to cluster i. Conversely, any clustering of the vertices can be expressed in

an assignment to the decision variables. Additionally, it is well known that Problem

(4.1) is intractable to optimize exactly, unless P = NP [17].

Alternatively, consider the following optimization problem:

max
∑

(u,v)∈E

wuv xu · xv

s.t. xv ∈ {e1, e2, . . . , en}, v ∈ V

(4.2)

This objective considers only the intra-cluster edges of a clustering regardless of the

sign of the weights. By only considering intra-cluster edges, the partial objective

computed over a subset of vertices S ⊂ V is independent from the choice of parti-

tioning the remaining set of vertices V \ S. This property makes Problem (4.2) more

favorable than Problem (4.1) for optimization.

In general, clustering objectives can be viewed as a way to rank candidate solu-

tions. Interestingly, Problem (4.1) and Problem (4.2) are order-equivalent (See the

supplementary material of Greenberg et al. [69] for the proof). In other words, these

objectives generate the same complete ranking of candidate clusterings. We will use
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Problem (4.2) as our correlation clustering objective since it has desirable properties

for optimization which we will utilize in Section 4.3.2.

4.1.2 Vertex and Cluster Features

In order to specify clustering constraints in terms of the features of desired clusters,

we need to define the features of vertices and clusters we will consider in our setting.

We assume that each of the n vertices has an associated set of discrete features.

Let Φ = {ϕ1, ϕ2, . . .} be the set of possible features and Φ(v) ⊆ Φ be the subset of

features associated with vertex v ∈ V . Furthermore, for any subset of vertices S ⊆ V ,

we define the set of features associated with S as Φ(S) =
⋃

v∈S Φ(v). We make no

assumptions about the relationship between features and edge weights.

4.1.3 Ground Truth Clustering

We assume that there exists a latent ground truth clustering C∗ which may be

different from the clustering that optimizes the correlation clustering objective. Let

k be the number of ground truth clusters. We refer to this problem of achieving

the latent ground truth clustering through interactive feedback as the interactive

correlation clustering problem with discrete features.

4.2 Existential Cluster Constraints

Most commonly, feedback in clustering is provided in the form of must-link and

cannot-link constraints where users specify whether pairs of points must or cannot

be in the same cluster, respectively. We can easily integrate these pairwise point

constraints into the correlation clustering framework by re-assigning the edge weight

for each must-link and cannot-link constraint to ∞ and −∞, respectively. Despite

being easy to incorporate into the correlation clustering framework, pairwise point

constraints have several practical downsides: (1) they can be inefficient in expressing

large sweeping changes to whole clusters; (2) it might be unnatural for users to express
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desired attributes of output clusters when expressing feedback at the level of pairs of

points; (3) we may not want users to interact with the raw data points directly.

In response, we propose ∃-constraints (pronounced “there-exists constraints”), a

novel form of feedback which enables users to express statements about the existence

of a cluster with and without particular cluster features. Formally, a ∃-constraint ξ ⊆

{+,−}×Φ uniquely characterizes a constraint asserting there exists a cluster C ∈ C∗

such that all of the positive features ξ+ := {ϕ | (+, ϕ) ∈ ξ} are contained in the

features of C (i.e. ξ+ ⊆ Φ(C)) and none of the negative features ξ− := {ϕ | (−, ϕ) ∈ ξ}

are contained in the features of C (i.e. ξ−∩Φ(C) = ∅). At any given time, let the set

of ∃-constraints be represented by Ξ. We say that a subset of nodes S ⊆ V satisfies

a ∃-constraint ξ if ξ+ ⊆ Φ(S) and ξ− ∩Φ(S) = ∅. Observe that it is perfectly feasible

for more than one ground truth cluster to satisfy a ∃-constraint.

We say that a subset of vertices S ⊆ V is incompatible with a ∃-constraint ξ

if Φ(S) ∩ ξ− ̸= ∅ and denote this as S ⊥ ξ. Similarly, two ∃-constraints ξa, ξb are

incompatible if ξ+a ∩ ξ−b ̸= ∅ or ξ−a ∩ ξ+b ̸= ∅, and is also denoted ξa ⊥ ξb. Furthermore,

we say a subset of vertices S ⊆ V and a ∃-constraint ξ or two ∃-constraints ξa, ξb

are compatible if they are not incompatible and denote this as S ̸⊥ ξ and ξa ̸⊥ ξb,

respectively. Moreover, we use compatible to describe when a subset of vertices S ⊆ V

could be part of a cluster that satisfies a certain ∃-constraint ξ. This definition allows

for Φ(S)∩ξ+ to be empty, but still be S is compatible with ξ just as long as Φ(S)∩ξ−

is empty.

Example Use Case of ∃-constraints. Consider the problem of author coreference

where there is a database of papers, grants, and other professional information about

authors of scientific papers and we want to decide which of these belong to the same

individual. This problem can be framed as a clustering problem where the output

is some aggregation of the information (features) into clusters. Now consider the

following example of how ∃-constraints could be used to correct errors made by a
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system to solve this problem. Suppose there are two different authors “Alice Smith”

and “Alice R. Smith” where “Alice Smith” has a co-author “Bob Johnson” on multiple

papers and “Alice R. Smith” never co-authored a paper with anyone named “Bob

Johnson”. Now suppose the current output of the clustering algorithm predicts that

the records of “Alice Smith” and “Alice R. Smith” belong to the same individual.

To correct the clustering error, a human could provide feedback in the form of a

∃-constraint as follows:

ξ = {(+, first name : “Alice”),

(+, middle initial : “R”),

(+, last name : “Smith”),

(−, coauthor name : “Bob Johnson”)}.

Incorporating this ∃-constraint will cause the cluster to be split such that “Alice R.

Smith” and “Alice Smith” are no longer in the same cluster (there might still be other

errors which need to be fixed, but these can be fixed with additional feedback from

the user). Note how this could be much more efficient in terms of human feedback

as compared to must-link and cannot-link constraints. If “Alice Smith” wrote many

papers with “Bob Johnson”, the user might have to provide many more cannot-link

constraints in order to split “Alice Smith” and “Alice R. Smith”.

4.2.1 Efficiency of Feedback

The purpose of interaction in clustering is to enable users to correct mistakes in

the predicted clustering by providing guidance to the algorithm through feedback.

When providing feedback, we assume users are able to view the cluster features of

predicted clusters and then provide one or more ∃-constraints. To ease the burden

on the user, the feedback mechanism should ideally be both natural for the user

to specify given their mental model of the latent ground truth clustering as well as
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efficient in terms of the number of user feedback inputs they need to provide. We

posit that ∃-constraints are both more efficient and natural to specify than previous

feedback mechanisms.

Intuitively, specifying an existential cluster constraint is natural for a user. When

viewing the features of a predicted cluster, a user has a mental model of the corre-

sponding latent ground truth cluster in terms of the salient features that both belong

and do not belong in the ground truth cluster. By better aligning the feedback mech-

anism with the user’s mental model, we ease the burden on the user, and thus, make

the process of providing feedback more efficient.

Existential cluster constraints are also more efficient along another dimension,

namely, the number of human feedback inputs. Each existential cluster constraint is a

compressed representation of a powerful logical statement about the output clustering.

Theoretically, we provide a worst-case lower bound on how much more powerful ∃-

constraints can be when compared to must-link and cannot-link constraints in our

setting. Note the following proposition.

Proposition 17. The interactive correlation clustering problem with discrete features

will require Ω(k2) more pairwise node constraints than total features required by ∃-

constraints to achieve the latent ground truth clustering in the worst case, where k is

number of clusters.

Proof. Consider a complete graph with k ground truth clusters each with ℓ nodes

where vij denotes the jth node in the ith cluster. Let the total number of features be

k+ ℓ and the features for each node vij be Φ(vij) = {ϕ1, . . . , ϕi−1, ϕi+1, . . . , ϕk, ϕk+j}.

Let the edge labels and weights be as follows:
k2ℓ2 (vij, vi′j)

1 (vij, vij′)

−(1 + ε) o.w.
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where ε > 0. The optimal clustering with respect to the correlation clustering objec-

tive is ℓ clusters, each of the form {v1,j, v2,j, . . . , vk,j}. The cost of this clustering is

kℓ2 − kℓ, the sum of all of the ground truth within cluster edges, all of which are cut

in the optimal predicted clustering. With clear reasoning, we can see why this is the

optimal clustering. We never want to cut edges of the form (vij, vi′j), since cutting

one of these edges will incur a cost of k2ℓ2, more than the sum of the weights of all

other edges. Furthermore, we never want to add any edges of the form (vij, vij′) to

the predicted clustering since doing so will incur a cost of at least 2ε for every one of

these edges that we include.

We will now show that this construction requires at least k2 + kℓ − 2k pairwise

node constraints to achieve the ground truth clustering. To accomplish this, we will

show that to achieve the ground truth clustering using pairwise node constraints

for each pair of ground truth clusters either we need to put cannot-link constraints

on all the edges of the form (vij, vi′j) or the pairwise node constraints need to fully

specify the ground truth partitioning of that pair of ground truth clusters (i.e. there

is exactly one partitioning which satisfies all of the pairwise node constraints and it

is the ground truth partitioning).

For any arbitrary pair of ground truth clusters, assume the pairwise node con-

straints do not fully specify the ground truth partitioning and the optimal partition-

ing given the pairwise node constraints is the ground truth partitioning. For the sake

of contradiction, suppose that the set of pairwise node constraints does not include

cannot-link constraints for each edge of the form (vij, vi′j). This means that there is

a partitioning which satisfies all of the constraints which includes an edge of the form

(vij, vi′j). But, the partitioning which includes the edge of the form (vij, vi′j) actually

has a lower cost than the ground truth partitioning which does not contain that edge.

