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ABSTRACT: We present a method to determine the leading-order (LO) contact term con-
tributing to the nn — ppe~e™ amplitude through the exchange of light Majorana neutrinos.
Our approach is based on the representation of the amplitude as the momentum integral
of a known kernel (proportional to the neutrino propagator) times the generalized forward
Compton scattering amplitude n(p1)n(p2) W (k) — p(p})p(py)W~(k), in analogy to the
Cottingham formula for the electromagnetic contribution to hadron masses. We construct
model-independent representations of the integrand in the low- and high-momentum re-
gions, through chiral EFT and the operator product expansion, respectively. We then
construct a model for the full amplitude by interpolating between these two regions, us-
ing appropriate nucleon factors for the weak currents and information on nucleon-nucleon
(NN) scattering in the 1Sy channel away from threshold. By matching the amplitude ob-
tained in this way to the LO chiral EFT amplitude we obtain the relevant LO contact
term and discuss various sources of uncertainty. We validate the approach by computing
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the analog I = 2 NN contact term and by reproducing, within uncertainties, the charge-
independence-breaking contribution to the 'Sy NN scattering lengths. While our analysis is
performed in the MS scheme, we express our final result in terms of the scheme-independent
renormalized amplitude A, (|p|, |p’|) at a set of kinematic points near threshold. We illus-
trate for two cutoff schemes how, using our synthetic data for A,, one can determine the
contact-term contribution in any regularization scheme, in particular the ones employed in
nuclear-structure calculations for isotopes of experimental interest.
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1 Introduction

Neutrinoless double 5 decay (Ovf3f) is the process in which two neutrons in a nucleus
convert into two protons by emitting two electrons and no neutrinos [1]. This process
is by far the most sensitive laboratory probe of lepton number violation (LNV) and its
observation would prove that neutrinos are Majorana fermions [2], constrain neutrino mass
parameters, and provide experimental validation for leptogenesis scenarios [3, 4]. If 0v3/
decay is caused by the exchange of light Majorana neutrinos, as we assume throughout
this paper, the amplitude is proportional to the effective neutrino mass mgg = >, Ugimi,
where the sum runs over light neutrino masses m; and U,; are elements of the neutrino
mixing matrix. Ov35 decay is a complicated process encompassing aspects from particle,
nuclear, and atomic physics, with the interpretation of current experimental limits [5-10]
and of potential future discoveries limited by substantial uncertainties in the calculation of
hadronic and nuclear matrix elements [11-19].

It has been realized in recent years that chiral effective field theory (EFT) [20-25] can
play a central role in addressing these uncertainties. Nuclear structure, ab-initio calcu-
lations based on chiral-EFT interactions [26-28] have recently become available for some
phenomenologically relevant nuclei [29-31]. In addition, the issue of g4 quenching in sin-
gle B decays has been demonstrated to arise from the combination of two-nucleon weak
currents and strong correlations in the nucleus [32-34], and the few-nucleon amplitudes
used as input in nuclear structure calculations have been scrutinized in chiral EFT for
various sources of LNV [35—44]. In the context of light-Majorana-neutrino exchange, using
naive dimensional counting, the leading contribution in the chiral-EFT expansion arises
from a neutrino-exchange diagram, in which the LNV arises from insertion of the AL = 2
effective neutrino mass mgg. When considering the 18y channel, in analogy to the nucleon-
nucleon (NN) potential itself [23—-25] and external currents [45], this conclusion no longer
holds when demanding manifest renormalizability of the amplitude. In fact, it has been
shown that renormalization requires the promotion of an nn — ppe~e™ contact operator to
LO [40, 43], which encodes the exchange of neutrinos with energy /momentum greater than
the nuclear scale and thus cannot be resolved in chiral EFT. As discussed in greater detail
in refs. [43, 46], the new coupling encodes a non-factorizable two-nucleon effect, beyond
the factorizable one-nucleon corrections captured by the radii of weak form factors, which
also give a short-range neutrino potential. Moreover, the new short-range coupling is not



captured by the so-called short-range correlations [47-50], as it is needed even when one
works with fully correlated wave functions, i.e., exact solutions of the Schrédinger equa-
tion with the appropriate strong potential. The situation is analogous to single 5 decay,
where two-nucleon weak currents and short-range correlations are both present, and the
combination of both leads to the apparent quenching of g4 [33, 34].

To leading order in chiral EFT, a contact interaction is needed only in the 'Sy channel
and not in higher partial waves [43]. However, it is worth emphasizing that the effect of the
contact term in the 'Sy channel is amplified in nuclear matrix elements by the cancellation
between the contribution of NN pairs in the 'Sy channel and in states with higher total
angular momentum. This is seen quite dramatically in the matrix element densities for
light nuclear transitions studied in refs. [40, 43]. These ab-initio results in light nuclei
are in qualitative agreement with the behavior observed in heavy nuclei, first discussed in
ref. [51]. A complete discussion of the nn — pp transition operator in chiral EFT can be
found in ref. [43] (leading order) and refs. [38, 41] (higher orders).

The value of the short-range coupling in the 1Sy channel then has to be either extracted
from other processes related by chiral symmetry or calculated from first principles in lattice
QCD [46, 52-57] (see ref. [58] for a large-N, analysis). Currently, however, the size of this
contact operator is unknown, leading to substantial uncertainties in the interpretation of
Ov 3 decays besides the nuclear-structure ones, especially given that its impact is enhanced
in AT = 2 nuclear transitions due to a node in the matrix element density [40, 43]. In this
work we present in some detail the method used to obtain a first estimate of the complete
nn — ppe_ e~ amplitude including this contact-term contribution [59].

The hadronic component of the light-Majorana-neutrino-exchange amplitude has
the structure

4
Ay ox [ el [ e opl T )00 ) (1)
and is controlled by the two-nucleon matrix element of the time-ordered product
T{5%(2)72(0)} of two weak currents. Such matrix elements with the weak current re-
placed by the electromagnetic current j&, (z) appear in the electromagnetic contributions
to hadron masses or scattering processes, in which case a relation exists between the forward
Compton scattering amplitude and its contraction with a massless propagator, as given in
eq. (1.1). The relation, known as the Cottingham formula [60, 61], has been used to esti-
mate the electromagnetic contributions to the masses of pions [62-66] and nucleons [67-74].
Since the matrix elements in these cases have precisely the same structure as required for
the light-Majorana-neutrino-exchange contribution to the Ovf35 decay nn — ppe~e™, our
method aims to constrain the corresponding amplitude by generalizing the Cottingham
approach to the two-nucleon system, and then determine the contact-term contribution by
matching to chiral EFT.

The application of the Cottingham approach to the pion and nucleon mass difference
has a long history and in both cases the by far dominant contribution arises from elastic
intermediate states. The pion-pole contribution gives more than 80% of the pion mass dif-
ference [62—66] and, similarly, the nucleon pole provides the bulk of the electromagnetic part

of the proton-neutron mass difference mglfn = 0.75(2) MeV. Despite the tension between
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the estimate of the inelastic contributions in lattice QCD, mit?), = 0.28(11) MeV [75-77],
and from nucleon structure functions, mi*l, = —0.17(16) MeV [67, 72-74], also in this case
the elastic estimate is accurate at the 30% level. The main complication in the generaliza-
tion to Ov B decay arises from the two-particle nature of initial and final states. First, due
to the proliferation of kinematic variables and scalar functions in a Lorentz decomposition
of the general amplitude, it becomes extremely cumbersome to try and set up a strict
derivation of the elastic contribution via dispersion relations. Second, the NN scattering
amplitude itself gives rise to an additional source of momentum dependence that adds to
the physics included in terms of pion and nucleon form factors in the standard Cottingham
approach. Accordingly, we do not attempt a comprehensive analysis of all scalar functions
describing the full two-particle problem, but instead include the most important interme-
diate states in terms of the respective form factors — in close analogy to the elastic results
for the pion and nucleon Cottingham formula — as well as the momentum dependence of
the NN scattering amplitude. To validate this approach, we also consider the two-nucleon
matrix element with two electromagnetic currents, which can be accessed experimentally
in terms of charge independence breaking (CIB) in the NN scattering lengths. Comparison
with data then allows us to confirm the expectation of an accuracy around 30% if only elas-
tic contributions are kept, as suggested by the Cottingham result for the proton-neutron
mass difference. A determination at this level already has a valuable impact in bounding
the size of the contact-term contribution to Ov35 decay.

The derivation is organized as follows: in section 2 we present the general integral
representation of the amplitude and our matching strategy. In section 3 we recast the LO
chiral EFT amplitude in a form suitable for matching purposes. In section 4 we present
our construction of our full nn — pp amplitude, followed by matching to the EFT result
and extraction of the contact term in section 5. In section 6 we present the analysis for the
two-nucleon I = 2 electromagnetic amplitude and the validation of the method through
comparison with the experimental data on CIB in the NN scattering lengths. This section
is fairly technical and can be omitted by readers primarily interested in Ov53 decay. In
section 7 we return to the LNV amplitude nn — pp and present synthetic data at kinematic
points near threshold, illustrating how these can be used to extract the contact term in any
regularization and renormalization scheme. We present our concluding remarks in section 8.
Details on the half-off-shell behavior of the NN scattering amplitude (appendix A), the
operator product expansion (OPE) (appendix B), the size of typical inelastic contributions
(appendix C), the electromagnetic pion mass splitting (appendix D), and the CIB NN
scattering lengths (appendix E) are provided in the appendices.

2 Integral representation and matching strategy

2.1 Generalities
Including the effect of LNV from the dimension-five Weinberg operator [78], the low-energy
effective Lagrangian at scale u 2 A, ~ 1GeV is given by
_ m — 1 * T
Leg = ﬁQCD — 2ﬂGFVud ury'dr epyuver, + 57715/3 v, Cver, — Cr O +h.c.
(2.1)



The second term in eq. (2.1) represents the Fermi charged-current weak interaction. The
last two terms encode LNV through the neutrino Majorana mass, given by mgg = >, UZm,
in terms of mass eigenstates and elements of the neutrino mixing matrix," and a dimension-
nine AL = 2 operator generated at the electroweak threshold:

O = éLei ﬂL’Y,udL urytdy = éLei O, (2.2)

with e = Cel. Since Cp = (8V,2,G%mgg)/M3, x (1 + O(as/T)), the effect of the latter
term on the Ov(33 amplitude is suppressed by (kg/My)? (where kp ~ O(100) MeV is the
typical Fermi momentum of nucleons in a nucleus) compared to light-neutrino exchange
and can be safely neglected at this stage. However, the isotensor four-quark local operator
O itself will play an important role in the following analysis.

The interactions of eq. (2.1) induce AL = 2 transitions (such as 777~ — e"e™,
nn — ppe_e”, 8Ge — ™Seee”, ¥Xe — !3Bae e, ...) through the non-local

effective action obtained by contracting the neutrino fields in the two weak vertices,
_ 8GZV2m
ST = L ud B0 o 2 / d*zd'y S(x —y) x ép(x)v"~" el (y)

XT(’I]LW/MCZL(QJ) ﬂL’YVdL(y)) ) (23)

d4k efik-r
S(r) :/WM (2.4)

is the scalar massless propagator, a remnant of the neutrino propagator. Computing matrix

where

elements of S@Lﬂ in hadronic and nuclear states is a notoriously difficult task. The
multi-scale nature of the problem can be seen more explicitly by going to the Fourier

representation?
_ 8GZLV2m d*k g"'T,,(k x)
AL=21p \ _ FYud'B88 4 - c g puv\ Ry Dext s
(ereahys| SH =2 hi) = = / d’x (erez]er(x)eq (x)|0) / T 7
(2.5)
where

Ty (b, pext, ) = (hyp(pg)| TTEE (k) |ha(pi))

f[ﬁ,f(k,x) = /d4r ethr T{Jﬁ(az +r/2) JE(z - 7“/2)}, Jlf =uryudn, (2.6)

and pext denotes generically the hadronic external momenta p; and p;. Using translational
invariance one has

Ty (b, pexts @) = (hy(pg)| €0 TE0 (K, 0) €77 hi(pi))
= PP (e ()| LG (K, 0) hi(pi))

= @ Pr=P) T, (K, Pext, 0) - (2.7)

!The effective mass probed in Ov38 decay is often defined as mgs = | ZZ UZm;

, but to simplify the
notation at the Lagrangian level we formally keep its phase.

’In deriving eq. (2.5) from eq. (2.3) we approximate ér(z)v*v"e(y) ~ eérn(z)y"v’es(z) =
g*”er(z)ef (), which amounts to neglecting the difference in electron momenta, a safe assumption given
that |p51 —p52|/kF < 1.



Therefore, defining®

Ty (K, Pext) = T (, Pext 0) = (hy(pg)| LG (k. 0) [hilpy)) (2.8)

one arrives at

(ereah | SH=2|hi) = (2m)? 5 (per + pes +pfr— pi)(4GFV amgs UL(pl)UL(p2)) x Ay,

A T (k, pex ,
= 2/ P t), T (k, Dext) = 9" Ty (k, pext) - (2.9)

(2m)* k2 +ie

The hadronic amplitude A, in eq. (2.9) receives contributions from neutrino virtualities
k% ranging from the weak scale all the way down to the infrared (IR) scale of nuclear
bound states.

To estimate the LO contact term arising in chiral EFT, we will employ the representa-
tion (2.9) to obtain the amplitude in the “full theory,” and then match to the appropriate
EFT expression. Since the contact term arises in the 1.5y channel, we will take as external
states nn and pp in the 'Sy state and Ty (K, pext) will be thought of as the generalized
forward Compton amplitude

n(p1) n(p2) W (k) — p(p}) p(ps) W= (k). (2.10)

Since the low-energy constants (LECs) do not depend on the IR details, we will perform
the matching calculation at the simplest kinematic point, in which the two electrons are
emitted with zero three-momentum in the center-of-mass frame of the incoming neutron
pair [40, 43]. Explicitly we have

pl,u:(Eap)v pQu:(Ea_p)> E:\/p2+m%7
P, = (E',p), Ph, = (E',—p'), E = .\/p?+m2, (2.11)

where 2F = 2F’ + 2m,. Free two-nucleon states with vanishing total three-momentum and
individual three-momenta given by +q will be denoted by |q) [23], so for example for the
initial and final state we will have |ig) = |p) and |fo) = |p’), respectively.

2.2 Matching strategy

The amplitude for the process nn — pp is given in eq. (2.9) as the integral of the product of
a massless propagator (remnant of the Majorana neutrino propagator) with the contracted
hadronic tensor T (k, pext) = guwT"”. The neutrino four-momentum regions relevant for the
integration over d*k are schematically depicted in figure 1. Denoting the Euclidean four-
momentum squared by k% = (k°)% + k2, one can introduce hard (k% > A?), intermediate
(Af< < k%, < A?), and low-energy (k% < Ai) regions, separated by A, (the breakdown scale
of the low-energy hadronic EFT) and A (scale at which the OPE becomes reliable). The
low-energy region further includes the soft (|k°] ~ |k| ~ kg), potential (|k°] ~ k% /my,

3In what follows we will suppress the space-time label in the correlator: HLL (k,0) — HLL (k).
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Figure 1. Schematic representation of the regions of neutrino virtuality contributing to the ampli-
tude in eq. (2.9). The boundaries between various regions are given by kr ~ 100 MeV, A, < 1GeV,
and A 2 1.5 GeV.

k| ~ kr), and ultrasoft (|k°| ~ |k| < kr) regions, essential to reproduce the IR behavior
of the amplitude.

The basic idea behind our approach is that model-independent representations of the
integrand in eq. (2.9) can be constructed in the low-energy region (via pionless and chi-
ral EFT) and in the hard region (via the OPE). Given this, a model for the full ampli-
tude can be constructed by interpolating between these two regions. This approach uses
model-dependent input for the intermediate momentum region, which we anchor to known
constraints from QCD at low and high momenta.

