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ABSTRACT

BAYESIAN ANATOMY OF GALAXY STRUCTURE

FEBRUARY 2013

ILSANG YOON
B.Sc., SEOUL NATIONAL UNIVERSITY, KOREA
M.Sc., SEOUL NATIONAL UNIVERSITY, KOREA
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Martin Weinberg

In this thesis | develop Bayesian approach to model galaxy surfabeightness
and apply it to a bulge-disc decomposition analysis of galaxies in neafrared band,
from Two Micron All Sky Survey (2MASS). The thesis has three mainants.

First part is a technical development of Bayesian galaxy image decposition
packageGalphat based on Markov chain Monte Carlo algorithm. | implement a fast
and accurate galaxy model image generation algorithm to reducengputation time
and make Bayesian approach feasible for real science analysis usimge ensemble
of galaxies. | perform a benchmark test oGalphat and demonstrate signi cant
improvement in parameter estimation with a correct statistical comence.

Second part is a performance test for full Bayesian application taataxy bulge-
disc decomposition analysis including not only the parameter estimatiobut also
the model comparison to classify di erent galaxy population. The t& demonstrates

that Galphat has enough statistical power to make a reliable model inference ugin
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galaxy photometric survey data. Bayesian prior update is also tesd for parameter
estimation and Bayes factor model comparison and it shows that orimative prior
signi cantly improves the model inference in every aspects.

Last part is a Bayesian bulge-disc decomposition analysis using 2ZMABS-band
selected samples. | characterise the luminosity distributions in spieéds, bulges and
discs separately in the local Universe and study the galaxy morphglpcorrelation, by
full utilising the ensemble parameter posterior of the entire galaxyamples. It shows
that to avoid a biased inference, the parameter covariance and o& degeneracy has

to be carefully characterised by the full probability distribution.
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INTRODUCTION: GALAXY MORPHOLOGY CENSUS
USING BAYESIAN STATISTICS

Formation and evolution of galaxies

Galaxy formation and evolution remains as one of the fundamentaind long-
standing questions in model astronomy since Edwin Hubble opened apeld of ex-
tragalactic astronomy (Hubble 1936). On large scale, galaxies aristdbuted along
the structures in the Universe originated from the cosmological rtar uctuation
and later grown by gravity. On small scale, a galaxy is a very complicad structure
composed of approximately 100 billion stars and interstellar gas spreover a wide
range in the temperature-density space. Therefore galaxy foaton and evolution
is closely related to the cosmology and astrophysics including gravitanal dynamics
and gas physics.

The early studies of galaxy population are mostly based on galaxy npbrology.
For example, the famous Hubble diagram (Hubble 1926, 1936) is auk®of analysis
and categorization of galaxies and had been used to coin the termrigaand 'late’
type galaxies which had been believed to represent an evolutionarggsence of a
galaxy: from “early’' to ‘late' type. Although this hypothesis turnedout to be not
true, Hubble's categorization scheme is still used in today and sopitate models
of galaxy formation and evolution have been proposed since thendatested to this
fundamental observation of galaxy population.

Historically there have been two competing scenarios of galaxy faaton: mono-
lithic collapse (Eggen et al. 1962) and hierarchical formation (Sear& Zinn 1978).
Although the debates have not been completely settled down, a haechical forma-

tion model has become more and more popular owing to the obsergail evidence
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from the cosmological model with “cold dark matter' (Blumenthal etal. 1984) and
accelerating expansion (Riess et al. 1998). This so called as LCDM roofogy is
strongly supported by the recent observation of cosmological ¢daground radiation
(Komatsu et al. 2011) and remarkably successful to describe tlge scale structure
in the Universe. A modern view of galaxy formation is that galaxies stato form in
the dark matter halo developed by initial cosmological uctuation ad hierarchically
build up their structure by merger of dark matter halo embedding ezn galaxy (Mo
et al. 2010).

Pioneering work on the hierarchical galaxy formation by gas condsation in dark
matter halo in the context of "cold dark matter' cosmology dates lwk to the early
1990s. (White & Frenk 1991) proposed an analytic model of galaxgrination in-
cluding gas and dark matter halo in hierarchically clustered structer to describe the
characteristics of galaxy population. They showed that using emggally and phys-
ically motivated prescription for gas physics, it is possible to predicthe abundance
of galaxies and their star formation rate for di erent redshift. Although the details
of the prediction from their model have been changed since themjg study initiates
a semi-analytic approach to the galaxy formation model which predg a statistical
distribution of galaxy properties (Somerville & Primack 1999; Bensof012; Croton
et al. 2006). On the other hand, the other approach using numeal simulations
of galaxies including gravity and gas dynamics has been greatly impealover the
last decade and it is possible to study the galaxy distribution within thdarge scale
simulations of galaxy and dark matter halo in the LCDM cosmology (e.gSpringel
et al. 2005).

The naive understanding of galaxy formation and evolution based dtubble di-
agram has been greatly changed by accumulated observationsnirtarge statistical
samples of galaxies and by increasing computational power. Largalaxy surveys

produced large number of statistical samples of galaxies in local adatant Uni-



verse, as summarized ix. Recent semi-analytic models (Parry et al. 2009; Benson
& Devereux 2010) and numerical simulations (Abadi et al. 2003; Citoet al. 2009)
have become sophisticate enough to produce the distribution oflggy morphology
although the agreement with observation is still crude. It is now pasble to quan-
titatively compare the statistical distribution of galaxy properties from observation
and theory. One of the important properties of galaxy is its morpHogy. To make
a reliable inference of galaxy formation and evolution by quantitativeomparison of
galaxy morphological structure between theory and observatipioth observational
analysis result and theoretical prediction has to be reliable howevtrere is yet to be
a room for large improvement in both directions.

In this dissertation of which goal is to improve the observational atysis result, |
develop a Bayesian approach to analyze galaxy morphology, inveatig the computa-
tional and statistical issues in applying Bayesian statistics to infer odels of galaxy
structure and apply this approach to real galaxy sample to charterize galaxy struc-
ture distribution and to infer the galaxy evolution. Further motivations: importance
of galaxy morphology information, advantage of Bayesian statisscand utilizing large

statistical samples are sequentially discussed in the following secson

Galaxy morphology

Since Hubble invented a galaxy classi cation scheme, there have bewany at-
tempts to characterize galaxy morphology. As a result, the de nibn of morphology
is fairly broad and used di erently in the literature. Based on qualitatve and quan-
titative analysis of galaxy morphology, a current consensus of galamorphology is
that galaxies are broadly categorized into four groups: elliptical ¢gxy, non-barred
spiral galaxy, barred spiral galaxy and irregular galaxy.

Elliptical galaxies has a smooth and concentrated surface brighsgepro le typi-

cally described by de Vaucouleur pro le (de Vaucouleurs 1948). Sairgalaxy has a
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central bulge with concentrated surface brightness pro le andreouter disk with ex-
ponentially decreasing surface brightness pro le. Spiral galaxy &a&piral arms whose
surface brightness is often axially averaged out and frequently $a bar although the
bar fraction in spiral galaxy is still uncertain owing to the di culty in ide ntifying the
bar. Irregular galaxy more frequently seen in high redshift does nibave a particular
shape.

