University of

¥ );) Massachusetts
WP/ Amherst

ON ANOTION OF MAPS BETWEEN
ORBIFOLDS Il: HOMOTOPY AND CW-COMPLEX

ltem Type article
Authors Chen, WM
Download date 2026-01-21 07:38:53

Link to Item https://hdl.handle.net/20.500.14394/34252



https://hdl.handle.net/20.500.14394/34252

arXiv:math/0610085v1 [math.AT] 2 Oct 2006

ON A NOTION OF MAPS BETWEEN ORBIFOLDS
II. HOMOTOPY AND CW-COMPLEX

WEIMIN CHEN

ABSTRACT

This is the second of a series of papers which are devoted to a comprehensive theory
of maps between orbifolds. In this paper, we develop a basic machinery for studying
homotopy classes of such maps. It contains two parts: (1) the construction of a set of
algebraic invariants — the homotopy groups, and (2) an analog of CW-complex theory. As
a corollary of this machinery, the classical Whitehead theorem which asserts that a weak
homotopy equivalence is a homotopy equivalence is extended to the orbifold category.

1. INTRODUCTION

In [3] we introduced a notion of maps between orbifolds, and established several basic
results concerning the topological structure of the corresponding mapping spaces. This was
in an attempt to initiate a comprehensive study of orbifolds, which was motivated by work of
Dixon, Harvey, Vafa and Witten [9] on string theories of orbifolds. Particularly, the aforemen-
tioned theorems about the topological structure of mapping spaces had direct applications
in the theory of pseudoholomorphic curves and Gromov-Witten invariants of symplectic orb-
ifolds (cf. [7, 8, 4, 5, 6]). See the introduction of [3] for more detailed explanations on this
aspect of the story.

The present paper is continuation of [3]. The main objective of this paper is to establish
the corresponding homotopy theory for studying such maps between orbifolds. In particular,
we have developed techniques of exhibiting a class of orbispaces (which include orbifolds)
as results of gluing together some fundamental building blocks, ie. cells of various isotropy
types. The corresponding algebraic invariants needed for describing such constructions are
the sets of homotopy classes of the gluing maps. Thus as homotopy groups in this theory, we
have studied in details the sets of homotopy classes of maps from spheres of various isotropy
types into an orbispace. We remark that these homotopy groups form a strictly larger set
of invariants than the usual homotopy groups of an orbifold (which by definition are the
homotopy groups of the corresponding classifying spaces, cf. [11]). See Proposition 1.4 for
more details in this regard.

In this paper, we shall mainly work with a more restricted class of maps rather than
the general ones introduced in [3]. The details are presented in the following assumption
throughout. We refer the reader to §2.2 of [3] for the basic definitions.

Convention In this paper, we shall only consider maps of orbispaces which are equivalence
classes of groupoid homomorphisms ({ fo}, {pga}) : [{Us} — I'{UL }, where each p, = pan :
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Gy, — Gy, is an injective homomorphism. As a result of this assumption, the mappings
{ppa} are partially injective in the sense that if pg,(&1) = pga(§2) and Domain (¢g,) N
Domain (¢g,) # 0, then & = &.

In studying homotopy classes of maps and homotopy types of orbispaces, we need to fix a
base point in the orbispaces throughout the consideration, in which all maps have to preserve
the pre-chosen base point structures. We shall give an introduction to this notion next, before
we come to the detailed description of the homotopy classes of maps and homotopy types of
orbispaces that are to be considered in this paper.

Let X be an orbispace, with its atlas of local charts denoted by U = {U;}. A base-point
structure of X is a triple, denoted by o = (0, U,, 6), where 0 € X, U, € U such that o € U,,
and o € w[}j(o) C U,. An orbispace X with a chosen base-point structure o will be denoted
by (X,0). We remark that for the special case where X = Y/G, with the action of G on
Y being trivial, we have X = Y and furthermore, a base-point structure o = (o, U,,0) is
completely determined by the base point o. We shall fix the notation Y (G) for such an
X = Y/G, and write (Y(G),0) for (X,0). The orbispace Y (G) will be called a space of
isotropy type G throughout. The most frequently used examples of this type of orbispaces
are S*(GQ), D*(G), ie. the k-sphere and k-cell of isotropy type G. Note that for the 1-cell
and 0-cell of isotropy type G, we shall use different notations I(G), Bg respectively.

With these notations being fixed throughout the paper, we now consider the maps from
(X, 0) to (X', o), where 0 = (0,U,,6) and o’ = (¢, U’, 0'), which preserve the corresponding
base-point structures. Let p : G5 — G be any given injective homomorphism, where G,
G, are the subgroups of Gy, Gy that fix 6 and o respectively, and let o = ({f.}, {psa}) :
I'{U,} — I'{U.,} be any groupoid homomorphism which satisfies the following conditions:

(1) U, € {U,}, U, € {U,}, and U, — U’ under the correspondence Uy, — U’,, (2) f,: U, —
U! satisfies f,(6) = o', and (3) Polc, = p . Suppose T = ({fu},{pea}) is induced by o via
7y =(0,{&},{&}) (cf. Lemma 2.2.4 in [3]), where Condition (1) above is satisfied for 7, and
7 satisfies 0(0) = o0, & =1 € T(U,,U,) = Gy,, and &, =1 € T(U,,U}) = Gy, then one
can easily verify that Conditions (2), (3) above are also satisfied for 7. In other words, the
base-point structures o and o are preserved under the process of taking equivalence classes
in the sense described above. We will call such an equivalence class a map from (X, 0) to
(X', 0), and we denote the set of all such maps by [(X,0); (X", 0)],.

Some variant or generalization of the preceding will also be considered. For example,
suppose (X, 0) and (X', o) are orbispaces with pre-chosen base-point structures, where in
the base-point structure o = (o, U,, 6), the group Gy, acts trivially on U,. In this case, we
shall define maps from (X, 0) to (X', o) by further allowing, in the definition of equivalence
relation, that U, may be replaced by a V, C U, where o € V,, for which the requirements
& =1€ Gy, =Gy, and { =1 € Gy in (0,{&},{£.}) still make sense. Correspondingly,
this means that the base-point structure o = (0, U,, 0) is reduced to the ordinary base point
0. We shall simply write o for o. An important case for such an (X, 0) is (Y(G), o).

On the other hand, given any X and X’ we may fix a set of base-point structures {o,}
of X and a set of base-point structures {0’} of X', together with a correspondence o; —
o), = dp()- In the same vein, we may define maps between these “multi-based” orbispaces,
requiring that the given sets of base-point structures are preserved under these maps with
respect to the given correspondence o; — o'y = dg(;).
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Now we give some detailed descriptions about the homotopy classes of maps and homotopy
types of orbispaces that will be considered in this paper.

Two maps @1, Py : X — X' are said to be homotopic (and written ®; ~ ®,) if there
exists a map U : X X [a,b] — X' such that ®;, ®, are the restrictions of ¥ to the subspaces
X x {a} and X x {b} respectively. The map W is called a homotopy between ®; and ®,.
Let ¥y : X x [a,b] — X’ be a homotopy between ®; and ®,, and ¥y : X X [b,c] — X' be a
homotopy between ®5 and ®3. Then there is a homotopy W3 : X x[a, ¢] — X' between ®; and
®3, whose restrictions to X x [a, b and X x [b, ¢| are W1 and W, respectively. A homomorphism
representing W3 may be obtained as follows. Take a representing homomorphism o; of &,
and a representing homomorphism oy of ;. We may assume, by passing to an induced one,
that near X x {b}, oy is given by ({F; 1}, {pji1}) : T{U; x (b",b]} — T'{U}} and o is given by
({Fia}, {pjiz}) : T{U; x [b,0")} — T{U}} such that for each index 1, Filg gy = Filgmy
and for each pair of indexes (i,4), pji1 = pjia- (Note that T(U; x (b ,b],U; x (Vb)) =
T(U;,U;) = T(U;x [b,b%), U; x [b,b%)).) Tt is clear that such a pair (o1, 03) of homomorphisms
can be patched together to form a homomorphism whose equivalence class is a map from
X x|a, c] to X'. We define W3 to be the corresponding map. Note that although the homotopy
V3 may not be uniquely determined, its existence implies that the homotopy relation is an
equivalence relation on the set of maps [X; X']. The corresponding set of homotopy classes
will be denoted by [[X; X]].

Let ® : Y — X be any map. There are induced mappings ®* : [[X; X']] — [[Y; X]]
sending [U] to [V o @], and @, : [[X"; Y]] — [[X'; X]] sending [¥] to [® o ¥]. The mappings
®* ®, depend only on the homotopy class of ®. A map ® : Y — X is called a homotopy
equivalence if there is a map ¥ : X — Y such that o U ~ Idx and Vo & ~ [Idy. It is
routine to check that ® : Y — X is a homotopy equivalence if and only if both mappings
®*, @, are bijections for any orbispace X'.

Homotopy preserving given base-point structures can be defined in the same vein. Let
o = (0,U,,0), o = (o,U!,d) be any base-point structures on X and X' respectively.
Two maps @1, P, € [(X,0); (X', )], are said to be homotopic (and written ®; ~ &) if
there exists a homomorphism o = ({F;},{p;i}) : [{U; x I,} — I'{U},}, where each I, is a
sub-interval of [a, b], such that (1) U, x [a,b] € {U; x I;}, which corresponds to U, under
Ui x I, — U, (2) F,({0} x [a,b]) = &, (3) polc, = p, and (4) ®, P, are the equivalence
classes of the restriction of ¢ to X x {a} and X x {b} respectively. The set of homotopy
classes of elements in [(X, 0); (X', 0')], will be denoted by [[(X, 0); (X', 0')]],. Given any ® €
(Y, p); (X,0)],, there are induced mappings ®* : [[(X,0); (X", d)]l, — [[(Y,p); (X', 0)]]5op
and @. : [[(X,); (¥, p)lly = [(X',); (X, )]} o, defined by & ([¥]) = [¥od] and . ([¥]) -
[® o W], which depend only on the homotopy class of ®.

Homotopy classes of maps between pairs of orbispaces (X, A) will also be considered, where
A is a subspace of X. If 0o = (0,U,, 6) is a base-point structure of X such that o € A, then
there is a canonical base-point structure of A, denoted by o|4 = (0,V,,6), where V,, is the
connected component of U,N A that contains 0. We will denote a pair with such a base-point
structure by (X, A,0). A map from (X, A) to (X', A’) is an element ¢ € [X; X’] such that
Pl4 € [A; A'], and a map from (X, A4, 0) to (X', A’, o) is an element ¢ € [(X, 0); (X', 0')], for
some p : G5 — G, such that ®|4 € [(4,0|a); (A", 0]a)],. The set of homotopy classes of
the latter will be denoted by [[(X, A, 0); (X', A, d)]],. Given any ® € [(Y, B, p); (X, 4,0)],,
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there are induced mappings ®* : [[(X, A, 0); (X', A", d)]], — [[(Y,B,p); (X', A", 0')]]n0p and
O, (X, A0 (Y, B,p)lly — [[(X',A,0); (X, A, 0)]]pen defined by &*([¥]) = [V o ®],
O, ([V]) = [® o ¥]. Again the mappings ®*, &, depend only on the homotopy class of ®.

With the preceding preparatory discussion, we now present the main results in this paper.

Definition 1.1  For any base-point structure o = (0, U,,0) and injective homomorphism
p: G — Gj, we define
m (X, 0) = [[(SH(G), #): (X, )], Wk > 0,
and
Tt (X, 4,0) = [[(D*(G), 84(G), #); (X, 4, 0)]],, Yk = 0
For the special case when G = {1}, we simply write (X, 0) and m(X, A, 0) instead.

Regarding the structure of these homotopy sets, we have

Theorem 1.2

(1) Algebraic structures: 7rk <X, 0), 7rk | (X, A, o) are canonically identified with the
me-1 of [(SY(G),*);(X,0)], and the 7y of [(I ( ), S°(G), %); (X, A, 0)], respectively,
hence have natural group structures for k > 1 which are Abelian when k > 2.

(2) Functoriality: For any ® € [(X,0); (X", )], (resp P E [(X A o) (XA, d)]y),
there are natural homomorphisms ®, : G (X 0) — 7rk (X’ o) (resp. @,
ﬂ,iG’p) (X,A,0) — W,EG”’I)(X’, A’ d)) with p' = n o p, which depend only on the homo-
topy class of ®. For any (H,n) where n : H — G is an injective homomorphism
which factors through p: G — G4 by v : H — G, there are natural homomorphisms

(X 0) — mT (X o) and o m P (X, AL 0) — mi (X, A, o).
(3) Exact sequence: There exist natural homomorphisms

0 m{ (X, A 0) = w7 (A, 0la), Yk >0
and a long exact sequence

.._>7r,§‘j{’(XAo)—>7rk (A, 0|A) 7O X,0) &5 7P (X, A, 0) &
25w P(X, A, 0) L miP (A 0] a) 5 mP(X ).

There are natural homomorphisms

C:m9(X, 0) = Aut(n P (X, 0)), Vk > 1

and
i H(A, 0]4) — Aut(% (X,A,0)), Vk > 1

which satisfy C(z) o9 = 0o C'(z ) Vz € mir (A 0la).
Regarding the dependence of 7rk G, )(X ,0) and W,gﬁl)(X , A, 0) on the base-point structure
o and the data (G, p), we have

Proposition 1.3
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(1) Given any pathu € [(1(G),0,1); (X, o1, 02)](p,7 there is an isomorphism, written u, :
(X, 05) — 19X, 01), whose inverse u' is the isomorphism associated to the

inverse path v(u) € [(1(G),0,1); (X, 0, @m- In fact, for any two paths us, us €

[(1(G). 0,1): (X, 01, 09)] gy, Y1) © (11). = C([p(u)m]) € Aut(m®” (X, 0)).
(2) Given any path u € [(I(G),0,1); (A, 01|a,02|4)l(pm), there is an associated map-
02)

ping U, : 7rk+1 (X A 0y) — ﬂ,&if (X, A, 01), which is an isomorphism for k > 1
and a base point preserving bijection when k = 0. Moreover, for any uy,us €

[(1(G),0,1); (A, 1], 02]a)](pm), ¥(uz)0(u ) = O'([v(uz)#w]) € Aut(m{ (X, A, 02)).
(3) The isomorphism class ofﬂ,iG’p) (X,0) or 7rk+1 (X A, 0) depends only on the conjugacy
class of the subgroup p(G) C G.

Regarding the nature of 7T,(€G7p ) (X, 0) and 7Tk 1 (X A, 0) in certain special cases, we have

Proposition 1.4

(1) me(X, 0), mer1(X, A, 0) are naturally isomorphic to m, (Bl x, %) and w41 (B x, BT 4, %),
where Bl x, BT 4 are the classifying spaces of the defining groupoid for X and A re-
spectively, cf. Haefliger [10, 11].

(2) When X =Y/G is a global quotient, for any subgroup p : H C G, there are natural

isomorphisms ©"""(X, 0) = m,(YH,0) for all k > 2, and the natural ezact sequence

1—m(Y" 6) — n"(X,0) = C(H) = mo(Y™,0) — n5™(X, 0),
where YH is the fized-point set of H and C(H) is the centralizer of H.

We remark that the homotopy groups {m, (Y, 06)} of the various fixed-point sets appeared
in the coefficient systems for the equivariant obstruction theory in Bredon [1]. In fact,
the basic homotopy machinery developed in this paper laid the necessary foundation for
extending the equivariant obstruction theory in Bredon [1] to the orbispace category.

This paper also contains a detailed, elementary treatment of the covering theory for orbis-
paces. Although the theory of coverings for étale topological groupoids is well-understood
in principle (cf. [2], [12]), there is a number of results which will be used in the later
constructions in this paper that are in a specific form and can not be found in the literature.

This roughly constitutes the first half of the paper, which is concerned with the basic
properties of the algebraic invariants — the homotopy groups — for this homotopy theory.
In the remaining second half, we develop an analog of the CW-complex theory for the
orbispace category.

A fundamental construction in this part is given in the following

Proposition 1.5 LetY be a locally path-connected and semi-locally 1-connected orbispace
(cf. 8§2.4). For any map ® : Y — X, there is a canonical orbispace structure on the mapping
cylinder My, where ¢ 'Y — X s the induced map between underlying spaces, such that
(1) there are natural embeddings i : Y — My, j : X — My, realizing the orbispaces Y, X
as a subspace of My, and (2) j : X — My is a strong deformation retract by a canonical
retraction r : My — X which satisfies ® = r o .
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The above ‘mapping cylinder’ construction is then applied to the special case where Y =
Sk=1(@). Under further conditions on both the map ® and the orbispace X, we can collapse
the subspace S*~!(G) in the mapping cylinder to a point. This procedure gives rise to a
canonical orbispace structure on the mapping cone of the induced map ¢ : S¥~! — X, which
is what we will refer to as ‘attaching a k-cell of isotropy type G to X via ®’.

For any n > 0, denote by C™ the set of orbispaces X, where there is a canonical filtration
of subspaces

XoCcXjC---CcX, =X

such that X is a finite subset and for each 1 < k < n, X} is resulted from attaching finitely
many k-cells of various isotropy types to Xj_;. We let C be the union of C" for all n > 0.

It turns out that this sub-category of orbispaces C is the right one for the main objective of
this paper, ie., developing a machinery for studying homotopy classes of maps and homotopy
types of orbispaces. In this regard, we have the following

Theorem 1.6

(1) Suppose ® : X — X' is a weak homotopy equivalence and the mapping cylinder of ®
is defined. Then for any Y € C, the mapping . : [[Y; X]] — [[Y; X']] is a bijection.

(2) For any X, X' € C, amap ®: X — X' is a homotopy equivalence if and only if it is
a weak homotopy equivalence.

Set 75(X) = [[Bg; X]]. Then in the preceding theorem, a map ® : X — X’ is called
a weak homotopy equivalence if ®, : 7§'(X) — 7§ (X’) is a bijection for all G, and ®, :
(X, 0) — 7T](€G7p,)(X/,Q/) is isomorphic for k > 0 for all possible data 0,0, (G, p) and
(G, p').

Although the sub-category C is favorable for the purpose of homotopy theory, it is not
clear a priori that C will contain any geometrically interesting examples, such as compact
smooth orbifolds. Next we describe a construction which will justify the sub-category C in
this regard.

Let K be a finite CW-complex such that for any attaching map, if its image meets the
interior of a cell, then it contains the whole cell. An arrow of K is an ordered pair (o1, 02)
of cells in K where o, is a face of o9. We denote arrows by lower case letters a, b, ¢, etc. Let
a = (01,09) be an arrow. Then o is called the initial point of a, denoted by i(a), and oy is
called the terminal point of a, denoted by ¢(a). Two arrows a, b are composable if t(b) = i(a),
and in this case, the composition of a, b, denoted by ab, is the arrow ¢ uniquely determined
by the conditions i(c) = i(b), t(c) = t(a). Composition of arrows is clearly associative.

With the preceding understood, a CW-complex of groups on K, denoted by (K, Go, Y, Gap)s
is given by the following set of data:

(1) Each cell o in K is associated with a group G,.

(2) Each arrow a of K is assigned with an injective homomorphism 9, : Gy — Gi(a)-

(3) Each pair of composable arrows a,b is assigned with an element g,; € Gy, such
that

Ad(ga,b) 0 Pap = Pg © Py



ON A NOTION OF MAPS BETWEEN ORBIFOLDS II. HOMOTOPY AND CW-COMPLEX 7

Moreover, the following cocycle condition holds for any triple a, b, c of composable
arrows

'l/)a (gb,c)ga,bc = Ya,bYab,c-

Two CW-complexes of groups (K, Gy, Y, gas); (K, Go, ¥y, gs) are said to be equivalent
if there is a set {g, € Gy } such that

Ul = Ad(ga) © Ve Gy = Ja¥a(96)Ja b9

Finally, let K,, C K, n > 0, be the n-skeleton of K. Then any CW-complex of groups on
K naturally induces one on K, by restriction.

We remark that the notion ‘CW-complex of groups’ is a natural extension of the notion
‘complex of groups’ in Haefliger [12]. Moreover, the following result generalizes the one to
one correspondence between equivalence classes of complexes of groups and isomorphism
classes of orbihedra therein.

Proposition 1.7 Let K be a finite CW-complex and X be its underlying space. To
each equivalence class of CW-complexes of groups on K, there is associated an orbispace
structure on X, called the geometric realization', which gives a one to one correspondence,
such that the orbispace X € C. Moreover, the geometric realizations of the restrictions of
the CW-complex of groups to the n-skeletons of K provide the natural canonical filtration of
subspaces for the geometric realization of the CW-complex of groups itself.

Finally, recall the following fact about compact smooth orbifolds, cf. e.g. [13, 16]:

A compact smooth orbifold may be triangulated so that it becomes the geometric realization
of a natural simplicial complex of groups on the resulting simplicial complex.

As a corollary, the classical Whitehead theorem is extended to the orbifold category.

Corollary A map between compact smooth orbifolds is a homotopy equivalence if and only
if it is a weak homotopy equivalence.

The following is a glimpse at the organization of this paper.

§2.1 Space of guided loops.

§2.2 Generalities of homotopy groups.

§2.3 Exact sequence of a pair.

§2.4 The theory of coverings.

§3.1 Construction of mapping cylinders.

§3.2 Orbispaces via attaching cells of isotropy.

§3.3 CW-complex of groups and its geometric realization.
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2. HOMOTOPY GROUPS VIA GUIDED LOOP SPACES
2.1 SPACE OF GUIDED LOOPS

The homotopy sets defined in Definition 1.1 will be studied through the space of ‘guided’
paths or loops in the orbispace. This subsection is devoted to a preliminary study of these
path or loop spaces.

Recall that I(G) denotes the 1-cell of isotropy type G, namely, the orbispace defined by the
trivial action of G on the interval I = [0, 1]. Let X be an orbispace, given with a pair of base-
point structures o1 = (01, U,,,01), 02 = (02, U,,, 02), and injective homomorphisms p : G —
Gs,, n: G — Gg. We consider the set of maps [(/(G),0,1); (X, 01, 02)] () from (I(G),0,1)
to (X, 01,02), which by definition are equivalence classes of groupoid homomorphisms o =
{fi}, {pji}) : T{Li} — I'{Uy}, where (1) {I; | i =0,1,--- ,n} is a cover of I by sub-intervals
such that 0 € Ip, 1 € I,, ;NI; # 0 iff j = ¢ or i + 1, (2) denote by U; € {Uy} the local
chart assigned to I;, then Uy = U,,, U, = U,,, (3) fo(0) = 01, fu(1l) = 62, and (4) py = p and
pn = 1. Note that each mapping pit1y; : T(L;, Liy1) — T(U;, Uitq) is completely determined
by the image of 1 € G = T'(I;, I;41) in T(U;, Ui11), we shall conveniently regard p(11); as an
element of T'(U;, U;11). On the other hand, the homomorphisms p; = p; : G — Gy, can be
recovered inductively by piy1 = Ay, 0 pi With po = p (cf. (2.1.3) in [3] for the definition of

)\P(i +1)i). We observe that the image of f; : I; — /U\Z for each index ¢ is forced to lie in the fixed-
point set of p;(G) C Gy,. For this reason we call each element in [(/(G),0,1); (X, 01,02)](pn)
a (G, p,n)-guided path in (X, 01, 02), or simply a guided path.