In practice, given the non-relativistic nature of the process of interest, we will not
use k‘% as matching variable. Instead, we decompose d*k = dkd>k, first perform the k°
integral in the appropriate regions via Cauchy’s theorem, and then carry out the angular
integrations in d®k to reduce the amplitude to an integral over d|k|. To LO in the expansion
in external momenta |p|, |p’| ~ @ (we denote by p, ~ @ the soft scale in the EFT), we
write the full amplitude as an integral over the internal neutrino three-momentum k, which
we split into a low- plus intermediate-momentum region and a high-momentum region

Alf/ullz/ d‘k| afull(‘kD :.A<+.A>,
0

A
<= [ did ac(k.
A7 = [ i a (1K) (2.12)

separated by the scale A that represents the onset of the asymptotic behavior for the
current-current correlator, controlled by the OPE. This representation introduces model
dependence through: (i) The choices made to extend the model-independent integrand
ay(|k|) dictated by chiral EFT in the region |k| < A, to the function a-(|k|) valid up
to |k| ~ A. We will provide a simple parameterization of a(|k|) that reduces to a,(|k|)



for |k| < M, and incorporates phenomenological input such as nucleon form factors of
the weak current and resonance contributions to the strong-interaction potential. (ii) The
choice of A that determines the boundary of integration regions in the variable |k|. Once a
representation for AM! is obtained, along with an estimate of the associated uncertainties,
we will estimate the LEC appearing in AX®F1 by enforcing the matching condition

AT — A< 4 A~ (2.13)

In the following sections, we will describe the construction of A<~ and the matching to
A%EFT, starting with the spectral representation in section 2.3.

2.3 Spectral representation

In this section we provide a spectral representation for the nn — pp amplitude, which will
prove very useful in identifying and organizing the various intermediate-state contributions
to A< and carrying out the analysis in analogy to the Cottingham formula [60, 61].

We begin by recalling some elements of the formal theory of scattering that we will
use in various parts of the discussion. We denote by H = Hy + V the total Hamiltonian,
split into a free and interaction term (V, not to be confused with the potential). Retarded
and advanced Green’s functions in the interacting theory are given by

A 1

with analogous definitions for the free-theory ones, denoted by é(f ) (E), with the replace-
ment H — Hy. The scattering operator T(E) is formally given by

T =V (1-¢0mv)" (2.15)

and satisfies G4 (E)V = G’@(E)T(E) The scattering states (f_| and |iy) are related to
the free states (fo| and |ig) by

iv) = (1+GL(E)T(B)) lio)
(- = (fol (TENGD (B +1) . (2.16)

In terms of the scattering states, the amplitude for nn — pp can be written as
d3k A
A:/i 1O K) [y ) 2.17
o= [ Gy U100 1) (2.17)
with the weak transition operator

. dk0 gMTIEL (k)
OMky=2 | 2 w7 2.18
(k) 2 k2 + e ( )

From the definition of the correlator in eq. (2.6) one obtains the following representation
for ﬂﬁf(k) in terms of Green’s functions:

g T (k) = i(2m) T2 (0) |G (K) 6@ (P — Ky ) + G4 (62) 6PV (B — k)] JH(0), (2.19)



where P is the total three-momentum operator and we have introduced the four-vectors

L i+ ppy = (B.p). (2.20)

W= akt, = o

The labels in péf s refer to the initial and final states between which ﬁﬁf(kz) is evaluated.
Since we are considering two-nucleon external states with vanishing total three-momentum
(and total momentum is conserved at each vertex) we have p = 0 and hence ki = +k.
In eq. (2.19) the dependence on kY is very simple, as k° appears only through the energy
denominators of Gy (k}). Performing the integration over k¥ in eq. (2.18) with Cauchy’s

4

theorem,”* one arrives at

OME(k) = o JE(0) G (B — [k]) (2m)*[69(P — Ky ) + 63 (P — k)| J#(0).  (2.21)

1
k|
Further inserting a complete set of states between the current operators in eq. (2.21) leads
to the spectral representation for the amplitude®

@k 1 [ TEn()) ()| T4 )
Z/ 2m [k| [ Tkl + (Ball,) — B) i

+<f—|Jﬁ|n(k—)><( ~)!JL”IZ+>
k| + (En(k-) - E) -

] . (222)

The representations (2.17) and (2.22) are quite general. The asymptotic behavior of
the integrand in eq. (2.22) at large |k| is dictated by the OPE for f[ﬁ,f(k:) or, equivalently,
OFL(k). An explicit calculation to be described below shows the behavior d®k/[k|, so the
amplitude in the full theory is finite. Moreover, eq. (2.22) shows that once \k| > kp, so that
k?/my is above the typical nuclear binding energies, one expects (E,(k+)—E) > 0 even for
bound intermediate states (such as the deuteron), and therefore the energy denominators
in eq. (2.22) will not lead to any singular behavior in the variable |k|. The matrix elements
in the numerator are also expected to have a smooth behavior in |k|, dictated by single-
and multi-hadron form factors, as shown by explicit EFT calculations. Based on these
considerations, we conclude that a smooth interpolation between the calculable regimes of
k| < Ay and k| 2 A is adequate.

In order to make the integrand in egs. (2.17) and (2.22) more explicit, we use the
expression for the scattering states (2.16) in eq. (2.17) and arrive at

= [ s s ol (TENGL(E) 1) OFH (1) (14 GL(B)T(E) ) i) (2.23)

4For each term in eq. (2.19), one can close the contour in the upper or lower k° plane so that the integral
is given by the residue at the k° pole from the neutrino propagator in eq. (2.18).

®The summation is over intermediate states |n(k+)) of total three-momentum k4, enforced by the -
functions in eq. (2.21). Therefore, for an N-particle intermediate state Zn involves phase space integrals
over the N — 1 internal momenta (the total momentum being fixed to ki) and carries non-zero mass
dimension. For example, for two-nucleon intermediate states, using non-relativistic normalizations for the
states (pn|pL) = (27)26® (p, — p),) one has >, — [ d®pn/(27)%, where py is the relative momentum of
the two-nucleon pair. In general the summation ) |n(k))(n(ks)| carries mass dimension —3.



where
1

=

(2.24)

E,(,g) denotes the energy associated with the free Hamiltonian Hy, and

ALL _ i
@O =~ 1

{al 7 In(k)) (n(k)|T#|b) <a|J£|n(—k)><n(—k)|JL’“‘|b>]
k| + (En(k) — Eq) — i€ k| + (En(—k) — Egp) — ic
(2.25)
with E,, = (E,+ Ej,)/2. In general the sum over hadronic intermediate states in eqs. (2.23)
and (2.25) involves |m), |m'), |n), € {NN, NN, ...}, i.e., both elastic [NN) contributions
and inelastic contributions |m),|m’), |n) # |[NN). Equations (2.23)-(2.25) make it explicit

which dynamical input is needed for the evaluation of the nn — pp amplitude:

1. One needs the matrix elements of the current-current operator QX" (k) among two-
nucleon and possibly other intermediate states, namely (m/|O%L(k)|m), that can be
further decomposed according to eq. (2.25).

2. One needs the T-matrix elements (m|T(E)[i) and (fo|T(E')|m’) involving arbi-
trary intermediate states (m/|, |m’) and on-shell two-nucleon states |ig) = |p) (with
E = p?/my) and (fo| = (p| (with E' = p”?/my). When considering the elastic
contributions, these reduce to the so-called half-off-shell (HOS) T-matrix elements
(Pm|T(E)|p) and (p/|T(E")|pm), involving loop momenta p,, and pyy. While it is
well known that the HOS T-matrix elements by themselves are not physical quanti-
ties (see for example the discussion in ref. [79]), they enter eq. (2.23) in such a way
that the full physical amplitude A, is free of off-shell ambiguities (see appendix A
for an explicit check of this point).

To LO in chiral EFT the amplitude 4, is saturated by elastic contributions, with all
inputs in eqgs. (2.23)—(2.25) given to leading chiral order. The LO chiral input provides
a good representation of the low-momentum part of the integrand but misrepresents the
high-momentum component. In this language, the ultraviolet (UV) divergence and the
need for a LO contact term arises from the 1/|k| behavior of the integrand, as discussed in
section 3.

On the other hand, in our estimate of the full amplitude to be described in section 4, we
will start from eqs. (2.23)-(2.25) and use representations of (m/|O%L(k)|m), (pm|T(E)|p),
and (p/|T(E')|ppy) that go beyond leading chiral order to construct a UV convergent



integrand. Motivated by the leading chiral EFT analysis and the analogy with the Cot-
tingham approach to the pion and nucleon electromagnetic mass splitting, we expect the
elastic two-nucleon intermediate state to provide the dominant contribution. While we will
mostly focus on the elastic channel, we will also estimate the effect of the leading NN«
inelastic channel as we expect this to be one of the dominant sources of uncertainty in our
final result.

3 Chiral EFT result to leading order

In this section we briefly revisit the chiral EFT result of refs. [40, 43] in light of the
representation given in eq. (2.23). This will serve two purposes: setting up the notation
and pointing to a useful way of organizing the integrand in the full theory amplitude.
The power counting for A, in chiral EFT is described in refs. [40, 43] and we recall
here some of its elements as needed. Denoting by p, ~ @ the soft scale in the EFT, to
LO in chiral counting, i.e., 1/Q?, only elastic NN intermediate states are relevant. The
corresponding diagrams are reported in figure 2. For concreteness, we regulate all the
integrals dimensionally and perform MS subtraction of the divergences when needed. The
LO chiral EFT results correspond to replacing in eq. (2.23) the LO form for the O*% (k) and
T(E) operators, denoted by O;;JL (k) and TX(E), respectively, and using the non-relativistic

form of the free two-nucleon Green’s function, [GSS)(E)]n =1/(E — p2/mn + i€).
The current-current correlator to LO in chiral EFT is given by
2 M;%
1+ 203 + ghaye (2m)3

15, (P/|OLF (K)|p)1g, = — 12 5

6P +p - p) + 00 (k- p+p)| .
(3.1)
The T operator is determined by the LO interaction Hamiltonian V = V, + Vs, which

contains the one-pion-exchange and a short-range contribution, parameterized to LO by
the LEC C:

(®'|VIp) = Vs(p',p) + Va(p',p),

Vs(p',p)=C,

AT giM?2

V; (p,7p) = - ) O = .
" (p—p)*+ M2 T 167F?

(3.2)

Here F is the pion decay constant and M, denotes the pion mass. The LO 'Sy NN contact
coupling C contains contributions from one-pion exchange as well as a contact interaction
and scales as C' ~ 47 /(myn@). The split V=V,+ Vs implies that the T operator can be
similarly separated into a pion-range and short-range contribution as follows [80]

T(E)

I
:"ﬂ>
C
+
m’ﬂ>
5

T(E) =V, (I +G\M(E) VW> — 1, (I - GV(E) })_1 :

~10 -



where CA}S:F)(E) = 1/(E — Hy — Vy + i€) is the Green’s function associated with the pion-
exchange interaction.

Using eq. (2.23) and separating out the contributions with zero, one, and two insertions
of T %, the LO chiral EFT amplitude can be written as

AT = M+ M 5+ M, (3.4)

with

3 R n N
My = [ G (Bl (BXEIGY(E) +1) O (k) (1+ 6D (E) TX(E)) i)

My, 5= [ s (ol (BENGD(EY) 0L 1) (1-+ G0 (E) T3(8)) i
- / 3 (ol (T+TX(EVGY(B)) OF(k) (G (B)TH(E)) lio)

My = | (dk (fo!(TX( NGO(E)) OF (1) (GV(E) TX(E)) Jio) (3.5)

)?

Diagrammatically, MX, Mjé B and MY, correspond to the first, second, and third row
in figure 2. Using the definition of T in eq. (3.3) and the fact that to LO Vg is a
momentum-independent contact interaction, in dimensional regularization one can show

that the rescattering factors Kg, Kgr

C o / d’q / PA i —id 1 6 B g
Ko — _ iqr ,—iq’-r E
E 1 —CGE(0,0) ) GE(I',I‘) (271')3 (271')3 € € <q‘G:|: ( )‘q> )
(3.6)
and Yukawa wave functions at the origin x; (0), X;;,(O)
+ °q er A(T) 0
G = [ G+ GO B e (3.7)

can be factored out of the d°k integrals in MX
EFT results of refs. [40, 43]

BB and M, thus reproducing the chiral

MX = Ay,
M§+B "ZlB KEX;(O) +XIJ;/(O) K AB7
M = x5 (0) Ky Ac K x5 (0) .- (3.8)

The divergence in GJEC(O, 0) is absorbed by C~!, so that K is well defined and independent
of the chosen scheme and scale [23].

The reduced amplitudes A4 p ¢ correspond to the left-most diagram in the first, sec-
ond, and third rows of figure 2 respectively (without the Yukawa iteration in the outer
legs after the Vs insertion). Neglecting Yukawa interactions (a; — 0), i.e., in the pion-
less EFT (fEFT), A4 p ¢ have simple expressions [40, 43]. In general, however, they are
non-perturbative objects that involve the sum of infinitely many Feynman diagrams. The
amplitude A¢ in egs. (3.5) and (3.8) contains a UV-divergent term at the two-loop level,

- 11 -



Figure 2. Diagrammatic representation of LO contributions to nn — ppee in chiral EFT. Double,
dashed, and plain lines denote nucleons, pions, and leptons, respectively. The blue ellipse represents
iteration of V. Gray circles denote the nucleon axial and vector currents. In the first three lines
the black square represents an insertion of mgg, while in the fourth line it represents an insertion
of C; = g)¥¥N. The ellipses in the second to fourth lines denote diagrams with an arbitrary number
of NN bubble insertions.

which we denote by As(jyng, as well as UV-finite terms induced by pion exchange, which we
denote by §A¢, leading to the decomposition:

Ac = A8 46 Ac. (3.9)

The UV-convergent term d.A¢c arises from (i) the iteration of the pion-induced potential
(see figure 2 and eq. (3.5), as well as eq. (3.3) for the definition of 7%); (ii) the term
proportional to g4 M3 in O{ZL (k), see eq. (3.1), which is one of two manifestations of the
induced pseudoscalar form factor of the axial current (the other is the change 3g§1 — 2931).
Using dimensional regularization with scale p, and the MS scheme for renormalization, we
thus identify the singular (UV-divergent) term with

; _ A=k 1+ 243
A (1) = —miy py ! / 2T 2 —2 To(k*, p%,p"), (3.10)
where
d3q 1 1
T (K2 D2 b2 :/
(k%P7 p") (27)3 p? — (q+ k)2 +ie p?—q? +ie’
p|
To(k%,p?,p?) = —— O(|k| — 2 1 i 3.11
k|
In case of p = p’ the resulting expression becomes
2 2 2
sing _ _(1 + 29A) my |:1 MX 1 3.12
Ac i) > m2 |t AP —ie (3.12)

- 12 —



It will prove useful to write the real part of this result in an integral representation

1+ 2gi) m?\,

ReASCirng(uX) = _( 9 (471')

Ex dlk
i [1 4 2/ UKl e — 21| (3.13)
o [K|
The UV divergence is removed by introducing a new contact term
iy, = (2 G2, 3d) mgsCy x epe§ NrTTN NN, (3.14)

with a LNV coupling proportional to mgg denoted by C; [43], to be identified with g)Y™V
also used in the recent literature, i.e., C; = g2'"V. A chiral-covariant form of the contact
operator in eq. (3.14) will be given in section 6.

Including the contact term, the finite, renormalized amplitude is given by
AT = Ay + x5(0) Ky Ap + A K x;5(0)

sin 2C
+ X;/(O) KE/ (AC g(ux) + 1(MX)

o2 +5AC) Kg x5 (0). (3.15)

The matching analysis will provide a representation for the combination Agﬂg(ux) +

ZCl(Mx)/CZ-

4 Full theory parameterization

The starting point for parameterizing the full-theory amplitude is provided by eq. (2.23),
in which we split the integral into a low- plus intermediate-momentum region and high-
momentum region, according to eq. (2.12). In order to mimic the structure of the chiral
EFT amplitude and facilitate matching, it is also convenient to separate the full theory
T matrix into a term induced by one-pion exchange and a short-range contribution, i.e.,
T =Ty +Ts, as done in eq. (3.3).

4.1 Low- and intermediate-momentum region: A<

Following egs. (2.23) and (3.4), we write

AS = MG+ M5 5+ MG, (4.1)

with

3
M = [ s (l (TG () + 1) 0200 (1+ ED(B)TE(B)) ).

—~

)
3 N
ME = / (Zwl; (ol (T5 (ENGY () O () (G10(B) T3 (E)) lio) - (4.2)
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Figure 3. Diagrammatic representation of the forward Compton amplitude corresponding to the
integrand of Asci.ng in eq. (3.10) and Aé’smg in eq. (4.18). Solid lines represent nucleons and wavy
lines the currents. Blue circles represent short-range NN interactions and red circles represent
single-nucleon weak form factors.

