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Schwarzschild-Finsler-Randers spacetime:
Geodesics, Dynamical Analysis and Deflection Angle
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2Department of Mathematics and Statistics,
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3Department of Mathematics, National and Kapodistrian
University of Athens, Panepistimiopolis 15784, Athens, Greece

In this work, we extend the study of Schwarzschild-Finsler-Randers (SFR) spacetime previously
investigated by a subset of the present authors [1, 2]. We will examine the dynamical analysis of
geodesics which provides the derivation of the energy and the angular momentum of a particle
moving along a geodesic of SFR spacetime. This study allows us to compare our model with the
corresponding of general relativity (GR). In addition, the effective potential of SFR model is examined
and it is compared with the effective potential of GR. The phase portraits generated by these effective
potentials are also compared. Finally, we deal with the derivation of the deflection angle of the SFR
spacetime and we find that there is a small perturbation from the deflection angle of GR. It comes from
the anisotropic metric structure of the model and especially from a Randers term which provides a
small deviation from GR.

I. INTRODUCTION

Einstein’s field equations in general relativity predict that the curvature is produced not only
by the distribution of mass-energy but also by its motion [3]. Candidate metric geometries
that can intrinsically describe the motion are the Finsler and Finsler-like geometries which
constitute metrical generalizations of Riemannian geometry and depend on position and ve-
locity /momentum/scalar coordinates. These are dynamic geometries that can describe locally
anisotropic phenomena and Lorentz violations [4-14] as well as with field equations, FRW and
Raychaudhuri equations, geodesics, dark matter and dark energy effects [15H20]. By consider-
ing this approach, the gravitational field is interpreted as the metric of a generalized spacetime
and constitutes a force-field which contains the motion. This possibility reveals the Finslerian
geometrical character of spacetime.

In the framework of applications of Finsler geometry, many works in different directions of
geometrical and physical structures have contributed to the extension of research for theoretical
and observational approaches during the last years. We cite some works from the literature of
the applications of Finsler geometry [6} 7, 12} 20430].

In the first period of development of applications of Finsler geometry to Physics, especially
to General Relativity, remarkable works were published by G. Randers [31], J. I. Horvath [32]
and A. Moor [33]. Later, Einstein’s field equations were formulated in the Finslerian framework
by the works of J. I. Horvath [32] 33], Y. Takano [34] and S. Ikeda [35]. In these studies, the
field equations had been considered without calculus of variations. G. S. Asanov [36] explored
the Finslerian gravitational field by using Riemannian osculating methods and derived Einstein
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field equations using the variational principle. A class of Finsler spaces (FR standing for Finsler-
Randers) originated by G. Randers [31] who studied the physical properties of spacetime with an
asymmetrical metric which provides the uni-direction of time-like intervals. This consideration
gives a particular interest in a generalized metric structure of the Riemannian spacetime. Based
on this form of spacetime, it is possible to investigate the gravitational field with more degrees of
freedom in the framework of a tangent/vector/scalar bundle [30, 37, 38]. The FR cosmological
model was first introduced in [39, 140]. It is of special interest since the Friedmann equations
include an extra geometrical term that acts as a dark energy-fluid. The Finsler-Randers-type
spacetime can be considered as a direction-dependent motion of the Riemannian/FRW model.

The local anisotropic structure of spacetime affects the gravitational field and leads to modi-
fied cosmological considerations. Based on Finsler or Finsler-like cosmologies, the Friedmann
equations include extra terms which influence the cosmological evolution [16}[19},[30,37]. When
Lorentz symmetry holds, the spacetime is isotropic in the sense that all directions and uniform
motions are equivalent. The introduction of a vector field in the structure of spacetime causes
relativity violations and local anisotropy which arise from breaking the Lorentz symmetry and
which affect the metric, curvature, geodesics and null cone [41H48].