A canonical topology is given to [(/(G),0,1); (X, 01,02)](n by the general construction
in §3.2 of Part I of this series [3], as the orbispace I(G) is trivially paracompact, locally
compact and Hausdorff. For this purpose, we shall only consider the representatives o =
({fi}, {pji}) : T{L;} — I'{Us} which are admissible. In this case, it simply means that each

—~

fi : I; — Uj; is extended over to the closure I; of I;. We recall that

(2.1.1)  Oypy =10 | o= ({fi},{pji}) is admissible, [o] € [(I(G),0,1); (X, 01,02)](pm }-

By Lemma 3.1.2 in [3], each Oy, is embedded into [(I(G),0,1); (X, 01, 02)](pm Via o +— [o].
We consider the subsets

(212) Oy KON = {{fi} € Oy | £(KiL) € Orprs € A}
where K; = {K; ;s | s € A(7)} is a finite set of compact subsets of I;, and O; = {O; s | s € A(4)}
is a finite set of open subsets of U;. The canonical topology on [(I(G),0,1); (X, 01,02)](p.m)
is the one generated by the subsets in (2.1.2) for all possible data {p;;}, {K;} and {O;}.
By Lemma 3.2.2 in [3], if {fi} € Oy} is equivalent to {fi} € Oy,,;, then there is a local
homeomorphism ¢ from an open neighborhood of {f;} in Oy, ., onto an open neighborhood
of {fr} in Oy,y, where Oy, v, Oy,,y are given the topology generated by the subsets in
(2.1.2). As a consequence, each Oy, is an open subset of [(I(G),0,1); (X, 01,02)](p. via
the embedding o — [o].

Now we shall present some standard constructions on the path spaces. First of all, given
any (G, p,n)-guided path u, one obtains its inverse, denoted by v(u), by pre-composing u by
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the map v : (I(G),0,1) — (I(G),1,0) sending t — 1 —t,Vt € [ and g — g,Vg € G, which
results in a (G, n, p)-guided path. Secondly, one may compose a (G, p, n)-guided path u; with
a (G,n, &)-guided path usy to obtain a (G, p, £)-guided path u;#us, which is done as follows.
Pick representatives o1 = ({fi1},{pji}) : I'{L;} — I'{Us} of wy, where i = 0,1,---,n, and
oy = ({fuet, {mx}) : T{Jx} — T{Vis} of ug, where k = 0,1,---,m. Let a be the index
running from 0 to n +m. We define intervals H, by setting H, = I, for 0 < a < n —1,
H,=1,UJy,and H, = J,_, forn+1 < a < n+m. We define local chart W, on X by setting
W,=U,for0<a<n—-1,W,=U,,,and W, =V,_, forn+1 <a <n+m. We define f,
by setting f, = fo1 for 0 <a<n-1, f, = fu1U fo2, and f, = fo_noforn+1<a <n+m.
We define {u11ya = pari)e for 0 < a < n—1, {§mryn = Mos Sat)a = NMatl-na—n fOT
n+1<a<n+m—1. Then after the reparametrization ¢t — 2¢t, g — g, we obtain
a homomorphism o1#0s = ({fa}, {&a}) : T{H.} — T'{Wy}, whose equivalence class is a
(G, p, €)-guided path. We define u;#us to be the equivalence class of o1#0,, which is clearly
well-defined.  Finally, given any ® € [(X,01,00); (X', 0}, 05)]a, ,72) one has the mapping
Dy : [(1(G),0,1); (X, 01,00)](p100) — [(L(G),0,1); (X', 01, 05)] (s, defined by u — @ 0w,
where p, = n; o p; for i = 1,2, and given any injective homomorphlsm t: H — G, one
has the mapping * : [(1(G),0,1); (X, 01,02)](pm — [(I(H),0,1); (X, 01,02)](por,mor) defined
by pre-composing each guided path u by the map (¢t,h) — (¢,u(h)),Vt € I, h € H The
following lemma is straightforward.

Lemma 2.1.1 The mappings v, #,®4 and o of path spaces are all continuous.

Now we consider a special guided path space, the guided loop space [(S(G), *); (X, 0)],.
There is a natural base point in [(S*(G), *); (X, 0)],, i.e., the constant guided loop 6 defined
by (t.9) — (6,p(9)), Vt € S',g € G.

Lemma 2.1.2  The based topological space ([(S*(G),*); (X, 0)],,0) is an H-group with
the homotopy associative multiplication # and the homotopy inverse v. Moreover, the maps
®y, o* are homomorphisms of H-groups.

Proof We refer to [14] for the definition of H-group. Here we only sketch a proof that v is
a homotopy inverse, namely, both maps # o (v, Id), # o (Id,v) : ([(SYG), x); (X, 0)],,0) —
([SY(G), *); (X, 0)],, 6) are homopotic to the constant map into the base point 6. The homo—
topy associativity of # can be proven in the same vein. The assertion on the maps ®, and
1# are trivial. We leave the details to the reader.

First of all, we introduce some notations. For any s € [0, 1], we set

L= (10,50 = ) U1 +9), /{501 =) ~ 51+ 9)}-
Let Bs: I — I,, which are homeomorphisms for s # 1, be defined by
_ (1—s)t

(2.1.3) Bs(t) = { (1= 8)(t—1)+1

For any homomorphism o = ({fi}, {pji}), we denote by v(o) the homomorphism obtained
from o by performing the reparametrization ¢t — 1 — ¢, ¢ € .
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We shall define a homotopy F : ([(S'(G), #); (X, 0)],, ) x [0,1] = ([(SY(G), #); (X, 0)],.0)
between # o (Id,v) and the constant map into 6. The construction of a homotopy between
the map # o (v, Id) and the constant map into 6 is completely parallel.

Given any guided loop u which is represented by a homomorphism o, and any s € [0, 1],
we define the guided loop F'(u,s) as follows. Observe that for any s € [0, 1], the restriction
of the homomorphism o#v(o) to I is a homomorphism. We reparametrize it by s in
(2.1.3), and denote it by o#sv (o). If o is replaced by an equivalent homomorphism, then
o#sv(o) will be changed to an equivalent one accordingly. Hence the (G, p)-guided loop
defined by o#v(0) depends only on w and s. We define F(u,s) = [o#sv(0)]. Clearly,
F(u,0) = # o (Id,v)(u) and F(u,1) = o for all u € [(S*(G), *); (X, 0)],-

It remains to verify that for any given uy € [(S*(G), x); (X, 0)],, so € [0,1], F' is continuous
at (ug, So). We shall only give the details for the case when sy # 1, the remaining case sg = 1
is easier and we leave it to the reader. Without loss of generality, we may assume that ug is
represented by a homomorphism oy = ({fio}, {p;i}) : ['{Li} — I'{Us}, wherei =0,1,--- ,n,
such that there exist an ip and a closed interval [s_, s] containing sy and satisfying s, # 1,
I —s0€[l—s4,1—5]C I\ Ul Then for any o = {fi} € O,y and s € [s_, s;], we
have o#,v(0) given by ({fis}, {&w}) : T{Jks} — I{Vie}, where £ =0,1,-- -, 2iy, and

{B; (%)|telk} 0<k<ip—1

(2.1.4) {B; (% Nteliy,t<l—s, or2—t<1-—s,2—tel,}, k=i
{/6 (it)|2_t€[2lo—k}’ 19+ 1 Sk’SQZQ,

(2.1.5) Vie=Uk, 0 <k <1y, Vi =Usiy—s, t0+1 <k <24,

fk(285(t), 0 <k <iy—1
_ .f (Qﬁs(t))a 2/68(t) S 1 - SaQﬁs(t) —
(216)  fesld) = { o o) 2 < T 3250 e 1y F=
Fo(2=28,(1), o+ 1<k < 20

and

(2.1.7) Skk—1) = Prk—1), 1 <k <dy, Srp—1) = p(_ﬁo_kﬂ)(gio_k), io+1 < k< 20.
Let |s;+ —s_| < 0 so that

(2.1.8) Jes. N Jesre, 20, 0 <k <idg—1, Joy, NJpsrs #0, i < k < 2ig,

We set Hy = Jis. N Jys, for 0 < k < 2ig. Then it is easy to see that {H}} is a cover of [
by sub-intervals such that H; N Hy # 0 iff { = k or k+ 1, and Hy, C Ji, for any 0 < k < 24
and s € [s_,s;]. We define gy s = fis|m, for all 0 < k < 2i5. Then o, = ({gk,s}, {&k}) :
{H,} — I'{Vi}, where k = 0,1,---,2ip, is equivalent to o#,v(c). Observe that in the
neighborhood Oy, ) x [s_, s, ] of (ug, s0), the map F is given by (o, s) = 0, € Oy, }, which is
clearly continuous with respect to the topology of Oy, ,; and Oy, ;. Hence F is continuous.
([
We end by introducing the guided relative loop space [(I(G), S°(G),0); (X, A4, 0)], for any
pair (X, 4,0) and injective homomorphism p : G — G4. Here S° = {0,1}. Recall that an
element of [(I(G@), S°(G),0); (X, A,0)], is a map (a guided path) u € [(I(G),0); (X, 0)], such
that the restriction of u to the subspace (S°(G),0) is an element of [(S°(G), 0); (A 0l4),-
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A canonical topology can be given to [(I(G), S%(G),0); (X, A4, 0)], along the general lines
of §3.2 in Part I of this series [3]. For this purpose, we need to digress on the subspace
structure of A in some details. Let U = {U;} be the atlas of local charts on X and I' be
the defining groupoid for X with space of units | ], U;. Denote by {V,} the set of connected
components of all ANU;, U; € U, and by 1//'; some fixed component of the inverse image
of Vo in U; if V,, is a component of ANU;. Then the orbispace structure on A is given by
the restriction of I' to ||, V,. In terms of local charts, each V, is acted upon by a group
Gy, , which is the subgroup of Gy, that fixes the subset 1//;, with a map my, = 7rUZ.|‘7.; which
induces V, /Gy, = V,. Moreover, there are natural mappings pga : T(Va, Vs) — T(U;, U;),
where V,,, Vj are components of AN U;, ANUj, such that p, = paa : Gy, C Gy,.

An element u € [(I(G), SY(G),0); (X, A4,0)], is the equivalence class of o = ({fi}, {;i}) :
I'{;} — I'{Uy}, where (1) {I; | i = 0,1,--- ,n} is a cover of I by sub-intervals such that
0ely,lel,, ;NI #0iff j=1iori+1, (2) denote by U; € {Uy} the local chart assigned to
I;, then Uy = U,, and there is a V,, which is a component of ANU,, (3) fo(0) = 6, fu(1) € V,,
and (4) & = p and &,(G) C pa(Gy,). Note that each mapping &ty @ T'(L;, Liy1) —
T(U;,Uis1) is completely determined by the image of 1 € G = T(I;, [;+1) in T(U;, Uiy1),
we shall conveniently regard {1y, as an element of T'(U;,U;41). On the other hand, the
homomorphisms §; = §;; : G — Gy, can be recovered inductively by 11 = A¢,,,), 0 & with
&9 = p. We observe that the image of f; : I; — U\Z for each index 7 is forced to lie in the
fixed-point set of £;(G) C Gy,. Finally, the restriction of u to the subspace (S°(G),0) is the

map into (4, 0| 4) defined by (0,g) — (6,p(9)), (1, 9) — (fu(1), p3' 0 &a(9)), Vg € G.
We introduce

(21.9)  Ouepve = {0 |0 = ({£i}, {&:}) is admissible, £,(1) € Va, £,(G) C pa(Gu,)}.

By Lemma 3.1.2 in (3], O((e,,},v.) can be regarded as a subset of [(I1(G), S°(G),0); (X, 4, 0)],
via 0 — [o]. We give each O(,,}.v.) a topology which is generated by

(2.1.10) Oeirva) (K} {0i}) = {{fi} € Ogjiyva) | fi(Kis) C Ois, Vs € A(i)}

where K; = {K; s € A(i)} is any finite set of compact subsets of I;, and O; = {O; |
s € A(i)} is any finite set of open subsets of U;. Again by Lemma 3.2.2 in [3], for any
{fi} € Oue,iyva) and {fi} € O(ey,y,v5) Which are equivalent, there is a local homeomorphism
¢ from an open neighborhood of {f;} in O;,}.,v,) onto an open neighborhood of {fi} in
Oenrva)- We give a topology to [(I(G),S%(G),0); (X, A,0)], which is generated by the
subsets in (2.1.10) for all possible data {&;;}, V,, {K;} and {O;}. However, because of the
existence of the said local homeomorphisms {¢}, each O, },v,) is in fact an open subset of
((G), $°(G), 0); (X, 4,0)),.

There is a special element 6 € [(I(G), S°(G),0); (X, A, 0)], which is the equivalence class
of the constant guided relative loop, represented by any {f;} € Og,,1,v.) Where each f;
I, — /U\Z = (/]\o has the point 6 as its image, each ;1) = 1 € Gy, = T(U;,U;), and V,, =V,
We shall fix 0 as the base point of the guided relative loop space.

We may compose a guided path with a guide relative loop. More precisely, Let u; €
[(1(G),0,1); (X, 01,09)] () be a guided path, and us € [(I(G),S°(G),0); (X, 4, 09)], be a
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guided relative loop. Then the composition u;#usy is well-defined, which is an element in
the guided relative loop space [(I(G), S°(G),0); (X, A, 01)],.

The mappings P4 : [(I(G), SY(G),0); (X, 4,0)], — [(I(G),S*G),0); (X', A", 0d)],0p and
o [(I(G), SYG),0); (X, A, 0)], — [(I(H), SO( ),0); (X, A, 0)],0, are defined for any ¢ €
(X, A, 0); (X', A',0)], and injective homomorphism ¢ : H — G. The following lemma is
straightforward.

Lemma 2.1.3  The mappings #,®4 and (* are all continuous.

2.2 GENERALITIES OF HOMOTOPY GROUPS

We first derive two preliminary lemmas.
Let (K, zo) be a compact, locally connected topological space with base point xy € K.
The suspension of (K, zg) is the based space (SK, ), where

(2.2.1) SK = (I x K)/({0,1} x K) U (I x {x}),

with the base point * € SK being the image of ({0,1} x K)U (I x{x¢}). The cone of (K, x)
is the based space (C'K, *), where

(2.2.2) CK=(IxK)/({0} x K)U(I x {x0}),

with the base point * € C'K being the image of ({0} x K)U (I x {x¢}). The based space
(K, ) is canonically a subspace of (CK, %) via the embedding x +— [1, 2] where [1, 2] denotes
the image of (1,z) € I x K in CK.

Lemma 2.2.1
(1) The set of continuous maps from (K, xq) into ([(S'(G),*); (X, 0)],,0) is naturally
identified with the set [(SK(G),*); (X, 0)],.
(2) The set of continuous maps from (K, xo) into ([(1(G), S°(G),0); (X, A, 0)],,0) is nat-
urally identified with the set (CK(G), K(G),*); (X, A, 0)],.

Y

);
Proof (1) Given any continuous map u : (K, z¢) — ([(SY(G), %); (X, 0)],,0), we construct
an element ®, € [(SK(G),*);(X,0)], as follows. Since u(K) C [(Sl(G) %); (X, 0)], is a
compact subset, there are finitely many open subsets

(2.2.3) {04|0, = O{pﬂ’a}, a € A, #A < +o0}

such that u(K) C UyenO,. Furthermore, we may require that (a) u(xy) = 6 is contained in
O, where U, oy = Uy, pjia, =1 € Gy, for all 4, j, and (b) {I; o} = {/;} is independent of .
The latter can be always achieved because #A < +oo.

We take a cover {O,|a € A} of K, where each O, is a connected open subset, together
with 6 : a — «a such that u(O,) C Op(q). Then for each a € A, there is a set of data

(2.2.4) {Lit AUisw s { fiads {Piio@)});

where each f;, : [; x Oy — Uw(a) is continuous such that for any = € O,, the restriction of
(2.2.4) to z is a homomorphism { f; (-, )} € Op() representing u(z) € [(S*(G), *); (X, 0)],.
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Let {Ows | s € Iap} be the set of connected components of O, N Oy, a,b € A. For any = €
Ouab,s, since both ({1i}, {Uip }, {fia( )}, {pjio t) and ({1}, {Uiow b {fin (5 2) 35 {psiow )
represent u(z) € [(S*(G), %); (X, 0)],, we may apply Lemma 2.2.4 and then Lemma 3.1.2 of
[3] to conclude that there exists a set of elements &“*(z) € T(Uyg(a), Uige)) such that

fi7b('>$) - ¢§ba5 (z) o fza( s )
Pji,o(b) = gba’ () © pjisa) Ogbas( )" (a), Vi, ],

where a € A€ ()™, pjioa), f?a’s( )) is the element containing f; ,(I;NI; x{z}). Moreover,
the elements fbas( ) € T'(Uo,p(a), Uop)) have to satisfy §b‘”( ) =1 € Gy, (note that Uy, =
U, for all & € A). Now the second equation in (2.2.5) implies inductively that each &*(x)
is constant in z, depending only on the connected component O, s that contains . We
denote the constant value by £2**. It also follows from the second equation in (2.2.5) that if
a connected component b of Oy, s N Oy is contained in Oy, then

(2.2.6) M 0 & (fia(b)) = £

It is easily seen that 7(0, {O.}, {Oa}) = ({ fia}s {pjiow 0 £°}), where pj; o) 0 £ is the
element of T'(U; g(a), Uj o)) determined by the component containing f;o(1; N1; X Ogp ), is a
groupoid homomorphism from I'{f; x O,} to I'{Uy .}, whose equivalence class is an element
of [(SK(G),*); (X, 0)],. We define @, to be the equivalence class of 7(0,{O,},{0.}).

It remains to verify that ®, is well-defined. For this purpose, let 7(0,{O,}, {O.}) and
7(0',{Ouy},{Ou}) be any two such homomorphisms. We shall construct a common induced
homomorphism of them as follows. For any z € K, we pick an a and an o’ such that u(x)
is contained in O, N O, . Then by Lemma 3.2.2 in [3], there is an open subset O, of some
Ofpir..}> together with open embeddings ¢o : Op — Oa, ¢ : Op — O, such that u(x)
is contained in O, and each k € O, is a common induced homomorphism of ¢,(k) € O,
and ¢q/ (k) € Oy . Since u(K) is compact in [(SY(G), x); (X, 0)],, we can cover it by finitely
many such open subsets O, = O,,,r =1,2,--- | N. Note that there are mappings v : r — «,
' : v+ o such that O, is mapped into O,;), Oy under the open embeddings ¢,q), ¢u ()
respectively. On the other hand, we take a cover {O,} of K by connected open subsets,
together with mappings 7 : s = a, J : s — a' such that Oy C Oy N Oy(y), and with a
mapping  : s — r satisfying u(0,) C Og(sy and 10 =00y 1/0h=60oy. Then the set
of data (0, {0}, {O,}) gives rise to a homomorphism 7(6, {O,}, {O,}), which is induced by
both 7(6,{0,},{0.}) and 7(0',{Ou},{Ou}). Hence @, is well-defined.

We denote the correspondence u — @, by ¢. Then the inverse of ¢ is obtained as follows.
Given any @ € [(SK(G), x); (X, 0)],, we define a map uq¢ : (K, zo) — ([(S'(GQ), *); (X, 0)],,0)
by the rule that for any x € K, ug(z) is the restriction to the subspace {[t,z]|t € I} of
(SK(G), *), where [t,z] denotes the image of (t,z) € I x K in SK. It is easily seen that
the map ug is continuous, and the correspondence 9 : ® — ug is the inverse of ¢, namely,
up, = u and ®,, = ¢. Hence (1) of the lemma.

(2.2.5)

(2) We shall only sketch the proof here since it is completely parallel to the one above.

Given any continuous map u : (K, zo) — ([(I(G), S%(G),0); (X, 4,0)],,0), we cover u(K)
by finitely many Oy, k = 0,1,--- ,m, where Or = O, 11V Wlth t =0,1,--- ,n, such
that u(zg) = 0 is contained in Oy with U; o = U,, §ji0 = 1 € Gy, for all 7, 5. We then take
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a cover {O,} of K by connected open subsets, together with a mapping 0 : a — k satisfying
u(O,) C Op(q). Then for each index a, there is a set of data

(22.7) {1} AUso@ s Vaoan, ik {&jio@ ), =01, .,

where each f;q : [; x O, — U/iﬂ(\a) is continuous such that the restriction of (2.2.7) to each = €
O, is an element { f; o(-, 2)} € Op(q), which represents u(z) € [(I(G), SO(G) 0); (X, 4,0)], In
particular, f, .(1,x) € %) for all x € O,. We define ¢, : O, — Va(g(a by  — fna(l,2).

For each connected component O, s of O, N Oy, there exists a set of elements nb“ €

T(Ui,g(a),Uw(b)), 1= 0, 1,~ e, N, where ngas =1c¢€ GUO and T}bas = pa(g(b))a(g(a (Cba S) for
some (*** € T (Vaoa))> Vaom)) ), such that go(Ogps) is contained in Domain (¢ee.s ), and the
following equations are satisﬁed:

fi,b('7x) = gbni’avs o fi,a('u ) vx S Oab S7Vi7
i) = 77?&’8 © &ji,6(a) © (n bas) Vi, J,

where n;’“’s 0 &ji0(a) © (nf“)_ is the element in T'(U; g, Uj o)) that is determined by the
component containing f; ,(1; N I; X O ). Analogous to (2.2.6), we have

(2.2.9) " o™ (fia(b)) = 15"

for any component b of Oy s N Oper which is contained in O,.,. Now 7(6,{0,},{O}) =
({fia} {&iow) © nf‘”}), where & 9 © 7721’“5 is the element in T(Uj; g(a), Uj o)) determined
by the component containing f; .(1; ﬁ I; X Ogs), is a homomorphism from I'{/; x O,} to
I'{U; 1}. We define @, to be the equlvalence class of 7(0,{O0,}, {Ok}), which is well-defined
by a similar argument as in (1) above, and is clearly an element of [(CK(G), *); (X, 0)],.