Hence, the optimal partitioning is not the ground truth partitioning and we have a

contradiction.
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There are exactly k2ℓ − kℓ edges of the form (vij, vi′j). One set of pairwise node

constraints which will clearly result in the ground truth clustering is placing a cannot-

link constraint on all edges of the form (vij, vi′j). But, we can actually achieve the

ground truth clustering with fewer pairwise node constraints. We can place ℓ−1 must-

link constraints in each cluster to force the ground truth clusters to be connected and

place k2 − k across ground truth cluster cannot-link constraints. This is the smallest

set of pairwise node constraints which fully separates the ground truth clusters. This

results in a total of k2 +kℓ−2k pairwise node constraints which for ℓ > 1 is less than

k2ℓ− kℓ.

Lastly, we will show that there is a set of ∃-constraints with a total of kℓ+k−ℓ−1

features which ensures the ground truth clustering will be returned by the correlation

clustering objective. For each of k − 1 of the ground truth clusters, create a ∃-

constraint for cluster i with the form {(−, ϕi), (+, ϕk+1), (+, ϕk+2), . . . , (+, ϕk+ℓ)}. In

order to satisfy this ∃-constraint, every node from the ith ground truth cluster will be

required to be contained in a predicted cluster and none of the nodes from any other

ground truth cluster will be contained in the same predicted cluster. The cluster we do

not explicitly create a ∃-constraint for will be predicted since it is separated from all

of the other clusters by the set of ∃-constraints. Observe that there are ℓ+ 1 features

in each constraint, so the total number of features over all of the ∃-constraints is

exactly kℓ+ k − ℓ− 1. The result follows.

We will show empirical analysis of efficiency of ∃-constraints compared with must-

link and cannot-link constraints in Section 4.4.4.

4.2.2 Hardness of Satisfaction

Given the representational power and potentially combinatorially many ways a ∃-

constraint could be satisfied, it seems intractable to efficiently infer a clustering which
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satisfies all ∃-constraints Ξ in general. In fact, we show that even without considering

the clustering objective it is NP-hard to return a clustering of the vertices that satisfies

all of the ∃-constraints Ξ. Note the following proposition.

Proposition 18. Given a graph G = (V,E), a discrete feature map Φ, and a set of

∃-constraints Ξ, it is NP-hard to determine if there exists a clustering of the vertices

V which satisfies all of the ∃-constraints.

Proof. We will show a polynomial time reduction from SAT-CNF. Suppose we have

an algorithm that can determine if there exists a clustering of the vertices of a graph

which satisfies all of some set of ∃-constraints. Additionally, suppose we have an

arbitrary SAT-CNF formula f . For every disjunctive clause c in f , create a feature

ϕc and add it to the set of possible features. For every boolean variable x in f , create

two vertices in the graph, namely vx and v¬x. In addition, create a unique feature for

each vertex in the graph (e.g. ϕx for vx and ϕ¬x for v¬x). For every clause c in f that

contains x (and similarly ¬x), add the corresponding clause feature ϕc to Φ(vx) (and

similarly Φ(v¬x)). Create the all-clause ∃-constraint {(+, ϕc) : c ∈ f}; this constraint

is satisfied if and only if each disjunctive clause evaluates to True. Lastly, create the

set of valid-assignment ∃-constraints {(+, ϕx), (−, ϕ¬x)} for every boolean variable x.

Clearly this is a polynomial time reduction. If there exists a clustering of the

vertices which satisfies all of the ∃-constraints, then the set of vertices in the cluster

which satisfies the all-clause ∃-constraint directly corresponds to an assignment to

the boolean variables that will be a satisfying assignment to f . For every vertex v in

the all-clause cluster, if v corresponds to a variable x, then the satisfying assignment

includes setting x = True. Otherwise, v corresponds to the negation of a variable

¬x, and the satisfying assignment includes setting x = False. The valid-assignment

∃-constraints ensure that the assignment will be valid since one of vx or v¬x can be

in the cluster satisfying the all-clause ∃-constraint , but not both. If there does not

exist a clustering of the vertices which will satisfy both the all-clause ∃-constraint and
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valid-assignment ∃-constraints, then there exists at least one feature ϕc that cannot be

satisfied in the all-clause cluster without violating the valid-assignment ∃-constraints.

That means that clause c cannot be satisfied in the formula f . Hence, there does not

exist a valid assignment to the boolean variables for which f is satisfied. The result

follows.

This directly implies the following corollary.

Corollary 19. There does not exist an exact polynomial time algorithm that can

guarantee all valid ∃-constraints will be satisfied by the inferred clustering, unless P

= NP.

This follows from a simple contradiction argument. If there existed a polynomial

time clustering algorithm that can guarantee all valid ∃-constraints will be satisfied

by the inferred clustering, then we could use this algorithm to solve the decision

problem determined to be NP-hard in Proposition 18.

4.3 Algorithm

In this section, we present our inference algorithm for correlation clustering with

∃-constraints. We start by integrating the ∃-constraints into the optimization prob-

lem presented in (4.2). Our general approach is to jointly cluster the vertices and

the ∃-constraints, so we create additional variables for each of the ∃-constraints. Ad-

ditionally, we create constraints to ensure that all of the constraints are satisfied

and none of the constraints are incompatible with any of the other members of

the predicted clustering. Given a ∃-constraint ξ and positive feature ϕ ∈ ξ+, let

Sξ
ϕ := {v ∈ V : ϕ ∈ Φ(v) ∧ Φ(v) ∩ ξ− = ∅} be the set of candidate vertices that
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could satisfy ϕ ∈ ξ+. The optimization problem with ∃-constraints integrated can be

written as follows:

max
∑

(u,v)∈E

wuv xu · xv

s.t. xs ∈ {e1, e2, . . . , en}, s ∈ V ∪ Ξ∑
v∈Sξ

ϕ

xv · xξ ≥ 1, ϕ ∈ ξ+, ξ ∈ Ξ

xs · xξ = 0, s ∈ V ∪ Ξ, ξ ∈ Ξ : s ⊥ ξ

(4.3)

The second constraint ensures that all of the positive features in ξ+ are contained

in the same cluster as ξ for all ξ ∈ Ξ. The last constraint ensures that ξ is not in

the same cluster as anything incompatible with it for all ξ ∈ Ξ. This optimization

problem is intractable to optimize in general by Corollary 19. Our general approach

is to relax Problem (4.3) to an SDP and then round the fractional solution from the

SDP to obtain a predicted clustering of the vertices and the ∃-constraints.

4.3.1 SDP Relaxation

We relax (4.3) following the standard SDP relaxation used for max-agree correla-

tion clustering. The decision variables in the optimization problem are changed from

standard basis vectors whose dot products determine whether or not two elements

(vertices or ∃-constraints) are in the same cluster to a positive semi-definite matrix

where each entry represents the global affinity two elements have for one another (cor-

responding to the row and column of the entry). We constrain the diagonal of this

positive semi-definite matrix to be all ones (representing each element’s affinity with

itself) and we enforce that all entries in the matrix are non-negative. The constraints

ensuring ∃-constraint satisfaction are similar to (4.3).

72



Formally, the SDP relaxation is as follows:

max
∑

(u,v)∈E

wuvXuv

s.t. X ⪰ 0,

Xss = 1, s ∈ V ∪ Ξ

Xst ≥ 0, s, t ∈ V ∪ Ξ∑
v∈Sξ

ϕ

Xvξ ≥ 1, ϕ ∈ ξ+, ξ ∈ Ξ

Xsξ = 0, s ∈ V ∪ Ξ, ξ ∈ Ξ : s ⊥ ξ

(4.4)

4.3.2 Trellis-based Rounding Algorithm

After we have solved the SDP relaxation, we need to round the fractional solution

to maximize not only the number of ∃-constraints satisfied, but also the correlation

clustering objective. We accomplish this by constructing a data structure over the

potential (partial) clusterings of V ∪Ξ and then selecting the global optimal clustering

from that data structure using a dynamic programming algorithm.

4.3.2.1 Sparse Cluster Trellis

A sparse cluster trellis (or just trellis, for short) T = (V , E) is a directed acyclic

graph where the vertices V ⊆ P(V ∪Ξ) [69, 108]. The set of vertices always includes

the leaves {s}s∈V ∪Ξ and the root V ∪Ξ. There exists a directed edge from one vertex

Sℓ ∈ V (the child) to another Sp ∈ V (the parent) if Sℓ is a maximal subset of

Sp. For every child Sℓ of Sp there also exists a complimentary child Sr = Sp \ Sℓ ∈

V . We define the set of child, complementary child pairs for a vertex Sp ∈ V as

splitsT (Sp) := {(Sℓ, Sr) ∈ V2 : Sℓ∪Sr = Sp∧Sℓ∩Sr = ∅}. A sparse cluster trellis is

a generalization of a hierarchical clustering tree which allows for more clusterings to

be represented. In practice, we construct a sparse cluster trellis by first constructing
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Algorithm 2 TrellisCut(G,Φ,Ξ, T )

Initialize assignment map, a[ · ] : V → P(V)
Initialize constraint satisfaction map, s[ · ] : V → Z+

Initialize objective value map, o[ · ] : V → R
for Sp ∈ toposortT (V) do
a[Sp]← {Sp}
s[Sp]←

∑
ξ∈Sp∩Ξ

1{Sp ∩ V satisfies ξ}

o[Sp]←
∑

u,v∈Sp∩V
wuv

for (Sℓ, Sr) ∈ splitsT (Sp) do
if (s[Sℓ] + s[Sr] > s[Sp]

or (s[Sℓ] + s[Sr] = s[Sp]
and o[Sℓ] + o[Sr] > o[Sp])) then

a[Sp]← a[Sℓ] ∪ a[Sr]
s[Sp]← s[Sℓ] + s[Sr]
o[Sp]← o[Sℓ] + o[Sr]

return a[V ∪ Ξ]

one or more binary hierarchical clusterings of V ∪ Ξ guided by the solution to the

SDP, X∗, and then combining them into a single data structure [108].