An FR space has a metric function of the form

F(x,y) = (=2 ()y*y" )2 + uay® 1)

. . o . . . . .
where u, is a covector with |[u,]| < 1, y* = % and a;,(x) is a Riemannian metric for which

the Lorentzian signature (—, +, +, +) has been assumed and the indices u, v, @ take the values
0,1,2,3. The geodesics of this space can be produced by (1) and the Euler-Lagrange equations.
If u, denotes a force field f, and y* is substituted with dx® then f,dx® represents the spacetime
effective energy produced by the anisotropic force field f,, therefore equation (I) is written as

F(x,dx) = (~au(x)dxtdx*)"? + f,dx® @)

This form of metric provides a dynamical effective structure of spacetime. A small differen-
tiation is presented between GR and the FR gravitation model. This is because of the work
provided by the one-form A, which gives an external motion to the Riemannian spacetime.
This motion is an internal concept for the FR spacetime.

A cosmological model can be considered by Eq. (2) if we assume the FRW cosmological metric
instead of the general type of the Riemannian one [39, 40]. In this case, we get a Friedmann-
Finsler-Randers cosmological model in the following form

2

m,a27’2,ﬂ27’2 SiIl2 9:| (3)

auy(x) = diag [—1,

This model was also further studied later in [8} 20, 49-65].

In the present paper, we continue the investigation of the Schwarzschild-Finsler-Randers
spacetime (SFR) which has been studied in previous works by a subset of the present authors
[1, 2]. The structure of the model is given in Section [l} In this framework, the geodesics are
studied and a dynamical analysis is presented in Section|lLl} We also compare our results with GR
and discuss the corresponding similarities and differences. A dynamical analysis for the effective
potential of this spacetime is provided in the Section [V} where upon suitable assumptions, the
phase portraits of both models (SFR and GR) are presented. The deflection angle of the SFR
spacetime is investigated in Section [V| Finally, the conclusions of our study and some possible
directions for future exploration are presented in Section [V}



II. BASIC STRUCTURE OF THE MODEL

In this section, we briefly present the underlying geometry of the SFR gravitational model, as
well as the field equations for the SFR metric. The solution of these equations for this metric is
presented at the end of the section. An extended study of this model can be found in [1}[38]. The
Lorentz tangent bundle TM is a fibered 8-dimensional manifold with local coordinates {x", y*}
where the indices of the x variables are x, A, u,v,... =0, ..., 3 and the indices of the y variables
area,f,...,0 =4,...,7. Thetangent space at a point of TM is spanned by the so-called adapted

basis {Ea} = {0y, da} with

5 0 a d
6”_67_W_N“(x’y)ﬁ “4)
and
.9
aa - aya (5)

where N{f are the components of a nonlinear connection N = Nj(x, y) dx* & M

The nonlinear connection induces a split of the total space TT M into a horizontal distribution
TyTM and a vertical distribution TyTM. The above-mentioned split is expressed with the
Whitney sum:

TTM =TyTM @ TyTM (6)
The anholonomy coefficients of the nonlinear connection are defined as
ag =% 2% 7)
oxx  oxVv
A Sasaki-type metric [66]167] G on TM is:
G =guw(x,y)dx¥ @ dx" + vap(x, y) 0y ® 6yﬁ (8)

where we have defined the metrics g, and v, to be pseudo-Finslerian.
A pseudo-Finslerian metric fu5(x,y) is defined as one that has a Lorentzian signature of
(=, +,+,+) and that also obeys the following form:
1 9%F?
Jap¥ y) = 25 5 e gyp

where the function F satisfies the following conditions [66]:

)

1. Fis continuous on TM and smooth on TM = TM \ {0}, i.e., the tangent bundle minus the
null set {(x,y) € TM|F(x,y) =0} .