We need to verify that the restriction of ®, to the subspace (K(G),*) is an element
of [(K(G),*);(A,0la)], so that &, € [(CK(G), K(G),*);(X,A,0)],. Now the restriction
of 7(0,{0,},{0}) to (K(G),*) is clearly the homomorphism ({g,}, {¢***}) : T{O.} —
I'{Vu (@)}, which defines an element of [(K(G),*);(A,0/a)],- In order to justify that
({ga}, {¢**}) is indeed a homomorphism, a number of equations needs to be verified: The
first equation in (2.2.8) for the case i = n implies that g,(x) = @¢vas © ga(), V& € Ogp s, and
(2.2.9) for the case i = n implies that ¢! o (***(g,(b)) = (°»". Moreover, for each index
a, recall that {§, : G — Gvy, e(a)} may be inductively determined by &1 = )\5(”1”’9(&) 0&ia
with {0 = p: G — Gy, and &, o(G) C paoa)) (G, (e(a))) We define (* = Pa(a(a)) 0o G—
GV, 900y Then the second equation in (2.2.8) implies that ¥ = Agpaws 0 C°.

The correspondence ¢ : u — @, is a bijection whose inverse 1 is defined as follows. For
any ® € [((CK(G),K(G),*); (X, A,0)],, let ug(x) be the restriction of ® to the subspace
{[t,x] | t € I}, which is an element of [(I(G), S%(G),0); (X, A, 0)],. The mapping z — ue(z)
is easily seen to be continuous. The identities ug, = u and ®,, = @ are clear from the
construction. Hence (2) of the lemma.

(2.2.8)

O

The second lemma is concerned with the special case when X = Y/G is a global quotient.
We begin by fixing the notations. Let o = (0, U,, 6) be any base-point structure of X. We
denote by U° the connected component of X that contains o. The space U is a connected
component of Y that contains UO, hence 6 € U, may be regarded as a point in UecCy.
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Moreover, T'(U,, U°) is canonically identified with Gy.. We assume H C G is a subgroup
and denote by p : H — G the inclusion. We set Y? = {y € Y | h-y =y, Vh € H} and
C(H)={9€ G|gh=hg, Vh € H}.

Let P(YH 6) = {v |~ :1 — Y¥ continuous ,v(0) = 6} given with the usual “compact-
open” topology, and let P(YH C(H),0) = {(v,9) | v € P(Y#,06),9 € C(H), s.t. v(1) =
g - 0} given with the relative topology as a subspace of P(Y 6) x C(H). The space
P(Y" C(H),0) has a natural base point 6 = (,, 1) where =, is the constant map to o.

Let @ : (X, 0) — (X', o) be any map? defined by a pair (f,)) : (Y,G) — (Y',G’) where f
is A-equivariant, and o’ = f(6) in the base-point structure o’ = (o', U’, o). For any subgroup
H C G, we set H = \(H) and denote the inclusion H' C G’ by p'. There is an induced map
P(f, )« (P(Y",C(H),0),0) — (P((Y")",C(H'),&),0') defined by (v, 9) = (f 07, A(9))-

Lemma 2.2.2  There exists a ¢x : ([(S'(H),*); (X, 0)],,0) = (P(YH?,C(H),0),0) satis-
fuing P(f,\) o éx = b1 0 By for any map @ defined by (f, ) : (¥, G) — (Y, &),

Proof First of all, we define ¢x : ([(S*(H),*); (X, 0)],,0) — (P(YH,C(H),0),0) as follows.
Let u € [(S'(H),*); (X, 0)], be any guided loop which is represented by o = {f;} € O,
1=20,1,--- ,n. Since the image of v in the underlying space X lies in U°, we may assume that
U; = U° for each i # 0,n by replacing ¢ with an equivalent homomorphism. Consequently,
each &;; € T(U;,Uj) is an element of Gyo. We define a path v : I — Y as follows: we
set v = foon Iy, v = qbgul) ofion Iy, -,y = gbgl}) o--- ogbgnl(nil) o f, on I,, and we
define g = &t o---0 f;(ln_l) € Gyo C G. Clearly v(0) = o, v(t) € YH V¥t € I and
v(1) = g - 6. Moreover, Ad(g) = A;ho---o )\gnl(nil) which satisfies p = Ad(g)~! o p. Hence
Ad(g)(h) = h,Yh € H so that g € C(H). We define ¢x by setting ¢x(u) = (v, g), which is
clearly an element of P(Y# C(H),0). It is easily seen that ¢x is well-defined, i.e., ¢x(u) is
independent of the choice on 0. The map ¢x is continuous as well. Furthermore, ¢x is a
base-point preserving map, and satisfies P(f, \) o ¢px = ¢x 0 ® for any map ® defined by
() (Y,G) — (V. G).

It remains to show that ¢x is a homeomorphism. We construct a ¢x : P(YH, C(H),0) —
[(SY(H),*); (X, 0)], as follows. Given any (v,g) € P(YH,C(H),0), it is obvious that v(t) €
Ue for all t € I, and g € Gyo because g - U° = U°. We define ¢y by sending (7, 9) to the
element in [(S'(H),*); (X, 0)], which is the equivalence class of {f;} € O3, i = 0,1,2,
where [0 C 7_1([/]\0)a Il = (071)a [2 C 7_1(9 : U;)a UO = Uo> Ul = an U2 = Uo> fO = 7|Ioa
fi=7n, fo=g" o[, and & = 1, &1 = g7 Clearly ¢x is continuous, and ¢x ovx = Id,
Yx o ¢px = Id. Hence ¢x is a homeomorphism.

([l

Now we present the first list of properties of the homotopy sets defined in Definition 1.1.

Proposition 2.2.3

(1) There are natural group structures on w.°" (X, 0) and m\i? (X, A, 0) for k > 1 which
are Abelian when k > 2.

Zhere @ is allowed to be a general map, i.e., ® is not in the more restricted class specified by Convention
in Introduction.
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(2) For any ® € [(X,0); (X', 0)], (resp. ® € [(X,A,0); (X', A',0)],), there are natural
homomorphisms ®, : W,EGP)(X,Q) — 7 CNX o) (resp. @, (X, A 0) —
ﬂ,(fG’p,)(X’, A" 0")) with p' = nop, which depend only on the homotopy class of ®. For
any (H,n) where n : H — G4 is an injective homomorphism which factors through
p:G— Gy byr: H— G, there are natuml homomorphisms (* : WIEG’p)(X, 0) —
ﬂ,gH’")(X, 0) and * ﬂ,(ffrlp (X,A,0) — 7rk+1 (X, A, o).

(3) For the case G = {1}, mi(X, 0), mke1(X, A, 0) are naturally isomorphic to m (BT x, %)
and g1 (Bl x, BT 4, %), where BU'x, BI'4 are the classifying spaces of the defining
groupoid for X and A respectively.

(4) When X =Y/G is a global quotient, for any subgroup p : H C G, there are natural
isomorphisms Ox : W,iH’p)(X, 0) = m(YH 6) for all k > 2, and the natural exact
sequence

(2.2.10) 1 — m (Y™ 0) — e (X 0) — C(H) — m(Y,6) — e (X 0).

Proof (1) For any k > 1, we fix an identification S* = SS¥~1 and D¥*! = C'S*. Then by
Lemma 2.2.1, 7.%” (X, 0) and w0 (X, A, 0) are the m,_1 and m, of ([(SY(G), ); (X, 0)],,0)
and ([({(G), SO(G) 0); (X, A, 0)],,0) respectively. Hence they have natural group structures
for £ > 1 which are Abelian When k > 2, cf. Lemma 2.1.2.

(2) Straightforward.

(3) Note that a map from a topological space S (which is regarded as an orbispace trivially)
to an orbispace X is an equivalence class of I'x-structures on S, where 'y is ranging in a
certain set of étale topological groupoids which define the orbispace structure on X. It is
easily seen that when a choice of I'y is fixed, a map from S to X can be naturally identified
with a I'x-structure on S (cf. Lemma 3.1.2 in [3]). On the other hand, by a theorem of
Haefliger in [10], the set of homotopy classes of I'x-structures on S is naturally in one to
one correspondence with the set of homotopy classes of continuous maps from S into the
classifying space BI'x of I'y. The assertion follows easily.

(4) We consider the continuous map 7 : (P(Y*,C(H),0),6) — (C(H), 1) by sending (7, g)
to g. The fiber at 1 € C(H) is identified with the loop space Q(Y,6) via the embedding
QY 6) — P(YH,C(H),0) sending 7 to (y,1). With Lemma 2.2.2, the assertion follows
essentially from the fact that 7 : P(Y# C(H),0) — C(H) is a fibration (note that C'(H) has
a discrete topology), and that 7o ¢x(ui#us) = mo ¢px(uy) - 7o ¢x(us) for any guided loops
uy,uy € [(S*(H),*); (X, 0)],- What remains is to examine the part C(H) — mo(Y*,6) —
7"P (X, 0) in (2.2.10).

The map C(H) — mo(Y,0) is defined by sending g € C(H) to the class of g -6 in
7o(YH,06), and the map m(YH,6) — W(()H’p)(X, 0) is defined by sending the class of y € Y to
the class of u, € [(S°(H),0); (X, 0)],, where u, is the map defined by (f, p) : (S°, H) — (Y, G)
where f(0) = 0, f(1) = y. The exactness of (2.2.10) at C'(H) is trivial, we shall focus on
the remaining case at mo(Y,06). First of all, suppose y € Y# is path-connected to g - 6
in Y for some g € C(H) by a path v. We set z = g~' - y. Then it is easily seen that
u, = u, which is homotopic to the base point in 7T(H’p )(X 0) via the guided path deﬁned by

(g7 0, p). On the other hand, suppose u, is homotopic to the base point in 7r0 Hp (X 0).
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Then the homotopy defines an element ® € [(I(H),0); (X, 0)], such that the restriction of
P to S° = OI is u,. We apply the construction in Lemma 2.2.2 to represent ® by a pair
(v,p) : (I, H) — (Y, G) such that v(0) = 6. Then there is a g € G such that y = ¢g-~(1) and
p = Ad(g)~! o p. The last equation implies that ¢ € C'(H). Moreover, y is path-connected
to g -0 in Y through go~. Hence (2.2.10) is exact at mo(Y*, ).

O
Now we turn our attention to the natural homomorphisms
(2.2.11) C (X, 0) = Aut(r\ P (X, 0)), k > 1,
and
(2.2.12) C" P (A, 0la) — Aut(m P (X, 4,0)), k> 1.
The homomorphism in (2.2.11) is defined as follows. Let uy € [(S ( ), %); (X, 0)], be any
guided loop. There is a continuous map F,, : [(S*(G),*); (X,0)], — [(SHG),*); (X, 0)],

defined by u — (uo#u)#v(ug). Moreover, if ug, s € [0,1], is a path in [(S*(G), *); (X, 0)],,

then the map F' : [(SY(G), *); (X, 0)], x [0,1] — [(SY(G), %); (X, 0)],, where F(u,s) = F,_(u),
is continuous. We simply define (2.2.11) by setting
C([u]) = (Fu). : mea([(SH(G), #); (X, 0]y, 6) = mia ([(S1(G), %): (X, 0)], Fu(0))

and identifying ;1 ([(SY(G), *); (X, 0)],, Fu(0)) with mx_1 ([(S*(G), *); (X, 0)],, 0) by a canon-
ically chosen path between F,(6) and o (cf. Lemma 2.1.2). The map C([u]) is a ho-
momorphism because ([(S*(G), *); (X, 0)],,0) is an H-group so that the multiplication in
mTe-1([(SYG), *); (X, 0)],, 0) is also given by the homotopy associative multiplication #. On
the other hand, it is easy to see that C'([u]) o C([u ]) C([u#u']) and C([o]) = Id. Hence
C is a homomorphism from 7\ (X, 0) into Aut(ﬂk ” (X 0)). By nature of construction,
the homomorphism in (2.2.11) is natural with respect to the homomorphisms ®, and ¢* in
Proposition 2.2.3 (2).

The homomorphism in (2.2.12) is defined as follows. Let u € [(S*(G), x); (A, 0|4)], be any
guided loop. We consider a family of elements u(s) € [(I(G), S°(G),0); (X, A,0)],, s € [0,1],
which is defined by restricting u#o to [0, s] and then reparametrizing it by t — ts,Vt € I.
Note that u(0) = 0 and u(1) = u#06. With u(s), a continuous map F,, from the loop space
Q(I(G), 8%(G),0); (X, A,0)],,0) to itself is defined as follows. Given any loop v : [0,1] —
[(I(G), S°(G),0); (X, A, 0)] where v(0) = v(1) = 0, we define the loop F,(v) by

u(3s) 0<s<li
(22.13) Fu(v)(s) = { uto(3s—1) 1<s<
u(3 — 3s) 2 <s<1.

The map F), is clearly continuous. Let vy be the constant loop into o, and set v, = F,(vp).
Then F, induces a homomorphism

Cl: m(QU((I(G), $°(G), 0); (X, A, 0)],,6), v0) — m(Q((I(G), $°(G),0): (X, A, 0)],,0), vp)
for £ > 0. On the other hand, UO F.(vp) is canonically homotopic to vy, so that C), gives rise

to a homomorphism C’(u) : 7rk+1 (X A, o) — 7rk+1 (X A, o) for k > 1. Finally, we observe
that C’(u) depends only on the homotopy class of u, and that C'(u) o C'(v') = C'(uf#tu'),
C'(0) = Id. Hence the homomorphism in (2.2.12).

We end this subsection with
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Proof of Proposition 1.3

(1) Given any guided path v € [(1(G),0,1); (X, 01,02)](p.), the mapping v — (u#v)#v(u)
which is from ([(S*(G), *); (X, 02)],,02) to ([(SH(GQ),*); (X, 01)],, (ut0s)#v(u)) is continu-
ous. The induced homomorphism between the homotopy groups is defined to be u,, where
we take a canonical path between 01 and (u#0s)#v(u) to identify the homotopy groups of
([(SH(G), *); (X, 01)],, 61) with the corresponding ones of ([(S*(G), *); (X, 01)],, (u#02)#v(u)).
By the nature of definition, for any guided paths u, us, we have v(ug).o(u1 ). = C([v(ug)Fu1]),
from which it follows that wu, is isomorphic.

(2) Given any guided path u € [({(G),0,1); (A, 01|A, 02]4)](p,m)» We define a continuous map
F, : v — u#v from [(I(G), S°(G),0); (X A, 09)], to [(I(G), S%(G),0); (X, A,01)],, sending
the base point 05 to u#0,, which is canonically path- connected to the base point 07 as follows.
Consider the restriction of u#d, to [0, s], and then reparametrize it by t — ts,Vt € I. We
obtain a path u(s), s € [0,1], in [(I(G),S°(G),0); (X, A, 01)], which satisfies u(0) = 6
and u(1) = u#0y. With the canonical isomorphisms provided by the path u(s), the map
F, induces a map w, from the homotopy groups of ([(I(G),S%(G),0); (X, A, 05)],,02) to
the corresponding ones of ([(I(G), S°(G),0); (X, A, 01)],, 01), which is a homomorphism for
k > 1 and base point preserving for £ = 0. By the nature of definition, for any guided paths
Uy, u2, we have v(usz) o (uy)s = C'([v(uz)#uy]) when k > 1, from which it follows that u, is
isomorphic. When k = 0, one can easily check that v(u). o (u), is the identity map. Hence
Uy is a bijection when k& = 0.

(3) The existence of natural mappings ¢* in Proposition 2.2.3 (2) implies that as far as the

isomorphism class of W]iG’p ) (X,0) or w,(fjf (X, A, 0) is concerned, one may always assume that
G is a subgroup of G, and p is the inclusion G C G,. In order to see that for a different but
conjugate subgroup, there is a canonical isomorphism intervening, we consider the following
more general situation: Suppose 01, 0y are base-point structures such that o; = 0y = o,
and G C G4, and Gy C Gy, such that there is a £ € T(U,,,U,,) satisfying A\¢(G1) = Ga.
Then there is a guided path ug € [(I(G1),0,1); (X, 01, 02)](p1,pa0x¢)> OF in the second case, in
[(I(Gh),0,1); (A,ﬁ|A,@|A)](p1,pzoA§), which is defined by ({ fo, f1}, {£}) where fo(]0, %)) =0
and fi((3,1]) = 6. The isomorphism (ug) in (1) or (2) will then do.

O

2.3 EXACT SEQUENCE OF A PAIR

Let (X, A,0) be any pair, and p : G — G; be any injective homomorphism. Denote
by i : [(S*(G),*); (4,0[4)], — ([(S*(G), *); (X,0)], the mapping induced by the inclusion
(Aola) © (X,0), and by j : ([(S1G),): (X,0)],,0) — ([(I(G), SUG),0): (X, 4,0)],.)
the continuous map induced by the mapping [(SI(G) *); (X, 0)], = [({(G),0); (X 0)], of
forgetting the second base-point structure. Denote by i, (for the case when k& = 1), j, the
corresponding homomorphisms between the homotopy groups. Then we have

Theorem 2.3.1  Let (X, A,0) be any pair, and p : G — G4 be any injective homomor-
phism.
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(1) For any k > 0, there exists a mapping
(2.3.1) 9:mP(X, A 0) — 77" (A, 0]4)

which is a homomorphzsm for k > 1, and base point preserving for k = 0. Moreover,

for any z € ©\&* (A 0la), 0o C'(2) = C(z) 0 0 holds where C and C" are given in

(2.2.11) and (2.2.12), and for any map ® between pairs, we have Jo &, = (P|4),00.
(2) There exists a natural long exact sequence

232) . vrffif (X, 4,0) & m® (A, 0la) = (X, 0) 5 mT (X, A,0) >
X A0 S (A ela) B T (X o).
Proof (1) The case k = 0. Given any guided relative loop u € [(I(G), S°(G),0); (X, 4, 0)],,
the restriction uls € [(S°(G),0); (4,0|4)],, such that if u;, us are path-connected, so are
(u1)]a, (u2)|a. We define O[u] = [u]a], which is clearly base point preserving and satlsﬁes
0o P, = (P|a). 00 for any map ® between pairs.
To define (2.3.1) for k > 1, we regard (S*, x) as the suspension (SS*~! x). Then for any
continuous map u : (S*,x) — ([(I(@), S%(G),0); (X, A, 0)],,0), we consider the correspond-
ing map ®, € [(CS*(G), Sk(G),*); (X, A, 0)], constructed in Lemma 2.2.1 (2). We define

I([u]) = [(Pu)|sr(c)] € 7% (A, 0| 4), which is also the homotopy class of the continuous map
sk - D (SFH ) — ([(SM(G), %); (A, 0] a)]p, 0|a) constructed in Lemma 2.2.1 (1).
To see that (2.3.1) is a homomorphism, we simply observe that (SS*~!, %) is an H-cogroup
(cf. [14]) and the H-cogroup structure of (SS*71 %), which defines the group structure
of W,&ﬁ’f) (X, A, 0), corresponds to the H-group structure of ([(S'(G),*); (A4, 0|a)l,, 5|T4) un-
der the correspondence u +— Ou. Finally, 1t is straightforward from the definitions that
0o (C'(z) = C(z) 00 holds for any z € ¢ (A 0la), and 9 o &, = (P|4), 0 0 holds for any
map ® between pairs.

ou = U(‘pu)

(2) We begin by showing that the composition of any two consecutive homomorphisms of
(2.3.2) is zero. First of all, it is straightforward from the definition that d o j. = 0. To see
Jx 0o, =0, suppose u : (S* %) — ([(SY(G), *); (A, 0|a)], 0|a), k > 0, is any continuous map.
We shall prove j, oi,([u]) = 0. We take a homomorphism 7(0,{O,},{O,}) constructed in
the proof of Lemma 2.2.1 (1), which represents the map ®, € [(SS*(G), *); (4,0]4)] that
corresponds to u in Lemma 2.2.1 (1). Now for any s € [0, 1], denote by x4 the homomorphism
which is obtained by rescaling the restriction of 7(6,{O,}, {O,}) to {[t, z]|t < s, € S¥} un-
der t — ts. Each r, defines a continuous map u, : (S*, %) — ([(I(G), S°(G),0); (X A,0)],,0)
such that s — u, is continuous. Moreover, we have u; = j o i o u and ug(S*) = 6. Hence
g« 0i,([u]) = 0. To see i, 0 d = 0, we first look at the case k > 1. For any u : (S*, ) —
([(I(G), S°(G),0); (X, A, 0)],,0), we consider the map ®, € [(CS*(G), S*(G),x*); (X, A, 0)],
constructed in Lemma 2.2.1 (2). We identify (CS*, *) with (SCS*~! %), and then apply
Lemma 2.2.1 (1) to obtain a continuous map H = ug, : (CS*1, %) — ([(SY(G), ¥); (X, 0)],,0).
Now observe H|(gr-1,) = io(du). Hence i, 0d([u]) = 0 for any continuous map u : (S*, %) —
([(1(@), S°(G), ) (X, A,0)],,06). The case k = 0 is similar, where we start with a guided
relative loop u € [(I(G), SO(G),O); (X, A, 0)], instead of the map u, and replace ®, by the
corresponding path u € [(/(G),0); (X, 0)], in the argument.
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The exactness at m " (A, 0|4): Let u € [(S%(G),0), (A, 0]a)], be any element such that
i+([u]) = [0]. Then there is a homotopy between i(u) and 6, which may be interpreted as a
guided path @ € [(I(G),0); (X, 0)],. Now ®|g0() = uso that ® € [(I(G), S°(G),0); (X, A, 0)],.
Clearly O(|®]) = [u]. Hence (2.3.2) is exact at W(()G’p)(A,Q|A).

The exactness at W%G’p)(X, A, 0): Let u € [(I(G), S°(G),0); (X, A,0)], be any guided rela-
tive loop such that d([u]) = [0]a]. Then u|(so(g) ) is homotopic to o] 4 in [(S°(G), 0); (A, 0] 4)],,
which gives rise to an element v € [(1(G),0); (A, 0]a)], satistying v|(so(q),0) = u|(s0(c),0)- We
may ‘compose’ u with i(v(v)) to obtain a guided loop u#i(v(v)) € [(S*(G), *); (X, 0)], as fol-
lows. We pick a homomorphism { f;} € O,,},v.) representing u and pick a homomorphism
{hi} € Oy, representing v(v) where each my € T'(Viw), Vaw) for some correspondence
k— a = a(k). We compose ({f;},{&:i}) with ({hr}, {pPa@aw) (mx)}) to obtain a homomor-
phism 7, and define u#i(v(v)) = [r]. Note that [7] may not be uniquely determined by u
and v. But because of its specific form, 7 provides a natural homotopy between j(u#i(v(v)))
and u. Hence j,([u#i(v(v))]) = [u], and (2.3.2) is exact at 7" (X, A, 0).