The recent large scale galaxy surveys have shown that majority gdlaxies in the
last half of the history of our Universe is either early type (i.e. elliptich or late type
galaxy with concentrated central bulge and outer exponential dis(e.g. Blanton &
Moustakas 2009; Mignoli et al. 2009). This rough dichotomy of galgxmorphology is
one of key observations that current galaxy formation and evoligtn models should
explain.

In current galaxy formation theories, a common belief is that disk daxies form in
a dark matter halo by gravitational collapse and grow by accretingrabient materials
(Mo et al. 1998) and elliptical galaxies form by violent mergers of spirand elliptical
galaxies with signi cant masses (Hernquist 1992; Barnes 1992). d¢e theoretical
models predict a stellar distribution roughly close to the observed dace brightness
distribution. Therefore a detail comparison between galaxy mormtogy distribution
from theory and observation is an important constraint to galaxy drmation model,
however galaxy morphology is not easy to measure.

There are two ways of measuring galaxy morphology. Parametric pq@ach uses
a model with free parameters and ts the model to the galaxy imagedata. Al-
though parametric approach provides a well-perceived informatidike galaxy size,
brightness, axis ratio and pro le shape, it is based on a strong asaption that the
parametric model is correct and a subsequent inference basedtio®m tted model pa-
rameters is subject to the model parameter covariance which is @lexacerbated by

model degeneracy. On the other hand, non-parametric apprdeagses a speci ¢ metric



(e.g. concentration and asymmetry) and measures a quantity frothe galaxy image
data. Although it is free from model properties which are not ass@ted with the
true nature of galaxies, the measured quantities are strongly sigsted by the galaxy
signal-to-noise ratio. In this thesis, | use the parametric approhcand advocate
Bayesian statistics to overcome the problems in parametric apprdato measure the
galaxy morphology and to use it for understanding galaxy formatioand evolution.

Models of surface brightness pro le of elliptical galaxy and expontal disk can
be integrated into a more general family of function called Sersic prle (Sersic 1963,
1968), which is versatile to model the wide range of galaxy types netll described
by de Vaucouleur pro le or a combination of de Vaucouleur and expential pro le,
and has been widely used in measuring galaxy surface brightness [ptoA common
practice is to nd a maximum likelihood best- t parameter by minimizing 2 function.
However it is well known that the Sersic model has a strong parartes covariance
(Ciotti 1991, Ciotti & Bertin 1999). In particular, due to the nature of Sersic model
(i.e. extended wing), the galaxy magnitude, radius and Sersic indeate correlated and
also degenerated with the sky background which is often not well &wwn and di cult
to determine. Therefore a maximum likelihood best- t parameter isery likely to be
subject to the parameter covariance and model degeneracy awiten returns a biased
value. Furthermore a detail inference of galaxy structure by demposing galaxy
surface brightness pro le into two major components (i.e. bulge andisk) requires a
classi cation to decide whether, for example, a galaxy photometridata is supported
by two-component bulge-disk model or by one-component Srsinodel. However
it is fundamentally di cult to address using maximum likelihood best- t p arameter
approach. This is a model comparison or hypothesis test in other ws.

Bayesian statistics provides a probabilistic framework to consistéy address the
parameter estimation and model comparison. In the next section,will describe

the fundamentals of Bayesian statistics and introduce a Markov eim Monte Carlo



(MCMC) method which has made Bayesian statistics increasingly polar and promis-

ing.

Bayesian Markov chain Monte Carlo

A Bayesian statistics is based on a simple mathematical theorem: Eeytheorem
named for Thomas Bayes who rst suggested the theorem, andrfiuer developed by
Pierre-Simon Laplace later. Bayes theorem is a relationship betwesne probabilities
of two eventsA and B and the conditional probability of A given B and B given A.
If the probability of A and B is P(A) and P(B) and the conditional probability of A
given B and B given A is P(AjB) and P(BjA) respectively, Bayes' theorem is

P(BjA)P(A).

P(AIB) = —5 55

(1)
This simple theorem, however has a wide range of application in modescience,

by modifying each term using di erent notations. Let's suppose theone has a model

M (7) with a parameter vector =, generating a dataD which the one observes. Then

if one applies Bayes' theorem,

PIOIM()PM (7))

P(M()iD) = 5(D)

(2)

Here P(DjM (7)) is a probability of data D given modelM which is often called
as a likelihood,P (M (7)) is a prior probability of ~ of the modelM and P(M (7)jD)
is a posterior probability of = of the model M given data D. The term P(D)
is a probability of data D marginalized over the model parameter by P(D) =
RP(DjM M)P(M (7))d™, and also known as the marginal likelihood which has to be
computed to compare models, which will be described below.

In Bayesian statistics, the parameter posterior provides a natal interpretation

of astronomical data since every astronomical observation is aigae realization from
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a true model of the nature if it exists. For example, an observed lgay photometric
image is a unigue realization resulting from the galaxy formation prosge and the sig-
nal processing. Therefore questions have to be conditional toetltobserved data and
the right question to ask is how probable one's model is given obseatwvdata rather
than how likely the data is generated from the model. The former is aogterior and
the latter is a likelihood. Although the goal is to characterize the pderior, it is not
straightforward since the prior probability has to be speci ed andhe numerical com-
putation of the posterior in large parameter space is notoriously dicult infamously
described as the curse of dimensionality.

However, owing to the increasing computational power, a Markowhain Monte
Carlo (MCMC) becomes feasible to apply to a large scale problem with {gr data
size and large dimensional model parameter space. MCMC is a numakialgorithm
to sample a target distribution in equilibrium state by a random walk. Radom sam-
ple points from MCMC asymptotically converge to the target distribtion and the
posterior probability (i.e. target distribution) can be simulated by MOGMIC. The sim-
plest but the best illustration of how MCMC works is Metropolis-Hastigs algorithm
(Hastings 1970; Metropolis et al. 1953). If the target distribution is in equilibrium,
a transition rate from one statex to another statex®is (x)q(x; x9 with a transition
probability q(x;x% and should be balanced with a reverse transition rate from® to
X

)ax;x9 = (xa(x%x): 3)
However this is not naturally achieved and therefore a acceptancaio is introduce

to make a detail balancing.

x)ax;x9 = (x9a(x%x) (4)

Then Markovian process proposes a random sampté and the proposed state is

accepted or rejected if = minf1; %g is greater than 1 or less than 1. This
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process produces a chain of random samples which asymptoticallyeerges to the
(x) (Hastings 1970; Metropolis et al. 1953).

A wide variety of advanced numerical algorithms of MCMC has been gposed to
correctly characterize the di erent aspects of the posterior (g. multimodality and
strong degeneracy). Several numerical packages for Bayedd@MC computational
statistics have been recently released for astronomy communitycluding the one
(Weinberg 2012a) that | used in this thesis, which will be introduced ix1. So far
the works have focused on mostly cosmological model parametstiraation (Lewis &
Bridle 2002; Trotta 2008) and galaxy spectral energy distributiomodeling (Pirzkal
et al. 2012; Serra et al. 2011; Acquaviva et al. 2011). It has notdxefully applied to
other astronomical problems and this thesis is the rst attempt tdully apply Bayesian
statistics to a large scale galaxy morphology measurement and mbdderence. A
signi cant e ort has been given to developing a new Bayesian galaxy arphology
modeling code named aGalphat which incorporates fast and accurate model image
generation algorithm to reduce the likelihood evaluation time and enés an analysis
of large statistical ensemble of galaxies.