2. F is positively homogeneous of first degree on its second argument:

F(x¥, ky®) = kF(x*, y%), k>0 (10)
3. The form
1 9?F?
o, y) = =2 11
S ¥) = 55 w8 b

defines a non-degenerate matrix:

det [fap] #0 (12)



where the plus-minus sign in (9) is chosen so that the metric has the correct signature.
In this work, we will follow the model presented in [1]. The metric g, is the classic
Schwarzschild one:

ar
f

with f =1 - % and Rs; = 2GM the Schwarzschild radius (we assume units where the speed of
light c = 1).

Hereafter, we consider an @-Randers type metric as the one in rel.(I)) which is distinguished
from the -Randers type metric that is investigated in the Standard Model Extension (SME)
[6} 17,10 144].

The metric v, is derived from a metric function F, of the a-Randers type:

Fy = \[=8ap(x)yeyP + Ay (x)y” (14)

where g,p = gWSﬁSE is the Schwarzschild metric from Eq. and A, (x) is a covector which

expresses a deviation from general relativity, with |A, (x)| < 1,i.e., we assume that that deviation
is small. We choose a non-linear connection with the following form:

Quvdxtdx” = —fdt* + +72d0% + r*sin? 0 dp? (13)

1 ’
Ni = 5y 8% 9ugpy (15)
The metric tensor v,4 of (I4) is derived from (9) after omitting higher order terms O(A?):
leﬁ(x/ ]/) = gaﬁ(x) + haﬁ(xl ]/)/ (16)
where
1 ! ,
hap = Z(Apgayy” + Ay8apy” + Aagpyy") + 75 Ay 8ac8poy Y Y (17)

with @ = \[-gapy®yP. The total metric defined in the previous steps is called the Schwarzschild-

Finsler-Randers (SFR) metric. Aswe cansee, the term /1,4 (x, y) canbe considered as a perturbation
of the Schwarzschild metric since |A, (x)| < 1.
The nonzero coefficients of a canonical and distinguished d—connection O on TM are:

Ly = %g’” (Okgpv + 0v8pr = Opgux) (18)
Ly, = N + %W (5Kvﬁy — 05, NS — 05 éyN;j) (19)
iy = %g k09, oy (20)
ng = %v“é (éyvéﬂ + Qﬁvéy - éévﬁy) . (21)

See Appendix[Alfor more details.

The field equations for our model have been derived in previous works and can be found in
Appendix [B| Solving the field equations (B3), and to first order in A, (x) in vacuum
(Tyy = Yap = Zj5 = 0), we get [1]:

Ay(x) =

R 1/2
A (1—75) ,0,0,0| = [Agf12,0,0,0] (22)

with Ag a constant. While this is an approximate solution, it will be sufficient for our purposes
given the assumption |A, (x)| < 1.



III. GEODESICS

In this section, we will study the geodesics of the SFR and perform a dynamical analysis.
We compare our results with the corresponding ones of GR. From the definition of the metric

function we have:
F(x, dx) = (g (x)dxtdx")"? + A, (x)dx” (23)

where g,,,(x) is the Schwarzschild metric and A, (x) is a one-form vector field with |A, (x)| < 1.

By using Eq. and Eq. is written as:

o dr? o oo 212 y
F(x,dx) = [fdt —T—r d9% —rsin® 0do ] + Ay (x)dx?. (24)
We define the Lagrangian
. . o 12 2p2 2 an |V & 1/2;
L(x,%) = F(x, %) = [ftQ— _f —r‘0° —r-sin 6(;52] + Aof 4, (25)

where we have used Egs. and (22). From the Euler-Lagrange equations

d JL _ JL
dT ot " oxF (26)
we find the equations for the geodesics:
B4+ Ty, Y + g Dt = 0, 27)

where Fﬁv are the Christoffel symbols of Riemann geometry, @, = (PKAH - BF,AK and A is
the solution from Eq. (22). We notice that from the definition of @, we get a rotation form of

geodesics. If A, is a gradient of a scalar field, A, = % then @, = 0 and the geodesics of our

model are identified with the Riemmanian ones.