The exactness at 7. (X, 0) with k > 1: Let u : (S¥1 %) — ([(SYG), *); (X, 0)],,5) be
any continuous map such that [u] € ker j,. Then there is a homotopy H : (C'S*1 x) —
([(1(G), S%G),0); (X, A, 0)],,0) with H|gr-1,) = jou. As shown in Lemma 2.2.1 (2), H de-
termines an element ¢y € [(CCS* (@), CS*1(G), %); (X, A, 0)],, which is the equivalence
class of a canonically constructed homomorphism 7 = 7(0,{O,}, {O.}). Let [t1,t2,2],t; €
I,ty € I,z € S* 1 be the coordinates of CCS*~!. Then we observe that the restriction of 7 to
{[t1,1,z]|t; € I,z € S*~1} represents the element ®, € [(SS*1(G),*); (X, 0)], determined
by u in Lemma 2.2.1 (1), and the restriction of 7 to {[1,t,z]|ts € I,x € S*7'} represents
i((P)|cst-1c)) € [(CS*HG), %); (X, 0)],- Moreover, (Py)|csr—1(q)« is in fact defined
over (SS*71(G), *) because its restriction to (S*~1(G), %) is (Pjou)|(s+-1()x), Where P, is
the element in [(CS*1(G), S 1(G), *); (X, A, 0)], that is constructed in Lemma 2.2.1 (2)
for jou. (Pjou)|(st-1(c),+) is obviously a constant map. Let U@ )] gt () ey 7 il (@) g1 (6y.0))
be the continuous maps defined in Lemma 2.2.1 (1) which correspond to (®g)|cst-1(c)
and i((®x)|(csk-1(c),+)) respectively. Then the map z — u(z)#v(ui(ey)

7*)
(esk=1(6),%) L))
x € S*! is homotopic to the constant map = +— 6 via a homotopy F(s) : (S¥71 %) —
([(SH(G), *); (X, 0)],,0), where F(s) is defined by the restriction of 7 to

{[t1, s, 2]|t1 < 5,2 € S U {[s,ts, 7]ty < 5,2 € SF71}.

This implies that [u] = [ti(@)l cgn1 )] = @] oerre )] = B U@n)l o))
Hence (2.3.2) is exact at 7.° (X, o).

The exactness at " (A, 0] o) with k > 1: Let u : (S5, ) — ([(SY(G), %); (4, 0| 4)], 0] 4)
be any continuous map such that [u] € ker i,. Then there is a homotopy H : (CS*1 %) —
([(S1(G), %); (X, 0)],, 0) with H|gr-1,) =i ou. We shall repeat the construction in Lemma
2.2.1 (1) to the map H, but for the specific purpose here, we choose the cover {O,} in the
construction of the homomorphism 7(0, {O,}, {O,}) as follows. First of all, we fix a homo-
morphism o = ({in}, {psa}) Which represents the subspace inclusion (A4, 0|4) C (X, 0). Then
we cover u(S*1) by finitely many {O,}, where each O, has the form Oss,,..3- Consequently,
H(S*") = iowu(S* 1) is covered by {0(0,)}, where 0(Os) = Oy syaien (@00} Now we
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cover H(C'S*~1) by finitely many {O}} such that {o(O,)} C {O} and covers H(S*~1). We
proceed to construct the homomorphism 7(6,{0,}, {Ox}), which defines the element &y €
[(SCS*1(G), *); (X, 0)], associated to H in Lemma 2.2.1 (1). Now we identify (SCS*!, x)
with (CSS*~1 %) = (C'S*, x). Then the special choice of the cover {Ok} in 7(0, {O.}, {Or})
implies that 7'(9 {0.},{Ox}) also defines an element ¥ € [(CS*(G), S*(G), *); (X, A, 0)],,
which is associated with a continuous map uyg : (S*, %) — ([(I(GQ), SO(G) 0); (X, A,0)],,0) in
Lemma 2.2.1 (2), such that Juy : (Sk Lx) — ([(SHG), *); (A, 0|A)]p,o\A) equals u. Hence
[u] = O([uy]) and (2.3.2) is exact at 7rk P (A, 0l 4).

The exactness at W,iil)(X,A,Q), k> 1: Let u: (S*, %) — ([(I(G), S°(@),0); (X, A, 0)],,0)
be any continuous map such that [u] € ker 0. Then there is a homotopy H : (C'S*~1 %) —
([((SH(G), %); (A, 0]4)],, 0] 4) With H|(gr-1,) = Ou. We fix a homomorphism o = ({ia}, {pga})
which represents the subspace inclusion (4,0[4) C (X,0), and cover H(CS*~1) by finitely
many {O,} where each Oy = Oy, 3. Then i o H(CS*') is covered by {o(O,)} where
0(O0s) = O matin €} Now we construct a homomorphism 71 = 7(6,{O0.},{c(05)})
which represents the element ®,,5r € [(SCS*1(G), *); (X, 0)], associated to io H in Lemma
2.2.1 (1), and construct a homomorphism 7 = 7(6',{Ou},{On}) which represents the
element ®, € [(CS’“(G) S*(@G), *); (X, A, 0)], associated to u in Lemma 2.2.1 (2). By identi-
fying (SCS*~1 %) with (CSS*1, %) = (CS*, ), we regard 7; as a homomorphism which de-
fines a map from (CS*(@), *) to (X, 0). Since the restriction of 7, to the subspace (S*(G), *)
represents ®jop, = @ 0 (Py)|(sr.), We may arrange to join 7 with 7y along (S*(G),*) to
define a homomorphism 7 where [7] € [(SS*(G), %); (X, 0)],, where we identify (SS*(G), *)
with (C'S*(G), %) Uisk (g (CS*(G), ) We then apply Lemma 2.2.1 (1) to [7] to obtain a
continuous map u, ( %) — ([(SHG), *); (X,0)],,0). The specific form of 7 gives rise
to a natural homotopy between joup and u. Hence [u] = j,([uf]) and (2.3.2) is exact at
7Tl(c+1 (X, 4, 0).

The proof of Theorem 2.3.1 is thus completed.

2.4 THE THEORY OF COVERINGS

In this subsection we give a detailed, elementary presentation of the theory of coverings
of orbispaces. We also derive the following useful corollary which was involved in the proof
of the Arzela-Ascoli precompactness theorem for C" maps between smooth orbifolds in §3.4
of [3]. Its proof is given at the end of this subsection.

Lemma 2.4.1 Let @ : X — X' be a map® between global quotients, where X = Y/G,
X' =Y'/G, such that Y is connected and locally path-connected. Then ® is defined by
a pair (f,\) : (Y,G) — (Y',G") where f is A-equivariant if and only if there are base-
point structures o, o' such that under ®, : m(X,0) — m (X', o), m(Y,0) is mapped into

3here @ is allowed to be a general map, not restricted by Convention in Introduction.
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m (Y’ 0"), where m (Y, 0), m(Y', &) are regarded as subgroups of (X, 0), m (X', ) via the
exact sequence (2.2.10) with H = {1}.

The following definition generalizes the notion ‘orbifold covering’ in Thurston [15].

Definition 2.4.2 Letll:Y — X be a map of orbispaces and 7w : Y — X be the induced
map between underlying spaces. We call 11 a covering map, if there exists a homomorphism
{mat, {ppa}) : T{Va} = I{Uw}, a € A, whose equivalence class is the map I1, such that

(a) each 7y : V. = U, isa Pa-equivariant homeomorphism,

(b) for any U € {U,}, {Vala € A(U)} is the set of connected components of 7= 1(U),
where A(U) is the subset of A defined by A(U) ={a € A |U =U,}, and

(c) the map m:Y — X between underlying spaces is surjective.

The orbispace Y together with the covering map 11 :' Y — X 1is called a covering space
of X. Fach element U € {U,}, which all together form a cover of X by (c), is called an
elementary neighborhood of X with respect to the covering map II.

Remark 2.4.3

(1) By passing to an induced homomorphism of ({m,}, {pga}) if necessary, we may assume
that a connected open subset of an elementary neighborhood is an elementary neighborhood.

(2) By the general assumption made in Convention in Introduction, each p, : Gy, — Gy,
is injective, and each pg, : T'(Va, V) — T'(U,, Ug) is partially injective in the sense that if
psa(&1) = ppa(&2) and Domain (¢g,) N Domain (¢g,) # 0, then & = &. But in the case of a
covering map, one can easily verify that pg, is in fact injective.

(3) The composition of two covering maps is a covering map.

(4) Let ¢ = (¢,V0,4), p = (p,Us, D) be base-point structures of ¥ and X respectively.
Given any covering map Il : Y — X, we may always assume that V, € {V,}, U, € {Uy},
and 7, : V, — U, sends ¢ to p.

First of all, we investigate the path-lifting property of a covering map. To simplify the
notation, we write P(X,01,02) for the path space [(1,0,1);(X,01,02)]. Let II : (Y,q) —
(X,p) be a covering map, represented by ({7}, {psa}) as described in Definition 2.4.2.
Given any p’' = (p/,U,p') where U € {Uy}, and any connected component V, of 7~ *(U),
({ma}, {ppa}) canonmically determines a ¢ = (¢’,V,,¢’) by setting ¢ = 7, '(p/) and ¢ =
m,(¢) € Y. For any g € Gy and 11_: (p',U,p'), we denote the base-point structure
(p',U,g-7') by g-p'. Note that there is a natural mapping from P(X,p,p’) to P(X,p,g-p'),
denoted by u + g-u, which is defined by sending a representative ({f;},{£:}),i = 0,1, ,n,
of uto ({fi},{€;}), i =0,1,--+,n, where f/ = fi fori <n—1, §, 1), = §uryi for i <n—2,
and f1 = g0 fu, €ty = 9 Enn).

Lemma 2.4.4 LetIl: (Y,q) — (X,p) be a covering map defined by ({ma},{psa}), and
p'= (U, p) where U € {Uy}. For any path v € P(X,p,p’), there is a unique component
Vaw of 771 (U) and a unique left coset 6(u) € Gu/pa)(Gv,,,), such that after firing a
representative g € Gy of d(u), there is a unique path {(u), € P(Y,q,q'(g9)) where ¢'(g) is
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the base-point structure canonically associated to g-p’ and Vo) by ({ma}, {pga}t), such that
({ma}: {pga}) 0 l(u)g = g - u. For any continuous family us € P(X,p,p’), the component
Va(us) and the coset 6(us) are locally constant with respect to s. When the parameter space
of s is connected, one can choose representatives of §(us) independent of s, and in this case,
the family of paths £(us), is continuous in s, where g is any such a representative of 0(us).

Proof Given any v € P(X,p,p'), we pick a representative o = ({fi},{&}) : T{L} —
'{Uy}, i = 0,1,--- ,n, where each U; € {Uy} is an elementary neighborhood of X with
respect to the covering map II. We shall construct a £(o) = ({¢(f:)},{0(&)}) : T{L;} —
['{Vi/}, such that (1) each V; € {Vii} is a connected component of 7~ *(U;), and (2) there
exists {g; € Gy, | go =1,i=0,1,--- ,n} satisfying

(2.4.1) mi o U(fi) = gio fi, pi(£(&)) = gj0 &0 gi

where m; : V; — U; and pji + T(V;,V;) — T(U;,Uj) are given in ({mo}, {psa}). (o) is
defined inductively as follows. For i = 0, we simply define ¢(fy) = 7, o fo : Iy — V.,
which clearly satisfies ¢(fy)(0) = ¢. Now suppose that ((—1y) and £(fy) are defined for
all 0 < k <. We shall define €(§;+1y;) and €(fi41) as follows. First of all, it follows from
mi o l(f;) = gi o f; that w(my,(¢(f;)(I; N 1;11))) C Uiy, hence by (b) of Definition 2.4.2; there
is a unique connected component V;,; of 771(U;y;) which is determined by the condition
v, (C(fi) (L N Iix1)) N Vigy # 0. Secondly, let V' be the connected component of V; N V44
that contains my, (¢(f;)(L; N i+1)), and let W be the connected component of U; N Uy
that contains 7(my, (£(fi)(L; N Liy1))) = mu,(fi(Li N Liz1)). Then pi1y; maps Ty (V;, Viqr)
injectively into Tyw (U;, Uit1), and &4y lies in Ty (Us, Uigr). We pick a ngq1y € Ty (V;, Vi)
such that ¢(f;)(1; N I;31) C Domain (¢77(i+1)i)’ Then since m; 0 £(f;) = gi o fi, pa+1yi(Nat+1)i)
has the same domain with ;1) © g; ! and therefore there exists a g;41 € Gyp,., such

i+1
that p(11)i(i+1)i) = git1 © Ea+ni © g |- Finally, we define €(fis1) = 3 o (giv1 © fisn),
0(&Gi+1)i) = NG+1)i- Then it is clear that €(&s41):) o €(fi) = €(fi+1) on I; N Iy, and ;4 ©
((fix1) = Giv10 fizr, p(i+1)i(€(€(i+1)i)) = gi+1°&(i11)i Ogi_l' By induction, £(o) is defined with
the claimed properties.

We observe that in each step of the above construction, V; is uniquely determined, and if
(o) ={l(fi)},{l'(&:)}) and {g;} is another choice, then there exists a set {h; | h; € Gy, }
such that g/ = p;(h;)gi, and 0'(f;) = hio £(f:), €'(&) = hjol(€5;) o hi !, In other words, ¢'(o)
is conjugate to (o).

Let 7 = ({fi}, {&x}) : T{Jx} = T{Up}, K =0,1,--- ,m, be any induced homomorphism
of o, defined via (0, {&}, {s}) where 6 : {0,1,--- ., m} — {0,1,--- ,n} satisfies 6(0) = 0,
O(m) = n, & : Ji — Igx is the inclusion for all k, and j, € T(Uy, Uyq) satisfies 59 = 1,
Jm = 1, such that

(2.4.2) fre =91t 0 fowylaes &= 37" © Eowporr) © i

For any choice of (£(c),{g;}), (€(7), {gi}) with (2.4.1) satisfied, if we set j = goryo k09" €
T(Uk, Ug(ry), then it is easy to check that the following hold:

(24.3)  meol(fr)) = Jk" o (T © L fow))), pik(C(&k)) = 2" © powarr) (L(Eowpocky)) © i
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On the other hand, observe that job = 1 and Vi = Vyo) = V,, so that (2.4.3) implies
inductively that Vi, N Vg # 0, and i = poeyr(u) for a unique o, € T'(Vi, Vyry) such that

(2.4.4) U fr) = vt o l(fowy)s L&) = 17" 0 L&k ) © -

With the preceding understood, we now determine V), 6(u), and define ¢(u), after having
chosen a representative g of §(u). First of all, observe that V., Vg, = V,, are connected
components of 77 1(U), so that Vi, N Vygny # 0 implies V,,, = Vyiny. We define V) = V.
Secondly, tm € T(Vm, %(m)) = GVm and pm@m) = Jm = 9o(m) © Jm © g;Ll = g@(m)grzl implies
that the left coset of g, in Gu/pa(w)(Gv,,,) depends only on u. We define 6(u) to be the
coset of g,, in G/ pa(u)(GVa(u))- Finally, if we fix a representative g of d(u) for the g,,, g, in
the above consideration, then 7, = 1 and 1,, = 1, so that £(o), () define the same element
in P(Y,q,q'(g)), which is defined to be ¢(u),. By the nature of construction, I[Tol(u), = g-u,
where II is regarded as a map from (Y, q,¢'(g9)) to (X,p,g-p').

As for the uniqueness of {(u)g, suppose uy,us € P(Y,q,q'(g)) are two paths such that
[owu, = IMous. Then in particular, the paths in the underlying space of X coincide, and hence
there exist 71 = ({fi1}, {njin}) : T{Li} — Vi }, 2 = ({fiz}, {mji}) - T{Li} — [{Vi)}
representing uy, up respectively, where for each i, Vi), Vi) are connected components of
7~ 1(U;) for some elementary neighborhood U;. The compositions of 71, 7 with ({7}, {psa})
are equivalent, because they represent the same Il o u; = Il o uy. Hence by Lemma 3.1.2 in
[3], they must be conjugate, and furthermore, since they preserve the base-point structures,
they are actually equal, which means

(2.4.5) i1y © fi1 = i) © fizs L)) (Mii) = pjcyic2)(Mi2)-

We shall derive from (2.4.5) that V1) = Vj(9) for all i by induction. For i = 0, V1) = Via) =
V,, so that by (2.4.5), we obtain fo; = fo2 and 1101 and 7192 have the same domain. The
latter then implies that Vjq) N Vi) # () for i = 1, or equivalently Viay = Vi) for i = 1. By
induction Vjy = Vj) for all 4, with which (2.4.5) implies 7 = 7. Hence u; = uy and £(u),
is unique.

Finally, let us; be any continuous family of paths. For any sq, when s is sufficiently close
to so, us is represented by a o, = {fi(+,s)} € Oy}, where each fi(t,s) is continuous in
both variables. Thus when s is sufficiently close to so, Va(u.) = Va(u,,), and d(us) = (us,)-
In other words, Vi(,,) and 0(us) are locally constant in s. When the parameter space of s
is connected, Vi) and d(u,) are constant so that we can choose representatives of o (us)
independent of s. The family of liftings ¢(u), is continuous in s for any choice of such a
representative g, because it can be locally represented by ¢(o) which is continuous in s.

O

As in the classical covering theory, we can deduce the following immediate corollary.

Corollary 2.4.5 LetIl: (Y,q) — (X,p) be a covering map. Then the induced homo-
morphism 1L, : m,(Y,q) — m(X,p) is isomorphic when k > 2 and injective when k = 1.

We introduce the following definitions.

(1) An orbispace is locally path-connected if the associated étale topological groupoid is
locally path-connected, or equivalently, each local chart U; is locally path-connected.
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(2) An orbispace X is semi-locally 1-connected if for any point p, there is a local chart U;
containing p, such that the composition of homomorphisms wl(/U\i, p) — m (Ui, p) —
m1(X, p) has trivial image for any base-point structure p = (p, U, p).

(3) A connected, locally path-connected covering space IT : Y — X is universal if m (V)
is trivial.

The last definition is justified by the following lemma.

Lemma 2.4.6 LetII: (Y,q) — (X,p) be a covering map. For any map* ® : (Z,z) —
(X,p) where Z is connected and locally path-connected, there exists a unique map ((®) :
(Z,z) — (Y,q) such that ILo {(®) = @ if and only if ®.(71(Z, z)) C IL(71(Y,q)) in m (X, p).

Proof The ‘only if’ part is trivial as usual. We shall prove the ‘if’ part next.

We introduce some notations first. Let ({7}, {pga}) be a representative of II as in Defi-
nition 2.4.2, which will be fixed throughout the proof. Let ¢ = (¢,V,,q), p = (p,U,,p) and
z = (z,W,, 2) be the base-point structures.

We pick a representative of ®, denoted by o = ({¢;}, {n;:}) : I{W;} — I'{Uy}, where we
may assume that each U; € {Uy} is an elementary neighborhood. The strategy of the proof
is to find a set {9; | §; € Gu,,0, = 1 € Gy, }, such that (o) = ({d(¢:)}, {0(n;:)}), where
8(¢i) = ;0 ¢y, 8(nji) = 6; 0myi 0 8; ", can be lifted to (Y, g) through ({7}, {psa}) directly.

Such a set {0;} may be obtained as follows. For each i, we pick a point z; € W; and a
2, € W, such that mw, () = z;, with 2, = z and Z, = 2 where z, Z are given in z = (2, W, 2).
This gives rise to a set of base-point structures z; = (z;, W;, 2;) of Z, and a corresponding
set of base-point structures of X: p; = (p;, U, p;) where each p; = ¢(2z;) and p; = ¢4(2;),
with 2z, = 2z, p, = p. (Here ¢ : Z — X is the induced map of ® between underlying spaces.)
Since Z is connected and locally path-connected, it follows that for each W, there exists
a path w; € P(Z,z, z), and therefore a push-forward path u; = 0 ou; € P(X,p,p;). By
Lemma 2.4.4, there exist a connected component Vo) of 7~'(U;) and a coset d(u;) such
that after choosing a representative d; of §(u}), the path ¢; - u} in P(X, p,d; - p;) can be lifted
to a path in Y through ({m.},{psa}). The upshot is that the comp?)nent_Va(u;) and the
coset d(u;) are independent of the choice on the path wu;, because of the assumption that
P (m1(Z,2)) CIL(m(Y,q)) in m (X, p). Now we set V; = V() and choose a representative
d; € Gy, of the coset 6(u}) for each i. We define §(o) using the set {J;} thus obtained. Note
that §(o) has the following property: for any path w; € P(Z, z, 2;), the push-forward path
§(c) ou; € P(X,p,d; - pi) can be directly lifted to a path in (Y, q,¢i(0;)) by ({ma}, {psa});
where ¢;(6;) = (¢, Vi, ¢;) is the base-point structure defined by ¢; = 71 (6;ps) and ¢; = v, (G;)
(here 7; : V; — U, is the homeomorphism given in ({7}, {psa}))-

We prove next that §(n;;) : T(W;, W;) — T'(U;, U;) has its image contained in p;;(7'(V;, V;)),
in particular, each (n;) = Ad(d;)on; : Gw, — Gy, has its image contained in p;(Gy;), so that
we can define £(c) = ({£(60)}, {{(ny0)}) by setting £(6;) = m;-0d(ds) and () = 3 05y,
The desired map ¢(®) : (Z,z) — (Y, q) is the equivalence class of ¢(o).

Given any & € T(W;,W;), we pick a point 2’ € Domain (¢¢). Since Z is connected and
locally path-connected, there is a path w; € P(Z, 2, 2;), a path ~ in /V[Z joining Z; to Z’, and

“here both P, £(®) are general maps, i.e., not restricted by Convention in Introduction.
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a path 7 in ﬁ/\] joining ¢¢(2') to Z;. Let u; = w;#y#¢7 be the path in P(Z,z, z;) which
is defined by composing u; with v and then with 4/ through &. The push-forward path
6(c0)ou; € P(X,p,d;-p;) can be lifted directly to (Y, g, 4 (0;)) through ({7}, {pga}), which
implies that d(n;;)(£) lies in the image of pj;.

Finally, we address the uniqueness of ¢(®). Let W1, Wy : (Z,2) — (Y, ¢) be any maps such
that ITo ¥y = ITo ¥, = ®. Since in particular the induced maps between the underlying
spaces coincide, we may represent Wy, Wy by 7 = ({@bﬁl)},{@ﬁ)}) : {W;} — I'{Vigy}
and 7 = ({wi@)},{ﬁﬁ)}) : T{W;} — I'{Vie)} respectively, where Vjq), Vj2) are connected
components of 771(U;) for some elementary neighborhood U;. The compositions of 7y, 7
with ({7.}, {psa}) are equivalent, because they represent the same map ®. Hence by Lemma
3.1.2 in [3], they are conjugate, and furthermore, because they also preserve the base-point
structures and Z is connected, they are actually equal. If Vi) = Vj) for all 4, then it is
easily seen that 7 = 75 so that ¥y = Wy, Suppose Vi(l) # Vi) for some index i. We pick a
zi = (2, W;, 2;) and a path uw € P(Z, z, z;). Then it is easily seen that ¥; o u and Wy o u are
two different liftings of ® o u, contradlctlng the uniqueness of path-lifting in Lemma 2.4.3.
Hence Vi) = Vi) for all i.

(I

Next we discuss the existence of universal covering and deck transformations.