In this thesis, | will present the signi cant improvements from Baysian MCMC
approach in galaxy morphological analysis over the conventional wimum likelihood
best- t parameter approach and the Bayesian analysis result ofnsulated and real

galaxies with implication to the galaxy formation and evolution.

Statistical census of galaxy structure

A reliable inference of galaxy formation and evolution process via tlgstribution
of galaxy morphological structures requires a large number of gailes, and signi cant
improvement of understanding galaxy formation has been achievdy the recent
large scale galaxy photometric surveys providing a complete sampliela@cal galaxy

population. Among them, the Sloan Digital Sky Survey (SDSS, (Yorketal. 2000))
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and the Two Micron All Sky Survey (2MASS, (Skrutskie 2006)) arehte largest local
galaxy surveys in optical and near infrared band, in terms of sky eerage: 1/4 of the
whole sky for SDSS and the full sky for 2MASS.

SDSS has demonstrated its remarkable success in wide range afogétysical prob-
lems and in particular, brought a signi cant impact to the galaxy fornation and evo-
lution study. Multiband (u;g;r;i;z) photometric and medium resolution (—  2000)
spectroscopic survey provide an ample information to derive impamt parameters
to characterize galaxy properties (e.g. morphology, star forman rate, metallicity
and age). Although later small scale surveys each dedicated to pewlar problems
have re ned the conclusions, the current understanding of galgxXormation and evo-
lution is largely shaped by SDSS. One of key ndings from the large safas of SDSS
galaxies is the bimodality of galaxy properties. Galaxy population is divetl into two
groups: morphologically early type, gas poor, massive galaxies witbanly no star for-
mation and morphologically late type, gas rich, less massive galaxieshvéctive star
formation. These two major populations are projected into di erat observational
parameter spaces and produce di erent bimodal distributions in daxy properties ().

Among di erent measured properties, a measurement of galaxy mphology in
terms of a fraction of bulge or disk is still controversial. An infererec of physical
mechanism shaping galaxy morphology is from the information based a qualita-
tive measurement not much beyond a classi cation or a quantitativeneasurement
(i.e. concentration) as a proxy to galaxy bulge-to-total ux ratio. Therefore a rigor-
ous bulge-disk decomposition analysis using Bayesian MCMC on the largamples of
galaxies is required to test galaxy formation hypothesis. Previousmalyses based on
a maximum likelihood best- t parameter approach derived a distribubn of galaxy
structure including bulge, disk and spheroid () with large uncertainés. One of the

main goals of this thesis is to improve the previous analysis and to acately char-



acterize the budget of galaxy stellar mass in local Universe which alleva direct
comparison to the theoretical prediction.

However galaxy morphology in optical band is not a very good tracef galaxy
stellar mass owing to a large dust opacity and a contamination from gent star
formation. The best representation of galaxy stellar mass can berseved by near-
infrared(NIR) band which has a least amount of dust extinction andpicks an old
stellar population making up the majority of galaxy stellar mass. In tfs sense,
2MASS has a signi cant merit despite the shallow image depth and poogsolution
compared to SDSS, which can be correctly taken into account as@usce of analysis
error, by sampling the posterior using Bayesian MCMC. Therefore ithis thesis, |
perform the bulge-disk decomposition of 2MASS galaxies iband. The result will
also bene t from the ancillary information extracted from SDSS datbase to associate
other physical galaxy properties to the NIR morphology, by crossatching galaxies
in two di erent catalogs.

The catalogs of bulge-disk decomposition parameter of SDSS galaximve been
published by several groups (Simard et al. 2011; Lackner & GunnZX) Gadotti 2009)
using from few thousands to million samples. However to use theseatag for further
analysis, one should be careful since the values in the catalog haveearor which
is often not provided or simply neglected. However the parameterrers dominated
by systematic parameter correlation are often very large and tsuone needs to fully
propagate systematic and random errors correctly from modeliqgocedure to nal
interpretation. To make the bulge-disk decomposition analysis or le¢r galaxy mor-
phology analysis useful, | provide the full parameter posterior disbution of 2MASS
galaxies to utilize it for characterizing a joint posterior superseding traditional scat-
ter plot to infer galaxy scaling relation and for selecting the model prle describing

the data better.
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Motived by the advance of Bayesian MCMC to resolve the aforemeohed issues
in this chapter, | developed a new Bayesian MCMC based galaxy mowdbgy infer-
ence toolGalphat (GALaxy PHotometric ATtribute), tested its performance using
simulated galaxies and applied to 2MASS galaxy samples to draw new ifggyinto
galaxy structural properties and its implication to the galaxy form&ion and evolution.

They are the contents of the thesis and will be described in the follovg chapters.
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CHAPTER 1

BAYESIAN APPROACH TO THE ANALYSIS OF
GALAXY MORPHOLOGICAL STRUCTURE:
METHODOLOGY AND BENCHMARK TEST

1.1 Introduction

The formation and evolution of galaxies is an outstanding problem in A®nomy
and galaxy morphology remains a key observational attribute in thquest to increase
our understanding of galaxy evolution. The increasing sensitivity @ahresolution of
planned surveys will enable tests of evolution theories from the egoof formation to
the present. However, selection e ects and features peculiar ¢éme's choice of models
will a ect any interpretation. Therefore, to exploit the promise of survey data, we
need to verify that our conclusions are reliable. The tools describ&dthis paper are
a step in this direction.

Early CDM hierarchical galaxy formation theory and simulations placed galax-
ies in the Hubble sequence by following a combination of merger hist@riand gas
accretion (White & Frenk 1991; Steinmetz & Navarro 2002). Later\zoom-in" res-
imulations of individual galaxies have produced more realistic galaxy mphologies
(Abadi et al. 2003a,b; Sommer-Larsen et al. 2003; Governato dt 2004; Robertson
et al. 2004; Zavala et al. 2008). Although challenging, combination$ emi-analytic
models and direct simulations (Benson & Devereux 2010; Croft et 2009; Parry et al.
2009; Scannapieco et al. 2010) have quanti ed the distribution ofaxy morphology
with redshift.

These recent theoretical studies have been motivated by largeate spectroscopic

and image surveys. In the local Universe, millions of galaxies have begetected
12



in the Sloan Digital Sky Survey (SDSS, York. etal. 2000) and the TwMicron All
Sky Survey (2MASS, Skrutskie et al. 1997; Skrutskie 2006). Reteanalyses have
used a range of models from single-component Sersic pro les (S 1963) to more
sophisticated bulge and disc-bar models to characterise the sttui@al properties of
local galaxy morphology (Blanton et al. 2003; Allen et al. 2006; Gado2009). In the
more distant Universe, COSMOS (Scoville et al. 2007) provides an alagollection
of multi-wavelength galaxy images and spectroscopy to study theaution of galaxy
morphological structure forz . 1 as a function of mass and environment (Capak et al.
2007; Cassata et al. 2007; Kover et al. 2010). Gas accretion,disstability, mergers,
and supernova and black hole feedback have been modelled to explaiorphologi-
cal evolution and it is possible to assess their relative importance byiantitatively
comparing observed galaxy morphological structures to thosegalicted from theory.
Furthermore, future large-scale multi-band imaging surveys, sa@s the Large Syn-
optic Survey Telescope (LSST Science Collaboration 2009), comhingith accurate
photometric distances will provide a uniform and consistent data s¢o study the
evolution of the galaxy population.