The geodesics of our model can then be explicitly written in the form:

_ -3/ _
P FTSRN 99 e Gl )] (28)

rf 2r
_ _ / _
A f(12r f)t2 _ 12rffr2 _ rf(éQ + Sil’l2 9¢2) — _Aofw (29)
é+§é1”—%sin26q§2:0 (30)
G+ 2 i + 2001004 =0 (31)

From the relations (28)-(31) we notice that the first two dynamical equations involve a contribu-
tion of extra terms particular to the SFR spacetime while the last two relations are the same as
in GR.

We now make a key assumption regarding the angular dependence of the model. Namely, by
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using 6 = I we notice that Eq. is satisfied and equations (28), and can be written
as:

_ L 32
e L - a L )
fA-fp 1-f. f”z( —f)
5 £2 - T —rf¢? = —Agi——r—— (33)
¢+ §q'>r' =0 (34)
From Eq.(34) we find:
r2¢ =] = const. (35)

where | is the angular momentum and the relevant equation represents its conservation law. If

ion f/ = £ =1 - 2M —drd _;d
we use the relation f’ = —= where f =1 - and the Leibniz chain-rule £ = EL =T

then Eq. can be written as:

df df1/2
¥ —t =-A
ft+ U (36)
which, in turn, gives us
fi+ Agf'/? = &g = const. (37)

where &g is the energy of the particle moving along the geodesic. We notice that the first term

constitutes the energy for a particle moving along the geodesics in general relativity, Egr = f#
and we can rewrite the relevant expression as:

Egr + A~0f1/2 = &ER. (38)

By using Eq. with 85), and (37), we arrive at the (effectively one-degree-of-freedom)
radial equation:

f f12

ot 1f<82 ) -

where we omitted O(A?2) terms. As before, we use the relation f’ = in (39) to bring it to the
equivalent form:

= AyEr

f21-f)
R (39)

L

"o

We can further simplify the Eq. @0) by using the Leibniz chain-rule di = % di di and upon
deriving the first integral of the motion, we obtain:

_ ff _ Aor

&) :

f—1/2f/ (40)

i+ f (— + e) +2A0Erf1/? = E2 (41)

where € is a constant and for € = 0 we have null geodesics. The first two terms from (41)
2
constitute the total energy in general relativity (GR), E2, = 7 + f (£—2 + €) and the third term
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emerges from the structure of SFR spacetime and its energetic contribution. Therefore Eq.
can be written as:

ELp +2A0Erf? = E3 (42)

Eq. (2) shows that the term A, (x) from (22) provides an additional energy contribution to the
system of GR. Below, we give the Flgurel land Fig. 2| for the geodesics of GR and SFR we
have obtained by solving the equations (28 The relevant ordinary differential equations
are solved via a standard solver within Mathematica and (r, ¢) are presented as a function of t,

while Fig. 2|presents the evolution in the original (x, y) plane. In our case, we assume R; = 2 and
initial radial distance ry = 3, so the photons are found on the photonsphere with r,;, = 3R; =3
in the GR case. The deviation between the trajectories of the SFR and those of the GR is clearly
discernible in both figures.

— GR
— GR
— SFR
— SFR

(b) This is an (7, ¢) graph for the geodesics of
photons for angular momentum | = 4 and ini-
tial radial distance rg = 3. The red line shows
the SFR geodesics and the blue line the GR
geodesics.

(a) This is an (7,r) graph for the geodesics of photons
for angular momentum | = 4 and initial radial
distance rg = 3. The red line shows the SFR
geodesics and the blue line the GR geodesics.