We wish to provide a representation of the integrand in ./\/lfL p,c that is valid up to a scale
|k| ~ A. We build the integrand starting from the low-momentum region. For k| ~ @
the integrand is controlled by chiral EFT. Using the LO chiral representation for the two-
current operator (OLF = OAﬁL) and the 7" matrix (T:S = Tff g) in My and Mp_ 5 leads
to convergent integrals, and one recovers the chiral EFT results of egs. (3.5), up to terms
of O(Q/A) that are irrelevant at LO

< AqX Q < _ AqX Q
Mi=mix (140(2)) My, =My x(140(F)). @3
We will also show that /\/lj1 B+B does not contribute to the amplitude at LO. Therefore,

My and Mp_ 5 drop out of the LO matching condition (2.13), which will therefore only
involve ./\/lé In order to have a representation of the integrand valid up to momenta
k| ~ A, in eq. (4.2) we need to model both OXL(k) and Ts beyond the LO chiral EFT
expressions. We will do so by introducing appropriate single-nucleon weak form factors
and HOS form factors, represented by the red and blue circles in figure 3, respectively.
For the current-current operator we make the replacement CA)QL (k) — OLL(k), by
introducing single-nucleon form factors in the weak current vertices,
2 (1.2 LL (1.2 3
15 (P 1OE () s, = ~ DI INGHUD) B 5014y ) 4 60k~ p 4 )]
(4.4)

where

Kigh(k?) | Kga(l)gp() | Kogh, (1)

hLL k2 — 2 k2
GT( ) gA( )+ 12m?\7 3my Gm?\,

(4.5)

In our baseline analysis, we will use the simple dipole parameterization for the vector,
magnetic, and axial-vector form factors

1
)=, () = (L m) vk, m =37,
(1+ @)
2my gA(k2)
I L — K2) = N IALE) 4.
gA( ) (1 12 P gP( ) k2—|—M72r ) ( 6)
+ AT)
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with Ay = 0.84 GeV and A4 = 1.0 GeV. While we expect this to be a good first approx-
imation, we have explored the dependence of the contact term on the form factor input.
In the case of the axial-vector form factor, we have taken the range A4 € [0.8,1.2] GeV,
which corresponds to an axial radius of 0.47(19) fm?, in good agreement with the result
0.46(16) fm? quoted in ref. [81]. For the vector form factor, we have explored the continued
fraction expansion of ref. [82]. Since input on the form factors turns out to induce a by far
subdominant uncertainty in the matching result (see discussion below), we will not perform
a more sophisticated error analysis based on state-of-the-art information on the nucleon
form factors [81, 83-85].

The parameterization of OQL (k) in terms of the weak nucleon form factors then leads to

&’k lg%k?) + 3hi (k?) (47)

ME = _/ (2r)3 K2
1 1

3
q /
x/(27r)3 s(p’,qa+k) E' —(q+k)2/my +ie E—q2/my + ic s(a,p),

where the notation for the HOS Ts—matrix elements is®

Ts(q,p) = (a|Ts(E)|p), E= W%N ,
12
T5(p' ) = (P T5(E)la) B= (4.8)

We further write the HOS T's-matrix element as the product of the on-shell Ts-matrix
element times the HOS factors fs(q, p) [86]

Ts(q,p) = Ts(p,p) x fs(q,p). (4.9)

Using the LO on-shell result [23], see eq. (3.3),

Ts(p.p) = (x5(0)) Kp (4.10)
and defining
f =f +o) = 18(@p)
fs(a,p) = fs(a,p) xp(0) = Top.p) P (0), (4.11)
we arrive at
MG = x35(0) Kpr [ AS | K x5 (0), (4.12)
3 2 (1.2 LL (1.2 ~
A= [ s | | 25000, (4.13
e . d3q ol 1 1 £
IC(|k’) - / (271')3 fS(p ,q + k) Jo <q+ k)2/mN Yic E— q2/mN T e fS(q7 p) .
(4.14)

6These are S-wave projected matrix elements and depend only on |p| and |q|.
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Equation (4.12) shows that Mg has the correct IR behavior to LO in the external momenta
p and p’ and that the quantity Aé corresponds to the amplitude Ag in chiral EFT.
As argued in section 3, A¢ contains a singular UV-divergent term (Azng) and UV-finite
contributions induced by pion exchange (0.A¢). In analogy to eq. (3.9) we can write

AS = AS™E £ 5 AS (4.15)
where dAS denotes the convergent pion-exchange contributions to Ag, satisfying

SAS —0Ac ~ Ac x O <Q> : (4.16)
Ay
Therefore, these finite contributions drop out of the matching relation (2.13) to LO and
for the purpose of matching one only needs to identify the singular component Ag.
Aé’smg is obtained from eq. (4.13) by systematically removing the convergent pion
contributions. This requires:

1. Discarding the convergent terms due to the induced pseudoscalar form factor in
2.2 2
hEL (K?). In practice this means replacing 3hZ% (k%) — 2¢.4(k?) + %}g).
2. Setting a; — 0 in the evaluation of fs(q,p) in eq. (4.14), which implies

_Tslap)f
ar=0  Ts(P.P)lo,—0 fs(ap). (4.17)

fs(a,p)

The quantity fs(q,p) is real-valued and can be interpreted as a form factor. In light
of this, from eqs. (4.12)—(4.14) we arrive at

) 3 2 1.2 2 (1.2 2.2 2 m2
Aé@lng — _m?\[ / (;iﬂ-l){?) [gv(k ) + 2.9A(k ) ‘liz(k gM(k ))/(2 N) % Ig(|k|),

[ d%q , 1 1
Ié(’kn_/(zn_)g fS(p7q+k) p/2_(q+k)2—|—Z€ p2_q2+Z€ fS(qvp)
(4.18)

In the end, the difference between Agng(ux) and Aé’smg is quite intuitive. As illustrated
in figure 3, the integrand of Aséng in eq. (3.10) contains the LO nucleon weak current vertices
and the leading contact NN interaction. On the other hand, the full-theory integrand in
Aé’smg contains appropriate form factors in the nucleon weak current vertices and in the
NN vertices (fs(q,p)). The latter parameterizes the off-shell behavior of the short-range
component of the NN amplitude and amounts to changing the LO chiral EFT function
Zco(|k|) defined in eq. (3.11) to Z5(Jk|) given in eq. (4.18), valid for a larger range of
momenta |k| compared to the LO result. It will prove convenient to present results in

terms of the ratio
ReZ5 (|k|)

r(kD = ReZo(lk))

(4.19)
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Figure 4. Ratio r(|k|) defined in eq. (4.19). The various lines correspond to the NLO #EFT result
(blue), the NLO chiral EFT result (red), and the three-Yukawa potential from ref. [87] (green),
compared to the LO chiral EFT result r(|k|) = 1.

We now describe our construction of Z5(|k|) and r(|k|), based on the first two orders
in chiral EFT and then extended to larger values of |k| using models for the short-range
NN interaction in the 1Sy channel. For concreteness we work at the kinematic point
Ip| = |p’| = 1 MeV.

1. At LO in chiral EFT one has fs(q,p) = 1 and the integrals simplify to

ReZ5([k|) = ReZco([k|) = 0(|k| — 2|p)/(8]k]) .

2. For [k| < M, and |k| < A, we can evaluate the corrections to Re Z5([k|) in #EFT
and chiral EFT, respectively, using Vs(p,p’) = C + (C2/2)(p? + p'?). As discussed
in appendix A, the results at next-to-leading order (NLO) in chiral EFT and #EFT
are formally identical

C
fs(ap)=1- 550" —a”),

Ca
fs(patk)=1-Z[p” (@ +k’] . (4.20)
with the identifications C' = Cpy in #EFT and C = Cy + g% /(4F2) in chiral EFT.
Note that these HOS form factors are different depending on whether they involve the
initial- or final-state on-shell momenta, so that fs(p’, q) cannot be obtained from the
expression of fg(q,p) by interchanging q <> p and subsequently replacing p — p’.
This leads to (see appendix A for details)
1 Co

Re Z5 ([k|) = Sk mnC? (4.21)

In terms of the ratio r(|k|) introduced in eq. (4.19) the NLO analysis gives

8Cy
myC?

rNO(Jk|) =1 — k| (4.22)
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In both EFTs the ratio C3/C? is renormalization-scale independent. In #EFT
Cy/C? = mpro/(87) is linked to the effective range, leading to

PO (k) =1 - %k; . (4.23)
Since rg ~ 1/(72MeV) (corresponding to Cy/C? ~ 0.52), this produces sizable frac-
tional deviations in Re Z5(|k|) already for |k| < M. In chiral EFT one finds a
slightly reduced suppression Co/C? ~ 0.38 [23], as part of the effective range is al-
ready captured by the pion-exchange contribution. In summary, the NLO analysis
shows that there is a sizable suppression of the LO result already for relatively low
k|, linked to the large effective range in the 1Sy channel.

3. To extend Z5(|k|) or equivalently r(|k|) to higher values of |k|, we have computed
fs(a, p) using models of Vg, i.e., the short-range NN interaction in the 1Sy channel.
We have used the three-Yukawa potential from refs. [87, 88] and the AV18 poten-
tial [89], all of which reproduce the 1Sy phase shifts for |p| up to several hundred
MeV. Using the Kaplan-Steel three-Yukawa potential [87] as our baseline model, we
have solved numerically the Lippmann-Schwinger (LS) equation to obtain fs(q,p),
which was then used to evaluate Z5(|k|) (see appendix A for details). Reassuringly,
as illustrated in figure 4, the behavior of 7y, (|k|) in the model calculation very closely
tracks the NLO chiral EFT result for [k| < 200 MeV, i.e., the region in which NLO
chiral EFT is expected to provide model-independent and accurate results. Using
other NN potentials [88, 89] does not change the qualitative picture, but induces
small changes in the slope of r(|k|) for |k| < 400 MeV as well as the location and
depth of the minimum for |k| ~ 600 MeV. This makes it clear that using ry(|k|)
all the way to |k| ~ A ~ 1 GeV introduces model dependence. However, in the inte-
gral (4.18) the region in which ry (|k|) has the largest model dependence is weighted
considerably less than the model-independent low-|k| region, because the integration
kernel involves 1/|k| and the nucleon form factors, both rapidly decreasing functions
of |k|. In section 5 we will quantify how this model dependence affects the extraction
of the effective coupling.

4.2 High-momentum region: A~

At large Euclidean virtualities (k% > A(QQCD) the time-ordered product of currents f[ﬁVL (k,0)
defined in eq. (2.6) admits an OPE. An analysis of the leading diagrams, depicted in figure 5,
shows that

- 4ig? A A
LL _ s 2 o af
1L, (k,0) = Tt iop X [(k’uk,, — k29)9*” 0up(0) + guvkakz O (0)
+ k20,u(0) = bk Oaa(0) = kuk® O (0)] . (4.24)
where
OQB(O) = ur(0)y,T*dr(0) ’L_LL(O)’)/gTadL(O) = OBQ(O) , (4.25)

and T are SU(3) color generators.
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Figure 5. Quark-level diagrams that determine the asymptotic behavior of ﬁﬁ,f . Solid lines
represent quarks, curly lines represent gluons, and the black dots represent insertions of the cur-
rent UrY,dr.

In the actual matching calculation, since we contract T}, with g,,, we need

8ig:

4ig? 3
(k2 +ie)? 4

/.Ll/f[LL k 0 - _
g /.LZI(? ) (k2+i6)3

(- 2k208 + 2kaks0°7) O, (4.26)
where the last step holds under symmetric integration (koks — k?gas/4). Finally, we note

that by using Fierz identities in color and then in flavor one obtains

A 1_ B A 1
Oag = guL’yadL uL’y,gdL — Og = 501, (4.27)

where O; is defined in eq. (2.2).

Performing the k° integration in order to go from g*” ﬂﬁ,f(k, 0) to O (k) we obtain

A 392 1
0L (k) = 4 kP 01(0), (4.28)

which is the expression to be used to evaluate the A~ component in eq. (2.23), to obtain

> _ 30g
2T

10O i) [ k. (4:29)

This result shows a factorization of the hard and soft contributions. The final step requires
the evaluation of (f_|O1(0) |iy), which can be done in chiral EFT to LO.

As discussed in refs. [35, 42] the four-quark local operator O; admits a low-energy
realization consistent with chiral symmetry and its breaking. To LO (and neglecting higher
powers of the pion fields) one has

)
01 — gV pnpn + agiﬂr F20,m 0"~ + V2g9agTN Fr p(SFOm)n+ ... (4.30)

The scaling of the non-perturbative parameters is gi¥V, g7V ~ O(1), while a precise lat-
tice calculation gives g™ = 0.36(2) at the renormalization scale u = 2GeV in the MS
scheme [90].” The 77 and 7N couplings induce a pion-range transition operator, while the

"See refs. [91, 92] for a determination of gf™ based on chiral SU(3), consistent with the direct lattice
result. We have suppressed the dependence of the short-distance couplings on the QCD renormalization
scale u, needed to cancel the scale dependence in a(p).
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NN couplings gives a short-range transition operator. The final result is given by

(f-101(0) [iy) = Aa+ x35(0) Kpr Ap + A Kg x5 (0)

+ i 2§{VN +
+Xp (0) Kpr | Ac + o2 Kg xp(0), (4.31)
where
~NN NN 9,24 5 p TN
g1 =91 + o (691 — 91 ) (4.32)

and A4 p ¢ have the same formal expression as A4 p ¢ [43] with the replacement [42]

s 2 2 T 2
591 Mﬂ'q ( TN _ 591 ) MTI' (433)

1S 'S )
Vor'(@ = Vo,"(a) = g4 [ 6 (@+2? I T 6 ) g1

These relations allow us to write A~ in a form very useful for the matching to chiral
EFT:

A7 = A7 + x5 (0) K Ap + AZ K X (0) + X (0) K AZ K x5 (0), (4.34)
with
3o o0 1 -
> _ 9%s _
‘AA,B,B o /A d‘k| |k\3 AA,B,B )
3a, [ 1 (25NN
5= dk| —= [ =2 . 4.35
The quantities Ai B g are sub-leading compared to their finite chiral EFT counterparts

Au B €8s A5 /A4 ~ @Q?/A% and similarly for Ap. Therefore, as anticipated in the
previous section, these quantities do not enter the LO matching relation.

On the other hand, AZ has to be retained because its integrand provides the QCD
asymptotic behavior to which the integrand in A5 given in eq. (4.18) has to tend for

large |k|. Given our limited knowledge of giVN’WN and the fact that the terms involving

gV gV and ¢T™ contribute at the same order to (f_|01(0) iy ), we will retain for
simplicity only the term proportional to gi*". For convenience, in the matching analysis

we express gi'" as follows

2
o = (B2e) B2, @~ o). (1.36)
In numerical estimates we will allow for gi'" as large as O(10), given that the 77 short-
distance coupling g% = 8.23 [90] relevant for the vector-vector correlator by far exceeds
its O(1) expectation. However, the numerical impact of these poorly known short-distance
parameters on the overall analysis is very minor, as the main role of A is to enforce the
UV finiteness of the nn — pp amplitude.

¥Note that the mismatch in dimensions between V;fo (q) and Volfo (q) is compensated by the additional
powers of 1/|k| in eq. (4.29).
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5 Matching and extraction of C,

5.1 Results

The matching condition (2.13), taking into account the form of AXFFT in eq. (3.15) and
the structure of A< (see eq. (4.1) and following discussion) and A~ (see eq. (4.34) and
following discussion) reduces to

2C1 (k) '

Aé’smg + Az = Agng(ﬂx) + C?

(5.1)
The amplitudes Asmg(,ux) and Aé’smg are given in egs. (3.10) and (4.18), respectively, and
AZ is given in eq. (4.35).

Defining the dimensionless coupling C; via

2
my 5
Ci ( i C ) C1 (5.2)
and the dimensionless quantities
- 47 \?
X X
A (mN) A (5:3)
the matching condition reads
Ci(py) = [(A< e AT (1)) + AZ] - (5.4)

Using our previous results, we can write the various quantities entering the matching
condition in terms of the following integrals:

1sin, 1+292 Hix
A gw:—wa |7 i)
5= [ i ac(u),
Az = [ d| ax (k). 55)

with?
1
ay(k|) = —(1+292%) K 0(|k[ —2[pl),

ac(k) = — g2 + 2ga(2) + KD ) 11D g0 oy
o3, ) I

3as _yy FF
9 W?

ax(|k|) = (5.6)

with r(]k|) given in eq. (4.19). Putting all pieces together we can write

5 1+ 242
2C1(py) = 9 -

Hx A o0
= [ d k) + [ k] ac(k)+ [T dik]as(K). 6.0

9For the matching condition only the real part of ay matters.
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Figure 6. Left panel: a,(|k|) (vellow), a<(|k|) (blue), and a- (|[k|) (green band) assuming gi*V €
[—10,10]. Right panel: same plot for the absolute values in logarithmic scale.
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Figure 7. Left panel: dependence of C~1(ux = M,) on the matching scale A using gV = £10.
Right panel: dependence of C; on the chiral renormalization scale T

By construction the y, dependence is consistent with the renormalization group equation
(RGE) for the rescaled coupling C(j,) [43]. This representation shows that up to an
additive constant the LEC él(ﬂx) can be thought of as the difference between two integrals
in |k|, one in the full theory extending all the way to |k| — oo, and one in the EFT extending
to |k| = 1. Therefore, the LEC C;(y1,,) corresponds to (i) a possible mismatch between the
LO chiral EFT and the full amplitude at |k| < p,; (ii) the component of the full amplitude
arising from |k| > p,.