4.3.2.2 Trellis-Consistent Partition

Given a trellis T = (V , E), a trellis-consistent partition is a clustering C of V ∪ Ξ

such that C ∈ V for all C ∈ C. A ∃-constraint ξ is satisfied in a trellis-consistent

partition C if ξ is satisfied by C ∩ V for ξ ∈ C ∈ C. The number of trellis-consistent

partitions encoded by a trellis is exponential in |V|. Since 4.3 only considers intra-

cluster edges, we can extract the trellis-consistent partition which maximizes the

objective using a dynamic programming algorithm which scales linearly in |V|. We

refer to the process of extracting a trellis-consistent partition as cutting the trellis.

4.3.2.3 Trellis Cut Algorithm

Once the trellis is constructed, we need to efficiently extract the optimal trellis-

consistent partition. This is a multi-objective optimization problem: we want to

maximize both the number of ∃-constraints satisfied in the trellis-consistent partition
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(we know from Section 4.2.2 that it is intractable to satisfy all the ∃-constraints in

general) and, secondarily, maximize the correlation clustering objective. We extract

the optimal trellis-consistent partition using a dynamic programming algorithm where

we memoize the best partial solution at each vertex in the trellis. To efficiently

memoize the best partial solution at each vertex, we compute the partial solutions for

each vertex in the trellis in topological order from leaves to root. Let toposortT (V)

be an ordered set of trellis vertices topologically ordered from leaves to root.

Algorithm 2 details the dynamic programming algorithm we use to optimally cut

the trellis. The algorithm takes as input the graph G = (V,E) including edge weights,

a discrete feature map Φ, a set of ∃-constraints Ξ, and a trellis T = (V , E). For each

vertex S in the trellis, we initialize the following: an assignment map a[ · ] : V → P(V)

which stores the optimal partitioning of S, a constraint satisfaction map s[ · ] : V →

Z+ which stores the number of constraints satisfied by the optimal partitioning, and

an objective value map o[ · ] : V → R which stores the correlation clustering objective

value for the optimal partitioning. For each vertex Sp ∈ V in topological order,

we start by assigning the optimal partitioning to be all the vertices s ∈ Sp to be

in a single cluster and store the corresponding number of satisfied constraints and

correlation clustering objective value in their respective maps. Then, for each child

and complementary child pair (Sℓ, Sr) we check if the union of optimal partitionings

from Sℓ and Sr is more favorable than the previously stored partitioning for Sp. After

iterating over all vertices in the trellis in topological order, the algorithm returns the

optimal partitioning of the root.

Proposition 20. Given a graph G = (V,E), a discrete feature map Φ, a set of

∃-constraints Ξ, and a trellis T = (V , E), Algorithm 2 returns the trellis-consistent

partition which maximizes the number of ∃-constraints satisfied a priori, then maxi-

mizes the (4.3) value subject to maintaining the number of ∃-constraints satisfied.
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Proof. We proceed via induction over the trellis vertices in topological order from

leaves to root. The base case is the children Sℓ and Sr are leaves and the par-

ent Sp represents the set of two vertices each contained as singletons in Sℓ and Sr.

There can be no ∃-constraints satisfied by the partial clustering {Sℓ, Sr}, so if any

∃-constraints are satisfied in Sp (the case where one of Sℓ or Sr represents the set of

a ∃-constraint and the other satisfies that ∃-constraint ), then Sp will be chosen as

the memoized clustering stored in a[Sp]. If no ∃-constraints are satisfied in Sp, then

we just need to determine which partial clustering has the higher objective value,

either {Sℓ, Sr} or {Sp}. The algorithm will choose the partial clustering which has

the higher objective values. The base case follows.

The inductive step is next. Without loss of generality, suppose Sp only has pair

of children (Sℓ, Sr). By assumption, a[Sℓ] and a[Sr] memoize the best (according to

our objective stated in the proposition) partial clusterings of Sℓ and Sr, respectively.

Algorithm 2 will choose either {Sp} or a[Sℓ]∪a[Sr] as the partial clustering to memoize

in a[Sp]. Suppose {Sp} does not have more satisfied ∃-constraints or a higher objective

value than s[Sℓ] + s[Sr] and o[Sℓ] +o[Sr], respectively. Algorithm 2 will choose a[Sℓ]∪

a[Sr] as the partial clustering to memoize in a[Sp]. Out of all of the trellis-consistent

partial clusterings of Sp where no element xℓ ∈ Sℓ is contained in the same cluster

as any element xr ∈ Sr, the partial clustering a[Sℓ] ∪ a[Sr] will be the best, since

the objective value and the number of ∃-constraints satisfied in a partial clustering

decompose given this required bifurcation of the set of elements. Thus, the inductive

hypothesis has been shown and the result follows.

The critical idea of the above proof is that both objectives, the number of ∃-

constraints satisfied by a trellis-consistent partition and the correlation clustering

objective, decompose over the structure of the trellis. This enables the dynamic

programming approach to leverage optimal partial solutions to efficiently compute

the globally optimal trellis-consistent partition.
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4.4 Experiments

We empirically evaluate the effectiveness of ∃-constraints and our inference algo-

rithm in achieving the latent ground truth clustering on several author coreference

datasets (sometimes referred to as author name disambiguation). We directly com-

pare the benefits of ∃-constraints with must-link and cannot-link constraints. We

accomplish this by simulating a series of rounds of a user generating one or more

constraints based on the predicted clustering produced in the previous round and

integrating the new constraint(s) into the next prediction. The simulation terminates

when the latent ground truth clustering is predicted.

4.4.1 Datasets

We evaluate our constraints and algorithm on several author coreference datasets.

Each author coreference dataset is composed of mentions (or records) of authors. The

goal is to cluster the mentions such that each cluster contains all of the mentions of

exactly one individual author. The mentions are preprocessed into blocks, easy to

partition mentions. Commonly, each block is uniquely defined by the first initial and

last name of an author. If two author mentions have completely different first initials

or last names, they are safely assumed to be from two distinct authors. We use three

publicly available datasets from S2AND [139], a state-of-the-art author coreference

system5.

To produce the edge weights on the graph for each block, we train the pairwise

S2AND LightGBM [86] classifier model using the pairwise features detailed in Sub-

ramanian et al. [139]. We use the default and recommended 80/10/10 train/val/test

split for each dataset, tuning all of the hyperparameters on the validation set. For

each test set, we construct the complete graph for each block and for each edge assign

edge weights based on the trained pairwise classifier output logits shifted by a thresh-

5https://github.com/allenai/S2AND

77



Table 4.1: Author Coreference Data Test Set Statistics.

PubMed QIAN SCAD-zbMATH

# vertices 315 410 1,196
# clusters 34 77 166
# features 14,093 10,366 8,203

# blocks 5 38 120
min block size 12 2 2
mean block size 63.0 10.8 31.5
max block size 142 100 133

old tuned on the validation set. If the classifier score is above (below) the threshold,

the edge weight will be positive (negative). The resulting graph will be taken as input

into the simulation of clustering with human feedback. Test set statistics for each

dataset can be seen in Table 4.1.

We extract discrete features from each record given the text features for each field

in the record. Features we extract include, but are not limited to, names, affiliation

n-grams, email address n-grams, paper title n-grams, co-author names, co-author af-

filiation n-grams, etc. All of these discrete features are visible in the predicted cluster

features and can be used by the constraint generator simulating human feedback.

4.4.2 Constraint Generation

We implement an oracle constraint generator for both ∃-constraints and must-

link and cannot-link constraints to efficiently and effectively simulate a human user

providing feedback. At each round, the generator has access to latent ground truth

clustering, the predicted clustering, and the discrete features for all of the mentions.

To generate a constraint (or set of constraints), the generator first selects a predicted

cluster and a target gold cluster. The generator selects the gold cluster that has the

lowest similarity with its most similar predicted cluster (computed based on Jaccard

similarity of the sets of vertices). This pair of gold and predicted clusters has the

most potential for improving the clustering.

78



After choosing a pair of gold and predicted clusters, the generator constructs

constraint(s) which aim to correct the predicted cluster to look more like the gold

cluster. There are three sets of vertices in the pair of gold and predicted clusters:

vertices in both the gold and predicted clusters (overlapping vertices), vertices in

the gold cluster and not in the predicted cluster (positive vertices), and vertices in

the predicted cluster and not in the gold cluster (negative vertices). To generate a

∃-constraint, the generator picks a salient feature from the overlapping vertices, a

salient feature from each predicted cluster containing any of the positive vertices, and

a salient feature from each gold cluster containing any of the negative vertices. We

have two modes for generating must-link and cannot-link constraints: batched and

single. To generate a batch of must-link and cannot link constraints, the generator

picks a vertex from the overlapping vertices and creates a must-link constraint to a

vertex in each predicted cluster containing any of the positive vertices, and creates a

cannot-link constraint to a vertex in each gold cluster containing any of the negative

vertices. To generate a single must-link or cannot link constraint, we generate a batch

of must-link and cannot-link constraints and pick the constraint with the potential

to correct the clustering of the highest number of vertices. Hence, the constraint

generator will never generate a constraint (of any type) which is already satisfied.