From Fig. we can see that the radial component in the SFR model takes lower values
compared to the GR one which remains constant. This difference between the r-components
of SFR and GR can be interpreted as the increase of the radius of the photonsphere due to the
one-form A, as we have shown in [2]. This leads the orbit of the photon to fall inside the event
horizon because the initial distance 7y = 3 and energy are not sulfficient to allow circular orbits of
the photonsphere. That means for an orbit with r constant in the SFR model, the particle needs
more energy compared to the GR case. In Fig.[2} the geodesics of GR and SFR are depicted. In
the case of GR, the photons move in circular orbits around the black hole. In the SFR model, the
photons follow a spiral orbit and fall inside the event horizon.

It is important to remind the reader here that underlying these results is the key assumption
of 0 = 7 which allows the reduction of the model to an effective single degree-of-freedom system.
It is important in future work to consider how deviations from this equilibrium value (and the
corresponding incorporation of the full dynamical system) may affect the conclusions presented
above. However, as the latter is outside the scope of the present study, we now focus on the
further analysis of the effective potential of the SFR model and its implications for the phase

portrait of the relevant system.



— SFR

— GR

Fig. 2: This is an x-y graph for the geodesics of photons for angular momentum | = 4 and initial
radial distance 1y = 3. The red line shows the SFR geodesics and the blue line the GR geodesics.

IV. EFFECTIVE POTENTIAL OF SFR MODEL

In this section, we will study the effective potential of the SFR model and compare it with the
effective potential of GR. The equation of the energy in GR reads:

2
2+ f (1—2 + e) =&y (43)
We see from that the effective potential energy landscape is given by:
1.(J?
Veff,GR = §f 1’_2 + € (44)

In Fig 3] we show the graph for the effective potential in GR for angular momentum | = 3,] = 4
and | = 5 to examine its variation for different values of the angular momentum.

Vv,

eff

054

ﬁ

—J=5
J=4
—J=3

r

2 3 4 5

Fig. 3: Graph for the V,¢(r) in the GR model for angular momentum | = 3, ] =4 and | = 5.



We now recall the key difference (and associated additional contribution) to the energetics of
the SFR model. In particular, the energy equation for the latter, derived from Eq. (40), is given
as:

J? 7
f2+f(r—2+e)+2A08Rf1/2:312{ (45)

In (45) the effective potential can be written in the form

1 2 ~
Veff,SFR = if (i—g + (—I) +A08Rf1/2 (46)

The graph for the effective potential in the SFR model (V¢y, r) is depicted in Fig. @ in this case
for different values of angular momentum.

Vet
20F

1.0} — SFR

05 —J=5
—J=4
—J=3

. . . Loy
2 3 4 5

Fig. 4: Graph for the V,¢(r) in the SFR model for angular momentum | =3, ] =4 and | = 5.

In Fig. [5aland [5b| we show the effective potentials of the SFR and GR models comparing the
two for ] = 1 and | = 5. As we can see in Fig. [5a} the difference between GR and SFR is bigger
than that of Fig. Notably, when the contribution of the angular momentum is weaker, the
difference between the two models is more substantial/clearly discernible. When the angular
momentum becomes large, the relevant difference is rather weak and the V, ¢ of the two models
become proximal.

— GR
0.06 — GR

— SFR
— SFR

(b) This is a graph for the Vss(r) in GR
(blue line) and SFR (red line) for angular
momentum | = 5.

(a) Graph for the Vi 7¢(r) in GR (blue line)
and SFR (red line) for angular momentum | = 1.

In Figs.[6al{6b|and also[7] we observe the phase portraits associated with the effective potentials
depicted above. These phase portraits reflect the existence of an energy barrier whose precise
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height depends on the value of the angular momentum. Energies below this barrier height result
in reflection from the outside and trapping from the inside. On the other hand, energies higher
than those of the barrier result in reaching the Schwarzschild radius (if the particle is coming
from the outside) or reaching infinity (if the particle is moving outward from the inside). The

latter figure demonstrates the differences between the two phase portraits which are quantitative
but not qualitative.