In figure 6 we show ay(|k|) (yellow), a<(|k|) (blue), and a-(|k|) (green) assuming
gV € [~10,410]. The behavior of the integrand indicates that the LEC is dominated by
the low- and intermediate-momentum regions. In the left panel of figure 7 we show the
dependence of C; (y = M) on the separation scale A, which proves to be relatively mild.
The right panel shows the dependence of C; on the chiral renormalization scale - The
impact of varying g{'V € [~10,+10] is illustrated by the two different curves in the left
panel of figure 7 and is very small.

Overall, the result for the LEC C;(p1,, = M,) ~ +1.32 is relatively stable and confirms
the expected scaling of the contact term, i.e., C; ~ O(1) [40]. This matching analysis
implies that the contribution from C; and the long-range neutrino exchange encoded in
Ac interfere destructively, at least when one uses dimensional regularization with minimal
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subtraction. Another way to see this is as follows: the 'Sy long-range neutrino potential
Vi = (1 + 29124) /q? > 0 has the opposite sign compared to the short-range potential
Vs = —2C1 < 0, since C1(puy) > 0 for values of u, appropriate for the chiral EFT analysis
(see the right panel of figure 7 for a quantitative statement).

The origin of the sign can be traced back to the mismatch between the LO chiral EFT
and the full amplitude for |k| < p,, an effect quite visible in the doubly-logarithmic plot
in the right panel of figure 6. In turn, the sizable deviation of a-(|k|) (blue) from a, (|k|)
(yellow) at |k| < p,, = M is due to the behavior of r(|k|) (see figure 4 and discussion in
section 4.1), which enters multiplicatively in a<(|k|), as per eq. (5.6), and effectively encodes
higher-order corrections to the forward Compton amplitude. As discussed in section 4.1,
the all-important negative slope of 7(|k|) for |k| < 300 MeV is controlled by the large 1Sy
effective range rg ~ 2.7 fm and is not a model artifact.

While these arguments allow us to understand the origin of the sign of the contact
term at a given scale in the MS scheme, we stress that no general statement is possible,
see section 7 for more details. For instance, in the cutoff schemes discussed there, both
destructive and constructive effects are possible depending on the scale of the regulator.

5.2 Discussion of uncertainties

Our baseline result Ci(p, = My) =~ +1.32 is obtained using the Kaplan-Steele [87] Vg
potential. This result is relatively stable with respect to input parameters in the form
factors, the local matrix element gi¥" controlling the high-|k| tail, and the matching scale
A, aslong as A > 1GeV. The coupling gi¥ (1), expected to be O(1), is presently unknown,
but in view of the large value of the similar two-pion matrix element g% = 8.23 (see
appendix B for details), we take the range g)'"V € [~10,+410], with minor impact on
the final result. These parametric uncertainties do not exceed 5@1 ~ $0.05p, and are
dominated by the input Ay = 1.0(2) GeV.
The main systematics of our approach are due to the following effects:

1. We have effectively truncated the spectral representation (2.22) to keep only the
elastic NN intermediate state. In order to assess the size of the neglected terms,
we provide below a rough estimate of the simplest inelastic channel, namely NNr,'"0
see figure 8. As discussed in appendix C, we find contributions to C; from the NN«
intermediate states on the order of [6C;| = 0.1-0.35 and due to this we assign an
uncertainty of 5C~1|inelastic ==£0.5.

2. Within the NN channel, we have built our integrand in |k| starting from the low-|k|
end. To extend the form of the integrand to |k| ~ A ~ 1 GeV, we have taken two main
steps: (i) We have included nucleon form factors of the weak currents. This is known
to saturate the elastic contribution to the electromagnetic mass difference of both
the nucleon and pion in the Cottingham approach. (ii) We have included HOS form
factors fs(q,p) that encode the higher-momentum behavior of the NN scattering

10T the discussion of higher-order EFT contributions to the nn — pp amplitude given in ref. [38], these
contributions were called “non-factorizable.”
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amplitude. This effect, parameterized by the ratio r(|k|) defined in eq. (4.19), has
no analog in the Cottingham literature, which usually deals with two electroweak
current insertions on a single hadron. As discussed in section 4.1, we have performed
the modeling of r(|k|) using a three-Yukawa potential and tested against the NLO
chiral EFT analysis. Comparison with the chiral EFT analysis shows that inclusion
of this effect is essential to reproduce the correct Compton amplitude, and hence
the integrand, already at |k| < M, . On the other hand, the extension of r(|k|) to
k| ~ A ~ 1GeV introduces model dependence. To quantify this model dependence
we have employed both the simple three-resonance model and the AV18 model for
the short-range NN interactions in the 'Sy channel. In both cases the behavior of
r(|k|) shows the same features, see figure 17: a rapid drop controlled by the large
effective range, a zero for |k| between 400 and 500 MeV, and then a minimum around
(600-700) MeV. However, the key point is that because of the fall-off of the integrand
multiplying r(|k|), any feature above 500 MeV is washed out, and the differences
between AV18 and Kaplan-Steele potentials have little impact on the extracted LEC.
Numerically, compared to our baseline Kaplan-Steele model, we find a variation on
Ci of &~ 40.20 and ~ —0.20 when using the Reid or AV18 potential, respectively.
This difference correlates with the different slopes of r(k) for [k| < 300MeV, see
figure 17. Based on this, we will assign an error of 6C; of £0.2 due to the choice of
the short-range potential V.

3. The above discussion and figure 6 both point to the fact that the bulk of C; is
controlled by the behavior of a~(|k|) for |k| < 300 MeV, where our integrand can be
linked to the model-independent chiral EFT behavior. Quantitatively, we find that
the region |k| € [0.4,1.5] GeV, entailing the largest unknowns, contributes A|C;| <
0.05, which is a reassuring result.

4. Finally, we note that our approach can be used to estimate the combination of LECs
C1 + Ca, which corresponds to two insertions of the electromagnetic current and can
be extracted from data. As discussed in section 6, our matching calculation for
C1 + Cy compares within uncertainties fairly well with the value extracted from the
CIB combination of NN scattering lengths. This is a non-trivial validation of the
method and gives us confidence that our results provide a realistic estimate of these
couplings and their uncertainties.

In light of the above discussion, we quote the following estimate for the LEC

Ci(pty = M) ~ 1.32(50)1ne1(20) 5 (5)par = 1.3(6) , (5.8)

which becomes
Ci(py = 4M5) = 4.2(6) (5.9)

at a renormalization scale that corresponds more closely to cutoffs used in ab-initio many-
body calculations (albeit in a different scheme and thus not in direct correspondence, see
section 7 for more details).

— 24 —



Figure 8. Representative inelastic contribution to the generalized forward Compton amplitude.
Solid lines represent nucleons, dashed lines pions, and wavy lines the current insertions.

The final uncertainty is dominated by the missing inelastic contributions and implies
a relative precision of (20-30)% on the renormalized singular amplitude /I%ng +2C,; at
Ip| ~ (20-30) MeV — in line with the expectation from the Cottingham analyses of pion
and nucleon masses. Note that this translates into a smaller relative error on the total
amplitude AXEFT as we will discuss in section 7.

6 Vector-vector amplitude and C; + C,

In analogy to the matching for the purely left-handed coupling C; = g2V, one can determine
the left-right coupling Cy and the vector combination C; +Cs. Since C1+Cs can be extracted
from a fit to the I = 2 NN scattering amplitudes, this offers a way to validate the matching
approach through experimental data. The matching calculation is most easily done by
considering the nn — pp transition in the unphysical theory in which the W boson couples
to both the left-handed quark current wry,dr, (as in the Standard Model) and the right-
handed current wg7y,dr with equal couplings.

6.1 Effective Lagrangians

Let us briefly recall the basic elements of this extended analysis [40, 43]. The starting point
is the quark-level electromagnetic and weak Lagrangian in the Standard Model

£=Gn" (ly+ 1) au + Gy (r+ 7) an» (6.1)

where ¢ denotes the quark doublet ¢ = (u, d)? and we defined

e N e
l, = §Au ™ —2V2Gp [Vud eLYulL 4+ h.c.} , ly = 6A’“

e . e
Ty = §A“ 73, Ty = EAN, (6.2)

where 77 = (71 +1i712) /2. We are interested in the isovector components of the interactions,
involving [,, and r,. We will consider the unphysical theory in which the W boson has
vector-like couplings and hence couples with same strength to both u;vy,d;, and ugvy,dg.
This amounts to r, = [,,, namely

e
Tn= §Au ™~ 2V2GF {Vud ey’ +he . (6.3)

— 95—



Double insertions of the isovector component of eq. (6.1) give rise to Ov33 amplitudes and
I = 2 electromagnetic effects through the effective actions:

Siny = ST, SeM =2 = S, (6.4)
with

s = Fo [ dad'y ¢ S(a — y) T(Tin@) Ton ) + Tin(e) Jinly) + 2050(@) Jon())
(6.5)

and
wn(®) = qr(x)yutqr(z), wr(7) = qr(z)yut"qr(z) . (6.6)

The interaction-specific factors are!!

838GV 2 '
g+ = SEFYuamBs Ere | t+:T+:7—1+”27
2! 2
2 3
(& T
33 & e 6.7
217 9 (6.7)

and S(x — y) is the massless scalar propagator defined in eq. (2.4), which arises from the
neutrino or photon propagator in the Ov33 and I = 2 cases, respectively.

At low energy, the above effective actions manifest themselves through both (i) long-
distance effects with exchange of soft, potential, and ultrasoft neutrinos (photons) between
the pion and nucleon realization of the electroweak currents; (ii) local interactions, which
can be thought of as arising from the exchange of hard neutrino (photon) modes. Since
the amplitudes transform according to the same irreducible representation of the isospin
group, in the isospin symmetry limit the exchange of hard neutrinos leads to identical
contributions as photon exchange, up to the overall factors F™+ and F33.

The above considerations imply the following relations between low-energy chiral La-
grangians. In the nucleon sector we have:

2
LEN = 2 [0 0F + ¢, 08

LR = 2GFVEmss eneg (G OFF +C 0] (6.8)
with
O§*=NQINNQJN — Tr[QgLQaL]NTN -NTN + {L + R},
05* =2 <NQ“LNNQ‘}2N - TF[QGQL%]NTN : NTN) , (6.9)
where
Q% = ultou, Q% = ut®u’, (6.10)

and u? = U = exp(iT - w/Fy) incorporates the pion fields.

HFor simplicity we neglect the electron four-momenta, so we can replace er, (), ez (y) — er(0) and factor
the electron fields out of the convolution integral.
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In the pion sector we have non-derivative LO local operators arising from the LR
current correlator:

i — 25} TQ} O,

LTy = (8GHVEmes eret) ZF) Ti[Qf OF), (6.11)
where, at LO in chiral perturbation theory (ChPT), Z is related to the pion-mass split-
ting by'?

202 Loy 1 2 2
ZEF; = 6M2 = o (M2 - M2). (6.12)

6.2 Pion two-point function and the low-energy constant Z

Before discussing the nn — pp amplitude, it is instructive to consider the simpler 7= — 7+
transition. In complete analogy with eq. (2.6) one can define a vector-vector correlator via
the replacement Jlf =ury,dp =V, = J;f + Jf = tury,d. The object of interest for our
matching calculation is

7 (k,p) = (x T (p)| I (K, 0) |7~ (p)),  T™"(k,p) = ¢" Ty (k,p). (6.13)

T (k,0) determines the LEC Z defined in eq. (6.11), while 77" (k,p) (where p is an off-
shell four-momentum with potential scaling) contributes to nn — pp as discussed below.
In the small p, k regime 77" (k, p) can be computed reliably in ChPT. At LO one has'?

2p+k)u@p+k)y  @Cp—Fk)uCp—FkW] .

(K =212 — — 6.14

7;( (7p) 7/|:gMV (p+k3)2—M7%+Z€ (p—k')2—M72r+Z€ g Y ( )
which in the chiral limit and for p — 0 reduces to

T)™(k,0 =44 Rk MY = 4i(d — 1 6.15

TR O)| =4 g — gt | ¢ = 4i(d—1). (6.15)

The expression for 77" (k, p) can be extended to the intermediate ¥ momentum region by
using resonance models that work reasonably well in the meson sector [62] and automati-
cally respect the constraints of chiral symmetry beyond the LO amplitude (6.14). We will
not follow this route but we will rather use the following prescription

T2 (k,p) = T (k) x (EY () (6.16)

which captures the full pion-pole contribution to the on-shell Compton amplitude [94—
96] in terms of the pion vector form factor FY (k?), for which we will take the simple
monopole form

V2 M

!2Note that the operator in the first line of eq. (6.11) differs from the usual definition in ChPT [93] by
an inessential constant.

13Up to a proportionality factor due to isospin, this expression agrees with the forward Compton ampli-
tude, see for example ref. [66].
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with My = M, While the form (6.16) does not capture the contributions form
intermediate-state axial-vector mesons [62—-66], the resulting numerical impact on the LEC

Z is below the 20% level [64].
In the large k regime, the form of 77" (k,p) is dictated by the OPE, see section 4.2
and appendix B. It is given by

4ig? n AVV |~ AVV 1
— O O"" =014+ =(04—305) . 6.18
(2 1 ic)? (™ (p)| [T~ (p)) 1+3 (O4 5) . (6.18)

To LO in ChPT, the pion matrix elements are given by

T (k,p) =

5

1
3gi”rpz+ (95" —3g5™)| , (6.19)

(wt(p)| OV |7~ () = F§ 5

where the LECs g7 5 are known from lattice QCD [90, 92] and scale as gi™ ~ O(1) and
9% ~ O(A2). From this scaling it is clear that the dominant contribution to the two-pion
matrix element is proportional to the combination ¢7% = (1/2)(g7™ — 3g5™).

We are now in a position to write down a matching relation for the LEC Z introduced
in eq. (6.11). Writing the pion two-point function at zero momentum in ChPT and in full
QCD, one derives the relation

'k 1
8ZF; = / i 6.20
0 ( ) kg + e T ( ) ( )
In the spirit of the matching strategy used in this work, we split up the integration over
three-momentum |k| in two regions and by using 777 (k,0) from eq. (6.15) and 7Z7(k,0)
from egs. (6.18)—(6.19) we arrive at (see appendix D for details)

Z=0+4+27,
6 A |k| M,
Z< = 7/ d|k| |k 1 v
(47 Fp)? el Ji] < wy < +2wv>> ’
Bas(p)gT
Z> = 35 (197 R (1) / dlk| —= 21

where wy = y/k? + M and p is the QCD renormalization scale. The above result is
in agreement with estimates of the pion electromagnetic mass splitting [62-66]. Taking
My = 775MeV, Fr = 92.28 MeV, and g7} = 8.23 from lattice QCD [90], the sum of low-
and high-momentum components Z<(A) + Z~(A) equals 0.63 at A = 2GeV and reaches
the asymptotic value Z<(A — oo0) = 0.67. The deficit compared to the experimental value
Z ~ 0.8 is understood in terms of the neglected inelastic contributions from the axial-
vector resonances [62—64], thus providing another estimate of the error due to neglecting
inelastic corrections.

6.3 nn — pp vector-like amplitude in chiral EFT and full theory

Let us now consider the amplitude Ay in the unphysical theory in which the W boson has
vector-like couplings to quarks. Denoting by Arr rr the nn — pp amplitudes generated by
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W -exchange between two left-handed quark currents and a left-handed and a right-handed
quark current, respectively (see egs. (2.6) and (2.9)), we have

Avy =2A0L +2ALR . (6.22)

Note that Ap; = Ay, i.e., the amplitude in the physical theory, defined in eq. (2.9), and
the factor of 2 in front of Ay, arises from the fact that LL and RR products, both present
due to vector-like couplings, give the same result by parity.

6.3.1 Ayvy in chiral EFT

At LO in chiral EFT, the nn — pp vector amplitude takes the form
ASTT = 2 ANN 2 ANN 1 ATE, (6.23)

where AN is given in eq. (3.15). AYY can be obtained from A} by ﬂlppmg the sign of
the “A x A” axial contribution, which in practice amounts to settlng g4 — —g*% everywhere
and replacing C; — Cy in the counter term amplitude.