Proposition 2.4.7 Let X be a connected, locally path-connected and semi-locally 1-
connected orbispace. Fix a base-point structure p = (p,U,,p) of X. Then for any subgroup
H of m (X, p), there is a connected covering space 11 : (Y, q) — (X, p), which is unique up to
isomorphisms, such that ®.(m(Y,q)) = H. - -

Proof We first construct the underlying space of Y. To this end, we consider the path
space P(X,p) = [({,0); (X, p)], which is given a natural topology by the general method
described in §3.2 of [3]. We introduce an equivalence relation ~g in P(X,p) as follows.
Given any wu,us € P(X,p), we define uy; ~p wuy, if there are oy, o, representing uy, us
respectively, and there is a £ € |; ; T'(U;, U;), where {U;} is the atlas of local charts on X,
such that o; may compose with v(o3) via £ to form a homomorphism o1#¢v(02), which
defines a loop in (X, p) whose homotopy class lies in H. We define the underlying space of
Y to be P(X,p)/ ~pu, which is obviously path-connected, hence connected. As a notational
convention, for any u € P(X,p), we denote its equivalence class under ~y by ug € Y.
There is a natural surjective continuous map 7 : Y — X defined by ugy — u(1), where u(1)
is the terminal point of the path w in X. (Here the surjectivity of 7 relies on the fact that
X is path-connected.) The space Y has a natural base point ¢ = py, where p € P(X, ]_)) is
the constant path, defined by the constant map into p € (70 Clearly 7(q) = p.

For any point y = ugy € Y, where u is represented by o = ({V}, {&x}) : I'{lx} — I'{Ux},
k=0,1,---,n, we set U, = U, and 6 = 7,(1) € U,. We may assume that the semi-locally
1- connectedness holds for U, without loss of generality. We define a map 7, : U, > Y as
follows. For each z € UC,, we connect ¢ to z by a path ~, in U, (the existence of ~, is ensured
by the locally path-connectedness of X), and define 7,(z) = [0#7.]n. The assumption that
X is semi-locally 1-connected ensures that the map 7, is well-defined, and the assumption
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that X is locally path-connected implies that 7, is continuous. We set V, = WU(U;) cY,
which obviously satisfies 7(V,,) = U,.

We will show: (1) V, is a connected open neighborhood of y in Y. (2) There is a subgroup
Gy, of Gy, such that U, /Gy, is homeomorphic to V, under m,. (3) There is a set 7 =
{T(V,,V;)}, where each T'(V,,V,) is a subset of T'(U,,U.,). Together with the atlas of local
charts {(‘//;, Gv,,7y)}, where V, = U,, it defines an orbispace structure on Y (cf. Proposition
2.1.1in [3]). (4) The maps 7° : V, = U, and po : T(V,,V;) C T(U,,U,) define a covering
map II: Y — X. (5) We have IL (m(Y,q)) = H where in ¢ = (¢,V,,q), Vo, = 7, (U,), and
qg=pE€ U, =V,. Here 04 is the canonical representative of ¢, the constant map into p.

For (1), we first prove that V is open. It suffices to show that the inverse image of V
under the projection P(X,p) — Y is open in P(X,p). To this end, we need to show that
given any ug € P(X,p) with (uo)g = wo(zo) for some z, € U,, and for any u € P(X, p)
sufficiently close to u, there is a z € U, such that To(2) = upg. Let v, be a path in U,
connecting & to 2o, such that m,(20) = [0#72,]n. We take a 79 = {fio} € Oye,;3, 0 <0 <m,
such that 1] = ug, where without loss of generality, we assume that U, = U,, fn.o(1) = 20,
and the homotopy class of the loop [ro#v(0#7,,)] lies in H. Now we pick a t; € I; N ;14
for each i = 0,--- ,m — 1, and for each 7 = {f;} in the open neighborhood Oy, } of 9, we
take a path v; in Domain (¢, ) running from f;(t;) to fio(t;) for each i =0,--- ,m — 1,

and take a path v in U, running from f,,(1) to fino(1) = z0. We define 7/ = {f/} € Ole;
where for each 0 < i < m — 1, f! is obtained from pre-composing f; by Peiy © v(;i—1) and
post-composing f; by v;, and f/ is obtained from pre-composing f,, by Dé 1) ov(Ym—1) and
post-composing f,, by v#v(y). Then 7’ is homotopic to 7 so that [7']g = [7]g. On the other
hand, by the semi-locally 1-connectedness of X, the loop [7'#v(10#v(7))] is null-homotopic,
so that [7']g = [ro#v(7)|u. Now observe that To#v(y)#v(0#(v.,#v(7))) is homotopic to
ToF#V(0#7,,), which defines a loop whose homotopy class lies in H. If we let z = f,,(1),
then we have 7, (2) = [0#(7:0#v(7))|u = [0#v (V)] = [7']n = [7]u. Hence V; is open in
Y. Finally, V, is connected because U, is and V, = m,(U,). This concludes the proof of (1).

For (2), we obtain the subgroup Gy, as follows. We denote by g the base-point structure
(7(y),Us,6), and consider the isomorphism [o], : m(X,o) — m(X,p), where [o] is the
path in P(X,p,c) defined by o, cf. Proposition 1.3 (1). Set H, = [o];'(H). Now for each
g € Gy,, we take a path 7, in U, connecting ¢ and ¢- 6. Then the pair (v,, g) determines an
element [(7,, g)] in 71 (U,, 0), cf. Lemma 2.2.2, whose image [g] under m(Uy,,0) — m (X, 0)
is independent of the choice on the path v, by the semi-locally 1-connectedness of X. We
simply put Gy, = {g € Gy, | [g9] € H,}. The fact that (v, 9)#(n, h) = (V4n, gh) for some
path ~,, connecting ¢ to gh - ¢ in U, shows that Gy, is a subgroup of Gy, . It remains to
show that 7, induces a homeomorphism between U; /Gy, and V. First of all, 7, : (7:, — V;
is Gv -invariant. This can be seen as follows. Let g be any element in Gy,. Given any
z € UJ, let v, be a path in U running from & to z such that 7TU( ) = [0#7.]g. Then
(g - 2) = [0#(74#9 © 7.)|m because v,#g o 7, is a path in U, connecting ¢ and ¢ - z.
Now it is easily seen that o#(y,#g o 7.) may compose with v(o#7,) through ¢~! € Gy,,
and the resulting homomorphism represents a loop whose homotopy class is [0].([g]) € H.
Hence 7,(g - z) = 7,(2). Secondly, suppose m,(z) = 7,(2'). Take paths 7., v,/ connecting
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o to z and 2’ respectively. Then the assumption 7,(z) = m,(z') implies that there is some
g € Gy, with 2/ = g - z such that o#7, may compose with v(c#..) through ¢ to form a
homomorphism which defines a loop in X, whose homotopy class is an element h € H. If
we join ¢ and g - & by the path v, = v, #v(g07.), we see that the class [(v,, ¢)] in m(Us, 0)
has its image [g] = [0];'(h™!) € H, under 7;(U,,c) — 71 (X, c). Hence g lies in Gy,. From
here it is easy to see that 7, induces a homeomorphism between U(\, /Gy, and V.

For (3), suppose (I//;,Gvol,ﬂvol), (VU\Q,GVUZ,WVUZ) are two local charts constructed from
o1, 03 respectively, such that V,, NV, # (). The assumption V,, NV,, # 0 implies that
U,, NU,, # 0 since 7(V,) = U,. We shall define T(V,,,V,,) as a subset of T(U,,,U,,)
as follows. Given any & € T(U,,,U,,), if there exists a z € Domain (¢¢) such that the
composition of o1#~, with V(O’g#’}/(bg(z)) through ¢ defines a loop whose homotopy class lies
in H, then we put § in T'(V;,,V;,). Here 7., 74,(-) are paths in Ua\l, ﬁa\z connecting 1, 0o
to 2z, ¢¢(2) respectively. Note that T'(V,,V,) = Gy, according to this definition. On the
other hand, since Domain (¢;) is path-connected, & € T'(V,,, V,,) implies that 7,, = 7,, 0 ¢¢
on Domain (¢¢) and that m,, (Domain (¢¢)) is a connected component of V,, N V,,. This
allows us to assign ¢¢ to £ even if £ is regarded as an element of T'(V,,,V,,). Finally, we
observe that |, ,, T'(Vs,, Vs,) is closed under taking inverse and composition as a subset of
L;; T(Us,U;). Hence by Proposition 2.1.1 in [3], it together with the atlas of local charts

{(‘Z, Gv,,m,)} defines an orbispace structure on Y. This concludes the proof of (3).

For (4), in order to show that ({n?},{p.»}) defines a covering map Il : ¥ — X, it
suffices to verify (b) of Definition 2.4.2 for it. More concretely, we need to show that for any
U € {U,}, a connected component of 771(U) is of the form V,. Let V be any connected
component of 771(U). Then for any y € V, since 7(y) € U, there is a o, representing y,
with a canonically constructed neighborhood V;, satistying 17,: = U. Since V5, is connected
and 7(V;,) = U, we have V, C V. Hence V = UyeyV,,. On the other hand, it is easy to
see that if V, and V, have non-empty intersection and 7(V,) = 7(V;), then V, = V,. Hence
V =V, forany y € V, and (b) is verified.

For (5), we first show that H C IL.(m(Y,q)). Let u be any loop in X whose homotopy
class lies in H. We represent it by a homomorphism o € Oy,;y, o : I'{L;} — I'{Up},
0<i<n. Foreachi=1,---,n, we pick at; € [,_;NI; and let 7; be the restriction of ¢ on
[, #;]. We let V. be the component of 7~ (U;) that contains [r;]z € Y, denote by z € V,, a
point satisfying 7,.(z;) = [%]u, and denote by ~,, a path in 17; that connects &; to z;. Then
there exist g; € Gy,, i = 1,---,n, such that the composition of 7; with v(o;#,,) through
9i0&;(i—1) defines a loop whose homotopy class lies in H. This implies that g10&10 € T(V,, V;,),
gi 0 &1y 0 9y € T(Vy, ,, Vi) for i > 2. Note that because the homotopy class of the loop
uw lies in H, V, =1V, and g, may be taken to be 1 € Gy,. Thus according to Lemma 2.4.4,
the loop u can be lifted to a loop in (Y, ¢). Hence H C IL.(m(Y,q)). It remains to show
that IL. (7 (Y, q)) C H. Given any 7 € Oy}, @ = 0,1,--- ,n, where n;; € T'(V;,, Vs,) such
that the equivalence class [7] € [(S',*); (Y,q)]. Then there are, for i = 0,--- ,n — 1, points

— —_—
zi € Domain (¢, ,),), 2 = &y, (1), and paths 7., in V,, 7., in V5, ,, which connect 4;,

7

Gi11 to z;, z. respectively, such that the composition of o;#,, with V(aiﬂ#fyz;) through
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N(i+1); defines a loop whose homotopy class is an element h; € H. By the semi-locally 1-
connectedness of X and the path-connectedness of each Domain (¢, ,,,), we see that ITo 7]
is a loop whose homotopy class equals hq - - - h,—1 € H. Hence IL. (7 (Y, q)) C H.
O
We shall derive a short exact sequence, which relates the m; of an orbispace with the group
of deck transformations of its universal covering, whose existence was established in the
preceding proposition. By definition, a deck transformation of a covering space I1: Y — X
is an isomorphism of orbispaces ® : Y — Y such that Il o ® = II. The group of deck
transformations of I1 : Y — X is denoted by Deck (II).
Let IT : (Y,q) — (X,p) be a covering map with a representative ({7.},{pga}) fixed

throughout. For each a, we set Ky, = {g € Gy, | g- = = x,Yz € U,}. We consider

(2.4.6) K = {{9a} | 9 € Ku, and pga(§) = g5 © ppa(€) 0 95 VE € T(Va, V),
which is a group under the multiplication {g,}{ha} = {gaha}. The subgroup
(24.7) Cn = {{90} € Ku | 9o € pa(Gv.)}

is contained in the center of Ky, hence is a normal subgroup of K.

Let p and ¢ be the constant map from [ into p and ¢ respectively. For any g € Ky,
h € Ky,, we set [g] = [(p, g)] € m(X,p), [h] = [(¢,h)] € m(Y,q). Clearly IL([h]) = [p,(h)].
For any {g.} € K, we observe that [g,| actually lies in the center of IL, (7 (Y, ¢)) in 71 (X, p),
where g, is the component of {g,} corresponding to U,. To see this, let u € m(Y, ¢) be an
element which is represented by {fi} € Oy,,;, 0 < i < n. Then II.(u) is represented by
{mi o7} € Opyuienys and [go) ' #IL (u)#[go] is represented by {m; o v} € Oy, Where
Mo = p10(&10) © Go, Nji = pji(€5) for 2 < j < n—1, and Nu-1) = 95" © Pr-1)(Enn-1))-
Observe that if we let g; be the component of {g,} corresponding to U;, then p;;(&;;) =
gj © pji(&j:) 0 g " are satisfied, which imply that g;' o 10 = p10(&10), 95 ' © mji © 9 = pji(&s0)
for 2 < j <n—1, and Nym-1) © gn = Pnn-1)(&nm-1)). In other words, ({m o ~;}, {n;}) is
conjugate to ({m o7}, {p;i(&:)}). Hence [go]  #IL.(u)#[go] = I.(u).

Thus there is a homomorphism
(2.45) =y Kn/Cr = N(IL(m (Y. 0)) /T (71 (Y )

induced by {ga} — [g,], where N(IL.(m (Y, q))) is the normalizer of IL,(m (Y, q)) in 71 (X, p).
Note that =, , is injective when Y is connected. This is because for any {g.} € Kmu, g, €

Po(Gv,) implies go € pa(Gv,) by psall) = g5 0 psall) 0 95" V€ € T(Va, V3) in (2.4.6), and by
the connectedness of Y.

Proposition 2.4.8 LetlIl: (Y,q) — (X,p) be a connected, locally path-connected covering
space of X. Set H = IL,(m(Y,q)) and denote by N(H) the normalizer of H in m (X, p).
Then there is a homomorphism ©,,,: N(H)/H — Deck (11), such that =, , and O, , fit into
a short exact sequence

(2.4.9) 1 — K /Cr 224 N(H)/H 223 Deck (IT) — 1.

Moreover, if IL: (Y, q) — (X, p), I': (Y',¢') — (X', p') are connected, locally path-connected
covering spaces, where I, (w1 (Y, q)), IL(m1(Y",¢)) are normal subgroups, and there are maps’

here ®, ¥ are general maps, i.e., not in the restricted class specified by Convention in Introduction.
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o (X,p) — (X',p), V:(Y,q) — (Y',¢) such that I' o ¥ = ® o 11, then we have
(2.4.10) T o00,,(2) =0,4(2)oW, Vzem(X,p)/IL(m(Y,q),

where in (2.4.10), 2" is the image of z in m (X', p') /1L, (1 (Y', ¢')) under ®., and ¥ is regarded
as an element of [Y;Y'].

Proof Let u be a loop in (X, p) such that its homotopy class [u] € N(H). By Lemma 2.4.4,
we associate u with a pair Vi), d(u)), where Vi, is a connected component of 7(U,)
and 6(u) is a left coset in Gu,/pa)(Gv,,,, ), such that for any chosen representative g of
d(u), there is a unique path £(u), € P(Y,q,q(g)) satisfying Ilo/(u), = g-u. We consider the
covering maps IV =11 : (Y, ¢q) — (X, p) and II® : (Y,¢(g)) — (X, p). The assumption that
[u] € N(H) implies that IT{" (7, (Y, q) = 1 (7, (Y, q(9))) in m (X, p). Hence by Lemma
2.4.6, there is a unique map @, : (Y,q) — (Y, q(g)) such that II® o &, = M. If we pick
a different representative g’ of §(u), where ¢’ = pu()(h)g for some h € Gy, ,, then g(g)
is changed to ¢(g') = h - q(g). This implies that the corresponding map ®, : ¥ — Y is
independent of the choice of the representative g. As for the dependence on ({7}, {psa})
we go back to the proof of Lemma 2.4.4 and observe that in the construction of ¢(o), if
we change ({ma}, {pga}) by conjugation, then the set {g;} in (2.4.1) will change accordingly
such that overall, the orbit of ¢'(g) under the action of Gy, , remains the same. On the
other hand, by Remark 2.4.3 (1), two different choices of ({m,},{pga}) differ essentially
by a conjugation after we replace o by an appropriate induced one. Hence &, : ¥ — Y
is also independent of the choice on ({ma},{psa}). It is obvious that ®, depends only
on the class of [u] in N(H)/H, and is a deck transformation of II : ¥ — X. The map
©,,: N(H)/H — Deck (II) is defined by [u] — P,.

In order to verify (2.4.10), we pick representatives o, 7 for & and W respectively, and fix
({ma}, {psa}), ({7ir}s {Plyrar}) for I T, such that

(2.4.11) 00 ({ma}, {ppa}) = {mar} {pfpar}) o 7.

Given any z € m(X,p)/I.(m(Y,q)), we represent z by a loop u in (X,p). We pick a
representative g of d(u) (w.r.t ({ma}, {psat)), and then use o to determine a representative
g of 6(Pou) (w.r.t ({7}, {Plyar})), such that 7 preserves q(g) and ¢'(g') (because of (2.4.11)).
Now we consider the problem of factoring the map ® oIl : (Y,q) — (X',p') through the
covering map (Y',¢'(¢")) — (X',p’). There are apparently two solutions: ¥ o ©,,(z) and
O, 4 (Z') oV (in their appropriate based versions). By the uniqueness in Lemma 2.4.6, these
two solutions must be the same. Hence (2.4.10).

Next we verify that ©,, is a homomorphism. Let u;, us be two loops in (X, p) such that
both [u1], [ug] € N(H). We pick representatives g; of d(uy), go of d(us), and g of §(ui#us).
Then by the uniqueness of path-lifting in Lemma 2.4.4, the following holds for the based
version @p,Q([ul]) : (Yv Qag(92)) - (ng(gl)vg(g>>v

(2.4.12) (1) g #(Opg([un]) 0 (uz)g,) = L(urffuz)g.

In particular, there is a based version

(2.4.13) Opq([ua]) - (Y, q(g2)) — (V. a(9))-
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Now by the uniqueness in Lemma 2.4.6, the composition of ©,,([us]) : (Y, q) — (Y, q(92))
with (2.4.13) must be equal to O, ([ur#us]) : (Y,q) — (Y,q(g)). The corresponding maps
satisfy

(2.4.14) Opq([ur#us]) = O, 4([u1]) 0 Oy 4([uz)),

which shows that ©,, is a homomorphism.°

It remains to verify (2.4.9). As for the surjectivity of ©,,, given any ® € Deck (II), we
take a path u € P(Y,q,q') where ¢’ is the image of ¢ under a choice of based versions of ®.
Then II o u determines a loop v in (X, p), and

(24.15)  TL(m(Y.q)) = M (m (Y, ¢)) = I (v(u)(m(Y, @) = [v] " - I(m(Y, q)) - [v],

which implies that [v] € N(H). The uniqueness in Lemma 2.4.6 then asserts that 0, ,([v]) =
®. Hence O, , is surjective.

Finally, we determine the kernel of ©,,. Suppose O, ,([u]) = 1 for some loop v in (X, p).
Then from the construction in Lemma 2.4.6 and by the definition of ©, , above, we see that
O, 4([u]) is defined by ¢(({ma}, {psa})) as constructed in Lemma 2.4.6, where there exists
a set {ga | go € Gu,}, such that £(({7ma}, {ppa})) = ({fa} {nsa}) : T{Va} — I{Vo} with
fo =751 000 0 Ta, 18al§) = pgal(gs © psalf) 0 g5'). Moreover, a different choice of {g.} has
the form {p,(ha)ga} for some h, € Gy,. Now the assumption O, ,([u]) = 1 implies that
U(({ma}, {psa})) is conjugate to the identity, and because of this, we can actually choose a
set {ga} such that £(({ma},{psa})) is the identity. It then follows easily that {g,} € K.
Furthermore, one is ready to check that u#(p, g, '), where g, is the component of {g,} that
corresponds to U,, can be lifted to a loop in (Y] ¢), hence [u] = [g,] mod IL.(7 (Y, q)). This
exactly means that ker ©,, C Im Z,,. It remains to show that Im =, , C ker ©,,,, so that
ker ©,, =Im =,, and (2.4.9) is verified. To this end, let {g,} € Kn be any element, we
consider O, ,([u]) where [u] = [g,]. It is clear that the component V) associated to u is V,
and g, can be chosen to serve as a representative g of 6(u). With g = g,, we see that ¢(g) in
the definition of ©,,([u]) is actually ¢ since g, € Ky,. By the uniqueness in Lemma 2.4.6,
we conclude that ©, ,([u]) is the identity map. Hence Im =,, C ker O, ,, and the proof of
Proposition 2.4.8 is completed.

O
Proof of Lemma 2.4.1

The ‘only if” part follows from the fact that (2.2.10) is natural with respect to (f, A). We
shall prove the ‘if” part next.

First of all, we observe that for any global quotient X = Y/G, there is a natural covering
map [1:Y — X defined by (Id, 1) : (Y, {1}) — (Y, G), with the orbit map7: Y — Y/G =X
being the induced map between underlying spaces. Moreover, for any base-point structure
0 = (0,U,,0), the injective homomorphism II, : 7 (Y, 0) — m1 (X, 0) coincides with the one
in (2.2.10).

To define the map f : Y — Y’ we denote II' : Y/ — X’ the canonical covering map for
X'. Then the assumption for the “if” part of the lemma can be rephrased as that there are
base-point structures o, o, such that (® o Il),(m (Y, 0)) C I’ (m(Y’,0')). By Lemma 2.4.6,
there is a unique map f : (Y,0) — (Y’,0') such that oIl =1I' o f.

bnote that ©,,, induces a left-action of N(H)/H on'Y.
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As for the homomorphism A\ : G — G’, we observe that m(X,0) — G in (2.2.10) is
surjective since Y is path-connected, hence by the assumption that ®,(m (Y, 06)) C m (Y, ),
®, induces a homomorphism A\ : G — G'.

It is easily seen that the action of m1(X,0)/m(Y,6) on Y through deck transformations
coincides with the action of G on Y under the isomorphism (X, 0)/m (Y, 0) = G given by
(2.2.10). Hence f is A-equivariant by virtue of (2.4.10). Note that here we need not to assume
that Y is connected, locally path-connected because the action of w1 (X', o) /m (Y',6') on Y’
through deck transformations is given a priori by the homomorphism 7 (X’, o') /m; (Y’ 0') —
G’ in (2.2.10) and the action G' on Y".