Algorithmic approaches tomeasuregalaxy morphology are recent inventions and
are usually based on mixture models of parametric surface brighssedistributions
(Byun & Freeman 1995; Simard 1998; Wadadekar et al. 1999; Pengk 2002; Simard
et al. 2002; MacArthur et al. 2003; de Souza et al. 2004; Pignatelliad. 2006; Mendez-
Abreu et al. 2008). However, systematic biases owing to an ignocanof uncertainties
in the sky background and covariances between model paramsat@omplicate their
interpretation. To circumvent these di culties, we advocate embeding the galaxy
morphology analysis into the broader context of inference and hgfhesis testing.
In this paper, we present such a Bayesian approach using the Mavkchain Monte

Carlo (MCMC) technique, facilitated by embedding it within the Bayesia Inference
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Engine (BIE, Weinberg & Moss 2011). To motivate this approach, west illustrate

the inherent di culties in galaxy image decomposition inxx1.1.1{1.1.2.

1.1.1 Case studies
The following three examples explore the limitations of conventional edel tting
and the improvements gained using Bayesian inference when infegthe photometric

attributes of galaxies.

1.1.1.1 Posterior distributions versus best-t parameter S

We pick two galaxies from our pool of Sersic pro le simulated galaxy ilmges (see
x 1.1.2). One has a high signal-to-noise ratio, S/N= 1001, and the other has a low
signal-to-noise ratio, S/N= 1046. The value of S/N is de ned by the ratio of the
galaxy signal to the noise within the half-light radius (see1.4.1). Since we know
the Sersic model parameter values used to generate these gglamages, we x all
parameters to their true values, except for the Sersic inder, and calculate the ?2
likelihood for di erent values of n.

Figure 1.1a shows the likelihood as a function aof for each galaxy. The upper
panel plots the high S/N galaxy and the lower panel the low S/N one. df the high
S/N galaxy the likelihood has a very strong mode around = 5 with a change by
factor of 4 in log, asn varies from 4.5 to 5.5. However, for the low S/N galaxy the
likelihood is very broad, smoothly changing by 0.4 in log as varies from 3 to 5, and
the likelihood pro le is not symmetric around the maximum. In addition,the precise
location of the global maximum is not informative; a local analysis of #hpro le using
standard inverse-Hessian analysis would not give an accurate estm of the pro le
shape. Finally, in general, a typical multi-dimensional likelihood surfacwill have an
even more complex landscape.

Figure 1.1b shows the posterior probability of each galaxyts for the given data,

marginalised over the other parameters as computed Ilyalphat . The solid curve
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Figure 1.1. Panel (a): the likelihood as a function of Sersic index for two example
galaxies with di erent S/N. Each likelihood value is normalised to the maxnum. The
distribution for the high S/N galaxy (upper) is sharply-peaked and he distribution
for the low S/N galaxy (lower) is broadly-peaked. Panel (b): the psterior probability
density ofn for the two galaxies. The black dot with error bar is the best- t paameter
from Galfit (Peng et al. 2002). The shaded region is the 68.3% con dence int&rv
and the vertical dotted line is the true value ofn. The conventional error estimate
based on the second derivative of the likelihood is much too large fomd&/N.
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is the posterior probability of n and the shaded region corresponds to a 68.3% con-
dence interval’. The true value is indicated by the vertical dotted line, and the
error bar shows the result usingGalfit  (Peng et al. 2002). Galfit is a widely-
used galaxy image decomposition program, based on a maximum likelido@vL)
approach, implemented as a ? minimisation using the Levenberg-Marquardt algo-
rithm (Press et al. 1998). The posterior mode ofi is o set from the true value by
0.2 for the high S/N galaxy and by 1.0 for the low S/N galaxy. Such a biaalways
occurs owing to random photon counting errors. Although the bias large for low
S/N, the 68.3% con dence interval ofn encloses the true value. The best-t value
of n from Galfit  for the high S/N galaxy is close to the posterior mode and the
associated error bar, corresponding to a 68.3% con dence intakvencloses the true
value. However, for the low S/N galaxy the best-t parameter fran Galfit , using
its simple minimisation algorithm, is more subject to small-scale variatianof the
likelihood pro le owing to sampling and the best-t parameter may alsodepend on
the initialisation of the downhill solver. Furthermore, the inverse-ldssian estimate
of the variance in one dimension is simply the inverse of the secondidative of the
likelihood; geometrically, the faster the slope varies with, the smaller the variance.
This makes the error reported byGalfit  unrealistically large because there is no
signi cant variation in the tangent slope at the best-t value of n =5:16. A reliable
error estimate is crucial to quantifying trends in the derived propsies of galaxies.
The Bayesian MCMC approach adopted here samples the full posterdistribution
and yields reliable error estimates of each model parameter giveretdata. Hence,

this provides a solid statistical base for an analysis of galaxy morgbgy.

IHere the con dence interval is estimated from the cumulative distribution function F( ) of the
marginalised parameter posterior probability density for the parameter . The 100(1! ) percent

condence interval [ 1; 2] hasF(1)= 3 andF(2)=1! 1 where0< < 1.
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1.1.1.2 Bias and prior assumptions

We now explore the distribution of the best- t n for 325 galaxies with their Srsic
model indexn sampled from a normal distributiof n N (4:0;0:33). Figure 1.2a
plots the residual value of then using the posterior median ofn from Galphat
(blue diamonds) with a uniform prior forn U (0:2;10:0) and the best-t value
from Galfit (red circles). For the Galfit estimates, we used the true values as
the centroids of the distribution for the initial guess and randomly prturbed the
magnitude, galaxy radiusre, axis ratio, position angle, and sky background by 0:5,

20%, 10%, 15% and 1%, respectively, about these true values, assuming a

uniform distribution within these ranges. InGalphat we assumed uniform priors
for these parameters within these same ranges. The initi@alfit guess for the
Sersic index isn = 2:5 for all the galaxies. As an image's S/N decreases, the variance
in the residual value ofn becomes larger aneh becomes preferentially overestimated
owing to the asymmetric shape of the likelihood pro le (see Fig. 1.1).0F low S/N,
the Galfit values are sensitive to the initial guess in contrast tGalphat , which
samples the parameter space using MCMC and hence is insensitivehe initial guess.
The variance in the best- t n's from Galfit  is slightly larger than the variance in the
Galphat posterior medians owing to its insu cient accuracy in nding the correct
global likelihood minimum for low S/N data.