In the vector theory, the main new effect compared to the physical amplitude is the
presence of a LO contribution induced by pion exchange, denoted by A{7, in eq. (6.23),
induced by the non-derivative operator in eq. (6.11) with coupling constant Z. The am-
plitude A%, has the same form of AXEFT in eq. (3.4), except for the fact that in each
diagram the neutrino propagator is replaced by a pion propagator with one insertion of Z
that converts a 7~ into a 7T, see figure 9. This implies that in the computation of A4 p ¢
in egs. (3.8)—(3.15) one needs to make the replacement:

2
. 1 gAM? ! YA M?
Vyfo (k) = ] 1424 + (1{2‘:_7]\42)2 — VZSO (k) = k2A 1- Kz (6.24)

As discussed in ref. [43], the UV behavior of this potential induces additional divergences
reabsorbed by the coupling Cs.

Finally, we note that in complete analogy to the physical LL case, the matching con-
dition for the V'V amplitude will involve only the real part of the singular component of
the amplitude A¢ associated with eq. (6.23). Combining the NN and 77 contributions,
we write it in the following way that will prove useful in the matching procedure:

2 2
sing _ mN 2 lux
ASE (), )]W_ 20y (1+2243) llog = |2+1]
2
_ 9 M {—(1+2Z9124) 174} log 1 +/ dk| oV (k))| |
(47T)2
V() = -2 MQ(!k\ —2|p|). (6.25)
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Figure 9. Diagrammatic representation of AJ7,, the pion contributions to the LO nn — ppee
amplitude in the vector-like unphysical theory. Double, dashed, and plain lines denote nucleons,
pions, and electrons, respectively. The black square denotes an insertion of the non-derivative
coupling Z, see eq. (6.11). The blue ellipse represents iteration of V., as in figure 2. The ellipses in
the second and third lines denote diagrams with arbitrary numbers of NN bubble insertions.

6.3.2 Ayvy in the full theory

As before, we split the full amplitude into two terms, capturing the contributions from
small plus intermediate and hard neutrino momenta: A = A5, + A7,. One can again
organize the full theory calculation of Ay, in close analogy to the EFT expression given in
eq. (6.23). Agév "< is discussed in section 4.1 and the corresponding A]LVI{-{V "< is obtained by
defining O (k) in complete analogy to OFL(k) in eq. (2.18) and then following through.
In practice, this again amounts to flipping the sign of the axial contribution in Aijiv <,
As discussed in section 5, for matching purposes one only needs the singular parts of the

amplitude A5, which can be written as

A<,sing
S 747

<,sing
+Ag n

=2 <A§’Sing o ) + ATTSNE (6.26)

.Aé’smghL is given in egs. (4.18), (5.5), and (5.6). .Aé’smg\LR is obtained by flipping the sign
of the axial terms in Aé’smg| LL, and the sum of the NN intermediate-state contributions is

2 A
2 <,sing <,sing >:2 mN / dlk NN k
(g, Az ) =2 [ il aXV(K).
k2g2 (k2)
aﬁNukr):—(Qg%(kmn% STS(K).  (6:27)
N

In the full theory analysis, the counterpart of the EF'T terms proportional to Z (called
TT in eq. (6.23)) is due to the insertion of OVV (k) = (OMF + OFF + 20LH)(k) on a
pion exchanged between the two nucleons, as depicted in figure 10. The corresponding

AZT S8 s given by

2 4 3
nm,<,sing _ 2 giA d’k 1 / d q il'< T (L 2
Azt 8 [ o5 e | G @ Rl T (628)
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n p

Figure 10. Contribution to Ay due to the insertion of two vector currents on a potential pion
line. In the small |k| region this diagram represents A7 <*"®. In the large |k| region it represents
A", See main text for notation.

The integral in d3q is actually convergent. This can be seen by rewriting TZ™(k,p) as
follows:

T2 (k.q) = 21 2d — ) — Fiulh,0) = (k)| x (Y (%))

4M? — 3k F 4k - q
(q+ k)2 — M2+ie

Fyi(k,q) = (6.29)

Note that terms involving ¢° ~ |q|?/my are neglected at the order at which we work. Up to
a finite piece coming from the term proportional to d—4 in 777, the integral in eq. (6.28) can
be evaluated as follows: first performing the integration in k® using the residues’ theorem;
then performing the angular integral in d®q; finally evaluating the integral in d|q|. We will
present our results in order of complexity:

1. First, we will take FY (k?) = 1 and Z5(|q|) = 6(|la| — 2|p|)/(8lal)-

2. Next, we will use the realistic pion electromagnetic form factor FY (k?) from

eq. (6.17).

3. Finally, we will include higher-momentum effects in the NN interactions by writing

75 (lal) = 6(lal - 2|p|>7“8(‘,3‘,), (6.30)

with r(]q|) defined in eq. (4.19) and illustrated in figure 4.

Throughout, we work in the chiral limit (M, — 0).
The result is quite simple when using Y (k?) = 1 (corresponding to the limit My —

o0) and Zg (lal) = 0(|a| — 2|p[)/(8lal):

2
T <sing mN 169A / d|k| |k (41 924 3l0g X ) 1

This expression can be recast into the following useful form using eq. (6.21)

2

A7r7r,<,sing -9 my
C =

(4m)?

aZ" (k| 1) = —8¢%

[ 132 o %+ [ a7 (i >]

k k
(47|rFlo)2 (4 log2 — 2+ 3log L’) , (6.32)
X
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where we have extracted a factor of two for later convenience, have introduced the arbitrary
scale v, and isolated the dependence on the IR physics (external momentum |p|), which
must reproduce the same dependence in the EFT amplitude (cf. the term in eq. (6.25)
proportional to Z).

For a realistic pion form factor (6.17), the residues from the p propagators need to be
added, which changes the bracket in eq. (6.31) to

(wy — [k]) (2w — 3Kklwy — [K[*)

4log 2 —
8 2w€’/
— k]2(2 k k
+(wv k|) (3wv+| |)<310 wy + | _1>
2wy, 2|p|
wy k|
—3lo (1—|—> —1lo (1—|—>. 6.33
g K] g o (6.33)

In the limit wy — oo this reduces to eq. (6.31), and for |k| — oo this expression displays

the 1/|k|* fall-off that makes the integrand in eq. (6.31) consistent with the OPE behavior

at large |k|. To extract the new form of the integrand, we first express Z<, see eq. (6.21), as
(wv — |K[)*(2wy + [K])

3 A
Z<:7/ d|k|lk . 6.34
6077 [, A % (6:34)

In this way, eq. (6.32) still applies upon the replacement
(wv — [k[) 2w — 3[k|wy — k)

k
T (Kl ) = g% b {8t0g2 -

IA (4nFy)? W
— |k[)?(2 k k
n (wv — [k|) :())wvﬂ \)<3long+| !_1>
Wy Vx
wy k|
—6lo (1+>210 (1+)}. 6.35
g K g o (6.35)
Finally, we include the HOS form factor effects by rewriting in eq. (6.28)
1 r(la)) -1
Z5(lq)) = 9(lal — 2|p x{ + } 6.36
& Ual) = (1l ~ 2/pl) x [ g+ g (6.36)

The first term gives the analytic result in egs. (6.32) and (6.35). The second term gives a
correction to aZ”(|k|, vy ), which we denote by daZ"(|k|),

k| 1—r(lal)
5a™" (|k|) = 44> | / dlq| ———= g(|k|, |al), 6.37

where g(|k|,|q|) is given by

g-(kl,lal) if Jaf <]k
g(lkl,lql)z{ (Ikl, lal _ lal < k] , w=wy =/k2+ M2, (6.38)

g+(kl;lal) —if laf > K]

g (K|, |al) = % —2|k| [(w+lkl>2(kl+3w) 2|k [* + 2[k|w — wQ)] _ 2l 2kl +]d
w (w+ k|)? = |qf? w K| 2[k| — |q
[k|* +6|q?w? + w* —2k*(Jq|> + w?) . w+|k|—|q]
- 2|qlw? 8Tkt lal’
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g
w|q| k| la
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The integration in eq. (6.37) will be done numerically.
Putting together the NN and mm contributions, the full low- and intermediate- k|
integrand in AZ5""®|yy is given by

2V (Il vy) = aZ([K]) + aZ7([kl, vy ) + 607 (Kl) (6.39)

where the input functions are given in eqgs. (6.27), (6.35), and (6.37).

Concerning Ay, we use the OPE results given in section 4.2 and appendix B, as-
sembled to produce the vector-vector linear combination, as done in section 6.2. This
leads to

> sing
‘AC

Sas 2 NN+ NN blIl 51n
== /A d/k| |k|3 <(gl C%LR)( )+A 8(1y) + A8 (1) )), (6.40)

Vv
where A¢ is defined in section 4.2, gV (vy) and Ac are defined in appendix B, and vy is
the chiral EFT renormalization scale used in evaluating (pp|OYY|nn). We chose to keep
Uy # piy for clarity. However, to simplify the analysis of the IR divergences, we use here
the same scale v, introduced in eq. (6.32) to separate out the log|p| term from the low-

|k| amplitude AFK’Sing

. Given the scaling of the NN couplings and the potentials that
determine Aq and .,Zlc, discussed in appendix B, in the above expression we keep only the
leading terms givév and Ac. The real part of the singular component of Ac is generated

by pion exchange and is given by

2 T 2 2

isi My 9rLr9a Yx
Azng(yx) = — (47[_)2 A [log | ‘2 +1], (641)

so that we can write!*
A>,sing _ Sas /oo d|k 1 2gi\fé\7(yx) . m?\[ 9271:2 9124
¢ vy A k|3 C? (4m)2 4
2 T o)
my o 9 [3asgrn / ]

- 8 dlk 1 6.42
(in)? 167 I | % 3 (6.42)

In the second line of the above equation, the expression within square brackets is identified
as Z~, cf. eq. (6.21). Moreover, using the definitions (B.14) we can further simplify this

!4Here and below the dependence on the QCD short-distance renormalization scale p in as, gFg, and
gYNF is suppressed for simplicity. Note that, in contrast to gi' ¥, g5 carries an additional dependence on
the chiral EFT scale v.
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expression to obtain:

m2
> sing N >
=2— |—4g% Z~ 1 dlk k
Az G 27 T+ [T oV ()|
(4TFF) _NN gLRgA

Using the lattice QCD results of ref. [90], we find g7% = 8.23 in the MS scheme at p =
2GeV. While both g¥% and gh2 are expected to be O(1), given the large numerical value
of g7k, for the nucleon coupling we will assume QJLVI{BV € [—10,+10].

6.4 Matching

The matching condition for the vector amplitude Ay leads to (compare to eq. (5.1) for
the LL amplitude)

.A< ,sing + .A> ,sing

4%

_ Asmg( )’VV + 4(CI(MX)C("‘12‘ CQ(MX)) ) (644)

The input needed in eq. (6.44) can be found in egs. (6.25), (6.26), (6.27), (6.32), (6.35),
and (6.43). Rescaling the couplings and integrals as in section 5 and using Z = Z< + Z~,

Vv

one arrives at

~ ~ V. Hx
2(Calpn) + Colp)) =1 +22 g3 — 42 1ox > — [ dlie oY (J)
X

w [ a2 ) + [T ), (649

with a¥V (|k|,vy) given in eq. (6.39). Note that the logarithmic IR dependence on the
external momentum |p| has disappeared in the matching relation, providing a strong con-
sistency check on the calculation. Except for daZ" (|k|), which is given in eq. (6.37) and has
to be obtained via numerical integration, the quantities relevant to evaluate the matching
condition (6.45) are

vV (k) = =2 = 0(k| - 2[p]),

|k|
kg7, (k?)
V(i) = (202 0) + D) 8 75w
N
T ‘k| (LUV - |k’)(2w2 B 3|k‘WV _ |k|2)
a™ (|k|, vy) = —4g% (inFy)? {810g2 — Vw%/
N (wy — [k])? (QWV + |k|) ( wy + k| 1)
WV Vx
_ wry 1L}
6log (1 +2 2log | 1+ ,
Ik! wy
3as 1 B gﬂﬂ' g2
alV (k| vy) = o TP (291LV]§V(VX)— Llji A) . (6.46)
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Figure 12. aZ"(|k|, M) (blue), daT"(|k|) (yellow), and their sum (green).

Without loss of generality, in the numerical results we set v, = M. The various com-
ponents of the integrand are shown in figures 11 and 12. Figure 11 displays the chiral, low-
and high-|k| components of the integrand, namely a¥v(|k|) (vellow), a¥V (k|, M) (blue),
and a¥V(|k|, M), in both linear scale (left panel) and logarithmic scale (right panel).
Figure 12 shows aZ7(|k|) (blue), 6aZ™(|k|) (yellow), and their sum in green. Figure 13
shows the dependence of (C; + C2) on the matching scale A (left panel) and the chiral
renormalization scale i, (right panel).

We now discuss the uncertainties associated with our estimate of (C; + C2): (i) Con-
cerning the parametric uncertainties, the dependence on the vector form factor parameter-
ization is mild: we find an upward shift of +0.03 when using the Arrington-Sick fit [82],
compared to our baseline dipole parameterization. On the other hand, the uncertainty due
to the choice of A € [2GeV,4 GeV], coupled to the range gN2'| € [—10,+10] (motivated by
the large value of the corresponding two-pion matrix element, see appendix B), is at the
level of 0.3, larger than in the case of Cy, see figure 13 (left panel). (i) To estimate the
systematic uncertainty due to the choice of the short-range NN interaction Vg, we repeat
the analysis using the Reid and AV18 potentials, finding shifts in (C~1 + C~2) of ~ 40.25 and
~ —0.3, respectively. (iii) For the systematic effect due to the neglected inelastic channels
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Figure 13. Left panel: dependence of (C; 4 C2)(py = M) on the matching scale A using gNa =
+10. Right panel: dependence of C; + Cy on the chiral renormalization scale .

we take a range 0(C; + Cp) ~ %1.1, which leads to a relative error of about 50% in the
singular NN electromagnetic amplitude at |p| ~ 25 MeV, larger than the 30% in the weak
amplitude controlled by C;. In addition to the new class of pion-exchange diagrams, this
larger assignment is motivated as follows: in contrast to the C; analysis, the parametric
error is now more sizable, mainly driven by the NN short-distance coupling g]LV}ZV . In fact,
reducing A to values as low as 1 GeV and thus into the energy region where the applicabil-
ity of the OPE becomes questionable and inelastic effects important, leads to a variation
§(Cy + C) ~ £1.0. Since this effect concerns the intermediate-momentum region which is
most uncertain in our analysis, the resulting variation could be either booked as an uncer-
tainty obtained by extrapolating the OPE expression beyond its region of validity, or in
terms of neglected intermediate states. We prefer to keep the OPE scale A = 2 GeV, and
thus increase the estimate of inelastic contributions accordingly to account for the more
prominent effect of the short-distance coupling for Cy + Cs.
Altogether, our final result is

(C1 + Co) (it = M) = 2.9(1.1)i5e1(0.3) 15 (0.3) par = 2.9(1.2) . (6.47)

Concerning the central value, the pion contributions (2Zg?4 plus the integral of
aZ"(|k|, M) + 6aZ7(|k|)) amount to +2.4. Moreover, the most uncertain intermediate
momentum region k| € [0.4,1.5]GeV contributes A(C; 4 C2) ~ 0.55, safely below our
uncertainty estimate. At the renormalization scale y = 4M; our result becomes

(C1 + Co)(juy = 4M;) = 7.8(1.2). (6.48)

6.5 Charge-independence-breaking contribution to INIV scattering

The result (6.47) already compares quite well to the phenomenological determination (C1+
Ca)(py = My) = 5.0 from ref. [43]. However, since the contact term is scale and scheme
dependent, it is more appropriate to compare directly observables calculated based on
eq. (6.47). We therefore focus on the CIB contribution to NN scattering. We summarize
here our main findings and report technical details of the analysis in appendix E.
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We first note that within LO chiral EFT the scattering lengths ayy,, anp, and agp (the
latter defined in the modified effective range expansion to account for Coulomb effects [97—
99]) can be mapped onto contact terms for each channel

2 2

Cnp =C+ % (él + 52) , Cnn/pp =C - % (él + éQ) + %(?CSB , (6.49)

where C' denotes the isospin-symmetric combination, C; + Co the CIB contribution, and
Ccsp a charge-symmetry-breaking (CSB) term [100]. To test our prediction for C; + Ca, we
can thus use two observables to determine C' and C~CSB, and then predict the third based on
eq. (6.47). Several choices are possible (see appendix E), of which arguably the simplest is

C
ann + app

50— np = 10.4(2) frn. (6.50)

aciB =
This combination of scattering lengths would isolate the CIB contribution if NN scattering
were perturbative and Coulomb interactions absent, but in practice depends on all couplings
in a complicated manner. To obtain the numerical result we have used the empirical values
al, = —7.817(4) fm [101, 102], anp = —23.74(2) fm [103, 104], @y, = —18.9(4) fm [105].
From eq. (6.47) we find acig = 15.9fi:8 fm, in good agreement with eq. (6.50), given that
additional uncertainties from higher chiral orders could be attached. The comparison to
the phenomenology of CIB in NN scattering thus validates our approach at the level of

(30-50)% and shows that our uncertainty estimates are realistic.