It remains to show that ® is defined by (f, A). To this end, we first observe that an induced
homomorphism ({f.}, {\a}) @ T{U.} — T{Uy} of (f,A) has the form f, = d," o f|57

and M\a(g) = 6, 'Mg)d, for a set {6, € G'}, where each U, is an open subset of Y, and
g € T(U,, Upy) C G. Secondly, we observe that a more concrete description of a representative
of the canonical covering map II : Y — X, which is induced by (Id,1) : (Y,{1}) — (Y, G),
may be given as

(2'4'16) ({Va7i|i € Ia}’ {Ua}> {(Wa,h 5a,i)}> {pfb,j)(a,i)})a

where (1) {U,} is a cover of X, (2) for each a, {V,;|i € I,} is the set of connected components
of 774(U,) in Y, with V,,, taken to be U, for some index io, (3) Moy @ Vai — U, is the
homeomorphism induced by an element 6,,; € G, and (4) for any V, ;, V,; with V,,;NV,; # 0,
there is a set {be,j)(a,i) € T'(U,,Uy)} labeled by the set of components of V,,; NV, ;, denoted
by {s}, where each p{, ;)(4.i) = 0b,j0a, ! € G. For simplicity, we shall require 6, ;, = 1 for each
index a without loss of generality.

Now according to the construction in Lemma 2.4.6, the map f : (Y,0) — (Y’, ') is defined
as follows. First of all, we fix a representative &’ of II" : (Y, ') — (X ',0') as described in
(2.4.16). Then we can choose a representative  for I : (Y,6) — (X, 0) as in (2.4.16), and a
representative o of ® : (X, 0) — (X’,Q’), such that o o k can be lifted by «' to Y’, which is
defined to be f. In particular, ook = k’o f. To fix the notations, we write o = ({fo}, {X\sa})-
We denote the component of (7)~*(U}) that contains f(V,,) by V., for any Vi, and denote

by ¢, ; the element of G that induces the homeomorphism 7, ; : ‘/a/z — U’. Note that V/,

a Z()’
Wthh is the component containing f(V,;,) = f(U,), is not necessarily U/.

With these notational conventions understood, we can easily see that f, = d/ , o o flz as
a consequence of ook = k' o f and the assumption d,;, = 1. We set d, = (I, )~%. Then to

show that o is induced by (f, A), we only need to check ’
(2417) )\ba(g) = 51)_1)\(9)5a

It suffices to check (2.4.17) for two special cases: (a) g = p{, ;. for any indexes i € I, j € I,
and (b) the indexes a = b and g € Gy, .

For case (a) where g = Plb.j)(ard) for some indexes ¢ € [I,,j € I,, we shall prove the
relation (0], ;)7"0,; = A(da,) for any index a and i € I,, which implies case (a) because
Plo.g) (i) = 04,04, and Noa(P(b jy(aty) = O, (e, )71 as a consequence of o ok = k' o f. To see

(00.40) " 00s = A(Jay), we pick paths Y0, 7 in Y satisfying 70(0) = v(0) = 6, 7(1) € U,, and

a,io

(1) € Vo with v9(1) = d4-7(1). Then kovy may compose with v(ko7) to define a loop u in
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(X, 0). The lifting of u to (Y, 0) by & is easily seen to be the path ~yo#v(d,;07) whose terminal
point is d,,; - 6. Hence the image of [u] under the homomorphism 71 (X, 0) — G in (2.2.10) is
dai- On the other hand, the push-forward o ow is lifted to (f oyo)#v((0),,,) 0,0 (fov)) by
+', whose terminal point is (0], ;) 'd, ;- ¢'. Hence the image of ®,([u]) under 7 (X’,0') — G’

a,ig
in (2.2.10) is (0} ;)"0 ;. This gives () ;,) "0, ; = AM(0a,) by the definition of A.

a,ig
For case (b) where the indexes a = b and g € Gy, , we pick a path vy in Y with v,(0) = 0,
(1) € l/];, and pick a path v in U, connecting vo(1) to g - 7(1). Note that if we set
x =m(v(1)), z = (x,U,,7(1)), then (v, g) defines a loop v in (X, z) by Lemma 2.2.2. We
set u = (ko) #v#v(Kovyy), which is aloop in Q(X, 0). The lifting of u by & is yo#y#v(go0),
whose terminal point is g-6. Hence the image of [u] under the homomorphism (X, 0) — G
in (2.2.10) is g. On the other hand, the push-forward ¢ o u is lifted by " to the path
{(oou) = (fo%)#fy’#y(Ad((ét’l,io)_1)(>\a(g))o(fo%)) for some path ' connecting f(7o(1)) to
Ad((8),;,) ") (Aal9)) - f(70(1)). The terminal point of £(cou) is Ad((4), ;,)~")(Aa(g))-&', which
implies that the image of ®,([u]) under m(X’,0') — G’ in (2.2.10) is Ad((,,,,)"")(Aa(g))-
Hence A(g) = Ad((5,;,)"")(Aa(g)), from which (2.4.17) for case (b) can be easily deduced.
O

3. AN ANALOG OF CW-COMPLEX THEORY
3.1 CONSTRUCTION OF MAPPING CYLINDERS

In this subsection we extend the mapping cylinder construction in the ordinary homotopy
theory (cf. e.g. [14]) to the orbispace category. Recall that for any map f : Y — X
between topological spaces, the mapping cylinder of f, denoted by My, is the topological
space obtained by identifying (y, 1) with f(y) in the disjoint union Y x I' | X for all y € Y.
We set [y, t] for the image of (y,t) € Y x I'||X in M;. There are embeddings ¢ : Y — My,
Jj X — My given by i(y) = [y,0] and j(z) = z, realizing Y, X as subspaces of M;. The
space X is a strong deformation retract of My, with the canonical retraction r : My — X
where r([y,t]) = f(y) and r(z) = z. The homotopy H : My x [0,1] — My between j or and
Idyy, is given by H([y,t],s) = [y,1— (1 —t)s] and H(x,s) = z. Finally, given any homotopy
F:Y x[0,1] — X between fi, fo : Y — X, there are canonical maps ¢p : My — Mjy,,
Yp : My, — My, such that ¢p o ¢r and ¢p o ¢p are canonically homotopic to Idy;, and
1 de2 respectively, relative to X and Y. For instance, we may define ¢g, ¢p by

= O
[

IAIA
IAIA
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The canonical homotopy between ¢p o ¢ and Idy, may be taken to be H : My, X 0,1] —
My, where

[y, (4 — 3s)t], 0<it< L
(3.1.2) H(ly.1),s) = § Fly,(4=3s)t —1), o <t< 5
B Fly i —35)(1-1), o <t<l

H(x,s)=x.

In the same vein, we obtain the canonical homotopy between ¢ o ¢ and Idy,, .
We derive two technical lemmas first.

Lemma 3.1.1 Let & : X — X' be a map, where X' = Y'/G" is a global quotient,
and X 1s connected, locally path-connected and semi-locally 1-connected. Then there exists
a connected, locally path-connected space Y with a discrete group action of G, such that
X =Y/G. Moreover, & : X — X' is represented by a pair (f,\) : (Y,G) — (Y',G') where
f is A-equivariant. Such a (Y,G) is uniquely determined up to an isomorphism, and (f,\)
is unique up to conjugation by an element g € G', i.e., (f,\) — (go f, Ad(g) o \).

Proof We take a based version of ® with respect to some base-point structures o, o’ of X,
X' respectively. Since X is connected, locally path-connected and semi-locally 1-connected,
there is a covering space II : (Y, ¢) — (X, 0) such that IT,(m (Y, ¢)) = (®.) "1 (m (Y, d')) by
Proposition 2.4.7. Moreover, by Lemma 2.4.6, there is a map V¥ : (Y, ¢q) — (Y”,0’) satisfying
Goll =1I'o W, where IT" : (Y, 0') — (X', o) is the canonical covering map associated to the
global quotient X' =Y'/G".

Now recall that ® satisfies the assumption in Convention in Introduction, so does the
map ¥ : (Y,q) — (Y’,0'). This implies that Y is actually a topological space. We rename W
by f, and set G = m (X, 0)/IL.(m(Y,q)). Then G acts on Y through deck transformations,
and there is an injective homomorphism A : G — G’ such that f:Y — Y’ is A-equivariant.

We next verify that X is isomorphic to the global quotient Y/G and Il : Y — X is
isomorphic to the canonical covering map. To this end, we pick a representative of II :
(Y,q) — (X, 0), which can be described in the following form:

(3~1~3) ({Va,iu € Ia}a {Ua}> {7Ta7i}> {p?ﬁ,j)(a,z’)})a

where (1) {U,} is a cover of X by local charts, (2) for each index «, {V,;|i € I,} is the set
of connected components of 771(U,) C Y, (3) each 74, : Vo, — U, is a homeomorphism,
(4) for any Vi, Vs ; with Vi ; N Vs ; # 0, there is a set {p{s (i) € T(Ua,Up)} labeled by
the set {V{;, ;5 } of connected components of V, ;M Vj ;, such that the following equations
are satisfied,
(3-14) 55 = Plajyai) © Tai 00 Viaiyas)s a0d Plyiya) © Alaen (Tai(@) = Pl
where a is any connected component of V{5, 5 5 N V(5 ), 1) that is contained in V[, ;. 4.
We claim: (1) Set Go; = {9 € G | g Vi = Va.i}, then there is an isomorphism A, ; :
Goi — Gy, such that m,; is A, ;-equivariant. (2) For any V,;, V,, there is a g5 € G
satistying 7, j 0 g5; = Ta,; and gi; = gi;95- To sketch a proof, we pick, for each V, ;, a path
7 in Y satisfying 47(0) = ¢, 77(1) € Vay and 7a,(75(1)) = ma,5(75(1)). We introduce
base-point structures x, = (Za, Ua, To) Where z, = 7(73(1)), To = ma,i(7¥(1)), and denote
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by 7;* the push-down path Il o~ € P(X,0,z,). Then the isomorphism A, ; : Go; — Gy,
is defined as follows. For any g € Gy, we pick a path v in U, connecting Z, to g - Z,,
and denote by ~, the loop in (X,z,) defined by (v,g). The inverse of \,; is defined by
sending ¢ to the image of [y;*#v,#v(7:*)] € m1(X, o) under the homomorphism (X, 0) —
G = m(X,0)/IL(m(Y,q)). As for the set of elements {g;}, we define g3; to be the image
of [7;%#v(%:%)] € m (X, 0) under the homomorphism (X, 0) — G. Wlth these definitions,
the verification of the claim is straightforward, hence we leave it to the reader.

For each «, we fix an index iy € I,, and set W, = V,;,/Ga.i,- Then an isomorphism
between X and Y/G is defined by o = ({m;} }, {nga}) : T{Us} — I{W,}, where 1, is the

mapping uniquely determined by the conditions 7., = Aaio and nﬁa(pfﬁ7j)(a7i)) = gﬁjjggo.
Under this isomorphism, the covering map II : Y — X is isomorphic to the canonical one
associated to the global quotient Y/G.

Finally, by Lemma 2.4.1, & : X — X' is represented by (f,\) : (Y,G) — (Y',G’). By
Lemma 3.1.2 in [3], (f,A) is uniquely determined up to conjugation. To see that (Y,G)
is uniquely determined up to an isomorphism, we simply observe that the injectivity of
A G — G implies m (Y, 0) = (®,) (7 (Y’,0')) for appropriate base-point structures o, o
of X, X’. In other words, m(Y, 0) is uniquely determined, hence so is the covering space Y
up to an isomorphism by Lemma 2.4.6.

(I

Let Y be a locally path-connected, semi-locally 1-connected orbispace. For any map & :
Y — X, we consider the set V(®) of connected open subsets V of Y such that V C ¢~ 1(U),
where ¢ : Y — X is the induced map of ® between underlying spaces, and U € U is a local
chart on X. We apply the preceding lemma to ®|,, : V' — U, so that for each V' € V(®),
there is a (‘7 G") such that the subspace V is isomorphic to the global quotient 1% /GV, under
which @[y is represented by a pair (fv, Av) : (V,GV) — (17 ,Gy) where fy is Ay-equivariant.

Set 7V : V — V/GV = V. We remark that

(1) (‘7, GY, V) depends only on V. This is because, as we have seen in the proof of
Lemma 3.1.1, the isomorphism class of (V,GY) is determined by (®|y)71(m (7)),
and on the other hand, for any U; C Us, (®|y)7 (1 (0h)) = (®]y)7 (w1 (05)). The
last identity follows from the fact that the inclusion U; C U, induces an injective
homomorphism from Gy, to Gy, so that by (2.2.10), the inverse image of m (U5) is
m(07) under 1 (Uy) — m1(Us).

(2) If V1, Vs € V(®) such that V; C Vs, then (V;, GV, 7") is isomorphic to an induced
one from (Vg, G"2,7"2). This is because if we denote by I : V; — V4 the inclusion as
a subspace, then ®|y. = ®|y, o I, and hence 171 o (B, ) (w1 (0)) = (®|v,): (my (T))
where Vi € Vo € ¢~ 1(U), so that 17 (m(V3)) = m (V1) under I, : m (V) — my(Va).
By Lemma 2.4.1, I is represented by a pair (f,\) : (Vi,G"1) — (V3, G'2) where X is
injective and f is a A-equivariant open embedding.

(3) When V is a local chart on Y such that ®|y is represented by a pair (f, p) : (V,Gy) —
(U, Gy), then (V, Gy, my) is isomorphic to (V,GY,7V). For instance, suppose & is
represented by ({/fa},{psa}) : T{Va} — I{Us}, then if a local chart V cV, for
some index a, then V € V(®) and (V, Gy, my) is isomorphic to (V,GV,7V).
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Lemma 3.1.2 There is a set T(®) = {T(V1,Va) | Vi,V € V(®), s.t. VinVy # 0},
which together with the atlas of local charts {(V,GV,7V) |V € V(®)} defines an orbispace
structure on Y that is equivalent to the original one. Moreover, given any cover {V,} C

V(®) of Y, where V,, C ¢~ (U,) for some local chart U, on X, there is a homomorphism
({fa}, {sa}) : T{VL} — T{U.} whose equivalence class is the given map ®, in which

(faa)‘a> = (fVa7>\Va> ( auGVQ) (UavGUa>

Proof For any V € V(®), the subspace structure of V' C Y is given by an atlas of local
charts N'(V) = {(W,Gw,mw)} and a set T (V) = {T(Wy, Ws)}, where W C V is a local
chart on Y. Since the subspace V is isomorphic to ‘7/ GV, we may further require that for
cach W e N(V), W € V(®) and (W,GW, 7") = (W, Gy, mw). Moreover, a set T(W,V)
is defined, such that each & € T(W, V) is associated with a (¢¢, X¢) = (W,Gw) — (V,GY)
where )¢ is injective and ¢¢ is a Ae-equivariant open embedding, and for any g € GV,
go& € T(W,V) and (¢gog; Agog) = (g, Ad(g)) 0 (¢, Ac)-

Let Vi, Vo € V(®) such that V3 NV, # (0. The set T'(V;, V3) is defined as follows. First of
all, let V be any connected component of ViNV,, and W € N (V1) NN (Vz), W C V. To each
(&1,&) € T(W, V1) x T(W,V3), we assign a pair X‘V}/(&,@) = (f,\), where f: Z; — Zy is a
homeomorphism from a connected component of (7¥1)~1(V) C V; to a connected component
of (7¥2)~1(V) C V; satisfying #¥* = 7%2 0 f, and \ : Gz — G is an isomorphism from the

subgroup of G"! fixing 7, to the subgroup of G2 ﬁxmg Zg, such that f is A-equivariant. To
this end, for i = 1,2, we let Z; be the connected component of (7V)~1(V) C V; that contains
Range (gbgi). Suppose V C ¢ Y(U) for some local chart U on X. We pick base-point
structures ¢ = (¢, W, q) and p = (p, U, p) such that ® : (Y,q) — (X,p). Now for i = 1,2 we
set ¢; = ¢¢,(¢), and denote by II, : (Z, ¢;) — (V, q) the canonical covering map associated to
the isomorphism V = Zi i/G 5 which is defined by gbgl at the base-point structures. Then we
have (Hl)*(ﬂ'l(Zl, qu)) <(I)|V) (7T1(U p)) = (Hg)*(ﬂ'l(ZQ, (jg)) in 7T1(‘/, g) By Lemma 246,
there is a unique f : (Zl, G) — (Zg, Go) satisfying I1; = Iy o f. Furthermore, by Proposition
2.4.8, there is a natural isomorphism A : G 5 G Z such that f is Ad-equivariant. We define
XV (€1,&) = (f, A). Tt is easy to see that (1) x1/ (&1, &2) is independent of the choices on U, ¢
and p, (2) xV/ (&1,&) = (de, Aes) © (gbgll, )\5_11) when restricted to the domain of the latter,
and (3) x¥ (&1:62) = xv (90 &1, M\(9) 0 &), Vg € G5

Secondly, in Ly enviynnva)wev T(W, Vi) x T (W, V,) we introduce an equivalence relation
~ generated as follows: (a) for any (£1,&2), (71,12) € T(W, V1) x T(W, Va), (&1,&2) ~ (n1,m2)
if 9, = go&i,me = A(g) 0& for some g € Domain (), where X is given in xV (€1, &) = (f, \),
and (b) for any (&,&) € T(W, Vi) x T(W, Vo), (m,n2) € T(W', Vi) x T(W', V,) where
W' Cc W, (&,&) ~ (m,m) if ;m = & o€e,m = & o€ for some e € T(W/, W). We define
Tv(V1, V2) = Uwenonrwa)wev T(W, Vi) x T(W, Va)/ ~, and for each § = [(&1, &2)] where
(61,&2) € T(W, V1) x T(W, V3), define (¢, Ae) = xv¥ (&1, 2)-

Finally, we let T'(V4, V3) be the disjoint union of Ty, (V, V4) for all components V' of Vi N V5.
Note that with this definition, T(V, V), YV € V(®), is naturally identified with GV

The composition is defined as follows. Let & € T(V4,V3), n € T(Va,V3), and = €
¢¢ ' (Domain (¢,)). We pick a W € N(Vi) NN (Vz) NN (V3) such that 7*1(z) € W. Then
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we can write § = [(§1,&)] for some (£1,&2) € T(W, Vi) x T(W, V), n = [(n2,m3)] for some
(n2,m3) € T(W,V3) x T(W,V3) such that Range (¢¢,) = Range (¢,,). The last condition
allows us to modify (&, &2) without changing its class [(£1, &2)] but to further satisfy & = ns.
With these arranged, we define n o &(x) = [(£1,73)]. As for the inverse, we simply define
71 =[(&,6)] if € = [(&, &) N

The verification that V(®) = {(V,G",7V)}, T(®) = {T(V},Vs)} satisfy the conditions
in Proposition 2.1.1 of [3] is straightforward, which is left to the reader. Thus they define
an orbispace structure on Y by Proposition 2.1.1 of [3], which is clearly ‘equivalent’ to the
original one on Y in the sense of Remark 2.1.2 (5) in [3].

Finally, given any cover {V,} C V(®) of Y, where V,, C ¢~(U,) for some local chart U,
on X, the existence of a homomorphism ({ fa}, {A\sa}) : T{V,} — I'{U,}, whose equivalence
class is the given map ® and in which (fa, Aa) = (fras M) : (Va, GY) — (U, G, is the
content of Lemma 3.1.3 in [3].

O

Let I be an orbispace structure on X, which is given by the data {(U?, G¥,7%.)} and
T° = {T°(U;,U;)} as described in Proposition 2.1.1 of [3]. Suppose for each U;, there is a
triple (U\“ Gu,, my,), where U; is not connected in general, such that my, : U; — U; induces a
homeomorphism U; /Gy, = Uy, and (U2, GY, , 79, ) is obtained from (U;, Gy, 7y, ) by restricting
to a connected component (7@0 of U\Z Then there is canonically an orbispace structure I' on
X, with I'® € I being an equivalence, and {(U;, Gy, 7y, )} being the atlas of local charts. As
for the set T = {T(U;,U;)} of ', each T(U;, U;) is the orbit space of Gy, x T°(U;, U;) x Gy,
modulo the action & - (g;, &0, 9;) = (hgi, &0, Aeo(R)g;), Yh € Domain (¢¢,). (It is instructive
to think (g;, &0, g;) as gj_1 0&yo0g;.)

Moreover, suppose ({fo}, {p3.}) : T°{Us} — I'{Ul} is a homomorphism of groupoids,
where each pQ : Gf;,, — Gy, is assumed to be injective. Then by replacing I'’ with " on X,
we may canonically replace ({fJ},{p%,}) with a homomorphism ({fa}, {pga}) : T{Us} —
I'{U},} such that (1) each p, : Gy, — Gy, is isomorphic, and (2) f2, p%, are obtained by
restricting fa, pga to Ug,T O(U,, Ug) respectively. It is done as follows. We define U, =
(Gur % Ug)/G?]a where the action is given by ¢° - (¢,z) = (¢'p°(¢°)71, ¢" - ), we define
Gy, = Gu: with a left action on U, induced by g - (¢,z) = (9¢',x), and we define 7,
Us — U, by [(¢,2)] — 70 (x), which induces U,/Gy, = U,. Note that (T2,G% ,79,)
is obtained from (U,, Gy, , 7y, ) under the mapping (z, ¢°) — ([(1,:6)] p2(g")). The pair of
maps (fa: pa) : (Ua, Gu,) = (Uf, Guy) is defined by fo([(¢',2)]) = ¢ - fo(z) and po = Id.
Its restriction to (U9, GY, ) is clearly (f9,p%). The mappings pga : T(Us, Us) — T(UL, Up)
are defined by pga(gs' 0 & © ga) = p5(98) " © pha(é0) © Pal9a) = 95" © Pha(€0) © ga, which
clearly satisfy pgalrow.,us) = Pha- One can check directly that ({fa},{psa}) is indeed a
homomorphism. We leave the details to the reader.

Proof of Proposition 1.5

By Lemma 3.1.2, we may assume that the original orbispace structure on Y is given by
(V(®), T (P)) for simplicity without loss of generality.
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Let {V,} be the subset of V(®) which consists of connected components of ¢~1(U) for all
local chart U on X. For each index a, we pick a U, such that V,, is a component of ¢~(U,).
By Lemma 3.1.2, there is a homomorphism, denoted by ({fJ}, {p%.}) : T°{Va} — T{U.},
whose equivalence class is the given map ®. We further apply the trick described above to
replace ({3}, {P}a}) by a homomorphism ({fa}, {psa}) : T{Va} — ['{Us} such that each p,
is an isomorphism and ({fJ}, {p%,}) is the restriction of ({fa},{pga}) to the sub-groupoid
v,} of T{V,}.

Note that for each index « there may be more than one U such that V, is a connected
component of ¢~H(U). We shall modify ({f.}, {ps«}) by adding all such U to {U,} and by
allowing the V,’s in {V,} to repeat. The resulting homomorphism may be expressed as

(3.1.5) ({Vaili € L} {Ua}, {fai}ds Apiyan D)

where {U,} is the set of local charts on X such that ¢='(U,) # 0, and {V,;|i € I,} is the
set of connected components of ¢~1(U,). Note that Va,i» Vb ; may be identical even if a # b.
Finally, we wish to emphasize that each p( : Gv,, — Gy, is an isomorphism.