= = gl 2r / P - — .
/ o e — . 7 _— —
ISt — f o T
LT e T e i
i e T e
1 =7 > —_— e 1 \w AT -
~— - e - e —_— -
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\ ~N———— . S T e
IR N _ . \\ — T
W= et
0 t\'\,\\\fz —_— T 0 l))\—'/ 4/' 4/"
= - e | s . : N
| J K e T — —» SFR /,// o~ =y . -
S ——— . — - ) e, e
’ - = T — e e~ T T — -
s ——— ~———— T~ T —< "
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-1 ‘\\\ R g -1 \ ~_ T~ -~
T~ \ ~ ——ee
R e \\ —~———— \\ ‘{\‘.\w\<\‘\<\\ e
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N ~_ ‘v\ = \\ ‘\\ ~— \\C‘\‘\‘\
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(a) This is a phase plot for the radial geodesics of

(b) This is a phase plot for the radial geodesics of GR rep-
SFR, representing the trajectories in (r, #) space.

resenting the trajectories in (r, #) space.

o
T

S T :_.,_‘?_ —» SFR
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Fig. 7: This is a comparison between the radial phase portraits of the GR (blue) and SFR
(yellow) models.

V. DEFLECTION ANGLE

In this section, we will deal with the deflection angle of the SFR model and we will compare
our findings with the corresponding ones of the GR model. In this consideration, we take into
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account photons that pass close to a central mass M. From Eq. for photons, we put € = 0
and we get:

=3 (47)

where b = J/Eg.
By using the Leibniz chain-rule ¢ = 2—? = dodr _ ‘fj—(f)r with the relations (35) and (#7) we have:

r art

2 240 f1/?
LAY (R D) (48)
$2 b r Jb
After some rearrangements we find
~ /
d 1 2A0f1/?
do_L(L_ L 2] (49)
dr bz r2 Jb
The deflection angle is calculated by the integration of (49):
~d L[ 26M\ 24, (- 20m\"?| "
r 0
Apsrr=2 | = |=-=[1-=22) 281 -
Psrr ‘/r1 |5 2 ( . ) 7D ( . ) } (50)
where we have used f = 1 — 2¢M4,
We perform a change of variables in the integral of Eq. (50):
-1/2
W 9 1/2
A¢srr = 2/ dw ll (1 - ﬂw) 2a (1 - ﬂw) (61)
0 b b
where we have set w = b and a = @.
If we expand the 1ntegral in powers of 24 and a we find:
1+ GMg,
A(PSFR ~ 2/ dw (52)
0 [(1—2¢z)+ZGTMw—wQ]l/2
where we have omitted second order terms.
By evaluating the integral in Eq. we get (see Appendix 3):
4GM 1-a
Adsrr =Tt + r— (53)
¢ b Vi-2a
The deflection angle 0¢srr can be found as:
O0¢srr = APspr — T =
4GM 1-a
OPsFR = (54)

b Vi-2a
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If we expand Eq. in powers of a = # the deflection angle can be written as:

a’\ 4GM
5¢SFR X (1 + ?) T (55)
The deflection angle 0¢ of GR [3]168] is given by:
4GM
dPpor = —— (56)

Therefore, we notice that the deflection angle of SFR includes a small additional Randers con-
tribution term a which shows a small deviation from GR because |Ag| < 1. We can see from

Eq. that:

lim 8¢srr = 0GR (57)
Ag—0

The small difference of the deflection angle of the SFR model from the GR one can plausibly be
attributed to the Lorentz violations [6] or on the small amount of energy which is added to the
gravitational potential of SFR.

Remark: By considering the following relation, we can connect the geometrical concept of the

curvature k¢ = ‘;—f of a path with the deflection angle 6¢ in the following way:

Ao _doar _do,

(P_dT Cdrdt o dr 8)
d
Ky = d—ff - (59)
K
S = 7‘% (60)

This form of curvature can be called deflection curvature.