7 Synthetic data for nn — pp near threshold

Having determined the LEC C; in the MS scheme, we can now compute the low-energy
nn — ppe_ e~ amplitude A,. Our matching strategy was based on dimensional regulariza-
tion with minimal subtraction as it provides convenient and factorized expressions for the
amplitude. While dimensional regularization is rarely used by nuclear practitioners, this is
no obstacle to applying our results in nuclear-structure calculations. Observables, such as
A,, are scheme independent so that the LNV contact term can by obtained in any scheme
through a fit to our synthetic data for the amplitude

([Pl D) = = (@ (D] Vi + V8 [@an(lpI) (7.1)

where both initial |¥,,(|p|)) and final |¥,,(|p/|)) states are in the 'Sy channel, V:f“
denotes the usual long-range neutrino potential, and V: égo is the short-range interaction
proportional to C;. We denote by E = p?/m,, and E' = p?/ m,, the center-of-mass energies
of the incoming neutrons and outgoing protons of masses m,, and m,, respectively, and by
p and p’ the corresponding relative momenta. Assuming the outgoing electrons to be at
rest one can determine the maximum momentum carried by the outgoing protons, given
the incoming momentum of the neutrons |p|, via

E' = FE +2(m, —mp —me), Ip'| = \/p2+2mN(mn—mp—me), (7.2)
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with m, the electron mass and 2my = m, + m,. If the electrons are not at rest but
carry total zero momentum in the incoming neutrons’ rest frame, the outgoing protons fly
back-to-back with momentum |p’| ranging between zero and the maximum value given in
eq. (7.2).

In ref. [59] we chose the momenta |p| = 25MeV and |p’| = 30MeV, which proved
an advantageous kinematic point for which the LO chiral amplitude provides an accurate
prediction, while staying away form the sizable isospin-breaking effects at threshold. In

practice we compute the amplitude in coordinate space'®
N == [ Prys ) (V50 r) — 26,60 + 7.3
Ay (Il [p']) = = [ dr oy (v) (V0 (0) = 2€1 6% () vy (), (73)
with the long-range neutrino potential given by
! 14+2¢% ¢4 [ _ ( Mﬂr)]
v So — 24 |1 — = (1 7.4
() 47y + 47y € + 2 ’ (7:4)

and wave functions for the scattering states w;; (r) obtained by solving the Schrodinger
equation with LO isospin-symmetric chiral potential

e~ Mxr g4 M? Mo+ 2M .+
Vig,(r) = —an +Co9(r), oy = 4?ng D Mp=—E (1)

with C' tuned to reproduce either the np or nn scattering length (the difference being
negligible at the chosen kinematic point). To solve for the wave functions we have used
the methods described in ref. [23], and to compute the amplitude, isolating its singular
component, we have used the approach described in detail in ref. [43].

Our amplitude satisfies Watson’s theorem [106] and at the kinematic point |p| =
25MeV, |p| = 30 MeV we find!®

./4]/(|p‘7 ‘p/’) % e—i(5150(|p‘)+5150(‘p’|)) - _ (2271 —0.075 él(4 Mﬂ)> % 1072 MerQ
= —1.95(5)5, x 107> MeV 2, (7.6)

where in the second line we have used our prediction Cy(4M,) = 4.2(6). At the chosen
kinematic point and chiral renormalization scale we find that the contact-term contribution
interferes destructively with the long-range neutrino exchange and reduces the amplitude
by about 15%. Since, as discussed in refs. [40, 43], the effect of a contact term of natural size
that affects AI = 0 transitions such as nn — pp at the (10-20)% level, becomes amplified
to the level of (50-70)% in AT = 2 nuclear transitions due to a node in the matrix element
density, it is possible that a more pronounced effect occurs in nuclei of interest for Ov503
searches, but we stress that our observation is based on the MS scheme at yu = 4M, and
thus need not carry over to other scales and schemes.

We advocate using the synthetic data (7.6) to determine the LEC Ci in any reg-
ularization/renormalization scheme applicable in many-body nuclear calculations [26—
28, 107, 108]. As an example, we show here how to perform such a determination for

5The relation between C; and C; is given in eq. (5.2).
The amplitude A, is related to the S-matrix element for the process n(p) n(—p) —

p(p') p(—P') e(pe) e(—pe) by Su = i(2m)* 6@ (ps — pi) (AGEV2ymss Gr(pe)uf (—pe)) Ay .
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Figure 14. Left: values of C;(A,,n) as function of A, for 3 choices of the regulator n = 2 (solid),
n = 3 (dashed), and n = 4 (dotted). Right: values of C;(Rg) as function of the coordinate-space
regulator Rg.

often-applied momentum- and coordinate-space regulators. In momentum space, the strong
potential is regulated through an exponential cutoff of the form

p/2 n p2 n
)00 () o | (£)
p P

in terms of a momentum cutoff A,. The LS equation is solved numerically for different

: (7.7)

values of A, and n and the strong counter term, C'(Ap, n) in the 1S, channel, is determined
from a fit to the NN scattering lengths. We then insert the long- and short-range neutrino
potential between initial- and final-state scattering states and determine C} (Ap, n) by fitting
to eq. (7.6). An analogous procedure is followed in coordinate space. In this case, contact
interactions are regulated by a local Gaussian regulator

2
53 (r) — (\/7?25)3 exp <_R?9> . (7.8)

The pp and nn wave functions obtained for a fixed value of Rg are then used to compute
the amplitude (7.3).

In figure 14 we depict the values of the counter term C; in the two schemes. In the
left panel, we show C; (Ap,n) for a wide range of A, and three choices of n, showing a clear
logarithmic dependence of A, and a mild dependence on n. In the right panel, we show the
same plot in the Rg scheme, which again exhibits a logarithmic dependence on Rg, with
power corrections becoming important at small Rgl.

The relative importance of the short-distance contribution depends on the regulator
and on the kinematics. In figure 15 we show the amplitude A, for |p| = 25MeV, while
varying |p’| between 26 and 46 MeV. The region includes the fitting point |p’| = 30 MeV,
and at these small momenta the LO chiral wave functions provide a good description of
the 1Sy phase shift. The plots in the top panel use the momentum-space regulator Ay,
while the bottom plots use the coordinate-space Rg scheme. In the top-left panel, we have
chosen two specific regulators A, = 2fm~" (blue) and A, = 20fm™! (red) and kept n = 2
as the dependence on n is mild. We show individually the long-distance (dashed), short-
distance (dotted), and sum (solid) contributions. The sum does not depend on A,, but
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Figure 15. Top left: long-distance (dashed), short-distance (dotted), and total (solid) contributions
to A, (|p| = 25MeV, |p’|) for A, = 2fm~" (blue) and A, = 20fm™" (red) (the total contribution
is shown in black, as it is identical for the two cutoffs). Top right: ratio of short-to-long-distance
contributions for A, = 2fm™" (blue), A, = 5fm ™" (green, dotted), and A, = 20fm™" (red, dashed).
Bottom: same as top, but with the coordinate space regulator Rg, with R§1 = 1.25fm™" (blue),
Rg' =2fm™" (green), and Rg' =20fm ™" (red).

the counter term goes from constructive (+15%) to destructive (—20%) between the two
choices of the regulators. This is shown more clearly in the right panel of figure 15, where
the ratio of short-to-long-distance contributions is given for three choices of regulators
A, = {2, 5, 20} fm~! in blue, green, and red respectively. This confirms explicitly that the
separation of long- and short-distance contributions is not physical.

The bottom panel shows the same plots in the Rg scheme, using Rgl = 1.25fm™!
(green), Rg' = 2fm ™! (blue), and Rg' = 20fm ™! (red). Also in this case, the interference
goes from destructive at large cutoff to constructive at small cutoff, with the short-range

amplitude being approximately zero at 2fm~'.

Of course, the total amplitude agrees
between the A, and Rg regularization schemes as it should. These plots show that, as
already emphasized above, we cannot say whether the new short-distance contribution will
add constructively or destructively in ab-initio calculations of nuclear transitions. This
question can only be answered within a specific regularization scheme and choice for the

strong NN potential.
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8 Conclusions

In this work we have presented the details of the new method developed in ref. [59] to
estimate the LO contact-term contribution to the amplitude nn — ppe~e™ through the
exchange of light Majorana neutrinos. This is currently the missing ingredient in order
to construct complete LO nn — pp transition operators in chiral EFT, to be used in ab-
initio nuclear-structure calculations of matrix elements in nuclei of experimental interest
for Ov B3 searches.

Our approach to estimate the contact term is based on a representation of the nn —
ppe”e” amplitude as the momentum integral of the neutrino propagator (1/k?) times the
generalized forward Compton scattering amplitude n(py)n(p2) W (k) — p(p})p(ph) W~ (k),
in close analogy to the Cottingham formula for the electromagnetic mass splittings of
pions and nucleons. To extract the contact term from this integral representation, we
have constructed model-independent descriptions of the integrand in the low-momentum
region, using chiral EFT, and in the high-momentum region, using the OPE. In the low-
and intermediate-momentum region we have kept only the elastic contribution, i.e., the
effect of two-nucleon intermediate states, with the most important momentum dependence
generated by single-nucleon form factors as well as the NN amplitude itself. While we do
not have a strict dispersive derivation as in the case of hadron mass splittings, this approach
has the potential to match the (20-30)% accuracy of the elastic approximation observed
there, an expectation that we verified by studying CIB in low-energy NN scattering within
the same framework and reproducing, within uncertainties, the CIB contribution to the
1Sy NN scattering lengths. This phenomenological success gives us confidence that our
method is sound and the uncertainty estimate realistic.

The phenomenological validation is particularly important given that our method does
introduce model-dependent input in the intermediate-momentum region, albeit anchored to
known constraints from QCD at low and high momenta. The extraction of the LO contact
term, in a given scheme, then proceeds by matching the full amplitude obtained in this way
to the LO chiral EFT amplitude. We considered several sources of uncertainty, chief among
them the missing contributions from inelastic intermediate states, such as NN7. The in-
termediate steps of our analysis have been performed in dimensional regularization with
the MS scheme, while the final result can be expressed in terms of the scheme-independent
renormalized amplitude A, (|p|,|p’|) at a set of kinematic points near threshold, where
LO chiral EFT is expected to give an excellent approximation. Using our synthetic data,
as discussed in section 7, one can then determine the contact term in any regularization
and renormalization scheme, in particular the ones employed in nuclear-structure calcula-
tions for isotopes of experimental interest for Ov 35 searches. This application is timely in
view of the remarkable progress in ab-initio calculations of Ov55 decay rates of light and
intermediate-mass nuclei [29-31, 43, 109], ranging from %He to “®Ca and "Ge, starting
from microscopic nuclear forces obtained from chiral EFT. So far these decay rates include
the long-distance neutrino-exchange contributions while omitting the contact term, which
can now be remedied using our synthetic data for nn — ppe~e™, allowing, for the first
time, for complete LO calculations of nuclear Ov33 decay rates. For heavier nuclei such
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as 13%Xe, which are still beyond the capabilities of ab-initio techniques, the impact of the
short-range term could be studied indirectly, e.g., by matching ab-initio results and nuclear
models for nuclei accessible to both approaches (this strategy was used in ref. [110] for the
axial-vector current).

As a benchmark point, we find for the amplitude A, in the MS scheme at fy = 4M,
with initial- and final-state nucleon momenta |p| = 25MeV and |p’| = 30 MeV, that the
contact-term contribution adds destructively to the neutrino exchange at the 15% level.
However, as discussed in detail in section 7, this statement depends on the renormalization
scheme and scale, e.g., the two cutoff schemes studied there can lead to both constructive
and destructive effects depending on the choice of scale. This illustrates that the separation
into short- and long-distance contributions is unphysical, see figure 15 for the decomposition
in the A, and Rg schemes as a function of the final-state momentum and the cutoff scales.
Further, as discussed in refs. [40, 43], while a contact term of natural size affects AI =0
transitions such as nn — ppe~ e at the (10-20)% level, its effect is amplified to the level of
(50-70)% in AI = 2 nuclear transitions due to a node in the matrix element density. The
size of the effect in realistic O35 nuclear transitions can now be addressed, greatly reducing
a crucial uncertainty in the interpretation of future experimental searches [111-117].

Improving the accuracy of the results presented here would require at least a thorough
study of the inelastic NN channel, but at the same time a more systematic connection
to the Cottingham formula would likely become necessary as well: while the identification
of the leading elastic effects is rather intuitive, the extension to subleading corrections is
not. Additional experimental input could, in principle, separate C; from Cs, e.g., via CIB
in nuclei, but such an extraction also requires the development of a suitable theoretical
framework. While our results allow for first phenomenological estimates of the impact of
the contact term on Ov53 decay rates, they thus also define a benchmark for future lattice-
QCD calculations [46, 52-57]. In addition to comparing the final result for A,, there
could also be aspects of the matching strategy and spectral representation, as described
in section 2, that might prove synergistic between the two approaches. Finally, having
concentrated on the LO contact term for light Majorana exchange in this paper, we remark
that contact-term contributions arise at LO for other operators mediating Ov 35 decay as
well, both at dimension 7 and dimension 9 [37], or through exchange of massive sterile
neutrinos [44], and generalizations of the strategies presented here could help constrain the
contact terms in these mechanisms.
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A Half-off-shell T' matrix

In this appendix we describe the calculation of the HOS T-matrix elements defined in
eq. (4.8) and the associated form factors in eq. (4.17). These quantities affect the nn — pp
amplitude through the ratio r(|k|), introduced in eq. (4.19), parameterizing the higher-
order corrections to the forward Compton amplitude. We present the calculations in order
of increasing difficulty, starting from #EFT, in which analytic results can be obtained, mov-
ing to chiral EF'T, and finally using NN interactions from potential models that successfully
fit the NN scattering data.

A.1 The half-off-shell form factor in pionless EFT

In this appendix we discuss the HOS form factors in the framework of #EFT. Since analytic
results are readily available, the #EFT analysis will provide several insights on the general
problem at hand.

A.1.1 Half-off-shell T' matrix in pionless EFT at NLO

Working in dimensional regularization with power divergence subtraction [25], the resum-
mation of bubble diagrams with NN vertices involving Cy and Cy leads to (E = p?/my,

q® # p?)

. C(E) + F(a® - p?) - 2
Ts(E = C(FE)=Cy+ C Al
it = SE IR o — ot A
where we used the definitions (3.3) with V; — 0 and
4-d d—1
I d*q my my )
Iy(B)=|= = - . A2
= (8) [ G g = e e+ ilp) (42)
This leads to
Ca  q*-p? Oy
=1 ~1 — A.

As mentioned before, these HOS form factors are different depending on whether they
involve the initial- or final-state on-shell momenta, cf. eq. (4.20). By themselves these form
factors are clearly not physical. First, one notes that they depend on the renormalization
scale p, as Co/Cy is p-dependent. The form factors vary significantly with p, while having
the expected qualitative features at small |k|. Second, as shown below, fs can be changed
by performing field redefinitions, as expected for any off-shell quantity. However, in the
actual application insertions of fg combine into a physical contribution to the nnW (k) —
ppW ™~ (k) amplitude, or equivalently to the integrand in the sum of ME +B and Mg in
eq. (4.2). In the end, the net effect is a modification of the function Z5(|k|) and hence a
change in r(|k|).
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Figure 16. Group of diagrams contributing to nnW (k) — ppW = (k) in which the effects of field
redefinitions cancels out. The red circles denote vertices proportional to 7, as given in eq. (A.5).
The left-most legs denote on-shell protons. The right-most legs denote off-shell neutrons. The wavy
lines denote weak current insertions.