With these preparations, we shall construct a canonical orbispace structure on the mapping
cylinder M as follows.

First of all, we specify the atlas of local charts on My. Observe that the atlas of local
charts on X is the disjoint union of {U,} with a set {U;} where each ¢='(U;) = 0. If we
set ¢q = P|p-1(u,), then it is readily seen that W = {M,, } U {U;} is a cover of the mapping
cylinder M,. To each W € W, we assign a (17[\/, Gw,mw) such that my : W — M, induces
a homeomorphism W/ Gw = W as follows. If W = U; for some index i, we simply put
(W, Gw,mw) = (U;, Gy, mp,). W = M,, for some index a, we define W = My, where
Jo = Uier, fai * Lier, ‘Z\Z —~ U, (cf. (3.1.5)), and define Gy = Gy, with the action on W given
by the extension of the one on U, by ¢ [y,t] = [p(_;l.) (9)-y,t], Vg € Gu,, [y, t] € My, , C W,

and define my by [y, t] — [mv, . (v), 1], Y[y, t] € My, , and = +— 7y, (x),Vz € U,.

Secondly, we define the set 7 = {T'(Wy, Wy) | Wi, Wy € W, st. Wy N W, # 0}, We
first look at the most complicated case where Wy = M,,, Wy = M,, for some indexes a, b.
In this case it is important to observe that the set of connected components of U, N U, is
a subset {U, | ¢ € I,,} C {U,}, and correspondingly the set of connected components of
WinWyis {W, = My, | ¢ € I,,}. As a set, we shall define Ty, (W1, Ws) = Ty, (Us, Uy),
and define T(Wl,WQ) = I—lcefa,z, TWC(Wl,WQ) = UCEIa,b TUC(UQ,UI,) = T(Ua,Ub). HOWGVGI‘,
each & € Ty, (Wi, W) is assigned with a pair (¢¢, A¢) as follows. First, we regard £ €
Ty, (U,, Uy) and write &€ = & o &1 for some & € T(U,, U,), & € T(U,,Uy). Second, set
el o€y} ={n € T(Ves,Vai) | s € Ie,i € Lo, 8.t plaiyes)(n) = &} It is a routine
exercise to check that (1) both 1, — Domain (¢, ), 7. — Range (¢,,) are bijections, and (2)
Uaer,, Domain (¢9.) = User, Ves and Uaer,, Range (n.) = fo '(Domain (¢¢,)) C Lics, Vai-
It then follows that Uaer, ¢n, * User, V.. — f7(Domain (¢¢,)) is a homeomorphism which
satisfies f, 0 (Uaer ®y) = @, © fo. We define d¢, 1 My, — M, to be the corresponding open
embedding between the mapping cylinders. Clearly the range of qggl is a connected component
of myyt (We), and ¢y, is equivariant with respect to A, : Gy, = Gw, — Gy, = Gy, Similarly,
one has an open embedding <;_S§2 : My, — My, which is A¢,-equivariant. Finally, we define
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(fg, Ae) = (dey, Aey) © ((135_11, >\5_11), which is independent of the choices on i, &s. The definition
for the remaining cases is obvious, so we leave the details to the reader.

Finally, the composition and inverse for the elements in 7 are to be inherited directly
from those in the orbispace structure on X under the natural identification described above.
By Proposition 2.1.1 in [3], WV, T) defines an orbispace structure on My.

It remains to define the maps of orbispaces ¢ : Y — My, j : X — Mg and r : My — X
with the claimed properties. First, i : Y — My is defined by the homomorphism

(316) ({‘/a,z|Z S Ia}> {M¢a}> {'éa,i}> {p(b,j)(a,i)})

where ,; : ‘7; — My, is y — [y,0]. It realizes Y as a subspace of M, essentially because
by Lemma 3.1.2, the orbispace structure given by V(®), 7 (®) is equivalent to the original
one on Y in the sense of Remark 2.1.2 (5) in [3]. Second, j : X — M, is defined by
({Ja}s {08a}) : T{Us} — {W,}, which is clearly a subspace, where (a) W, = U, if U, = U,,
W, = My, if Uy = U,, (b) jo = Id if Uy = U; and j, = j, : Uy — My, if U, = U,, and (c)
each 0g, is the identity map under the natural identification.

Last, the retraction r : My — X is defined by ({ra}, {0sa}) : [{Wa} — I'{U,}, where (a)
Uy = Uit Wy = Us, Uy = Uy if Wy = My, , (b) 7o = Idif Wy = Uy and r = 1o : My, — U, is
the usual retraction if W, = M,,, and (c) each dg, is the identity map. Clearly roj = Idx.
On the other hand, there is a canonical homotopy between j o r and Idy,, defined by
({Huo}, {0sa}) : T{W, x [0,1]} — I'{U,}, where H, = Id if W, = U;, and H, is the usual
homotopy between j,or, and Idyy, if W, = My,. Hence j : X — My is a strong deformation
retract by r : My — X. Finally, we note that ® =r o .

O

3.2 ORBISPACES VIA ATTACHING CELLS OF ISOTROPY

In this subsection we apply the mapping cylinder construction in the preceding subsection
to a special case where Y = S*~1(G), k > 1, and make the meaning of ‘attaching a k-cell
of isotropy type G to an orbispace’ mathematically precise. To this end, we have to impose
further conditions on both the orbispace X and the attaching map ® : S*~1(G) — X, in
order to deal with two additional issues that are involved in the process.

The first one is how to construct an orbispace by collapsing a subspace to a point. Suppose
A C X is a closed, connected subspace of an orbispace X. We denote by X /A the topological
space obtained by collapsing A in the underlying space of X to a point and by x € X/A the
image of A under the canonical projection X — X/A.

Lemma 3.2.1 Suppose A is further contained in a local chart on X. Then there is a
canonical orbispace structure on X/A, and a map of orbispaces m : X — X /A covering the
canonical projection X — X /A between the underlying spaces, such that the restriction of w
to the open subspace X \ A is an isomorphism of orbispaces onto (X/A) \ {*}.

Proof Let U; be the set of local charts U on X such that UN A = (0, and U, be the set of
local charts U on X such that A C U. By the assumption, Uy # (.
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We shall define a canonical orbispace structure on X /A, where the atlas of local charts V
consists of connected open subsets V' such that either V' € U; as a subset of X, or V =U/A
for some U € Uy. In the former case, we let (V, Gy, my) be the one in the orbispace structure
on X, while in the latter case, we let V be the space obtained by collapsing each connected
component of Y(4) in U to a point, let Gy = Gy with the induced action on V, and let
7y . V — V be the map induced by 7. The set T = {T(V},V3) | V1,V €V, s.t. ViNV, #
(0} is identical to the one in the orbispace structure on X along with the assignment & — ¢,
and the composition and inverse, except for the case when £ € Ty (Vi,Vy) = Ty (U, Us),
where V; = U;/A, i = 1,2, and V = U/A, we instead assign ¢ with ¢¢, whose domain is
the space obtained by collapsing each connected component of 7' (A) in Domain (¢¢) to a
point, whose range is the space obtained by collapsing each connected component of ﬁ(jzl (A)
in Range (¢¢) to a point, and gz_ﬁg is the map induced by ¢¢. It is clear that V,7 define an
orbispace structure on X/A.

The map 7 : X — X/A is defined by ({m.}, {0ga}) : IT{Ua} — ['{V,}, where (a) {U,} =
Uy, U Uy, which is a cover of X since A is closed, and {V,} =V, (b) n, = Id if U, € U,
and 7, is the canonical projection if U, € Us, and (c) each dg, is the identity map, which is
clearly an isomorphism onto (X/A) \ {*} when restricted to the open subspace X \ A.

O

In order to address the second preparatory issue, we note that there is a natural map of
orbispaces k : Y x I — M, which is defined by the homomorphism

(3.2.1) ({Vai x Ili € Lo}, { My, }, {kai} {P5) @i });
where k,; : l//; x I — My, is (y,t) — [y,t], cf. (3.1.5),(3.1.6).

Lemma 3.2.2 Let ®:Y — X be any map of orbispaces whose mapping cylinder M, is
defined. Suppose both Y, X are compact and Hausdorff, and for any V € V(®), V s locally
compact, Hausdorff, and the map © : V — V is proper. Then for any maps of orbispaces
U X = X', T:Y xI — X' such that Vo ® = Y|y, there is a map Z : My — X' which
satisfies Zoj =V and Zok =T.

Proof We represent ¥ : X — X’ by a homomorphism 7 = ({¥a},{Asa}) : [{Us} —
'{U!,}, where {U,} is a finite cover of X such that each U, is admissible as defined in §3.2
of [3], and each v, can be extended over the closure of U,. This is possible because X is
compact and Hausdorff. For each U,, let {V,; | ¢ € I,} be the set of connected components
of qb_l(Ua). We assign U, to each V,;, then by Lemma 3.1.2, there is a homomorphism
o= {fait {pBi)ei}) : T{Va:i} — I'{Ua}, whose equivalence class is the map ® : Y — X.
The composition € = ({@a,i }, {0(3,5)(ai) })s Where ©o; = 1a0 foi and 6(55)(a,i) = A3aCP(B,5) (i)
is a representative of ¥ o ®, which is admissible as defined in §3.2 of [ ] by the assumptlons
made on Y, V(®) and 7.

On the other hand, we represent Y : Y x [ — X’ by a homomorphism & = ({ha}, {ma}) :
I'{V, x I,} — TI'{U.,}, where a € A, which may be made admissible as defined in §3.2
of [3] by the assumptions we have on Y and V(®). We may require #A < oo since Y is
compact. Set Ag = {a € A|1 € I,}, and we assume without loss of generality that I, C [0, 1),
Va € A\ Ag. Note that (1) = ({ha(-, 1)}, {ma}) : T{Va} — T'{UL}, where a € Ay, also
represents Y|y ) = W o ®. By passing to an induced homomorphism of x, we may assume
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that k(1) is induced by € via some 5 = (6,{&},{¢.}). By Lemma 3.2.2 in [3], there is a
local homeomorphism ¢5 from an open neighborhood of (1) onto an open neighborhood of
¢, sending k(1) to e. Since A is finite and I, C [0,1), Va € A\ Ay, there is a to € [0,1), ¢y €
I'\I,,Va € A\ Ay, such that for any ¢ € (¢, 1], k(t) = ({ha(-,t)}, {ma}) : T{Va} — T{UL},
where a € Ay, lies in the domain of ¢5. We write ¢5(k(t)) = €(t) = ({gpg)l}, {05 (@i )
t € (to, 1]. Note that @élz = 4 O fai-

Introduce the following notation: Let f be a continuous map. For any ¢, € [0, 1), we denote
by My (ty) the open subset M\ {[y,t] | t € [0,to]} in the mapping cylinder M of f. Then
there is a homomorphism ¢ = ({Xa}, {Asa}) : [{Wa} — I'{U. }, where either W, = U, and
Xa = %LO\Y Wy = My, (to) and xo = Yo on jo(Us) C My, (to) = Wa, Xally,t]) = ‘Pg,)i(y)a
V(y,t) € Va.ix(to, 1], € I,. On the other hand, consider the restriction of k to Y x (I\ {1}),
which is still denoted by & = ({ha}, {mea}) : T{Va x I,} — I'{U.} for the sake of simplicity.
We can join ¢ and « via ¥ = (0,{&.}, {&,}) to construct a homomorphism ¢ Uy x as follows.
We add a set of mappings Ao : T (Vo x 1, W,) — T(U.,U.), where (V, x I,) N W, # 0,
to ¢, k. Note that any & € T(V,, x I,, W,) may be regarded as an element of T'(V,, V, ;) for
some i € [,. In this case we define (cf. (3.2.8) in §3.2 of [3])

(322) Aaa(&) = 5(01,2')0((1) (5 © ga_l) ° é-;(x)’ Vo e ha(Domain (¢5))

As seen in the proof of Lemma 3.2.2 in [3], ¢ U5 & is indeed a homomorphism, whose equiv-
alence class is a map from the orbispace My to X’. We define = = [¢ U5 k], which clearly
satisfies Zoj=V and 2ok ="7.

O

We remark that the map = in the preceding lemma may not be uniquely determined, but
the ambiguity is caused only by the different choices of v = [J] € I'c.1) (cf. Lemma 3.1.1
in [3]). If we work with the based version, then #I'..1) = 1 when Y is connected, and = is
uniquely determined in this case.

Now we are ready to describe the precise meaning of attaching a k-cell D*(G) of isotropy
type G to an orbispace X via a map ® : S*¥}(G) — X. First of all, we list the additional
conditions we need to impose on the orbispace X and the attaching map ® : S*~1(G) — X,
where k > 1:

e X is compact and Hausdorff.
e The orbispace structure on S*=! given by V(®), 7 (®) is contained in the standard
one on S*H@).

Note that the last condition means that for each V € V(®), V =V, G¥ = G which acts
on V trivially, and 7V : V — V is the identity map. Moreover, each T(Vi,V5) € T(®) is a
disjoint union of a number of copies of G which is naturally labeled by the set of connected
components of V; N V5, and for each element & € T'(V4,V5), ¢¢ is the identity map, and
Ae = Ad(€) : G — G.

Recall that the mapping cone of a continuous map ¢ : Y — X, denoted by Cy, is the space
My/i(Y) obtained by collapsing the subspace i : Y — My to a point. When Y = S¥=1 C,
is the result of “attaching a k-cell D¥ to X via the map ¢ : S¥~! = 9D¥ — X”. The interior
of the k-cell in C} is the image of the open subset Dy = {[y,t] | y € S¥~1,t € [0,1)} C M,
under the canonical projection My — Cy, = My /i(S*1).
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Proposition 3.2.3  With the preceding understood, we assert that

(1) There is a canonical orbispace structure on Cy such that (a) there is a canonical
map of orbispaces m : My, — Cy which s an open embedding when restricted to
My \i(S*Y(@G)), and (b) the interior of the attached k-cell in Cy is an open k-cell of
isotropy type G as a subspace of the orbispace Cl.

(2) The homotopy type of the orbispace C, depends only on the homotopy class of the
attaching map P.

(3) The canonical embedding of the orbispace X into Cy induced by j : X — M, is a
cofibration, i.e., it has the homotopy extension property with respect to all orbispaces.

(4) Amap ¥ : X — X' can be extended over the attached k-cell of isotropy type G to Cy
iff Wod: S*YG) — X' is null-homotopic, and such an extension of ¥ is given by
a null-homotopy of W o ®. Moreover, suppose F' is a homotopy between ¥y and Vs,
which are extended to Cy by the null-homotopies hy, hy of U1 0®, Wyo P respectively.
Then F can be extended to Cy, x [0,1] to a homotopy between the corresponding
extensions of V1 and Wy iff the null-homotopies hy, ho are homotopic via a homotopy
whose restriction to S*71(G) x [0,1] is F o (® x Id).

Proof (1) The canonical orbispace structure on Cy, will be the one obtained from the canon-
ical orbispace structure on the mapping cylinder My by collapsing the subspace i(S*~1(G)) to
a point. To this end, we need to verify the hypothesis in Lemma 3.2.1. The case when k =1
requires a separate, but similar argument because i(S*71(G)) is not connected. We shall
only consider the cases when k£ > 2, the remaining case is left to the reader for simplicity.
/I\n order to apply Lemma 3.2.1, it suffices to show that we may add the local chart
(Do, Gpy, 7p,) = (Do, G, o), where Dy = {[y,t] | y € S¥1, ¢t € [0,1)} C My, G acts on Dy
trivially, and 7y : Dy — Dy is the identity map, to the canonical orbispace structure on M,
constructed in Proposition 1.5, so that with respect to the new orbispace structure on M,
which contains the original one hence equivalent, the subspace i(S*~!(()) is contained in a
local chart, i.e., (D\o, Gpy, Tpy) = (Do, G, m). The condition that the orbispace structure on
Sk=1 given by V(®), 7 (®) is contained in the standard one on S*~1(G) guarantees this. We
shall continue to use the notations in the proof of Proposition 1.5 concerning the canonical
orbispace structure on M.

More concretely, we need to define a set {T'(Do, W) | W € W, s.t. Dy N W # (0}, and
add it to the canonical orbispace structure on My along with (27\0, Gp,,Tp,). Note that if
DoNW # 0, then W must be W, = My, for some index a, where M, is the mapping cylinder
of o = dly-1w.) : Uier, Vai — U, and the set of connected components of DoNW,, is {W,; =
Vo % [0,1)]i 6 I of. We define T'(Dy, Wa) = Lier, Tw, . (Do, Wa) where Ty, (Do, W,) = Gu,,
and assign each § € Ty, , (Do, W,) with a pair (¢, )\5) as follows. Note that the assumption
that the orbispace structure on S*1 given by V(®),7(®) is contained in the standard
one on S¥(G) implies that the inverse image of W,; in W, is (Gu,/pain(G)) x Wy,
where Gy, /p(a,i)(G) is the set of right cosets. The map ¢, is the homeomorphism sending
7 € Wi 10 ([€,2) € (Gui/p(a (C)) X Wy and A = Ad(€) 0 prasy : G — Ad(E) (pra ().
It is easily seen that this will give rise to an orbispace structure on My, containing the
original one. Now the subspace i(S*~1(@)) is closed, connected, and is contained in the local
chart (Do, Gp,,7p,). Hence by Lemma 3.2.1, we can collapse i(S*"1(G)) to a point, and
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a canonical orbispace structure is resulted on Cy, = M,/i(S*7!), with a canonical map of
orbispaces T : My — Cy4 whose restriction to My \ i(S*~1) is an isomorphism of orbispaces
onto Cy \ {*}. The attached k-cell in Cj is the image of Dy = {[y,t] |y € S*~1,t € [} C M,
under the projection My — Cy = My/i(S*1). Hence its interior is D = Dq/i(S*™1).
Clearly, as a subspace of the orbispace Cy, it is D(G), the open k-cell of isotropy type G, cf.
Lemma 3.2.1.

(2) This is obtained by applying Lemma 3.2.2 along with (3.1.1), (3.1.2). Note that the
hypothesis in Lemma 3.2.2 is met by the assumptions made in the present proposition.

(3) By definition the embedding of orbispace i : X — Cj is called a cofibration, where i
is j : X — M, followed by 7 : My — Cy, if the following is true: given any orbispace X'
and any map ¥ : Cy — X', if H : X x [0,1] — X' is a homotopy from its restriction U|y
to another map from X to X', then there is a homotopy F': Cy x [0,1] — X' extending H,
such that Flg, 0y = ¥. Consequently, ¥ : Cy — X' is homotopic through F' to another
map from Cy to X', i.e., F|o,x{1}, extending that for the restriction ¥[y : X — X',

We apply Lemma 3.2.2 to the mapping cylinder of ® x Id : S*"}(G) x [0,1] — X x [0, 1],
with the map H : X x [0,1] — X’ and a map Y : S¥71(G) x [0,1] x I — X’ constructed as
follows. Let R : [0,1] x I — [0,1] x {1} U{0} x I be a retraction which sends [0, 1] x {0} to
{0} x {0}. We define

T=(Ho(®xId)UVor)o (Idx R),

which satisfies T|Sk*1(G)><[O,1]><{1} = Ho ((I) X Id) and T|Sk*1(G)><{O}><I = Vo 7T|Sk*1(G)><Ia
where 7 : M¢ — Cfb? and T|Sk*1(G)><[0,1}><{0} =Vo 7T|i(Sk*1(G))- Let = : M¢><1d — X’ be the
resulting map. Then the last property of T implies that = factors through 7 x Id : Myx1q =
My x [0,1] — C, x [0,1], which results in the homotopy F' : Cy x [0,1] — X' with the
claimed properties.

(4) Straightforward application of Lemma 3.2.2.

O

We will say that the orbispace Cy is obtained by attaching a k-cell of isotropy type G to
X via the map .

Now we consider a subcategory C of the category of orbispaces introduced in Part I of
this series [3], which is the union of C™, n > 0. Each orbispace X € C™ admits a canonical
filtration of subspaces

(323) XoCX1C"'CXn:X,

where X is a set of finitely many points in X, and for each k = 1,2, --- ,n, X}, is obtained by
attaching to X _; finitely many k-cells of various isotropy type. We shall call each subspace
X in (3.2.3), 0 < k < n, the k-skeleton of X.

Note that in general it is not clear that for any X7, X5 € C, the product X; x X5 is still an
object in C. However, let us be content for now with the observation that for any X € C",
the product Z = X x I € C"*!. In fact, let

XQCX1C"'CXn:X
be the filtration of skeletons for X. Then correspondingly
Zy C 24 C"'CZn_H:Z,
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where Zy = Xo x {0} U X x {1}, Z) = Xp x {0} U X x {1} U Xy x I for 1 <k <mn, and
Zni1 = X, x I, is the canonical filtration of skeletons for Z = X x [.

The remaining of this subsection is occupied by the study of some fundamental homotopy
properties of the objects in C. We begin by observing

Lemma 3.2.4  Fork > 1, an element ® € [(D*(GQ), S*"1(G), x); (X, A,0)], defines the
trivial element in 7" (X, A,0) = [(DF(G), S*1(G), %); (X, A, 0)]], iff there is a homo-
topy H between ® and a @' as elements of [((D*(G),*); (X, 0)],, such that H|si-1(Gxqy =
D|gi-1(cy, YVt € [0,1], and ' € [(D*(G), *); (A, 0a)],-

Proof Suppose there is such a homotopy H. Then H|gr-1)xy = Plsr-1(c) and @ €
[(D*(G), S*1(G), *); (X, A, 0)], imply that H is also a homotopy between ® and ¢’ as el-
ements of [(D*(G), S*¥1(G), *); (X, A, 0)],- On the other hand, ® € [(D*(G), *); (A, 0|4)],
implies that @' defines the trivial element in 7T](€G7p ) (X, A, 0), hence so does P.

Conversely, suppose ® € [(D*(G), S*1(G),*); (X, A, 0)], defines the trivial element in
79" (X, A,0). Then there exists an F € [(CD¥(@G),CS* (@), *); (X, A, 0)], such that
Flpr = ®. Denote by C the subset {(z,t) | ||z]| < 1 —t} of D* x [0,1]. Then the
map (z,t) — ((1 — t)z,t) from D* x [0,1] onto C factors through C'D*, which defines an
isomorphism ¥ : CD¥(G) — C(G). On the other hand, there is a map Y : D*(G) x [0, 1] —
C(G) defined by (z,t) = (2,1),¥(x,1) € C, (2,1) = (2,1 = [|z]]), Y(,t) € (D x [0,1]) \ C,
and Id : G — G. We simply let H = F o U~ o T, which clearly provides the desired
homotopy between ® and &' = H|pra)x 1y, i-e, ' € [(DM(G), %); (A, 0|4)],, and H satisfies
H‘Skfl(G)x{t} = (I)|5k71(G), vVt € [0, 1]

O

Recall that 7§'(X) = [[Bg; X]] where B denotes the 0-cell of isotropy type G. We shall
say that a pair (Y, B), where B is a subspace of Y via i : B — Y is O-connected, if
iv 7§ (B) — 7§ (Y) is a bijection for all G. For n > 1, we say that (Y, B) is n-connected if
it is 0-connected and for all possible o0 and (G, p), W,&G’p (Y, B, 0) is trivial for 1 < k < n.