4.4.3 Metrics

We use several metrics to compare ∃-constraints with must-link and cannot-link

constraints. To directly compare the amount of human feedback input, we define con-

straint units (CU) to be two units for every must-link and cannot-link constraint and

one unit for every feature in each ∃-constraint. The number of CUs is representative

of how many selections users need to make to specify both types of constraints. We

will use CU as the metric for comparing the efficiency of both types of constraints.
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Table 4.2: Initial Clustering Metrics and Constraint Quantities Utilized to Achieve Latent
Ground Truth Clustering.

PubMed QIAN SCAD-zbMATH

Initial F1 95.6 96.0 96.8
Initial Rand Index 83.4 80.8 80.8
Initial FMC 92.2 87.9 91.2

# ECC 14 27 139
# MLCL-single 42 73 338
# MLCL-batched 40 76 358

CU ECC 32 65 361
CU MLCL-single 84 146 676
CU MLCL-batched 80 152 716

We use three different metrics to measure the quality of the predicted clustering

in each round. First, we want a measure of the accuracy of the features of the

predicted clusters. We define the feature match coefficient (FMC) to be the average

Jaccard similarity between each gold cluster features and its most similar (by Jaccard

similarity) predicted cluster features. The two other metrics we use are standard

clustering metrics for measuring the accuracy of the clustering of the vertices: F1

(sometimes referred to as V-measure in the clustering literature) and Adjusted Rand

Index.

4.4.4 Feedback Efficiency of ∃-constraints

In Table 4.2 we detail the initial clustering metrics (without any constraints) for

each of the three author coreference datasets. We also show both the number of con-

straints and number of constraint units generated by the constraint generator before

achieving the latent ground truth clustering. As can be seen in the table, existential

cluster constraints required nearly half as many constraint units as must-link and

cannot-link constraints to achieve the ground truth clustering. Figures 4.1&4.2 show

the trajectories of both Adjusted Rand Index and FMC, respectively, with respect to

the number of CUs as constraints were generated. As can be seen, we find that the
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(a) PubMed (b) QIAN (c) SCAD-zbMATH

Figure 4.1: Adjusted Rand Index (↑) vs. CU. In each plot, the x-axis is the number
of constraint units (CU) used by each feedback constraint method and the y-axis is the
corresponding Adjusted Rand Index of the resulting clustering after incorporating the gen-
erated constraints. The blue line is existential cluster constraints (ECC), the orange line
is must-link and cannot-link constraints generated one at a time (MLCL-single), and the
green line is must-link and cannot link constraints generated in batches (MLCL-batched)
to mimic ECC.

existential clustering constraints provide for efficiency improvements in terms of the

number of constraint units compared to the must-link and cannot-link constraints.

These trends seem to hold across each of the metrics considered.

4.4.5 USBS for Interactive Entity Resolution with ∃-constraints

In this section, we evaluate the performance of the CGAL and USBS with and

without warm-starting on the same three author coreference datasets. In these

datasets, each mention is an author-paper pair and the goal is to identify which

author-paper pairs were written by the same author. As standard in author corefer-

ence, the datasets are preprocessed into blocks (also known as canopies) based on the

author’s first name initial and last name (e.g. authors “Rajarshi Das” and “Ravi Das”

would both be contained in the same block “r das”, but in a different block than

“Jane Smith”, which would be in “j smith”). Within each block, similarity scores

are computed between all pairs of mentions using a trained pairwise model [7, 139].

We then perform two additional preprocessing steps to convert the many small dense

problems into one large sparse problem. We aggregate all of these pairwise similarity

scores into a block diagonal weight matrix and fill the remaining entries with negative
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(a) PubMed (b) QIAN (c) SCAD-zbMATH

Figure 4.2: FMC (↑) vs. CU. In each plot, the x-axis is the number of constraint
units (CU) used by each feedback constraint method and the y-axis is the corresponding
feature match coefficient (FMC) of the resulting clustering after incorporating the generated
constraints. The blue line is existential cluster constraints (ECC), the orange line is must-
link and cannot-link constraints generated one at a time (MLCL-single), and the green line
is must-link and cannot link constraints generated in batches (MLCL-batched) to mimic
ECC.

Table 4.3: Merged author coreference dataset statistics.

# mentions # blocks # clusters nnz(W ) # features

PubMed 315 5 34 3,973 14,093
QIAN 410 38 77 5,158 10,366
SCAD-zbMATH 1,196 120 166 18,608 8,203

one. We then sparsify this highly structured similarity matrix using a spectral spar-

sifier [134]. Table 4.3 details the dataset statistics including the number of non-zeros

in the pairwise similarity matrix after spectral sparsification, denoted nnz(W ).

We simulate ∃-constraint generation using the same oracle implemented in the

previous sections. The oracle has access to the features of the ground truth clusters

and the features of the predicted clusters output by the rounding algorithm and

generates a small ∃-constraint which is satisfied by the ground truth clustering, but

is not satisfied by the predicted clustering. The oracle generates ∃-constraints one at

a time and added to the optimization problem until the ground truth clustering is

predicted. For both solvers, we iterate until the relative error tolerance (3.2) and the

following absolute infeasibility condition are satisfied
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(a) PubMed (b) QIAN (c) SCAD-zbMATH

Figure 4.3: Cumulative SDP solve time (↓) vs. number of ∃-constraints. In
each plot (one for each author coreference dataset), the x-axis is the number of ∃-
constraints generated one after the other over time and the y-axis is the the cumulative
solve time (in seconds) for each SDP solver to reach a relative suboptimality, relative infea-
sibility, and max absolute infeasibility (i.e. ∥AX − projK(AX)∥∞ ≤ ε) of ε = 10−1. When
warm-starting, both solvers are initialized using the solution from the previous SDP (with
one less ∃-constraint). ∃-constraints are generated until the perfect clustering is predicted.
We observe that USBS is able to leverage a warm-start initialization. In addition, we ob-
serve that the performance gap between USBS and CGAL grows as the problem size grows.
See Table 4.3 for dataset sizes and details.

∥AX − projK(AX)∥∞ ≤ ε. (4.5)

We use ε = 10−1 to determine the stopping condition and find that this is sufficient

for the rounding algorithm to satisfy nearly all of the ∃-constraints generated by

the oracle. We also note that the ℓ∞-norm condition is especially important in this

application in order to make sure the relaxed ∃-constraints are satisfied. Due to the

small problem size, we simplify the implementation by using variants of CGAL and

USBS without sketching.

When warm-starting, we predict the values of the expanded primal variable cor-

responding to the newly added ∃-constraint by computing representations of each

vertex using a low-rank factorization, performing a weighted average of the repre-

sentations of the positive vertices in the newly added ∃-constraint, and expanding

the factorization into an initialization of primal variable for the new problem. We

pad the dual variable with zeros. Since there is no pairwise similarity between ∃-

constraints and mentions, we find that scaling up the norms of Ai’s corresponding to
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Figure 4.4: Average warm-start fold change (↑). Warm-start fold change represents
the ratio of SDP solve time without warm-starting divided by the SDP solve time with warm-
starting per ∃-constraint. The error bars indicate one standard deviation from the mean.
We observe that USBS is able to much more reliably leverage a warm-start initialization.
In addition, we observe that the performance gap between CGAL and USBS grows as the
problem size grows.

the constraints Xvv = 1 for all v such that Φ(v) ∩ ξnew ̸= ∅, where ξnew is the newly

added ∃-constraint. We use the following USBS hyperparameters in our experiments:

ρ = 0.01, β = 0.25, kc = 3, kp = 0. See the implementation for more details.

We simulate ∃-constraint generation using the same oracle as used in the previous

sections. Figure 4.3 shows the cumulative SDP solve time to reach an ε-approximate

solution against the number of ∃-constraints for each of the three datasets until the

perfect entity resolution decisions were predicted by the inference algorithm.

Figure 4.4 shows the average warm-start SDP solve time fold change. Warm-start

fold change greater than one indicates a speedup in solve time while warm-start fold

change less than one indicates a slowdown in solve time. We see that the warm-start

fold change for CGAL is less than or equal to one, indicating a slowdown consis-

tent with Figure 4.3. We see that on average warm-starting affords USBS a 20-100x

speedup on average per ∃-constraint. Note that this is much faster than the 2-3x
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we see in Figure 4.3. This is due to the fact that sometimes warm-starting does not

help USBS, which makes intuitive sense if the warm-start initialization is far away

from the solution set for the new SDP. We believe that with some further exper-

imentation including additional pairwise learned similarities between mentions and

∃-constraints or different warm-starting strategies we might be able to mitigate these

situations. Regardless, in most cases, warm-starting provides a significant improve-

ment in convergence time when using USBS. We also note that Figure 4.4 shows that

warm-starting provides more of a benefit the larger the SDP we are trying to solve.

4.5 Conclusion

In this chapter, we introduced a new feedback paradigm for interactive clustering

in which users provide existential constraints on the features of clusters. We advocated

for existential cluster constraints as a natural form of feedback that does not require

users to inspect many individual data points, but rather use their mental model

of what the output clustering should look like to define clustering constraints. We

introduced an inference algorithm for incorporating existential cluster constraints into

the correlation clustering framework. We demonstrated that our proposed feedback

method provides efficiency improvements as compared to must-link and cannot-link

constraints. In real-world settings, data is arriving incrementally all the time, so we

showed that USBS is an efficient method for incorporating new data and existential

cluster constraints as they arrive via warm-starting.
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CHAPTER 5

TOWARDS MIXED-INTEGER SEMIDEFINITE
OPTIMIZATION WITH USBS

Mixed-integer programming (MIP) is the subset of optimization problems where

some of the decision variables are required to be integers [38]. The most common

and well-studied form of MIPs are mixed-integer linear programs (MILP) [15, 65,

67, 84]. This is due to many important real-world problems being easily relaxed

into LPs [39] and a rich understanding of LPs [40, 66]. MILP solvers employ LP

solvers as subroutines of heuristic algorithms such as cutting planes [67], branch and

bound [95], branch and cut [122], and column generation [18]. Moreover, there are

efficient methods for solving LPs and it is understood how we can warm-start initialize

such solvers. Warm-starting is critical to the practical success of MILP solvers, since

every solver successively adds additional constraints to the relaxed problem in order to

satisfy the integral constraints. These algorithms enable efficient practical approaches

for real-world MILPs, but do have a worst case exponential running time, since MILPs

are NP-hard to solve in general [85].