VI. CONCLUSIONS & FUTURE CHALLENGES

In this article, we investigated the analytic form of the geodesics of the model SFR which was
introduced in previous works [1,2]. A dynamical analysis was presented based on the energy
and angular momentum of a particle along of geodesics (null or timelike) of the SFR spacetime.
Comparisons between the SFR and GR were provided. We found that there is a small deviation
from the GR model which is due to the dynamical term A, (x). We also formulated and studied
an effective potential of our model and we compared the one of the SFR case once again with the
effective potential of GR attributing the small but discernible differences to the specific structure
of (and perturbation incorporated within) the SFR spacetime. The relevant differences in the
trajectories were illustrated both in the evolution over the time-variable T and in the (x, y) plane.
In addition, we calculated the deflection angle for the SFR spacetime and we compared with
the corresponding one of GR. The result is a small difference of the SFR model from GR, it is
possibly caused by Lorentz violations or by the small amount of energy which is added to the
gravitational potential of SFR spacetime.

It is important to note that this work opens a number of interesting directions of further study
for the future. On the one hand, the traditional assumption of 6 = /2 made over here is clearly
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a restrictive one that simplifies the equations of motion automatically satisfying the dynamics
for the angular variable 6 with the latter being at steady state. However, more generally, one
can straightforwardly envision scenarios where this condition is no longer satisfied. It is then of
interest to explore if one starts in the vicinity of /2 whether one stays in that neighborhood or
perhaps if one deviates away from this steady state and how the associated dynamics of the full
4-degree-of-freedom space is accordingly explored. Another aspect that is also worth further
exploring is that of the small amplitude covector deviation from the General Relativity standard
model. Here, we have limited our considerations to the realm of associated small amplitude
perturbations (where leading order expansions of the field would suffice). However, it would
also be of interest to explore the situation when one gradually deviates from the realm of this
approximation as well. In addition, applications of geodesics of the SFR model can be pursued
for more concrete cosmological studies such as, e.g., for the case of the S2 stars orbiting the
black hole in Sagittarius A* in which the geodesics of the star are perturbed from the classical
Keplerian orbits because of the distribution of stellar remnants. Indeed, our hope is that this
work may pave the way towards testing the Schwarzschild-Finsler-Randers gravitational model
which incorporates features going beyond the standard Riemannian geometry of spacetime. In
this vein, some of the above topics are presently under consideration and associated results will
be presented in future publications.
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Appendix A: Distinguished connection on TM.

In this work, we consider a distinguished connection (d—connection) D on TM [66}(67]. This is

a linear connection with coefficients {F‘é‘c } = {Lf,, LE‘K, C ﬁty , ng } which preserves by parallelism

the horizontal and vertical distributions:

D5 6y = Li (x, y)0, D; by = Cly (x, )6 (A1)
D50 = L (x,)da , Dy Js = Cj,(x,¥)0a (A2)

From the above conditions, the definitions for partial covariant differentiation follow immedi-
ately, e.g. for X € TTM the expression for the covariant h-derivative is:

X =D, X4 =0,X4 + L3, X" (A3)
and for the covariant v-derivative:
X*4|p = Dg X* = 9pX* + Cf, X" (A4)
The d—connection is metric-compatible when we have:
Dy guw =0, Dyvap=0, Dyguw =0, Dyva=0 (A5)
A d—connection can be uniquely defined when the following conditions are satisfied:

e The d—connection is metric compatible
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e Coefficients L%, L ,C

gr Coys ng depend solely on the quantities g, vap and N ﬁ‘

e Coefficients L}, and C% are symmetric on the lower indices, i.e. LY =ce =0
8y [kv] = Iyl

We use the symbol D instead of D for a connection satisfying these conditions. We call D a
canonical and distinguished d—connection. The coefficients of this connection are

Ly = %g“p (Okgpv + 0v8pr = Opgux) (A6)
Ly, = 0N + %W (80 = 05 INE = 135 9, N2 ) (A7)
ct = % 49 g (A8)
ng = %v“é (éyvg,ﬁ + (;ﬁvé}/ - o:hsvﬁy) (A9)