Lemma 3.2.5  Suppose (Y, B) is a n-connected pair and X € C™ where m < n. Then
any map ® : X — Y is homotopic to a map ' : X — B. Moreover, if a subspace A C X is
a union of cells and ®|4 € [A; B], we may even arrange to have ®|4 = ®'| 4.

Proof Let Xy C X; C --- C X,, = X be the canonical filtration of X. Given any map
® : X — Y, the restriction to Xy, ®|x,, is a map from a finite disjoint union of 0-cells of
various isotropy type into Y. Since i, : 7§ (B) — 75(Y) is a bijection for all G, ®|x, is
homotopic to a map ¥y : Xy — B as maps into Y. By Proposition 3.2.3 (3), Xo C X is a
cofibration, hence this homotopy can be extended to X, so that & is homotopic to a map
O, : X — Y such that (®f)|x, : Xo — B. Now consider the restriction of @) to any of the
1-cells of various isotropy type in X; that are attached to X,. There are o, (G, p) such that

it defines an element in 7T§G’p )(Y,B, 0), which is trivial because (Y, B) is 1-connected. By
Lemma 3.2.4 and Proposition 3.2.3 (4), the restriction of ®f to X; is homotopic to a map
U, : X; — B. Again because X; C X is a cofibration, there is a homotopy between ®f and
a &) : X — Y such that the restriction of ®| to X; maps into B. The lemma follows by
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repeating this process under the condition m < n. It is clear that if the restriction of ® to
a cell in X is a map into B, one may keep it unchanged in the above process.
([

Proposition 3.2.6 Let X € C. For any n > 0, the pair (X, X,,) is n-connected.

Proof It suffices to show that for all G, i, : 7§ (Xo) — 7§ (X) is surjective, and for all
possible o, (G, p), W,(QG”’)(X, X, 0) is trivial, 1 < k < n.

The key to the proof is the following fact by Proposition 3.2.3 (1): Denote by #* the
cone point in Cy, i.e., the image of i(S*') under m : My — Cy. Since when restricted to
My \ i(S*71), 7 is an isomorphism onto Cj \ {*}, there is a strong deformation retraction
which shrinks the attached k-cell of isotropy type G to its boundary after a point in the
interior is removed.

Given any map ® : B — X, if its image lies in the interior of an attached k-cell in X,
k > 1, then for dimensional reason it is in the complement of another interior point. By the
said strong deformation retraction, ® is homotopic to another map ¥ : B; — X whose image
lies in X;_;. By induction, ® is homotopic to a map in Xy, hence i, : 75(Xy) — 75 (X) is
surjective.

Similarly, let ® € [(D¥(G), S*1(G),*); (X, X,,,0)],, 1 < k < n, whose image meets the
interior of an attached m-cell e™ = D™(H), m > n+ 1. In this case, we need to employ
Theorem 1.4 (2) in [3] to approximate ® by a smooth map first. More concretely, let Dy,
D5 be the closed ball of radius %, % centered at the cone point, and let W, = ¢~ 1(D;), W, =
¢~ Y(Dy) where ¢ is the induced map of ® between underlying spaces. By Theorem 1.4 (2)
in 3], there is a smooth map T : W, — €™ such that ||T — ®|y,||co < 5. Moreover, by
Theorem 1.4 (1), the difference Y — ®|yy, can be regarded as a C? section of a C orbifold
vector bundle over Ws, where ®|y, is identified with the zero section. Let § be a smooth
function on W5 compactly supported in the interior W5, such that |5| < 1 and =1 on Wj.
Then the map & : D*(G) — X, where ® = ® + 3(T — ®|y,), is homotopic to ® relative to
Sk=1(@), and the image of ® will miss a point z in the open ball of radius i centered at the
cone point. The reason for the latter: on the interior Wi, ®' is smooth so that it will miss z
by transversality (represent ®'|y, by a ({f:}, {p;i}) and then apply transversality argument
to each f;); on the complement, ||[®' — ®|[co < 145 so that it will be in the complement
of the ball of radius i centered at the cone point. By the strong deformation retraction
mentioned earlier, ® is homotopic relative to S*~*(G) to a map whose image will miss the
entire interior of the m-cell e™. By induction, ® is homotopic relative to S¥~1(G) to a map
into X,,. By Lemma 3.2.4, ngG’p)(X, Xp,0) is trivial for 1 < k <n.

O

Corollary 3.2.7 Let X, X' € C. Then any map ® : X — X' is homotopic to a map
U X — X', which is ‘cellular’ in the sense that Vl|x, € [X,; X]] for any n > 0. Moreover,
if a subspace A C X is a union of cells and ®|anx, € [ANX,; X)) for any n >0, one may
even arrange to have ®|4 = V| 4.

Proof of Theorem 1.6
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(1) Let ¢ : X — My, j: X" — My be the canonical embeddings into the mapping cylinder
which realize X, X’ as a subspace, and let r : My — X' be the canonical strong deformation
retraction, which satisfies r oi = ®. By the exact sequence (2.3.2) and the assumption that
®, is a weak homotopy equivalence, the pair (M, X) is n-connected for any n > 0.

Now let Y € C be any element. We first show that &, : [[Y; X]] — [[V; X']] is surjective.
In other words, for any map ¥’ : ¥ — X’ we will find a map ¥ : Y — X such that
® oW = ¥ This is done by applying Lemma 3.2.5 to the map jo U’ : Y — M,, which gives
amap ¥V :Y — X satisfying i o U = j o U'. Composing both sides with r : My — X', we
obtain PoWV =roioV¥ =rojoVW =V,

As for the injectivity of ®,, we apply the above argument with Y replaced by Z =
Y x I, which is also in C. More precisely, suppose ¥, ¥, : Y — X are any two maps such
that ® o ¥} = ® o W, via a homotopy H : Y x I — X'. Since jor = Idy,, we have
jo®oV, =j0roioW¥; =ZioVW, for [ =1,2. Combining with j o H, we obtain a homotopy
F' Y x I — My between i o Uy and i o Uy. On the other hand, suppose Y € C", then
Z =Y x I € C"!, with the canonical filtration of skeletons Zy C Z, C -+- C Zp11 = Z,
where Zg = Yo x {0} U Yy x {1}, Zp = Ve x {0} U Y, x {1} UY,q x [ for 1 < k < n, and
Zp+1 =Y, x 1. Clearly, the subspace Y x {0}UY x {1} C Z is a union of cells. Furthermore,
Fllyxoy =10¥; € [Y;X] and F'ly 1y = 0¥y € [Y; X]. Hence by Lemma 3.2.5, F” is
homotopic to an F': Y x I — X satisfying I’ |y« qoyuyx{1y = F|yx{oyuyxq1}- It is easily seen
that Uy = U, via F. Thus @, : [[Y; X]] — [[Y; X']] is injective, and hence a bijection.

(2) Suppose ® : X — X’ is a homotopy equivalence. We need to show that (1) for all G,
P, : 7§ (X) — 7§ (X’) is a bijection, which is trivial because 7§'(X) = [[Bg; X]], and (2)
for all possible data 0,0, (G, p) and (G, p), ®, : 7.9"(X,0) — 7% (X', o) is isomorphic
for all £ > 0. Here possible o, 0’ are meant to be those with respect to which ® has a based
version ® € [(X,0); (X', )], for some injective homomorphism 7 : G5 — G4. For instance,
this is the case when ® can be represented by a homomorphism which also defines an element
in [(X,0); (X', 0)],. Note that not all base-point structures are being considered here. But
in light of Proposition 1.3 (3), no generality is lost. Now let ®y, ®; : X — X’ be any maps
which have based versions ®, € [(X,0); (X', 0)], and ®; € [(X,0); (X', 0y)], for some
0,0y and ¢o;. Furthermore, ®y, ®; are homotopic through a homotopy F'. Then there is a
guided path v € [(I(G5),0,1); (X', 0, 9'1)]tno.m)» Which is defined by the restriction of F' to

{o} x I. We claim that (®p), = u. o (1), : W,gG’p)(X, 0) — W,&G’UOOP)(X’,Q’O), where u, is
the isomorphism associated to the guided path u, cf. Proposition 1.3 (1). It follows easily
from the claim that homotopy equivalence implies weak homotopy equivalence. To prove
the claim, we observe that (u), o (®;), : T (X, 0) — 7. 7™ (X' o/,) is locally constant
in ¢, where ®;, = Flxy € [(X,0); (X', d4)]n and uy € [(1(G5),0,1); (X", 00, 2")]tmome)s
which is defined by the restriction of F' to {0} x [0,¢]. Clearly, (ug)« o (®g). = (Po). and
(u1)s 0 (P1)s = uy 0 (Py1),. Hence the claim.

Conversely, suppose ® : X — X’ is a weak homotopy equivalence. We need to find a
homotopy inverse ¥ : X’ — X of ®. First of all, since any orbispace in C is locally path-
connected and semi-locally 1-connected, the mapping cylinder My of ® : X — X’ is defined.
Hence by (1) above, &, : [[X’; X]] — [[X'; X"]] is a bijection. In particular, there is a map
U : X’ — X such that ® o U = Idyx € [X'; X']. On the other hand, note that ® o U = Idx/
implies ¥, = ®_! so that U is also a weak homotopy equivalence. Thus there is a map
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T:X — X' such that Vo YT & [dx. But Y 2 PoWoY = &. Hence ¥ is a homotopy
inverse of ®, and ® : X — X’ is a homotopy equivalence.
([l

3.3 CW-COMPLEX OF GROUPS AND ITS GEOMETRIC REALIZATION

This final subsection is concerned with a subcategory of C, where the objects have much
more pleasant geometrical properties. Most importantly, this subcategory is large enough
that all compact smooth orbifolds are contained in it. In a certain sense, this subcategory of
C consists of those orbispaces which are the geometric analogs of finite CW-complexes. We
denote this subcategory of C by G.

We give a description of G first. For the purpose here, we need to impose an additional
condition on the general CW-complexes, for instance, as defined in [14], to which we refer
the reader for the basic definitions and properties of CW-complexes. The condition is: for
each attaching map, if its image meets the interior of a cell, it contains the whole cell. Note
that simplicial complexes satisfy this condition. Immediate consequences of this assumption
include that every face of a cell is an immediate face, and that each cell is a disjoint union
of the interiors of finitely many cells.

An open CW-complex is an open subset of a CW-complex which is a disjoint union of the
interiors of a subset of cells. Note that under the additional assumption here, the closure of
an open CW-complex is also the smallest sub-complex containing the open CW-complex. We
will assume that every open CW-complex is associated with a CW-complex which contains it
as the interior, and any map between open CW-complexes is the restriction of a map between
the closures. An open CW-complex is called an open sub-complex of a CW-complex K if
the associated closure is the closure in K.

For any cell o, the star of o, denoted by St(o), is the smallest open sub-complex that
contains the interior of ¢. It is also the disjoint union of the interiors of those cells which
have o as a face. In the case of simplicial complex, this definition coincides with the usual one.
We remark that the star of a cell is connected, and the underlying space of a CW-complex
is locally connected.

Group actions on a CW-complex are required to satisfy the following conditions: (1) the
image of a cell is a cell, (2) if an interior point of a cell is fixed, the whole cell must be
fixed. Let G be a discrete group acting on a CW-complex K. Then K/G is naturally a
CW-complex, and the orbit map 7 : K — K/G is cellular.

Definition 3.3.1  The subcategory G consists of orbispaces X where
(1) X s the underlying space of a finite CW-complex K,
(2) for each cell o € K, St(0) is a local chart on X, such that in (St(0), Gsyo)s Tsi(s))

St(o) is an open CW-complezx, 6 = Wgtl(g) (o) is a cell in the associated closure of

— —

St(o), and St(6) = St(o).

For the sake of simplicity, we denote Gg(») by G, and mgy(») by m,. We call G, the isotropy
group of the cell 0. Note that if X, X’ € G, the product X x X’ is also in G.
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The objects of G are closely related to the notion ‘CW-complex of groups’ described in
Introduction. More precisely, to each X € G, which is the underlying space of a finite
CW-complex K, one can associate an equivalence class of CW-complexes of groups on K as
follows.

(1) Each cell o € K is associated with its isotropy group G,.

(2) For each arrow a, note that St(i(a)) C St(t(a)) because t(a) is a face of i(a). Assign
the arrow a with 1, : Gia) — Gy, Where 9, is given by A¢, for a fixed choice of
§a € T(St(i(a)), St(t(a))).

(3) To each pair of composable arrows a, b, an element g, € Gy is assigned, which is
the unique element satisfying &, 0 & = ¢a © €. The equation

(3.3.1) Ad(gap) © Yab = Ya © Pi

follows immediately from the definition. The cocycle condition for a triple of com-
posable arrows a, b, ¢

(332) ¢a(gb,c)ga,bc = Ga,bGab,c

is a consequence of the associativity of composition in the groupoid.

One can easily check that a different choice of {{,} will result in an equivalent CW-
complex of groups on K. The CW-complex of groups thus obtained is called associated to
the orbispace X € G, and the orbispace X € G is called the geometric realization of the
associated CW-complex of groups.

We remark that the relationship between CW-complex of groups and the geometric re-
alization is analogous to that between complex of groups and the associated orbihedron in
Haefliger [12]. In fact, when the underlying CW-complex is simplicial, a CW-complex of
groups is simply a complex of groups, and the corresponding geometric realization is iso-
morphic as an orbispace to the associated orbihedron. However, there is a minor difference
between these two concepts which lies in the fact that in the definition of an orbihedron in
Haefliger [12], the star of a cell is not chosen to be the one in the simplicial complex, but
rather in the barycentric subdivision of it. For details, see [12].

The central result of this subsection is G C C.

Let X € G, with the finite CW-complex structure K, and ® : S*}(G) — X be any map,
such that the induced map ¢ : S*~! — X is an attaching map so that the mapping cone C,
supports a canonical finite CW-complex L obtained by attaching a k-cell to K via ¢. Recall
that there is a canonical orbispace structure on S¥~1 defined by V(®), 7 (®) as constructed in
Lemma 3.1.2, which is equivalent to the standard one on S*~(G). In order to attach a k-cell
of isotropy type G to X via ®, we assume further that the orbispace structure (V(®),7(®P))
is contained in the standard one on S*~!(G), cf. Proposition 3.2.3. In the present case, in
order to ensure that the orbispace Cy constructed in Proposition 3.2.3 is an object of the
subcategory G, we need to further impose two additional conditions:

o Let ({Viili € I,},{St(0)},{fsi}, {P(rj)ei)}) be the canonical representative of ®
constructed in Lemma 3.1.2, where o € K, and ¢~ (St(0)) = ez, Vo (cf. (3.1.5)
also.) We further assume that each p(- jyos : G — T'(St(o), St(7)) is independent of
the indexes © € 1,7 € I,.
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e For any cell ¢ C ¢(S*1), we require that the map 7, : St(o) — St(c), which
is defined over the associated closures of the open CW-complexes by our earlier
assumption, is one to one when restricted to the closure of U;cr, fri(Voi)-

Lemma 3.3.2  With the preceding understood, the orbispace Cy constructed in Proposition
3.2.83 is canonically an object of the subcategory G.

Proof First of all, we recall the following notation: the open subset M\ {[y,t]|t € [0,to]}
of a mapping cylinder M} is denoted by My(t).

Now observe that in Proposition 3.2.3 (1), a local chart on Cjy is either a local chart
W on the open subspace Cy \ {*} where {*} is the cone point, or the interior D of the
attached k-cell of isotropy type G. If W N D # (), W must be M,_(0) for some cell o € K,

User, Voi- Moreover, W = M; (0) where f,
is a map into Ef(?) defined as follows. Domain (f,) = L, (G, X I//(:i)/p(m-)(G), where
the action is given by pu.)(g9) - (¢, %) = (¢'pwi)(9) " g - ), Vg € G, and [, is defined by
F((d2)]) = ¢ - frilz), Vg € G,z € V,;,i € I,. With this understood, the action of
Gw = G, on W is given by h-[(¢, )] = [(hg', x)]. Now by the first imposed condition, Ploi) =
po : G — G, is independent of the index i € I,. This allows us to define D, = M,,_(0) U D,

D, = M; (0) U (Gy x D)/ps(G), and Gp, = G, with the natural action by multiplication
from the left. Again the first imposed condition that each p(; ;)@ : G — T'(St(0), St(7)) is
independent of the indexes i € I, j € I, allows us to define naturally a set {T'(D,,, D, )}, such

where M, is the mapping cylinder of ¢, = ¢

that a set of new local charts {(D,,Gp,,7p,)} may be added consistently to the canonical
orbispace structure on Cj.

Next we prove that with the modified orbispace structure which is equivalent to the original
one, Cy belongs to G. Recall that the finite CW-complex structure L on Cy is the one
obtained by attaching the k-cell D to K via ¢. Thus the following is true for L: (1) For any
o € L such that o # D and o is not a face of D, the star of ¢ in L is St(o), the star of ¢ in
K. (2) If 0 = D, then the star of o in L is the interior of 0. (3) If & C ¢(S*7!), then the
star of o in L is St(o) U D = D,. It is clear that in order to show that Cy4 belongs to G, it

suffices to verify that D,, which is St(c) (G /ps(G)) x D, has a natural open CW-complex
structure, and that it is the star of & = 7, 1(0) in the associated closure. To this end, we

observe that the closure of D, in L is St(o) U (D \ St(c)). The second imposed condition
then implies that

(3.3.3) (closure of $t(0)) U (G /ps(G)) x (D \ St(e))

is naturally a CW-complex, which contains D, as the interior, and admits a natural action
of G, extending that of G, on the interior, such that the orbit space is the closure of D, in
L. Hence D has a natural open CW-complex structure. Finally, it is easily seen that D is
the star of 6 = 7, (o) in the associated closure (3.3.3).

([l

Now we are ready for a proof of Proposition 1.7.

Proposition 3.3.3
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(1) Let (K, Gy, Ya, gap) be a CW-complex of groups, and X be the underlying space of K.
Then there is a canonical orbispace structure on X such that the orbispace X belongs
to G, and the associated CW-complex of groups is (K, Gy, Va, gap). Moreover, the
orbispace X also belongs to C with the canonical filtration of skeletons

X()CX1C"'CXn:X,

where Xy, 0 < k < n, is the underlying space of the k-skeleton of K, such that
the orbispace structure on Xy, is the one canonically determined by the restriction of
(K, Go,%a, gap) to the k-skeleton of K.

(2) The orbispace structure of an object in G is uniquely determined by the equivalence
class of the associated C'W-complexes of groups.

Proof (1) The statement is true when the dimension of K is zero. We shall prove that if
it is true when the dimension is n, it is also true when the dimension is n + 1.

First of all, by the induction assumption, there is a canonical orbispace structure on X,
such that the orbispace X,, € G and the associated CW-complex of groups is (K., G, Va, Jab)-
In particular, the latter means that there are &, € T'(St(i(a)), St(t(a))) satisfying &, o & =
Gap © Eap and Ae, = 1,. We also observe, from the proof of Lemma 3.3.2, that 7,|s is a
homeomorphism onto o for any cell o.

In order to construct an orbispace structure on X,,.; such that X,, .1 € G, we shall define,
for each (n+1)-cell e, a map @, : S"(G.) — X,, whose induced map ¢, : S" — X,, is the
attaching map for the (n+1)-cell e, such that the hypothesis in Lemma 3.3.2 holds for ®..
To this end, we set 7, = g, 40 & for any arrow a such that both i(a),#(a) are contained in
the image of the attaching map ¢. of e, where d is the arrow (e,i(a)). It is easy to check
that n, o m, = 14 holds for any corgp\osable arrows a,b. Now for any cell 0 C Im ¢, we
define a map u, : Im ¢. N St(c) — St(o) by setting u,|,0 = 7, |0 and uy|0 = ¢y, 0 71|10
for any cell 7 such that 7° C Im ¢, N St(o) and 7 # o, where ¢°, 70 denote the interior
of the corresponding cell, and the arrow a = (7,0). We note that (1) 7, o u, = Id, (2)
B © Ui(a) = Ut(a)] Dom(uyy) fOr any arrow a such that both i(a),t(a) are contained in Im ¢,,
and (3) the image of u, lies in the fixed-point set of 14(G.) C G, where d is the arrow (e, o).
Furthermore, it follows from (2) above that each u, is continuous.

For each cell ¢ C Im ¢, let {V,;|i € I,} be the set of connected components of ¢, ! (St(o)).
We define f,; = u,0¢.|y,, (with ‘//}\z = V,; understood), p(s,i) = 1q where d = (e, o), and for
any o, 7 such that 7 is a face of o, define p( j)(s.) by g — n.0%a(g), Vg € G, where a = (o, 7)
and d = (e,0). One can easily check, using the properties of {u,} and {7,} established in
the preceding paragraph, that ({fs:}, {p(r )@ }) is a homomorphism of groupoids. The
equivalence class of ({fsi}, {p(rj)@)}) is defined to be @, which satisfies the hypothesis in
Lemma 3.3.2 by the nature of construction. By Lemma 3.3.2, there is a canonical orbispace
structure on X,,;; such that X,,.; € G.

To see that the associated CW-complex of groups is (K11, Go, ¥a, gap), We need to find
a & € T(St(e), St(o)) for each arrow d = (e, o), where e is a (n+1)-cell, such that A\, = 1q,
and for any arrow a satisfying i(a) = t(d), &, © €4 = Ga.q © aa- Observe that, according to

Lemma 3.3.2, the inverse image of €® (the interior of e) in St(o) is (G, /¥a(Ge)) x €°, and
T(St(e),St(0)) = G, with Ae = Ad() o ¢4 : Ge — G,. With this understood, {; =1 € G,
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will work for the purpose here. This completes the induction step, and hence (1) of the
proposition.

(2) The proof goes by induction on the dimension of K. Assume the statement is true
when the dimension is n. Then it is easy to see that the induction step boils down to
the verification that for each (n+1)-cell e and any arrow d = (e, o), the attaching maps of

—

7 1(e) in St(o) are canonically determined by the CW-complex of groups. For this we simply
observe: When d = (e, o) is primitive, i.e., there is no 7 such that d is the composition of
(e,7) with (7,0), the attaching maps are unique. When d = ad’ where d’ is primitive, the

attaching maps are determined by g;cll, o &, from those of Wlt_(é,)(e) in St(t(d")).
O
The preceding proposition clearly established the one to one correspondence between
equivalence classes of CW-complexes of groups and isomorphism classes of orbispaces in
G, and in particular, the inclusion G C C.
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