A.1.2 Behavior of fs and Z5(]k|) under field redefinitions

We consider the non-linear field redefinition given in ref. [79], namely
N — N +nN(NTN), (A.4)

where 7 is an arbitrary parameter of mass dimension —3. This transformation induces a
derivative NN interaction from the kinetic term as well as a two-nucleon current operator,
schematically

2

2
0 )N + nNT(iao+a) [N (V)]
my 2my

L—L + n(NTN)NT(i(?o—i-Q

N'J, 7" N = N'J, 7t N + 2y NTJ, 77N (NTN). (A.5)

The resulting n-dependent four-nucleon vertex is [79]
o)+ (o

2
by L | 5%
+(W1 2mN> + <WQ 2mN>:| . (A6)
This modifies the HOS form factors (A.3) as follows

C?JFE(CW(@ —p?). (A.7)

These n-dependent HOS form factors combine with new contributions to the current

<N1/N2/‘Z'£‘N1N2> = i77 [(wl

fs(q,p) =~ 1+

matrix element in such a way to leave no 7-dependent term in the amplitude nnW* (k) —
ppW (k) itself. Tt is simple to verify that cancellations happen through groups of diagrams
represented in figure 16. Therefore, the integrands in the amplitudes M B+B and Mg in

q. (4.2) (and hence Z5(|k|) via egs. (4.7) and (4.18)) are individually invariant under the
ﬁeld redefinition considered here, i.e., they do not depend on 7. We have used this simple
field redefinition of ref. [79] to illustrate a more generally valid point.

A.1.3 Impact of fg on Z5(|k|)

Inserting the form factor (A.3) into eq. (4.18) one obtains (using |p’| = |p|)
i 7] 9
Z5(k k| -2 1 A.
5 (1) = g 00| = 2D + g o | — g | i gyl ) HOCD. ()
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For the real part of Z5(|k|), relevant for the matching, this implies

1 k| /2uCh 1 Ik
S = — — ~ - . .
ReZs(k|) = S[k| [1 + - ( o )} 3[K] {1 - ] (A.9)

In the last step we have used the #EFT expressions of Cp (1) and taken p ~ My > 1/a.
The size of the effective range 7o = 2.73 fm = 1/(72MeV) implies sizable deviations from
the leading 1/(8]k|) behavior already at |k| < M.

While the analysis above is promising, there are two unsatisfactory aspects: (i) Even
though it does not enter the matching, the imaginary part of Z5(|k|) depends on the scale
p through the ratio Ca/Cy. (ii) The real part of Z5(|k|) is only approximately independent
of p, as we have neglected 1/(pua) < 1 in the expression

uCo 9 1

o _Eq (A.10)
Both issues can be addressed by studying how fg impacts all components of the generalized
Compton amplitude, i.e., the integrand of MEH? and Mg in eq. (4.2), and not just the
integrand of Mg as done above. The final result is very simple: the contributions combine
to give a real-valued and scale-independent shift to Z5(|k|) equal to 6Z5(|k|) = —ro/(87),
which agrees with the result in the second line of eq. (A.9).

The argument proceeds as follows. Omitting a common factor proportional to the weak
current insertions, namely —(1 + 3¢%)/k?, the integrand corresponding to M = + MG

B+B
in eq. (4.2) has the following structure:

n_ fs(P k+p) fs(k+p',p)
o (T(E ) p? —(k+p)?+ic  p?—(k+p)?+ie )
/ dd_lq fS(p,ak+q) fS(qvp)
+T(E) my / ey e L e T(E)) . (A1)

where T(E) denotes the LO on-shell NN T matrix in the 1Sy channel. Substituting the
form factors (A.3), one obtains

Cmy (20(;0 (T(B)+T(E)) +2ng T(E') Colo(B)T(E) + T(E")Colo(E') T(E)D , (A12)

where Ip(E) is given in eq. (A.2) and T(E) = Cy/(1 — Colo(E)). Using the relation
T(E) — Cy = Colo(E)T(E). (A.13)

one sees that the terms proportional to Cy/Cj in eq. (A.12) cancel and one is left with the
scale-independent quantity T(E’) (—Cs/Cg) T(E). Upon matching the overall factors of

myp, this leads to
Cy 70
0Z5 (k|) = — =——. A.14

To conclude, we discuss several lessons that can be abstracted from the #EFT anal-
ysis: first, the large fractional correction in Z5(|k|) (and hence a<(|k|)) at relatively low
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k| ~ M, (in #EFT) is due to the large effective range in the 1Sy channel. Second, in
#EFT, the inclusion of HOS form factor effects from M; + Was needed to cancel a sub-
leading O(1/(pa)) scale dependence in the integrand corresponding to M, proportional
to Z5(|k|). In practice one gets the leading corrections by just including the HOS form
factors in the M integrand. This is consistent with the previous result that /\/l]<3 +B drops
out of the LO matching formula and the expectation that the HOS form factor makes the
integrand in M; L even more convergent. Accordingly, this suggests that the inclusion of
the HOS form factors in the integrand of Mg captures the bulk of the physical suppres-
sion of the nnW™ (k) — ppW ~ (k) amplitude at small |k|, while the inclusion of HOS form

factors in M; +B would lead to effects that are below the current level of accuracy.
A.2 Half-off-shell effects in chiral EFT at NLO

In this appendix we extend the analysis to chiral EFT, thus keeping pion-exchange effects.
To take into account off-shell effects in T, we start from eq. (3.3),

T8 = (14 VG0 (E) Vs - GP(E)Vs) ™ (1 + G (E)VR), (A.15)

where (q|Vs|p) = C + Cg# is the NLO short-range potential, so that we can write

Vs = (1+myECy/C)V(C) — m;VC@ {V(C), (GS?)(E))_I} . (A.16)

Here V(C) is the LO part of the short-distance potential and the last term gives rise to
off-shell effects proportional to Cs. Expanding Tg to first order in C we have

R C p2 _ k2 p2 _ q2
(@ T3]k) = x5 (O (0) [K + K| - F K [x(t(m SRR U
C 2 C A
5O _ KO (g2 2| 2 8 / q
SRl (N0 R (1) G o =m(3) | V@)

(A.17)

with p? = myE. The scale-dependent term in K ](21) can be absorbed into an NLO correction
to C' — C+CW | after which K g)’l) become scale independent and the NLO on-shell matrix

. 2
element of T takes the form T%(p,p) = (X;;(O)) [Kg)) + Kg)]
Inserting the above off-shell matrix elements <q|T§\k> into eq. (4.2) we can write the
low-momentum component of the M amplitude as

3 A ) ) . .
Mg = [ (;lﬁl;g @ (TYENGY (B)) O () (G () TX(E)) Ip)
/ d’k +(0)+
= [ s 109 005 0
O, 1] [0 0] [ Pa_ xq(0) Xa(0)
X { I [ K }/(27{')3 E' —q?/my +ie E — (q+£)2/mzv+i€
B méVCCQ KQKO (60 0,0)+ 6 0,0)) } 7 (A.18)
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k2
term in curly brackets contributes to the most singular part of M (the parts that diverge

when integrating over k). In particular, the terms with Xq q 4+k(0) = 1 give rise to the
part of Z¢ in eq. (4.18), with fg — 1. In other words, these pieces are responsible for the
contributions involving the on-shell Ts matrix. Instead, the contributions from the terms

where (q|OLL(K)|q’) = (27)%8%(q — o + K) f(k), with f(k) = —20083er09 pyq gy
(

proportional to 1 — X:;q .k (0) correspond to diagrams involving pion exchanges within the
bubble, which are convergent.

The last line in eq. (A.18) arises from the off-shell piece of TS, the second term in
eq. (A.17), and also contributes to the most divergent parts of M. As in pionless EFT,
these terms are p dependent by themselves and have to be combined with pieces from the
Mp diagrams in order to obtain a u-independent answer. This part of the amplitude can
be written as

M= [ G LK (o] (F3E) GO E)) O (k) (1+EOE)TXE)) p)
+ (P (1 + T%‘(E’)é(f) (B)) OF (k) (GP(B)IX(E)) p)]
[ dk Pa [ ela)xg0)
B / (27T)3f(k>{ (2m)3 LE — (q+k)2/mpy +ic
X4 (0)(a + klxp>]

(0) MY +
e

a(0) (K5 +K)

myC
— o 05 0) (KSMK(“))}, (A.19)

where the terms within square brackets are finite, while the last line comes from the off-
shell part of TX | which is again p dependent. Combining the terms that have explicit Co
dependence with those in M, we obtain

mNCQ +
M3 5 X (x5 (0)

&k . .
/ (k) [KY) + K + KP KR (650,00 + G (0,0))]

)
m 3
- - GO ORPEE [0, (420

which is now p independent and has the factors of X; (0)Kg we expect for the Mc-type
diagrams. Using

3
MG = xy (0K [mN / (;l:)gf(k)fc] S OKE (a.21)

the terms in eq. (A.20) provide a shift to Z5 equal to 6Z5 = —Co/(myC?), which is the
same as in #EFT, up to the fact that Co/C? cannot simply be expressed in terms of the
effective range parameter rg.
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Figure 17. Left panel: HOS form factor fs(q,p) at |p| = 1 MeV for Kaplan-Steele (blue), Reid
(green, dotted), and AV18 (red, dashed) potential. Right panel: r(|k|) computed at |p| = |p/| =
1MeV for Kaplan-Steele (blue), Reid (green, dotted), and AV18 (red, dashed) potential.

A.3 Half-off-shell effects in NIV potential models

Finally, in this appendix we describe the calculation of the HOS form factor and the ratio
7(|k|) in potential models. As a benchmark resonance model for the 1Sy channel interaction
we will use the three-Yukawa potential, known as the Reid potential [88], which has also
been studied in the context of analyzing the convergence of the NN EFT [87]. This is a
simplified version of the general resonance saturation model for NN interactions [118]. In
coordinate space the potential takes the form

e~ Mxr e~ Mor e—M,ﬂ‘

V=V,+Vg, Va(r) = —agx , Vs(r) = —ag + , (A.22)

T r T

with the short-range term modeled through the attractive o-meson and repulsive p-meson
contributions. Once the mass parameters are fixed (M, = 4My, M, = TM, in ref. [88] and
M, = 500MeV, M, = 770 MeV in ref. [87]), the couplings o, , are tuned to reproduce the
1Sy phase shift or the scattering length and effective range [87], producing an overall good
representation of the data.

In this class of models it is relatively simple to compute the HOS T-matrix elements
defined in eq. (4.8) and the associated form factors in eq. (4.17): one needs to solve the LS
equation or alternatively the Schrodinger equation using Vg in eq. (A.22). We have per-
formed the calculation in both methods, LS equation in momentum space and Schrédinger
equation in coordinate space. Useful cross-checks in the calculation are provided by the
property that the HOS T matrix has the same phase-shift dependence as the on-shell T’
matrix T'(p, p) [86]

T(q,p) = |T(q,p)| PV (A.23)

We have also performed the calculation of T'(q,p) and fs(q,p) with the AV18 po-
tential [89], after subtracting the one-pion exchange. This is a representative of the class
of high-quality potentials that reproduce the NN scattering data for |p| out to several
hundred MeV.

Representative results from this analysis are summarized in figure 17. In the left
panel we show fg(q,p) versus |q| at |p| = 1 MeV for the three potentials considered here,
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Kaplan-Steele, Reid, and AV18. In the right panel we report the ratio r(|k|), see eq. (4.19),
relevant for the calculation of Aé’smg. The difference in r(|k|) provides some indication of
the level of model dependence in our matching calculation. While locally the differences
can be large, the fall-off of the Aé’smg integrand multiplying r(|k|) dilutes the impact of
any feature in r(|k|) above 500 MeV, so that ultimately the impact on the extracted LEC
is relatively minor. We expect this conclusion to hold in general, beyond the limited set of
potential models explored here.

B Left-right correlator

In the main text we defined the “left-left” correlator, which naturally appears when dealing
with the weak currents. In the case of electromagnetic currents and for matching purposes,
we also need the “left-right” correlator. We define

10 (k,0) = /d47“ e T(ﬁLde("’/Q) ’ﬁL’mdL(—T/Q)) ;
ALR (1, 0) = / a7 T (ardi(r/2) Trvudn(—r/2)) | (B.1)

and

A

ap(0) = ur(0)7,Tdr(0) ur(0)ysT"dL(0),
ur(0)vaT"dL(0) ur(0)ysT"dR(0). (B.2)

With these definitions, the time-ordered products at large k? can be written as, see
eq. (4.24),

OLk(0)
OL5(0)

4ig?
(k2 + i€)3
+ 9k K OLE(0) + K2 OLE(0) — kuk* OLL(0) — kb OLE(0)]

MEE(k,0) = — x [ (kb — k2g,)9 OLE(0)

dig?
(k2 + i€)3
+ 9u kK OLE(0) + K2OL(0) — ki ke O (0) — kb OLE(0)] . (B.3)

M (k,0) = % [k = Kg.0)9°% O (0)

Similarly, we obtain:

. —4ig? . . 6ig> A
wv Y1LL _ s _ 2 L« a.BALL S L«
9T (00) = o i (- 2k(O"1)5 + 2k K OLE) — el
R 4ig? A A —6ig? -
v fiLR s 2 LR\« « LR s LR\«
9 0 0) = s (- 2k2(OM)5 + 2k K°OLE) — a0, B4

where the respective last step holds under symmetric integration. Finally, using Fierz

identities we can express (OXF)® and (OFR)2 in terms of the four-quark scalar operator

basis used in ref. [42], obtaining

P T, 0) = 1% 90,
w (8 0) = 7 e 200
LR (3 0) = — 95 90 Orr = (04 — 305) (B.5)
g 7% ) (k’2 + 7:6)2 LR LR 92 4 5) .
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These results lead to:

. 3¢2 1 . 362 1 1
OLl(k)==5—0 OLE(k) = =5 — = (04 — 305) . B.6
>() 4‘1{’5 1, >() 4’1{‘52(4 5) ( )
As discussed in ref. [42], the four-quark local operators Op 45 can be treated at low
energy in chiral EFT. The discussion of O;p is given in section 4.2 and we focus here on
O45. At LO only non-derivative four-nucleon and pion-pion vertices appear,

_ 1 _
Os5 — gi\gvpnpn + ngfngT%ﬂ T 4. (B.7)

The 77 couplings induce a pion-range transition operator, while the NN couplings give
a short-range transition operator. The leading chiral expression for the nn — pp matrix
element of Opp is given by

(f-|OLrliy) = Aa+ x5 (0) K Ap + Ag Kp x5 (0)

O K (Ao + 228 kot o B.8
Xp/() E' c+ o2 EXp(0), (B.8)

where A4 p o have the same formal expression as Aa p.c [43] with the replacement [42]

1 1 1 q’®
V2% q) — V5 () =< g4 oTh (

OLr 2 @+ M2)2’ (B.9)

where [42]
1 Vivis 1 Vivis Yiwis
gin =5 (9™ = 380™) ~ O((4m)?),  gfR =5 (977 — 38T) ~ O((4nFy)%). (B.10)

The scaling of the pion couplings follows from naive dimensional analysis and is confirmed
by a lattice QCD calculation [90]. On the other hand, the scaling of the NN couplings
follows from the RGE in chiral EFT [42], which we report here for completeness in terms
of the rescaled couplings giYgV defined by gi\gv = (mnC/(47))? gﬁfv:

~NN
dg4,5 _ ﬁgwn (B 11)
dlogu, ~— 4 7% ’

The scaling for the nucleon couplings follows from the above RGE and the scaling

mnC/(4m) ~ 1/Q. As a consequence of the above discussion, the coupling gV

depends
on both the short-distance QCD renormalization scale p and on the chiral renormalization
scale v, .

Using the above relations we arrive at

Mip =A%+ x5(0)Kp A + AZ K x5 (0) + x5 (0) K AG K x5 (0) (B.12)
with
3o o0 1 .
> _ 9%s _
AA,B,B - o /A d‘k| |k|3 AA,B,Ba
Ja b 1 2g NN .
&= — dk| — LR . B.1

— 50 —



For matching purposes only A7 matters. In the numerical estimates we will retain only
the term proportional to givév and the singular part of Ac, proportional to g7%. Further,
for convenience in the matching analysis we express the couplings g]LVéV and ¢g77% in terms
of dimensionless quantities as follows

2
my _ _
o = (re) nh gy g ~ o),
91k = (4nFx)* 7%, 7~ 0(1). (B.14)

In numerical estimates we will use g77% = 8.23 (in the MS scheme at u = 2 GeV, based on
the lattice QCD results of ref. [90]) and assume the range g € [-10,+10].