However, if we allow the parameters to have an informative prior digbution, the
Galphat -derived posterior distribution improves dramatically (Fig. 1.2b). Weuse

a Weibull distribution ® for the prior probability of n with = 7:0 andk = 1:5, whose

21n all that follows we will denote the normal or Gaussian distribution with mean and variance
2asN(; ?2)and the uniform distribution between a and b as U(a; b). Other distributions will be
introduced as needed.

3The Weibull distribution is

k! 1
P(x; ;k)= kox exp ! (x= )k :
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Figure 1.2. The distribution of residual Sersic indexn for 325 galaxies withn

N (4:0;0:33%). Panel (a): Galphat posterior median values (blue diamonds) and
best-t Galfit values (red circles). Galphat uses uniform priors with the same
parameter range used irGalfit  for a fair comparison. Panel (b): same as (a) but
with a non-uniform prior for n in Galphat . The prior distribution has a roughly
13 times larger than the input distribution. By introducing an informaive prior, the
parameter recovery is signi cantly improved with decreasing S/N.
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deviation ( = 4:3) from the mean is still 13 times larger than the deviation of the
true distribution but embodies our astronomical experience fromhe literature. The
variance in the posterior median of the residual af for low S/N images decreases
signi cantly. With an appropriately chosen prior distribution, the Bayesian approach
can dramatically increase the quality of the inference over the engirinput catalogue.
Many people have aesthetic objections to the Bayesian approadiecause they view
the selection of a prior as being subjective and, therefore, arlairy. The statistics
and astrostatistics literature abound with philosophical discussi@nof this issue. It
is our point of view that prior information will be used by a researchemevitably,
so why not let the Bayes theorem tell us how to use it quantitatively?Conversely,
wholesale adoption of uniform priors, e.g. in the maximum likelihood med, is both
arbitrary and self-defeating, since we know that most parametethave both physical
constraints and previously measured distributions.

These issues are less signi cant for data with high S/N. However, tasnomical
surveys have widely-ranging S/N values, and the total number ofataxies for ux-
limited samples will always be dominated by images with low or moderate IS/
Therefore, improving our estimates of structural parameters ithe low S/N regime

best uses the available data and optimises scienti ¢ return.

1.1.1.3 Scatter plots versus joint posterior distribution S

Here we explore the joint distribution of galaxy half-light radiusr. and Sersic
index n for the same galaxy image sample from the last sub-section. Figure3d
is a conventional scatter plot showing the joint distribution of bestt values of rg
and n from Galfit . Figure 1.3b shows the joint posterior distribution ofr. and n
from Galphat . The contour levels are the 30, 50, 68.3 (green line), 95, and 99%
con dence values (white to black). Since the galaxy sample is gent@ without

any correlations betweerr, and n, we should not see any covariance betweegnand

19



n. Comparing these two panels, the scatter plot fronGalfit shows a (spurious)
systematic trend ofn with r. while the joint posterior distribution from Galphat
does not. Some Sersic-model parameters, e.ge and n, are reported to exhibit a
true covariance (Trujillo et al. 2001) and this parameter covariare is exacerbated
by a degeneracy with the sky background, often subject to sgshatic bias owing
to observational conditions, galaxy pro le shape, and image sizey such systematic
trends in the distribution of best- t parameters as exhibited byGalfit  will obscure
or contaminate any intrinsic covariance.

The qualitative di erence between the Maximum Likelihood (ML)-infered scat-
ter plot and the Bayesian-inferred joint posterior underlines our ssertion that un-
derstanding parameter covariance, the use of thoughtful priadistributions, and a
thorough error analysis are essential to reliably testing hypothes based on the mor-
phologies of a large number of galaxies. Even so, the choice of a patic family
induces a correlation between parameters and, therefore, a $edbest-t" value
does not adequately characterise the knowledge acquired fronetbata. Examples
and conclusions such as these motivate our using the entire posgterdistribution in

parameter space for all of the galaxies that we wish to study.

1.1.2 Bayesian MCMC to the rescue

The main disadvantage of the Bayesian approach is its computatidnexpense.
Over the last 15 years, MCMC techniques have continued to improand we believe
that these techniques are now suitable as mainstream tools. Hewee introduce a
computationally-tractable Bayesian MCMC approach that overcoms the di culties
outlined in the previous sections. Signi cant improvement over pregus attempts
to understand galaxy evolution using morphology can be achieveding a Bayesian

approach for the following three reasons:
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Figure 1.3. The joint distribution of galaxy half-light radius r. and Sersic index

n for 325 galaxies. The simulated galaxies were generated without acgrrelation
betweenre and n. Panel (a) shows the conventionally used scatter plot using the
best- t model parameter from Galfit and Panel (b) shows the joint posterior of ¢
and n from Galphat with 30, 50, 68.3 (green line), 95 and 99% con dence level
(white to black).
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1. The ML method assigns the best- t parameter value to the modi¢hat has the
highest probability of generating the observed data. With su cientdata, this
yields the correct result (assuming that some model in the family gerates the
data). However, Nature gives us one realization of a particular gada and this
leads to competing models that can generate the same data throudi erent
processes. Rather than the ML question, we want to know the Hesodel
among the possible candidates, axhat is the probability of the model for the
observed dataNritten in the language of conditional probability, this question
gives us Bayes theorem and requires an estimate of the probabilitiytbe model
before acquiring the data (theprior probability). The Bayesian formulation
of the inference problem provides a natural foundation for Astremmy, where
every single event is unique and observers cannot test theoriesdnanging the
initial conditions of the Universe. If data has high S/N and strongly spports
a particular model, the inference should not be subject to the biastinduced
by the prior distribution. Conversely, if data has low S/N, the inferece may

be in uenced by the prior assumptions, as intuitively expected.

2. We have seen that inferences based on best-t analyses candoataminated
by intrinsic covariance in the chosen model family. In addition, the foology
of the likelihood function in a high-dimensional parameter space with large
number of free parameters is very complex, in general. Therefpome needs to
both nd the true global extremum and assess the signi cance ohts extremum
with respect to nearby and possibly unanticipated extrema in the pbability
space. Bayesian MCMC provides the full posterior and the con dee levels of
inferences for each model parameter. Hence one can investigadeelations or

perform hypothesis tests with quanti able con dence.

22



3. The adoption of speci ¢ functional families, e.g. Sersic pro lesmay not pro-
vide an adequate explanation for the observed data or have su aie power to
classify di erences between data sets. In the Bayesian paradigone may con-
sistently assess the explanatory power of di erent models even lidy are not
nested. For example, one may rigorously pose the question \howasigly is the
assumption of a single-component Sersic model supported by thalaxy image
data compared to a two-component bulge and disc model?" This pilides a

natural way of probabilistically classifying galaxies.