There are several real-world problems (e.g. Sparse PCA [24]) that can more effi-

ciently and effectively be expressed as mixed-integer semidefinite programs (MISDP),

i.e. semidefinite programs where some of the decision variables are constrained to

be integers [58]. While there has been some work on methods for solving MIS-

DPs [58, 78, 89, 112, 125], progress has been slowed for several reasons, including

not knowing how to warm-start interior point methods, the standard method for

solving SDPs. The ability to warm-start the simplex method for solving LPs enabled

a vast number of heuristic methods for practically solving MILPs, including cutting
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planes and column generation techniques, to name a few. The existence of a SDP

solver that can effectively utilize a warm-start initialization would be a first step to-

wards practical solving of MISDPs. We have already shown in a variety of scenarios

how USBS can be warm-started, but not as a subroutine of a branch and bound

algorithm. Additionally, Gally et al. [58] do note that spectral bundle methods could

be a viable option for solving MISDPs as part of a branch and bound algorithm due

to their theorized amenability to warm-starting. In this chapter, we provide evidence

that USBS can be effectively warm-started as part of a branch and bound algorithm

for solving MISDPs.

5.1 Existing Approaches to Solving MISDPs

Before discussing how USBS can be utilized within a standard branch and bound

framework, we begin by discussing the fairly small amount of previous work on solving

MISDPs. We can formulate all MISDPs in the following primal form

max
X∈Sn+

⟨C,X⟩

s.t. AI′X = bI′

AIX ≤ bI

Xij ∈ Z, ∀(i, j) ∈ Q

(5.1)

where Q is an index set for all of the entries in the primal variable X which need to

be integers. In many practical applications, these additional integrality constraints

are actually binary constraints, i.e. Xij ∈ {0, 1}. The existing work in this area tends

to prefer to use the following dual form MISDP
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min
y∈Rm

⟨b, y⟩

s.t. C −A∗y ⪯ 0

yI ≥ 0

yi ∈ Z, ∀i ∈ R

(5.2)

whereR ⊆ [m] is the subset of components of the dual variable required to be integers.

Matter and Pfetsch [112] show how this dual form can be converted into the primal

form and vice versa. We will present prior work in terms of the dual formulation, but

will use the primal formulation for describing our experimental setup and results due

to its ease of understanding.

Gally et al. [58] present a unifying framework and implementation for solving MIS-

DPs using a branch and bound algorithm combined with an interior point method

as the SDP solver. They also present theoretical results demonstrating that strong

duality holds even after adding branching constraints in certain instances and heuris-

tics for tightening the relaxations at nodes in the search tree such as dual fixing.

Finally, they present empirical results of their SCIP-based [27] implementation on

three applications: truss topology design, cardinality constrained least squares, and

minimum k-partitioning. The authors do mention that interior point methods used in

their SDP-SCIP solver for MISDPs cannot be warm-started, but that spectral bundle

methods could potentially be a better fit due to their potential to be warm-started.

Several follow-up works provide improvements to this initial framework including pre-

solving [112], detecting symmetries in the problem [78], and conflict analysis [125].

Kobayashi and Takano [89] present a very different branch and cut approach.

They also focus on the dual form of MISDPs above. The first main idea is that they

relax the positive semidefinite constraint on C−A∗y using the following observation,

C −A∗y ⪰ 0 =⇒ diag(C −A∗y) ≥ 0.
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By temporarily applying this relaxed constraint on the feasible region for the dual

decision variable y, they can leverage existing MILP solvers to solve the relaxed form

of the problem. Then, in order to make sure the positive semidefinite constraint is

satisfied in the end, they progressively add linear constraints of the following form

d⊤(C −A∗y)d ≥ 0,

where d is a unit-normed minimum eigenvector of C − A∗y. They repeat this pro-

cess until λmin(C − A∗y) ≥ −ε for some error tolerance ε. The largest benefit of

this approach is that it utilizes all of the progress made on solving MILPs. Unfor-

tunately, the naive implementation is very expensive since potentially n + 1 large

MILPs need to be solved. Kobayashi and Takano [89] make this point clear and

provide a clever implementation that leverages callback features available in many

modern MILP solvers such as CPLEX and Gurobi to generate cuts during the MILP

branch and bound procedure. The authors demonstrate the empirical effectiveness

of this approach on synthetic and real-world MISDPs. This procedure is clever, easy

to implement, and avoids the potential of numerical instabilities of SDP solvers, but

could also be potentially very slow in practice, especially if the number of integral-

ity constraints is very small compared to the problem size as in the clustering with

∃-constraints problem.

5.2 Importance of Explicit Inequality Modeling

One of the important algorithmic contributions of USBS is explicit modeling of

both equality and inequality constraints. Before demonstrating the ability to warm-

start USBS in the context of a branch and bound algorithm, we want to address the

importance of inequality modeling. Inequality modeling is extremely important in the

context of MISDPs since inequalities are used in almost every viable solving method,
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e.g. cutting planes. While it is possible to express every SDP in standard form

with only equality constraints, it might not be the most efficient and straightforward

method. This section aims to provide evidence for explicit inequality modeling over

putting SDPs in standard form.

To demonstrate the importance of explicit inequality modeling, we utilize the

correlation clustering SDP and datasets from Chapter 4. We reiterate the precise SDP

we aim to solve. Given a graph G = (V,E) with edge weights wuv edge (u, v) ∈ E we

define the correlation clustering SDP relaxation as follows

max
∑

(u,v)∈E

wuvXuv

s.t. X ⪰ 0,

Xvv = 1, v ∈ V

Xuv ≥ 0, u, v ∈ V

(5.3)

In this SDP, we have |V | equality constraints and |E| inequality constraints. In order

to put this SDP in standard form, we need to increase the dimension of the decision

X by |E|. Since X is positive semidefinite, all of its diagonal entries must be greater

than zero. Hence, we can rewrite each inequality constraint as Xuv − Xσuv ,σuv = 0

where σuv is the index of the slack variable in the expanded primal variable X. Using

standard form, we avoid having to do any explicit modeling of the inequalities, but

it does put more of the burden on solving for eigenvalues and eigenvectors since the

dimension has increased by one for each inequality constraint. One other obvious

concern is the growth in the size of X. But, using similar ideas to those used to

realize sketching, we can track a structured subset of X so the memory requirements

do not need to be a burden on the standard form approach. In this section, we are

mostly concern with the speed and accuracy of each of these approaches and present
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evidence in favor of explicit inequality modeling. Note that this has already been

somewhat hinted at by Helmberg and Kiwiel [74].

We empirically compare solving the standard form of (5.3) to the inequality for-

mulation. Note the at a high level (not implementation level due to how subproblems

are solved) USBS reduces to SpecBM [46] when there are not any inequality con-

straints. We use the same three datasets as in Chapter 4. The results are shown in

Figures 5.1, 5.2, and 5.3 for Pubmed, QIAN, and SCAD-zbMATH, respectively. We

use the hyperparameters kc = 8, kp = 2, ρ = 0.1, β = 0.1. We plot the objective resid-

ual, infeasibility gap, and max infeasibility against time (seconds) over a period of

one hour. We observe that in general USBS with inequality constraints is faster and

more stable than using slack variables with the standard form of the SDP. We note

that all of these experiments were run on a compute node with a single NVIDIA A100

GPU making it much more favorable for the standard form than if these experiments

were run on CPU.

Figure 5.1: Equality Only vs. Inequality Correlation Clustering on Pubmed
We compare SpecBM [46] (equality constraints only) to USBS on the correlation clus-
tering problem without ∃-constraints . For SpecBM we have to add a dimension for
each slack variable corresponding to the non-negativity inequality constraints in the stan-
dard correlation clustering SDP. In these plots, USBS and SpecBM are executed with
kc = 8, kp = 2, ρ = 0.1, β = 0.1. All runs were executed on a compute node with a
single NVIDIA A100 GPU. We see that USBS is much more stable and provides a higher
quality solution quicker.

91



Figure 5.2: Equality Only vs. Inequality Correlation Clustering on QIAN
We compare SpecBM [46] (equality constraints only) to USBS on the correlation clus-
tering problem without ∃-constraints . For SpecBM we have to add a dimension for
each slack variable corresponding to the non-negativity inequality constraints in the stan-
dard correlation clustering SDP. In these plots, USBS and SpecBM are executed with
kc = 8, kp = 2, ρ = 0.1, β = 0.1. All runs were executed on a compute node with a
single NVIDIA A100 GPU. We see that USBS is much more stable and provides a higher
quality solution quicker.

Figure 5.3: Equality Only vs. Inequality Correlation Clustering on SCAD-
zbMATH We compare SpecBM [46] (equality constraints only) to USBS on the correlation
clustering problem without ∃-constraints . For SpecBM we have to add a dimension for each
slack variable corresponding to the non-negativity inequality constraints in the standard
correlation clustering SDP. In these plots, USBS and SpecBM are executed with kc =
8, kp = 2, ρ = 0.1, β = 0.1. All runs were executed on a compute node with a single
NVIDIA A100 GPU. We see that USBS is much more stable and provides a higher quality
solution quicker.

5.3 Warm-starting for Branch and Bound

We now discuss how USBS can be warm-started to improve the efficiency of a

branch and bound algorithm used to solve the correlation clustering with ∃-constraints problem.