C Estimating inelastic effects

As a representative of inelastic effects, we estimate the contribution from the diagram in
figure 8.17 The contribution to the generalized Compton amplitude in eq. (2.9) is already
a two-loop diagram, which with appropriate momentum routing can be written as

(1+3g%)m%

2
0T (k, pext) =1iC 1672

" / d3q / d3q’ 1 1 1
(2m)3 ) (2m)3 p2—q?+ie p?2—q?+ie —(k°)? + (q—q'+k)? + M2~

(C.1)
Upon changing variables to q and 1 = q — q’ one has
o (L+3g%)miy / d’1 1 2 2 12
ext ) = — 7 17 ’
OT (ks pex) = 107 5o 2r? 0P + (k72 + a2 e 2o PPT)
(C.2)
Recalling that Z¢ — 1/(8]1]) for p = p’ — 0, one obtains
_n (14 3g%)m3 d31 1 1
5T (ks pext) = iC2 & AN/ (3
Tk, pet) = @ 128 F2 (27)° —(k9)2 + (1+ k)% + M2 — ie |1 (C-3)

The integral is logarithmically divergent and we regulate the divergence with a cutoff scale
v ~ Ay. We will mimic the effect of the associated (and unknown) counter term by varying
the scale v in order to obtain a rough estimate of the corresponding inelastic effect.

The inelastic contribution to AS is given by

d'k 5T (k, pext)
< _ )
5,40_2/(%)4 o] (C.4)

We reduce this integral by first integrating over k° via the residues at the pion and neutrino

poles, and second performing the angular integral in d°1, obtaining

k| + (k[ +[1)* + M2
|+ v/([k[ = [1))? + M2

sag =L Tawiavsgh) [an o
C 7 (4m)2 (4nFy)2 4 0

. (C.5)

1" This corresponds to diagram (G) in figure 3 of ref. [38].
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The integral in d|1| can be done analytically, leading to
2

m
045 = s [ di dac(k),
1+ 3g% v M, (]k\)
Sac(k|) = —— 294 e (141 M F( 0]
a<(k) = 3rr,)2 [' ‘( " Og(yk|+¢m)2>+ .

x? x
m) — arctan (m)] : (C.6)

In the M, — 0 limit the integrand becomes

F(z)=V1—2a? [arctan (

1 +3g§1 < 1/>
da<(|k|) = 72(471‘1‘7‘77)2 k| {1+ log 1K) (C.7)

The logarithmic divergence signals that there must be, at this order, a counter term for
the generalized Compton amplitude (the divergence arose at that level, before integrating
over d’k). Naive dimensional analysis suggests that this counter term should be of the
same order of the coefficient of logv. To obtain a numerical estimate we vary the scale
within v ~ (0.5-1.0) GeV. The new contribution to the integrand is clearly suppressed by
two chiral orders compared to the leading terms, as long as |k| < Ay, as one is comparing
the LO 1/|k| to |k|/(47F;)?. However, this leads to a badly divergent integral in |k|. In
order to estimate the contribution to the integral, and therefore to the LEC,

5Ch = % 5AS, (C.8)

we explore two options: first, one may use the chiral EFT form of the integrand and cut
it off at A, ~ 1GeV, or, second, one may replace 1+ 3g% — g% (k?) + 3¢% (k?) in eq. (C.6)
and integrate up to A. Numerically, the second option leads to [6C1| = 0.15, while the first
option leads to |6C;| = 0.35 (the largest absolute value is obtained for v = 0.5 GeV). Based
on these observations, we will take into account the effects of inelastic channels by adding
a +0.5 uncertainty to our estimate of Cy(fiy).

D Evaluation of Z<

Using 727 (k,0) from egs. (6.15), (6.16), and (6.17) we obtain

o i /d4k 1 m2o\? (D.1)
S 2F2 ] (2m)t K2 +ie \ ME—K2) '

We evaluate this integral in two ways. First, performing the usual Wick rotation and
introducing the variable k%, = (k%)% + k? to reduce the integral to'®

T 2(4nF)2 Jo CE\MZ KL )  2(4nF)? J 14+2)  2(4nF)?°

(D.2)

80ne could also perform the integrals in analogy to the derivation of the Cottingham formula and would
obtain the same result in this case, because after the change of variables the integrand does not depend on

K and [*0F dk0\/kE = (k)7 = (whk%)/2.
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Since the integral is convergent, we have taken the integration limit in k% to +oo. Note
that the overall normalization of the integral above agrees with the literature on the pion
mass difference, see, e.g., ref. [63].

Next, we perform the integral (D.1) by first carrying out the k¥ integration via the
residues’ theorem, which allows us to identify the integrand in the variable |k| in eq. (6.21).
The integrand has single poles at k° = +(|k| — ie) and double poles at k° = 4(wy — ie),

where wy = y/k? + MZ. The integration gives:
3
g 3 / P 1K M
4F2 | (2m)3 |K| wy 2w

31 A K (, M
b f(rar 4/0 k][] ( o <1+ 2&)) , (D.3)

which is the result used in eq. (6.21). As a check, we perform the integration up to A — oo,

obtaining

3 M r 342z 3 M
< \% v
Z<(A — ) = X 4/ dm< (1+x2)3/2> = S Fp (D.4)

In the last step we used the fact that the integral in the x variable evaluates to 1/4.

This result is consistent with eq. (D.2), obtained with the more commonly used integration
variable kz% The advantage of the standard approach is that the result directly applies to an
arbitrary pion vector form factor, while collecting the residues in the £" integration assumes
the form dictated by vector meson dominance. For our application this approximation
is completely sufficient, but could be improved by using a dispersive representation of
FY(k?) [119, 120] and treating the Cauchy kernel along the same lines.

E Details on CIB in NN scattering near threshold

E.1 Low-energy NN scattering in the presence of Coulomb interactions

We begin by recalling some results on the Coulomb-modified effective range expansion
for pp scattering [97-99]. We specialize to the S-wave and indicate the pure Coulomb
phase shift by ¢ and the full phase shift by ¢ + v. Further, we denote the total scattering
amplitude by 7', the purely Coulomb component by T, and the Coulomb-modified strong
amplitude by Tsco

47 2ilo(k)+v(k)) _ 1

T="1T Tsc=—
c+isc my 2ik ’
A7 eQiU(k) -1
“Tm, 2k
2iv(k) _ 1
Tee = 4iei2a(k) (e . ) _ 416120(’?) 1 _ (E.1)
my 2ik my k (cot(v(k)) — 1)
The phase shift (k) obeys a modified effective range expansion [97-99]
1 C?
etk —d) L _ 1 ot : (E.2)
(cot(v(k)) —=i)  —2L — ol —amph(n) + ...
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Figure 18. acig(k) defined in eq. (E.5) versus k, using experimental input from eq. (E.7).

where

n= i = s, ) =Re (T D) logn. (B3

2k e 10 ['(in)
The standard effective range expansion is recovered formally by setting o — 0, which also
implies C2(n) — 1. For a # 0, the function h(n) goes smoothly to zero for k — 0, so that
ac can be interpreted as a scattering length. However, the Sommerfeld factor C3(n) —
the square of the Coulomb wave function at the origin — goes to zero for £ — 0 due to
Coulomb repulsion and this prevents the usual threshold analysis of the amplitude. It will
prove useful to work with the momentum-dependent quantity
2
dpp(k) = T fgg) ok (E.A4)
ac ph(n)
which is a proxy for the very low-energy Coulomb-subtracted pp scattering amplitude.
For the CIB analysis we will consider the quantities

N Ann + Qpp (K
(k) = ot Im) (E5)

as well as

c
Qpn + Q
acip = % — Qnp (E.6)

and we will use the following values for the scattering lengths determined from NN
data [101-105]:

anp = —23.74(2) fm,  apy = —189(4)fm,  af, = —7.817(4) fm. (E.7)
In figure 18 we show acrg(k) using the input from eq. (E.7).

E.2 Low-energy NIN amplitudes in chiral EFT with isospin breaking

Using the techniques of ref. [23], we extract the phase shift v(k) from the asymptotic be-
havior of the solution to the Schrédinger equation with inclusion of Coulomb potential and
the LO chiral potential. The 1Sy chiral potential includes the LO channel-dependent con-
tact interaction (denoted by Chy ppnp in the following), as well as the channel-dependent
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Yukawa potential with the electromagnetically induced pion mass splitting. By including
these effects in the Schrédinger equation we effectively iterate the isospin-breaking cor-
rections to all orders. This is mandatory for the Coulomb potential, while for the other
terms a perturbative treatment should be numerically close to our analysis, see ref. [43] for
additional details.

The phase shift v(k) is related to the complex coefficients y,, (k) and zp,(k) controlling
the large-r behavior of the regular and irregular solutions of the Schrédinger equation with
Coulomb and Yukawa potentials

ei(kr—nlog(2kr)+o(k))

wregO“) — ypp(k) or +c.c.,
ei(kr—nlog(2kr)+o(k))
Yire (1) = 2pp(k) o + c.c. (E.8)

By matching the low-energy form of the amplitude obtained in EFT to the (modified)
effective range form, one obtains

Anp = a;;p + G(Cmm Ynp, an) s
Qpp = azn + G(Cnna Ynn, Znn) s
app(k) = agy + G(Cpp, Ypp, 2pp) »

Ms 1
G(Cijy yij» 2ij) = ——2

*2 *(A\)
167y;;j —m +A5(%) + ZT()

(E.9)

In the above relations af; is the Yukawa-induced scattering length (obtained in terms of the
phase of y;;(k) at small k). m;; is the appropriate channel-dependent mass for the nucleon
system (Mpn = My, Mpp = Mp, Mpp = 2mpmyp/(Mmy +myp)). The quantities z;; depend on
the regulator A introduced when imposing boundary conditions for the irregular solution of
the Schrédinger equation [23]. The results quoted below are obtained with 1/A = 0.001 fm
and we have checked stability in the range 1/A = 0.001 — 0.05fm. The dependence on \
is canceled by the matching factors A;j(u/A), to connect to the MS scheme, in which the
contact couplings C;; (1) are defined. The explicit form of these scheme-changing factors is

m2 12 g%MQO
Amn = —an=g " (lOg PRt 1) A Ty
M2, — Mzo m;, I
Anp:—aﬂ.<1—|-2 TngO > 8:rp<log/\2—|—2’>’}3—1>7
m2 12
App = —(an—a)87prp<10g/\2+2’m—1)- (E.10)

In the presence of isospin breaking, the short-range 'Sy NN couplings can be decom-
posed as follows
o2
Cnp :C“‘g(cl +CZ) )

e2 1 e2 1
Cun=C = T (QL+Co) +5Cesn, Cpp=C == (C1+Co) = 3

C E.11
G G CSB (E.11)
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where the CIB combination C; +Cs arises form I = 2 interactions, while the CSB term Ccsp
stems from I = 1 interactions. The latter term can originate from strong isospin-breaking
x (m,, —mgq) or electromagnetic interactions. For the CIB coupling, renormalization ar-
guments (cancellation of divergences) enforces the LO scaling ~ e2/Q? [40, 43, 100]. For
the CSB coupling, the Coulomb potential also induces a UV divergence that requires it to
scale as ~ €2/Q?.

E.3 Fitting the couplings

Equation (E.9) can be used to extract the three contact couplings Cpp nn,pp (Or equivalently
C, C; + C2, Ccsp). The output is very stable when using momenta near threshold, in the
range k € [1 MeV,10MeV]. For definiteness, we quote results for k£ = 1 MeV. Using the
reference scale = My = (Mo + 2M,+)/3, this analysis leads to

Cij(p) = — (Aijzﬂ))z v Npnppnp(Mz) = (95.4,88.7,98.9) MeV ,
Clw = Ac%u))Q , Ac(My) = 944 MeV
e? 1 .
5(61 + CQ)(,U) = m , ACIB(Mw) = 247 MeV (C1 + Cg)(M,r) =51,
CCSB(,U) = (ACSBl(,LL))Z y ACSB(MTI') = 254 MeV . (E.12)

The result indicates that both CIB and CSB effects provide corrections to the isosymmetric
coupling C' at the (10-15)% level.

E.4 Predicting the CIB combination of scattering lengths

Alternatively, we can use eq. (E.9) to validate our calculation of (C; 4+ C2)(u) as follows:

1. We use one linear combination of eq. (E.9) to extract the isospin-conserving cou-
pling C.

2. We construct the CIB combinations acig(k) and acig. The theoretical expressions
constructed from the right-hand side of eq. (E.9) depend in general on C, (C1+Cs), and
Ccsp. We will fix C to the fit value (see previous step) and consider the dependence
of the theoretical expressions allip (k) and aty on the I = 2 coupling (C; + Ca2)(p).
Using our range for (C; 4+ C2)(u) we can predict acig(k) and acrg, and compare to
the experimental value.

3. Working to first order in isospin-breaking quantities, the observable &%}}B(k) should be
insensitive to the I = 1 coupling Ccsp. However, in eq. (E.9) we are effectively iterat-
ing the insertions of electromagnetic isospin-breaking sources to all orders (including
CcsB), since we are iterating the full couplings C;;. As indicated by Ccsp/C ~ 15%,
second-order effects due to two insertions of Ccgp might not be negligible. To quan-
tify the impact of this on our CIB analysis, in figure 19 we show for kg = 1 MeV,
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Figure 19. ELS‘I%) (lower curve) and &3‘1(]32) (upper curve), both defined in eq. (E.13), versus the

dimensionless coupling C; +C,. The curves are evaluated at ko = 1 MeV for w = M, (left panel) and
w = 2M, (right panel). The horizontal line represents the experimental value acig(k = 1 MeV) =
14.25 fm. For reference, our theoretical ranges for the CIB LEC are (C; + Ca)(M,) = 2.9(1.2) and
(Cy + C2)(2M,) = 5.4(1.2).

w = My, (left panel), and u = 2M, (right panel) the two functions

~th(1) , 5 3, a
aCI(B)(Cl + Cz) = atChIB(k = kO)‘CzCﬁt Cosp=0"

~th(2) /5 5 ~th

a Ci+C)=a k=k , E.13

cIB G 2) Cin( 0)‘C:Cﬁt7CCSB:CCSB,ﬁt ( )
where in both diagrams the horizontal line represents the experimental value of
ELCIB(kZ == 1MeV) = 14.25fm.

4. A few comments are in order: (i) The plots clearly show the need for a LO CIB
coupling. Not including (él + C~'2) would lead to a scale-dependent prediction for
acig(k). Moreover, at u = M, the theory would predict acig(k = 1 MeV) ~ 30 fm,
more than a factor of two larger than the experimental value. (ii) The two choices
of treating Ccsp lead to a shift Aacig ~ 2.5fm at u = M, (growing to ~ 4fm
at u = 2M;), subdominant but not negligible. (iii) One could use the intercept of
the curves in figure 19 with the horizontal experimental constraint to perform an
alternative extraction of (C; 4 Cs). Due to the missing CSB contribution, using &Ejhl(]?l))
implies a value of (C;4+Ca)(M;) ~ 3.7, to be contrasted with the 5.1 from the previous
analysis. (iv) Finally, we note that using &g(é) produces results that are more stable
under variation of u (see below).

5. Our theoretical ranges for the CIB LEC are (C; + C3)(M;) = 2.9(1.2) and (C; +
Cy)(2M,) = 5.4(1.2). These values can be used in conjunction with atChI%’2) (C1 + Co)

to predict acig. Using &Ejhl(];) we find

acig(k = 1MeV) = 1775 fm = M,,

acg(k = 1MeV) = 15.372 fm pw=2M,, (E.14)
while the second variant ELtChI(BQ) gives

acig(k = 1MeV) = 19.6745 fm = M,,

acg(k = 1MeV) = 19.0745° fm = 2M,. (E.15)
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Figure 20. aEIB (lower curve) and agyy;’ (upper curve) versus the dimensionless coupling C; + Co.
The curves are evaluated at u = M, (left panel) and u = 2M,; (right panel). The horizontal line
represents the experimental value acig = 10.35fm. For reference, our theoretical ranges for the
CIB LEC are (C; + Co)(M,) = 2.9(1.2) and (C; + C2)(2M;) = 5.4(1.2).

These values compare well with i (k = 1 MeV) = 14.25 fm. Using k = 10 MeV, the
experimental value decreases to 13.0 fm and the prediction is also reduced by slightly

over 1fm.

6. We can repeat the same analysis using the momentum-independent combination of
scattering lengths
Gnn + ag;;
5 _
by constructing theoretical quantities in complete analogy to eq. (E.13). The results

aciB — App = 104 fm, (E16)

are illustrated in figure 20. Using ag}%) we find

aciB = 13.5in fm w= M,
actg = 127 fm p=2M,, (E.17)
th(2)
and for acrp
acIB = 16.0J_r3'5 fm o= Mﬂ- s
acg = 15.474° fm w=2M,. (E.18)

In summary, we have derived a prediction of the CIB scattering length that overshoots
the experimental value by about 35% and has a comparable uncertainty, thus comparing
well with data. This is a significant phenomenological success of our theoretical approach
and supports the validity of our uncertainty estimates.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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