To summarise, our Bayesian approach uses galaxy morphology asraarmediate
step in an overall inference problem for theories of galaxy evolutionin contrast,
by focussing on the best-t parameters as the data-reductionogl, and comparing
the implied correlations to those predicted by theories of galaxy firation, one runs
the risk of interpreting false correlations and one decreases théamation content of
one's data by using only the best- t parameter as a summary valuéviotivated by the
promise of dramatic improvement, we have developed a novel imagecdmposition
software packageGalphat (GALaxy PHotometric ATtributes), based on a Bayesian
Markov chain Monte Carlo approach. The general application to asinomical image
analysis is not new: Bayesian MCMC has been used for X-ray surfdm@htness esti-
mation of galaxy clusters (Andreon et al. 2008), for object detgon (Carvalho et al.
2009; Guglielmetti et al. 2009; Hobson & McLachlan 2003; Savage &iver 2007),
for dynamical modelling of a galaxy (Puglielli et al. 2010), and for graational weak
lensing (Kitching et al. 2008; Miller et al. 2007) and strong lensing analgs (Vegetti
& Koopmans 2009). Galphat is designed for performing morphological analysis
of galaxy images similar to several widely-used galaxy image deconipas pack-
ages such asBUDDA (de Souza et al. 2004)Galfit  (Peng et al. 2002),Gasp2d
(Mendez-Abreu et al. 2008), andGasphot (Pignatelli et al. 2006), but explicitly

samples the Bayesian posterior distribution and, therefore, primes a comprehensive
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frame work for the statistical inference of galaxy morphology by amipulating the
sampled posterior. For example, marginals of the posterior distriion can be used
to compute the con dence intervals on individual parameters thaincorporate the
full covariance. In addition, the Galphat -produced posterior distribution can be
used for a variety of inference problems such as model comparisbypothesis test-
ing, and correlation analyses. We note thaGim2d (Simard et al. 2002; Simard 1998)
also uses a Metropolis algorithm to explore the posterior parametspace and could
be used similarly for computing the parameter con dence intervalsif the posterior
distribution were unimodal.

One of our original motivations for developingsalphat is the large scale analysis
of galaxy morphological structures in 2MASS (Skrutskie et al. 1998krutskie 2006).
The interpretation of 2MASS-galaxy properties has su ered fronusing unreliable
best- t parameters obtained using conventional tting algorithms. An ensemble of
posterior distributions for a complete sample of local galaxies becesma rich database
for hypothesis testing in two ways. First, we may characterise thdistributions of
galaxy morphological structures, e.g. the luminosity, the size and¢ shape, as a
function of environment, with rigorous statistical con dence levis. Secondly and
more generally, we may compare galaxy formation theories basedtbe morphological
evidence.

This paper introducesGalphat and emphasises methods, features and perfor-
mance issues. We demonstrate the feasibility of a large-scale stite inference
based on galaxy morphology. A more detailed exploration of the in uee of the
prior distribution, explicit examples of model comparisons betweerngle Srsic and
two-component bulge and disc models, and inferences using an emsde of posterior
distributions will be reported in a followup paper (Yoon et al. 2012c)The paper is
organised as follows. Ix1.2, we describe the basic formalism of Bayesian inference for

galaxy image data and introduce the Bayesian Inference Engine @8l which is used
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to sample the posterior distributions of model parameters. We dasbe the structure
of Galphat in x1.3 and our ensemble of simulated galaxy images for calibrating
Galphat in x1.4. Comprehensive test results are presented x4.5. We summarise

our ndings and conclusions inx1.6.

1.2 Bayesian Markov chain Monte Carlo
1.2.1 Theoretical background

Bayes theorem states that the probability of a model charactees by its param-
eter vector , given some data seD, is proportional to the likelihood of the data for

the given model multiplied by the prior probability of the model

v _ pkt®dj) ()
P(jD)= RL(DJ. y ()d (1.1)

whereP( jD) is the posterior distribution, L(Dj ) is the likelihood function, i.e. the
probability of the data given , and ( ) is the prior distribution of the parameter
vector . If () is a uniform distribution in a compact subset ofR", we recover the
ML method.

The goal is to characterise the posterior distribution by sampling®( jD). For
simple cases with a few model parameters, one can analytically calteléa or explore
the probability space by evaluating the posterior probability over agd in parameter
space. However, for our Sersic model with 8 parameters this agach is not feasible.
Fortunately, owing to rapid improvements in computational methodlogy, MCMC is
feasible in high-dimensional parameter spaces. MCMC generateatss by a rst-
order Markovian process and the distribution of states asymptiially converges to
the target distribution P( jD) after a large number of iterations.

For the model selection problem, one may apply Bayes theorem to githe proba-

bility of the theory M based on the dateD given a prior probability of the theory. In
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our case,M is the assumption of a particular model family with a parameter vecto
, €.9. thetheory that galaxies are Sersic models. The likelihood of a theory is the
probability of the data given the theory. Algebraically, the probabiliy of the data
given the theory is the marginalisation of the likelihood function overte prior prob-
ability of the model parameter distribution: P(DjM) = RL(DjM; ) ( jM)d . This
guantity is a measure of how well the evidence supports the theorin other words,
the more probable the evidence given the theory, the more the egitte supports the
theory. Of course, one needs to know what the theory predicte know how well the
evidence supports it and this is the job of the MCMC simulation. Now, teP (M)
be the prior probability of the theory. Then, analogous to the Bayg theorem from

equation (1.1), we may write the probability of the theory given the dta as

. P(DMP(M)
P(MID) = REGimyP M) am

(1.2)

Equation (1.2) immediately gives an estimate of the posterior odds ofo di erent

theoriesM; and M, parametrised by di erent parameter vectors ; and »:

P(M4D) _ P(My)
P(M;jD) P(My)

P(DjM,).
P(DjM2)’

K1 where K12 (13)

The quantity K, is called the Bayes factor. The numerator and denominator &f 5,
P (DjM;), is called the marginal likelihood for model. If one does not favour one of

the two theories a priori, the term img =1 since P(M,) = P(M,). Therefore, the

Bayes factor describes the increase of the odds in favour of ohedry over another
in the light of the data. The Bayesian model comparison does not depd on the
particular parameters used by each model. Instead, it considerBet probability of
the model considering all possible parameter values.

However, it should be clear from equation (1.2) that the Bayes famt depends on

the choice of the prior distribution. If the likelihood dominates, the ect of the prior
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is negligible, but if the prior contributes to the posterior signi cantly as well as the
likelihood, an incorrect prior leads to a biased inference (e.g. Kass9B9. The choice
of prior must be considered carefully. The e ects of prior choice d@alphat  will be

addressed in detail in our follow-up paper (Yoon et al. 2012c).

1.2.2 The Bayesian Inference Engine ( BIE)

The ability to realise the promise of this approach depends on an acate com-
putation of the posterior distribution. Although the Markov chain will approach its
steady-state distribution almost certainly, the number of stepsequired, the mixing
time, is not known. In addition, the exploration of parameter space sers from the
curse of dimensionality. We need assurance that the Markov chain is in a steady
state beyond the local region in parameter space. For examplensaer a posterior
distribution with discrete, separated modes; many chains will not bable to move
between these modes, resulting in an in nite mixing time and an incompke posterior
distribution.