Recall the correlation clustering with ∃-constraints SDP from Chapter 4 as follows
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max
∑

(u,v)∈E

wuvXuv

s.t. X ⪰ 0,

Xss = 1, s ∈ V ∪ Ξ

Xst ≥ 0, s, t ∈ V ∪ Ξ∑
v∈Sξ

ϕ

Xvξ ≥ 1, ϕ ∈ ξ+, ξ ∈ Ξ

Xsξ = 0, s ∈ V ∪ Ξ, ξ ∈ Ξ : s ⊥ ξ

(5.4)

Recall also that even with the rounding procedure detailed in Algorithm 2, we are

not guaranteed to satisfy all of the ∃-constraints specified by the user, and in fact it is

unlikely especially if the number of vertices in Sξ
ϕ is large. Moreover, it is NP-hard to

even decide whether all ∃-constraints can even be satisfied or not. But, for practical

purposes we want to try to find a clustering which satisfies all of the ∃-constraints.

To this end, we will strive to solve the following MISDP instead

max
∑

(u,v)∈E

wuvXuv

s.t. X ⪰ 0,

Xss = 1, s ∈ V ∪ Ξ

Xst ≥ 0, s, t ∈ V ∪ Ξ∑
v∈Sξ

ϕ

Xvξ ≥ 1, ϕ ∈ ξ+, ξ ∈ Ξ

Xvξ ∈ {0, 1}, ∀v ∈ Sξ
ϕ, ϕ ∈ ξ

+, ξ ∈ Ξ

Xsξ = 0, s ∈ V ∪ Ξ, ξ ∈ Ξ : s ⊥ ξ

(5.5)

In this MISDP, we have added a constraint to every vertex that could possible satisfy

every positive feature of any ∃-constraint in the set Ξ. Note that this is the only

constraint that needs to be added to satisfy all of the ∃-constraints if possible. The
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negative features will never be violated due to the nature of ∃-constraints, but the

positive features might not all be satisfied in the original SDP.

In order to solve the optimization proposed in 5.5, we propose a very simple

branch and bound procedure. Each node in the search tree branches on the represen-

tative vertex which satisfies a particular positive feature in a particular ∃-constraint.

Branching involves adding an additional constraint to the original SDP which forces

Xvξ = 1 for some v ∈ Sξ
ϕ. If the optimal SDP objective is smaller than the best

known objective for a rounded solution where all ∃-constraints are satisfied, we can

stop branching off of that node and bound the search process. We do not worry

about whether the other decision variables, i.e. Xuξ for u ∈ Sξ
ϕ \ {v}, take on binary

values or not, since we just need one of these vertices to satisfy this particular positive

feature in the particular ∃-constraint ξ.

Just as in Chapter 4, we simulate ∃-constraints being generated and solve prob-

lem 5.5 after each ∃-constraint is added. The goal of this setup is to test how well

USBS can be warm-started as part of the branch and bound procedure described

above. In the search tree, we can easily warm-start a child node from the solution to

the parent node. The only change we make is in the warm-start solution is we set

y∗i = 1 where i is the index of the dual variable corresponding to what used to be

Xvξ ≥ 0 in the parent SDP and now corresponds to the constraint Xvξ ≥ 1 which

forces Xvξ = 1 given the other constraints. We will then show the difference in speed

to reach an approximate solution to the SDP at each node in the search by optimizing

from both a cold-start solution (no warm-start information) and a warm-start initial-

ization. Note that we already have some idea that this should work given the results

in Chapter 4 where we warm-start after each ∃-constraint is added to the problem.

Figure 5.4 shows the timing results for cold-starting vs. warm-starting USBS

during the MISDP branch and bound algorithm, aggregated over all ∃-constraints.

We see that warm-starting USBS leads to roughly a 2x speed up in convergence to a
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(a) PubMed (b) QIAN (c) SCAD-zbMATH

Figure 5.4: Cumulative SDP solve time (↓) vs. number of solved SDPs. In each
plot (one for each author coreference dataset), the x-axis is the number of SDPs solved
in the cumulative search trees one after the other over time and the y-axis is the the
cumulative solve time (in seconds) for each SDP solver to reach a relative suboptimality,
relative infeasibility, and max absolute infeasibility (i.e. ∥AX − projK(AX)∥∞ ≤ ε) of
ε = 10−1. When warm-starting, USBS is initialized using the solution from the previous
SDP (i.e. the parent node). ∃-constraints are generated until the perfect clustering is
predicted. We observe that USBS is able to leverage a warm-start initialization. In addition,
we observe that the performance gap is consistent for all dataset sizes.

ε-approximate solution when warm-starting from the parent node in the search across

all three datasets. We also note that in the experiments in Chapter 4 many more

∃-constraints needed to be generated in order to achieve the ground truth clustering

due to not all of the ∃-constraints being satisfied at the time of their addition to the

problem using the algorithm presented in Chapter 4. It is important to note that

many fewer and less targeted ∃-constraints are required when using this branch and

bound MISDP approach to correlation clustering with ∃-constraints .

5.4 Discussion

We have shown that USBS can be warm-started to speed up a branch and bound

algorithm for solving MISDPs. Although other work has hinted at using a spectral

bundle method as part of a MISDP solver, this is the first push towards actually

showing that it is possible. One problem that likely still needs to be solved is ad-

dressing the issue of finding a high quality solution to the SDP at each node in the

search tree. It is a problem that USBS and spectral bundle methods in general have
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a difficult time reaching as high quality of a solution as interior point methods. For

some applications though, it might not be that big of an issue, such as the type of

problem we used here, clustering with ∃-constraints. There is still a lot of work to

do in terms of heuristics such as cutting planes column generation, but we show evi-

dence that USBS could serve as a good base for a MISDP solver especially for larger

problems with fewer integrality constraints such as clustering with ∃-constraints . We

note that improvements to hyperparameters and warm-start strategies could improve

performance as well. There is still a lot of work to be done before this is practical

for most real-world problems, but in this chapter we have shown evidence that USBS

could be part of a MISDP solution.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

In this thesis, we have provided evidence for USBS being a practical algorithm

used to solve certain types of SDPs. First, we have shown that USBS is fast and

scalable for solving large, sparse, and weakly constrained SDPs. This is the type of

problem that we have considered most throughout this thesis. We have shown this

evidence on both canonical and novel SDPs for a specific knowledge base application.

In addition, to the best of our knowledge, we show the first and most thorough

empirical evidence for a spectral bundle method being able to effectively utilize a

warm-start initialization.

We also show how this can be extended into the mixed-integer semidefinite opti-

mization domain. There has been little work done so far on mixed-integer semidefinite

optimization for a variety of reasons – one of the main reasons being that there is not

a fast and efficient method that can be reasonably warm-started. We show through

its use in a branch and bound algorithm that USBS can be efficiently warm-started

in this scenario. While for most applications we do not need an extremely accurate

solution, there are scenarios where it is NP-hard to find a feasible integer solution, let

alone a high quality one. In clustering with existential cluster constraints, a problem

of this type, we find that using a branch and bound algorithm with USBS enables the

need for fewer user feedback constraints, since the constraints will always be satisfied.

Semidefinite programming still has practical limitations, but this thesis starts to

show practical evidence that certain classes of SDPs can be solved in reasonable time

at scale. This evidence provides a spark for practical use of spectral bundle methods.
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In this chapter, we discuss some of the potential improvements, other applications,

and future work given the results and findings presented in this thesis.

6.1 More and Less Amenable Applications of USBS

In this section, we will discuss the applications for which USBS is likely to be

beneficial and also applications where USBS is likely to struggle. As stated throughout

this thesis, USBS is likely to work well for weakly-constrained SDPs where we do not

need an extremely accurate solution. Weakly-constrained SDPs are most commonly

the result of some combinatorial optimization problem relaxation. We demonstrate

the empirical effectiveness of USBS on three types of combinatorial optimization

problems of this nature. Other combinatorial optimization problems include various

relaxations of graph problems such as Lovàsz Theta [104], Minimum Bisection [61], µ-

conductance [81], and CutNorm [54] (see Lovász [105] for more potential applications.

USBS is also amenable to problems where, in addition to the above requirements, the

constraints and problem data is dynamic, especially due to the fact that USBS can

be warm-started reliably. For example, many clustering problems where constraints

are involved would benefit from using USBS [37, 60, 68, 82, 141, 161].

In contrast, there are several SDPs where USBS will likely not be the best algo-

rithm for those particular applications. USBS struggles quite a bit with problems

containing many constraints and slack variables. One example of a problem with

many constraints and slack variables is the k-SparsePCA problem [24]. This problem

requires several slack variables and has many constraints and we found that SCS [119]

outperformed USBS on this task. We also expect USBS to struggle with problems

where we want a high accuracy solution. USBS struggles in practice to converge to a

high accuracy solution. Some of this might be due to the theoretical convergence rate

and some of this might be due to error propagation from the subproblem solving (see

Remark 10). We might be able to overcome this with higher accuracy subproblem
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solvers and sufficiently large enough k given the linear convergence results of Ding

and Grimmer [46], but further work needs to explore this further.

6.2 Sum of Squares

Throughout this thesis, we have mostly focused on the benefits of USBS for

combinatorial optimization problems. While these are important applications of

semidefinite programming, another very important application is problems related

to sum-of-squares polynomial optimization [123]. Similar to combinatorial optimiza-

tion, semidefinite programming applied to sum of squares optimization problems is

mostly used as a theoretical tool. But, there are a whole swath applications in the sum

of squares optimization landscape where improvements in semidefinite programming,

especially on the scalability front, would be very useful [12, 72].