Curvatures and torsions on TM are defined by the linear maps:

R(X,Y)Z = [Dx, Dy|Z - Dix y|Z (A10)
and
T(X,Y)=DxY -DyX -[X,Y] (A11)
where X,Y,Z € TTM. We use the following definitions for the curvature components [66] [67]:
R(61,6,)0, = RE_, 6, (A12)
R(57,6)9p = R 1a (A13)
R(éyf 0i)0y = P51<y6y (A14)
R(dy,0,)p = pgwaa (A15)
R(9s, )5y = Sl 564 (A16)
R (s, dy)dp = sgyééa (A17)

In addition, we use the following definitions for the torsion components:

T (61, 0v) =Tok0y + 1200 (A18)
T(dp, 6v) =T ls0u + zgéa (A19)
79y, ) =T 0+ ‘Tﬁ;’ﬁéa (A20)

From (A12), the h-curvature tensor of the d—connection in the adapted basis and the corre-
sponding h-Ricci tensor read:

RY = 06aLy, — OcLb + LﬁKLﬁA - LV Lb, +Ch, Q8 (A21)
Ry = Ry = 0xL, = 0y Ly, + Ly Ly, — Li Ly, + Ci, Qf (A22)
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From (A17), the v-curvature tensor of the d—connection in the adapted basis and the corre-
sponding v-Ricci tensor are:

Sg)/é = éécg)/ - éycﬁaé + CE)/Cgé - CE(SC?)/ (A23)

Sap = Sig, = 0y Clly = 9pCliy + C&

Y V4
. £4CL - Co,Cly (A24)

ay
The generalized Ricci scalar curvature in the adapted basis is:
R =g" Ry +0Sap=R+S (A25)

where

R=g"Ruyw , S=0v"%S4 (A26)

Appendix B: Field equations of the model.

A Hilbert-like action on TM can be defined as
K = / deL{\/Ig|R+2K/ PUNG] L (B1)
N N

for some closed subspace N' ¢ TM, where |G| is the absolute value of the metric determinant,
L is the Lagrangian of the matter fields, x is a constant and

BU=dA A Ady* AL AdYT (B2)

Variation with respect to gy, vag and Ny} leads to the following field equations [38]:

Ruv = 3R+ 8) g + ("6 = g0 ) (DT ~ T TH,) = T (B3)
Sap - %(R +8)vag + (070005 — 0 85) (D, Cly = €, Clis ) = Yag (B4)
g 0a Ly, + 2T gt CY) = Z§ (B5)
where
7o = Ny - L, (B6)

are torsion components, where Lg‘v is defined in (9). From the form of (§) it follows that

VIG| = \/=8V-0, with g, v the determinants of the metrics g1, v, respectively.

Appendix C: Calculation of the deflection angle

We begin the calculation from Eq.

wy 1/2 -1/2
Apspr = 2/ dw |1 —w? (1 - 2GTMZU) - 2a (1 - %TMw) l (C1)
0
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wy -1/2 -1 -1/2 -1/2
Apsrr = 2/ dw (1 - @w) [(1 - %w) —w?-2a (1 - @w) } =
0

w1
AquFR X 2/ dw (1 + GTMZU)
0

-1/2
(1+ 2(2Mw) —w2—2a} =

w1 1+ My
A¢srr = 2/ dw i
0 [(1+%w)—w2—2a]

In order to find w; we solve the following equation from the denominator:

(1-2a)+ 2(2Mw—w2 =0 (C3)
and we get:
2
o= S () 1 s

which is the positive root of the denominator. The solution for the integral in Eq. (C2) is:

1 2GM 2GM
Apsrr =Tt + + 1-2a (C5)
¢ Vi-2a b

), given their smallness. Hence, we find:

where we omit terms O((254)?

4GM 1-a
b V1-2a

A(],’)spR =T+ (C6)
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