Various MCMC algorithms have been proposed to improve the congmmce of
MCMC, and each of these have their own advantages and disadvages. Beginning
in 2000, a multi-disciplinary investigator team from the Departmentf Astronomy
and Computer Science at the University of Massachusetts designgnd implemented
the Bayesian Inference Engine, a MCMC parallel software platforfor performing
statistical inference over very large data sets. The BIE uses aatable multiprocessor
software architecture designed to operate on modest cost, gealy available hard-
ware. MCMC algorithms and Bayesian computation in general are idia suited
to multiprocessor computation. The BIE uses standard MPI and PSIX threads

and, therefore, will run in a broad spectrum of parallel or scalar gmonments and

4The curse of dimensionality is the exponential growth of hypervolume as a function of dimen-
sionality (Bellman 1961).
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can be easily ported to high-performance hardware for productianalysis. Funda-
mentally, the BIE is a library, but the package provides a command-Ia interpreter

(CLI) with access to nearly all of the import object classes. This ALwas origi-

nally intended for interactive or script-based prototyping with sulsequent stand-alone
hard-coding. However, most users simply use the CLI with script3.he BIE's object-

oriented design allows a researcher to apply a wide variety of MCMC algthms to

the same target application by changing several lines in a program script. The

BIE currently includes: the standard Metropolis-Hastings algoritm (Hastings 1970;
Metropolis et al. 1953), the simulated tempering algorithm (Neal 199, the paral-

lel tempering algorithm (Geyer 1991), the parallel hierarchical saoter (Rigat 2008,

PHS hereafter), the di erential evolution algorithm (Braak 2006) and an indepen-
dent multiple chain algorithm. For convergence testing, the BIE implments the

algorithm proposed by Giakoumatos et al. (Giakoumatos et al. 1998)r single-chain
simulations and the Gelman-Rubin (Gelman & Rubin 1992) convergencikagnostic

for multiple-chain simulations.

The object-oriented design makes the BIE extensible; new MCMC algthms, new
convergence algorithms, and new models or likelihood functions caa implemented
and added to the BIE at any time. For example, a typical user will tygcally develop
new models for a specic scienti c problem. At a later time, the user @y use a
newly available MCMC algorithm without changing this model code. SincBICMC
computations are computationally expensive, the BIE provides a lfuserialisation
and persistence system. This system saves the entire state ofth# objects in the
simulation. For example, the BIE automatically savesheckpointimages. Therefore,
Galphat can restart from the very last MCMC step to sample the posteriomfther
for obtaining more MCMC samples when needed, signi cantly saving egutational

resources. Moreover, the results of previously performed sinmidas can be restored
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on the y and compared or reused in new ways. See Weinberg & Mosx0{1) for

additional details.

1.3 GALPHAT: algorithms and features

Galphat is implemented as a user-contributed likelihood function to the BIE.
It reads two-dimensional galaxy image data from a FITS le, genetas a model
image, and then computes the likelihood. Because the posterior siation requires
a large number of likelihood evaluations, optimisation of the model imaggeneration
is essential to make the analysis of an entire image catalogue feasilbfethis section,

we describe the implementation details and features Gfalphat

1.3.1 Overview of our Galphat implementation
The BIE controls the MCMC algorithm, the convergence testing, ahlogging the
sampled posterior distribution. As needed, the BIE requests a likeblod evaluation

from Galphat . The ow chart for Galphat is as follows:

1. Galphat reads the input FITS les (the galaxy image and the PSF) and the

tabulated model images (see below) for later interpolation.

2. As part of the MCMC simulation, the BIE calls the likelihood function wth
a parameter vector. Using these parameter§alphat interpolates and scales
the image table using the scale radius and the minor/major axis raticand

generates a model image in principle-axis coordinates.

3. Galphat convolves the model image with input PSF image in Fourier space

using the FFTW packagé and adds the sky background.

Shttp://www.fftw.org
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4. Finally, the model image is rotated by the position angle, using a Faer shift

algorithm, in pixel coordinates.
5. Galphat returns the likelihood evaluation to the BIE.
6. Steps (ii){(v) are repeated as necessary.

We will describe the details for each important step below.

1.3.2 Model generation

Any symmetric galaxy model has six model-independent free paratees: the
centroid coordinates X; y), the axis ratio g = b=g the position angle, the scale length,
and the total ux or magnitude. For tests in this paper, we use a &sic model (Ciotti
1991; Graham & Driver 2005; Sersic 1968). The Sersic model is a@parameter
model family described by the indexh. As the index increases, the pro le increases
in concentration: an exponential disc pro le hasn = 1 and a de Vaucouleur pro le
hasn = 4. The model has the following analytic form

B

(= .exp ! rL |1 (1.4)

where the e ective radius,r, de nes a scale length. By construction is equivalent

to the half-light radius, rsg. The quantities and n are related through the relation
#2n)=2 (2n; ) (1.5)

where # is the complete gamma function and is the incomplete gamma function.

Approximate analytic expressions for can reduce the computation time. Fom >
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0:36 we adopt the following asymptotic expansion for, which is good to better than

one part in 1¢* (Ciotti & Bertin 1999; MacArthur et al. 2003):

4 46 131 | 2194697

+ + + ! 5. .
405 2551%m2 11481783 30690717750 O(n ") (1.6)

1
2n! -+
3
For n  0:36, we use the following polynomial t (MacArthur et al. 2003), acctate

to better than two parts in 10°:
0:01945 0:890 +10:95n?! 19:67n° + 13:43n*: (1.7)

Figure 1.4a shows Sersic pro les with di erentn, normalised to have equal uxes at
re. As n increases, the central pro le steepens and the wings thicken. &tuminosity
within a radius r is

L(<r)= 21 2qns (2n%) (1.8)

wherer, is the circular e ective radius andx = (r=r¢)*™" (Graham & Driver 2005).
Replacing (2n;x) with #(2 n) gives the total luminosity L (Ciotti 1991; Ciotti &
Bertin 1999; Graham & Driver 2005).

The fraction of light within r for di erent values of n is shown in Figure 1.4b. As
summarised in Graham & Driver (2005), for an exponential disc (i.en = 1) pro le,
99.1% and 99.8% of the ux is within the inner 4. and S, respectively. For a de
Vaucouleur pro le (i.e. n = 4), 84.7% and 88.4% of the ux is within the inner 4,
and 5, respectively. The sky background and inder become strongly covariant for

small images and large pro les, and this biases estimates offi.

1.3.2.1 Image tables
For each image pixel, one typically assigns a ux value by directly integting the
surface brightness pro lel (x;y) over the area of the pixel. The value of pixel with
an index of (; k) is
31
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Figure 1.4. Panel (a): Sersic surface-brightness pro les for n=0.5, 1, 2, dnd 8 (eq.
3.3). The pro les are normalised to have equal ux density at = r.. Panel (b): the
fraction of light within r for Sersic pro les with n=0.5, 1, 2, 4 and 8. Forn = 8, a
few percent of the ux hasr > 10Q!
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N Z
j+1 Yk+1
ik = dx dy l(x;y): (1.9)

Xj Yk
If 1(x;y) is not integrable in closed form, the numerical integration becomescom-
putational bottleneck. Galphat avoids this by interpolating from a pre-prepared
high-resolution table of cumulative images.