One fundamental problem in sum of squares is determining if a polynomial is

globally non-negative [123]. Equivalently, this problem can be reformulated to find

the exact global minimum of a polynomial. This amounts to solving a particular

semidefinite program, but is very interesting because the answer to the problem we are

trying to solve does not require us to store the primal decision variable at all. USBS

is quite amenable to this type of problem since it does not require storing the primal

matrix Xt explicitly. This property is what allows us to use the matrix sketching

technique for a reduction in memory requirements. This property, in combination

with faster convergence as a first order method, makes USBS particularly attractive

as a solver for these types of sum of squares problems.

In addition, it has been shown that some large-scale polynomial optimization

problems have a constant trace property that can be exploited for more efficient

solving [109, 110]. In these works, CGAL has been the method of choice for solving

these problems, and hence, as evidenced by the work in this thesis, USBS could be

a better alternative for solving these problems. There is still work to be done on
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this front, but USBS and improvements on it could be viable methods for solving

polynomial optimization problems.

6.3 Improvements for General MISDO

In this work, we have only shown a proof of concept for using USBS as part of a

mixed-integer semidefinite programming solver. We have shown with a very simplistic

branch and bound algorithm that USBS can be successfully warm-started using the

solution to the parent node SDP in the search tree. While we have have shown that

this works consistently and effectively, there could be improvements to the warm-start

initialization or scheme to improve performance. Additionally, a greater understand-

ing of the convergence properties and warm-start dynamics would be beneficial in

designing a MISDP solver. These warm-start improvements would be great, but not

sufficient for building a practical MISDP solver.

In any modern MISDP solver, we would need many other components and heuris-

tics in order to make the solver practical. These components include cutting planes,

handling symmetries, pre-solving, and other algorithmic improvements to the search

algorithm [58, 78, 112, 125]. Some of this work has been done for MISDP solvers

already, but only in combination with interior point methods which are impractically

slow for problems with any reasonable size.

It would also be interesting to consider solving problems where the problem size

is large, but the number of integrality constraints is relatively small. In this case,

any solver based on interior point methods would inevitably fail to scale to the large

problem size. However, a solution based with USBS as the SDP solver could have

a better chance of solving these types of problems. One example of this is actually

the clustering with existential cluster constraints problem considered in this thesis.

A generalization of this is any problem that is NP-hard to find a feasible integer
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solution, i.e. it is NP-hard to round. We are unaware of other problems of this type,

but advocate for using USBS as part of a MISDP solver in this scenario.

6.4 Algorithmic Improvements to USBS

There are several algorithmic improvements that could be considered to improve

the performance of USBS and scalable semidefinite programming in general. First,

we anecdotally find that using another method like CGAL to warm-start USBS can

improve convergence. In general, CGAL can find a reasonable solution very quickly

and USBS finds a higher quality solution in less time. So the convergence curves

overlap somewhere around a low accuracy solution, depending on the problem size.

We could sensibly combine these approaches to obtain an even better hybrid solution,

especially given the warm-start capabilities of USBS. This could extend well beyond

CGAL, namely we could use any solver to warm-start USBS including SDPLR [31],

SDPLR+ Huang and Gleich [80], ManiSDP [154], among others. We could also

consider using USBS to relieve SDPLR from local minima.

Several modifications could be made to improve the convergence of USBS itself.

Approximate second-order methods could be used to scalably improve the convergence

of USBS [76], as is also mentioned in [46]. One of the biggest bottlenecks in the current

approach is the alternating maximization for incorporating inequality constraints.

Techniques for improving the performance of this alternating maximization method

would greatly speed up the convergence of USBS. One simple change to the algorithm

that would improve theoretical performance would be to use an adaptive smoothing

parameter ρt, i.e. change ρ over time [45]. An adaptive schedule for ρ could hurt warm-

start performance since we would not necessarily know what ρ should be initially.

Lastly, the current warm-start initialization strategies are somewhat primitive and

not principled other than the inherent properties of USBS. Improved understanding

of warm-start dynamics could be the subject of interesting future work.
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APPENDIX

A.1 Solving Iteration Subproblems

In this section, we detail the primal-dual path-following interior point methods

used to solve the small semidefinite program to compute the value f̂t(ỹt+1) and the

small quadratic semidefinite program (2.23). Before we can derive the algorithms, it is

necessary to define the svec operator and symmetric Kronecker product [5, 131, 142].

For any matrix A ∈ Sn, the vector svec(A) ∈ R(n+1
2 )

is defined as

svec(A) =
[
a11,
√

2a21, . . . ,
√

2an1, a22,
√

2a32, . . . ,
√

2an2, . . . , ann

]⊤
.

The svec-operator is a structure preserving map between Sn and R(n+1
2 )

where the

constant
√

2 multiplied by some of the entries ensures that

⟨A,B⟩ = tr(AB) = svec(A)⊤svec(B), ∀A,B ∈ Sn.

For any M ∈ Rn×n, let vec(M) be the map from Rn×n to Rn2

defined by stacking

the columns of M into a single n2-dimensional vector. It is also useful to define the

matrix U ∈ R(n+1
2 )×n2

which maps vec(A) 7→ svec(A) for any A ∈ Sn. Let uij,kl be

the entry in the row which defines element aij in svec(A) and the column that is

multiplied with the element akl in vec(A). Then

uij,kl =


1 i = j = k = l

1√
2

i = k ̸= j = l, or i = l ̸= j = k

0 o.w.
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As an example, the case when n = 2:

U =


1 0 0 0

0 1√
2

1√
2

0

0 0 0 1

 .

Note that U is a unique matrix with orthonormal rows and has the following property

U⊤Uvec(A) = U⊤svec(A) = vec(A), ∀A ∈ Sn.

The symmetric Kronecker product ⊗s can be defined for any two square matrices

G,H ∈ Rn×n by its action on a vector svec(A) for A ∈ Sn as follows

(G⊗s H) svec(A) =
1

2
svec(HAG⊤ +GAH⊤).

Alternatively, but equivalently [131], the symmetric Kronecker product can be defined

more explicitly using the matrix U defined above as follows

G⊗s H =
1

2
U(G⊗H +H ⊗G)U⊤,

where ⊗ is the standard Kronecker product. We use this latter definition in our

implementation.

A.1.1 Computing f̂t(ỹt+1)

The value f̂t(ỹt+1) is the optimum value of the following optimization problem

(remember that ν can be dropped since ỹt+1 is always feasible)
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max ⟨C −A∗ỹt+1, ηX̄t + VtSV
⊤
t ⟩+ ⟨b, ỹt+1⟩

s.t. η ≥ 0

S ⪰ 0

η + tr(S) ≤ α

This amounts to computing ⟨C −A∗ỹt+1, η⋆X̄t + VtS⋆V
⊤
t ⟩+ ⟨b, ỹt+1⟩ where (η⋆, S⋆) is

a solution to the following (small) semidefinite program

min g⊤1 svec(S) + η g2

s.t. η ≥ 0

S ⪰ 0

1− v⊤I svec(S)− η ≥ 0

(A.1)

where

g1 = α svec(V ⊤
t (A∗ỹt+1 − C)Vt),

g2 =
α

tr
(
X̄
)⟨X̄t,A∗ỹt+1 − C)⟩,

vI = svec(I). (I is the k × k identity matrix)

We will use a primal-dual interior point method to solve (A.1). We follow the well

known technique for deriving primal-dual interior point methods [73]. We start by

defining the Lagrangian of the dual barrier problem of (A.1),

Lµ(S, η, T, ζ, ω) = g⊤1 svec(S) + ηg2 − svec(S)⊤svec(T )− ηζ

− ω(1− v⊤I svec(S)− η) + µ(log det(T ) + log ζ + logω),

(A.2)

where we introduce a dual slack matrix T ⪰ 0 as complementary to S, a dual slack

scalar ζ ≥ 0 as complementary to η, a Lagrange multiplier ω ≥ 0 for the trace

constraint inequality, and a barrier parameter µ > 0. Notice that we have moved

from needing to optimize a constrained optimization problem to an unconstrained
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optimization problem. The saddle point solution of (A.2) is given by the solution of

the KKT-conditions, which reduces to just the first-order optimality conditions since

the problem is unconstrained. The first-order optimality conditions of (A.2) are the

following system of equations

∇SLµ = g1 − svec(T ) + ωvI = 0 (A.3)

∇ηLµ = g2 − ζ + ω = 0 (A.4)

∇TLµ = S − µT−1 = 0 (A.5)

∇ζLµ = η − µζ−1 = 0 (A.6)

∇ωLµ = 1− v⊤I svec(S)− η − µω−1 = 0 (A.7)

By the strict concavity of log detT , log ζ, and logω, there exists a unique solution

(Sµ, ηµ, Tµ, ζµ, ωµ) to this system of equations for any value of the barrier parameter

µ > 0. The sequence of these solutions as µ → 0 forms the central trajectory (also

known as the central path). For a point (S, η, T, ζ, ω) on the central trajectory, we

can use any combination of (A.5), (A.6), and/or (A.7) to solve for µ,

µ =
⟨S, T ⟩
k

= ηζ = ω(1− v⊤I svec(S)− η) =
⟨S, T ⟩+ ηζ + ω(1− v⊤I svec(S)− η)

k + 2
.

(A.8)

The fundamental idea of primal-dual interior point methods is to use Newton’s

method to follow the central path to a solution of (A.1). Before we can apply Newton’s

method, we must linearize the non-linear equations (A.5), (A.6), and (A.7) into

an equivalent linear formulation. There are several ways one could linearize these

equations and the choice of linearization significantly impacts the algorithm’s behavior

(see [5] or [73] for more on the choice of linearization). We choose one standard method

linearization, detailed in the following system of equations

105



Fµ(θ) = Fµ(S, η, T, ζ, ω) :=



g1 − svec(T ) + ωvI

g2 − ζ + ω

ST − µI

ηζ − µ

ω(1− v⊤I svec(S)− η)− µ


= 0. (A.9)

The solution θ⋆ to this system of equations Fµ(θ) = 0 satisfies the first-order optimal-

ity conditions (A.3)-(A.7) and is the optimal solution to the barrier problem. We uti-

lize Newton’s method to take steps in the update direction ∆θ = (∆S,∆η,∆T,∆ζ,∆ω)

towards θ⋆. The update direction ∆θ determined by Newton’s method must satisfy

the following equation

Fµ(θ) +∇Fµ(∆θ) = 0.

Hence, the update direction ∆θ is the solution to the following system of equations

(after the same standard linearization has been applied to the following system as

in (A.9))

−svec(∆T ) + ∆ω vI = svec(T )− g1 − ω vI (A.10)

−∆ζ + ∆ω = ζ − g2 − ω (A.11)

ω−1(1− v⊤I svec(S)− η)∆ω − v⊤I svec(∆S)−∆η = µω−1 + v⊤I svec(S) + η − 1

(A.12)

(T ⊗s S
−1) svec(∆S) + svec(∆T ) = µ svec(S−1)− svec(T ) (A.13)

ζη−1∆η + ∆ζ = µη−1 − ζ (A.14)

We can solve this system efficiently by analytically eliminating all variables except

svec(∆S). We can compute svec(∆S) by solving the following linear matrix equation

using an off-the-shelf linear system solver
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(
T ⊗s S

−1 +
ζη−1

κ1ζη−1 + 1
vIv

⊤
I

)
svec(∆S) = vIg2 − vIµη−1 − g1 + µ svec(S−1)

+ vIζη
−1(−κ1ζη−1 − 1)−1

(
−κ1(µη−1 − g2 − ω) + µω−1 + v⊤I svec(S) + η − 1

)
(A.15)

where κ1 := ω−1(1−v⊤I svec(S)−η). Then, computing the rest of the update directions

∆η, svec(∆T ), ∆ζ, and ∆ω amounts to back-substituting the solution to (A.15) for

svec(∆S) through the analytical variable elimination equations.

Given how to compute the update directions, the primal-dual interior point method

proceeds as follows. Initialize the variables θ = (S, η, T, ζ, ω) to an arbitrary strictly

feasible point (i.e. S ≻ 0, η > 0, T ≻ 0, ζ > 0, and ω > 0). Starting from this

primal-dual pair we compute an estimate of the barrier parameter as follows

µ← ⟨S, T ⟩+ ηζ + ω(1− v⊤I svec(S)− η)

2(k + 2)
,

where, as done in [73], we use (A.8) and divide by two. Then, we compute the update

direction ∆θ as described above and perform a backtracking line search to find a step

size δ ∈ (0, 1] such that θ + δ∆θ is again strictly feasible. Lastly, following [75], we

compute a non-increasing estimate of the barrier parameter

µ← min

{
µprev, γ

⟨S, T ⟩+ ηζ + ω(1− v⊤I svec(S)− η)

2(k + 2)

}
where γ =


1 if δ ≤ 1

5

5
10
− 4

10
δ2 if δ > 1

5

.

We iterate over these steps until the barrier parameter µ is small enough (e.g. µ <

10−7).

A.1.2 Solving (2.23)

The subproblem (2.23) can be rewritten as the following (small) quadratic semidef-

inite program
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max ⟨C −A∗yt, ηX̄t + VtSV
⊤
t ⟩+ ⟨b− ν̃, yt⟩ −

1

2ρ

∥∥b− ν̃ −A(ηX̄t + VtSV
⊤
t )

∥∥2

2

s.t. η ≥ 0

S ⪰ 0

η + tr(S) ≤ α

For this subproblem, unlike the subproblem solved in subsection A.1.1, we are solving

for η and S to compute the candidate iterate ỹt+1, update the primal variable, and

update the model. This (small) quadratic semidefinite program is equivalent to the

following optimization problem

min
1

2
svec(S)⊤Q11 svec(S) + η q⊤12 svec(S) +

1

2
η2q22 + h⊤1 svec(S) + η h2

s.t. η ≥ 0

S ⪰ 0

1− v⊤I svec(S)− η ≥ 0

(A.16)

where

Q11 =
α2

ρ

m∑
i=1

svec(V ⊤
t AiVt) svec(V ⊤

t AiVt)
⊤

q12 =
α2

ρ tr
(
X̄t

) svec
(
V ⊤
t A∗A X̄tVt

)
q22 =

α2

ρ tr
(
X̄t

)2 〈AX̄t,AX̄t

〉
h1 = α svec

(
V ⊤
t

(
A∗yt − C −

1

ρ
A∗(b− ν̃)

)
Vt

)
h2 =

α

tr
(
X̄t

) 〈X̄, A∗yt − C −
1

ρ
A∗(b− ν̃)

〉
vI = svec(I)

We follow the same derivation procedure as in subsection A.1.1, so we proceed by

including the details which differ from the previous section. The Lagrangian of the
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dual barrier problem of (A.16) is as follows

Lµ(S, η, T, ζ, ω) =
1

2
svec(S)⊤Q11 svec(S) + η q⊤12 svec(S)

+
1

2
η2q22 + h⊤1 svec(S) + η h2 − svec(S)⊤svec(T )− ηζ

− ω(1− v⊤I svec(S)− η) + µ(log det(T ) + log ζ + logω).

(A.17)

The first-order optimality conditions of (A.17) yields the following system of equations

(after the same standard linearization)

Fµ(S, η, T, ζ, ω) :=



Q11 svec(S) + η q12 + h1 − svec(T ) + ωvI

q⊤12 svec(S) + η q22 + h2 − ζ + ω

ST − µI

ηζ − µ

ω(1− v⊤I svec(S)− η)− µ


=:



F1

F2

F3

F4

F5


= 0.

(A.18)

The Newton’s method step direction (∆S,∆η,∆T,∆ζ,∆ω) is determined via the

following linearized system

Q11svec(∆S) + ∆η q12 − svec(∆T ) + ∆ω vI = −F1 (A.19)

q⊤12 svec(∆S) + ∆ ηq22 −∆ζ + ∆ω = −F2 (A.20)

ω−1(1− v⊤I svec(S)− η)∆ω − v⊤I svec(∆S)−∆η = µω−1 + v⊤I svec(S) + η − 1

(A.21)

(T ⊗s S
−1) svec(∆S) + svec(∆T ) = µ svec(S−1)− svec(T ) (A.22)

ζη−1∆η + ∆ζ = µη−1 − ζ (A.23)

We can solve this system efficiently by analytically eliminating all variables except

svec(∆S). We can compute svec(∆S) by solving the following linear matrix equation
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using an off-the-shelf linear system solver

(
Q11 + T ⊗s S

−1 − (κ1κ2 + 1)−1
(
q12(κ1q12 + vI)

⊤+ vI(q12 − κ2vI)⊤
))

svec(∆S)

= q12
(
(κ1κ2 + 1)−1

(
µω−1 + v⊤I svec(S) + η − 1 + κ1(F2 − µη−1 + ζ)

))
+ vI

(
(κ1κ2 + 1)−1

(
F2 − µη−1 + ζ − κ2(µω−1 + v⊤I svec(S) + η − 1)

))
− F1 + µ svec(S−1)− svec(T ),

(A.24)

where κ1 := ω−1(1−v⊤I svec(S)−η) and κ2 := ζη−1+q22. Then, computing the rest of

the update directions ∆η, svec(∆T ), ∆ζ, and ∆ω amounts to back-substituting the

solution to (A.24) for svec(∆S) through the analytical variable elimination equations.

We make a single change to the initialization as compared with the interior point

method presented in subsection A.1.1. Since this interior point method can be exe-

cuted multiple times in a row with only the value of ν̃ changing as the first step in

the alternating maximization algorithm, we warm-start initialize θ with the previous

execution’s θ⋆. We observe non-negligible convergence improvements over arbitrary

initialization as this interior point method procedure is called in sequence.
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Yuji Shinano, Mark Turner, Stefan Vigerske, Dieter Weninger, and Lixing
Xu. The SCIP Optimization Suite 9.0. ZIB-Report 24-02-29, Zuse Insti-
tute Berlin, February 2024. URL https://nbn-resolving.org/urn:nbn:de:

0297-zib-95528.

[28] Stephen Boyd, Neal Parikh, Eric Chu, Borja Peleato, Jonathan Eckstein, et al.
Distributed optimization and statistical learning via the alternating direction
method of multipliers. Foundations and Trends® in Machine learning, 2011.

[29] James Bradbury, Roy Frostig, Peter Hawkins, Matthew James Johnson, Chris
Leary, Dougal Maclaurin, George Necula, Adam Paszke, Jake VanderPlas, Skye
Wanderman-Milne, et al. Jax: composable transformations of python+ numpy
programs. 2018.
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[104] László Lovász. On the shannon capacity of a graph. IEEE Transactions on
Information theory, 25(1):1–7, 1979.
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[124] Gábor Pataki. On the rank of extreme matrices in semidefinite programs and
the multiplicity of optimal eigenvalues. Mathematics of operations research, 23
(2):339–358, 1998.

120

https://github.com/cvxgrp/scs


[125] Marc E Pfetsch. Dual conflict analysis for mixed-integer semidefinite programs.
Preprint, Optimization Online, 2023.

[126] Aditi Raghunathan, Jacob Steinhardt, and Percy S Liang. Semidefinite relax-
ations for certifying robustness to adversarial examples. Advances in neural
information processing systems, 2018.

[127] Alexander Ratner, Stephen H Bach, Henry Ehrenberg, Jason Fries, Sen Wu, and
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