Consider a one-dimensional cumulative distribution with density (x):

Z

C(x) = Xf (x)dx:

Xo

Then, the contribution to a single bin with bounds ; ; x¢] is C(xk)! C(X;). Similarly,
suppose that we have an object with brightness X;y) over the domain Ko; Xs |
[Vo; Vs ]. The two-dimensional cumulative brightness distribution is

Z, z,

Cxy)= dx dy(xy): (1.10)

Xo Yo

The value of integrated over some arbitrary pixel is then
Ik = CXsy) + C(X5y5) ! C(Xj5y) ! C(Xk3 Yy): (1.11)

A high-accuracy tabulation ofC(x; y) allows one to use equation (1.11) and to evaluate
C(x;y) by interpolation at minimal computational cost. For a Sersic modé& we need
a one-dimensional grid imn of imagesC(x;y) with ro = 1 and these can be linearly
scaled for arbitrary ro as needed:C(x;y) = C(xre;yre). Similarly, the pixel scale
can be non-isotropically scaled to obtain an arbitrary axis rati@j = b=a C(x;y) =
C(xre;yreg). In the end, we must interpolate over our model grid. For Sersienodels
indexed byn;, we use linear interpolation to obtain an approximation ofC for n;
N Nia:

h [
- (s ! MC(Xre;yregin) +(n! m)C(Xre;yrednisy)
| (1.12)

E(x;y;n)

Ni+1 'n
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Since we may store the full set of tables in RAM, we choose to incredble resolution
of n and the spatial resolution in the table to obtain the desired accurgcrather than
increasing the order of the interpolation. For further e ciency, Galphat prepares
two tables, one uses a ner resolution, and the parameters gomerg the generation
of the tables can be adjusted by the user. For the tests presedt here, we use one
table for generating the inner part ofC(x;y) (re < 10) and another for the outer part
(10 < r¢ < 100), having a resolution of 2000 and 1500 pixels, respectively, &ach
given n, which is linearly distributed from 0.5 to 12.0, using 60 intervals. Thefere,
the region with re < 1 is resolved using 100 pixels whose ux values are numerically
integrated to high accuracy. If we were to decrease the numelicaror tolerance,
i.e. make it more accurate, when generating the table and were toeumore pixels,
the model would become more accurate but would not increase thengputational
cost. It would only require more cache memory for loading the tables'he overall
relative accuracy of the image table is one part in £0for our Sersic models with

n 2 [0:5;120].

1.3.2.2 Rotation of the model galaxy

One must rotate the realised pro le with axis ratioq to obtain the desired position
angle . A standard rotation using interpolation would be too slow and would &
insu ciently accurate for our purposes. Instead,Galphat rotates the model image
in Fourier space. Consider a rotation by an angle. Any rotation matrix may be

decomposed into three shear operations (Larkin et al. 1997):

0 1 0 10 10 1

R:%)COS I sin Q:MXMYMX:% ltanfggp 2% 'tanf

sin cos 0 sin
(1.13)

The matricesM, and M, are shear operators in thex and y directions, respectively.

Consider the functionf (x;y) sheared in thex direction by a: f (x;y) " f(x+ ay;y).
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Using the Fourier shift theorem,

Uff(x+ ay;y)g=exp(! 2iuay )UTf (x;y)d (1.14)

where U is the Fourier transform operator inx and u is the transform variable.
Similarly, f (x;y) sheared in they direction by b, f(x;y) " f(x;y + bx), has the

Fourier transform:

VIf(x;y + bx)g=exp(! 2ivbx )VTf(x;y)g (1.15)

where V is the Fourier transform operator iny and v is the transform variable.
Putting these together and performing the inverse Fourier trarisrm, the image

sheared in thex direction is:

I, = U' fexp( 2iuay Ul (x;y)gg (1.16)

Next, the x-sheared image is sheared in thedirection by another Fourier transform
and shift:

(X y) = V' Hexp( 2ivbx )V fl(x;y)gg (1.17)

Lastly, the twice-sheared image is sheared again in tiedirection to accomplish the

rotation. Hence, using equation (1.13) the rotated image may be iten

| (x;y)= U'‘fexp( 2iuay )Ufl(x;y)gg (1.18)

wherea =tan( =2) and b= ! sin( ). Computationally, the rotation requires three
1D forward FFTs and three 1D inverse FFTs performed on the 2D inge and three

2D complex multiplications by the phase factors exp(2iuay ) and exp( 2ivbx).
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We use the standard trigonometric recursion relations for evaluag ¢, cos(2n=N )

ands, sin(2n=N):

o =1 (1.19)

So = 0 (1.20)

Cher = Gl (Cn+ sp) (1.21)

Siet = Snt(Cn! Shp) (1.22)

where = 2sin?(=N) and = sin(2 =N ). To shift the centre of the image to an

arbitrary xo and yo, one can usex! Xxo andy! yq instead ofx andy in the shear
operations above.

Since the galaxy model image is smooth and the ux values go almost tero
at the edges, aliasing should not cause any signi cant problems butewpad the
images with zeros for added safety. In practice, we increase theage size byID 2in
each dimension to provide a su cient margin for image trimming after otation. We
convolve the interpolated, unrotated image with the PSF before tating the image
in Fourier space. We also reduce the dynamic range of the surfaceghtness by
a logarithmic mapping for large values oh. Then we rotate this PSF convolved
image using the 3-shear algorithm described above and apply the irse logarithmic
mapping if necessary. Galphat uses the FFTW package version 3.1.2 (Frigo &
Johnson 2005) for all its FFTs.

Since convolving with the PSF before rotation smooths out high-fgeiency features
in the pro le, this image generation method can produce very accaite images without
any signi cant aliasing introduced by the FFT rotation. Furthermore, one could
subdivide the pixels of the image to perform the rotation computatio and aggregate
the pixels afterwards to increase the accuracy of the rotation. hE error decreases

exponentially with the number of subdivisions. For the test case da#bed here, a
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(a) Exact image (b) Interpolated

Figure 1.5. A comparison between the integrated and the interpolated and rated
image of a normalised Sersic pro le withn = 4. The axis ratio is 0.4 and the position
angle is 30 degrees counterclockwise from tkeaxis. Panel (a) is an image produced
by direct numerical integration of the pro le and panel (b) is an imag interpolated
from the table and rotated using the Fourier shift theorem as iiGalphat

subdivision by a factor of two decreases the error by a factor ofri. Of course, the
computation time increases as the square of the subdivision factor

As an example, we choose a 20200 pixeln = 4 Sersic model with r = 10 pixels.
We generate Figure 1.5a by direct numerical integration with a = 30° rotation
and we generate Figure 1.5b using the image generation methodGalphat . The
two images appear the same. Dierences between the two methodsly become
obvious when one looks at a relative residual image. Figure 1.6a, 1.6ld.6¢c shows
a comparison of the same galaxy (i.en = 4 and r, = 10) generated using the
methods of Galphat to the direct integrated image for three di erent axis ratios:
g=0:1;0:4;and 0.7, respectively. We zoom in on the central region! Pre; 2re]. The
left column in Figure 1.6a-1.6¢c shows the face-on view of the relativesidual image
and the right column is the view of the relative residual surface, witthe magnitude
of the residual plotted in thez direction. The maximum relative di erence decreases
with increasing g and remains much less than 1% except for the extreme case of a
concentrated galaxy withn = 4 and q= 0:1 (Fig. 1.6a), which is a very unrealistically

small axis ratio for an observed galaxy with am this large and still it only has a 5%
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(a) axis ratio q=0:1

(b) axis ratio q=0:4

(c) axis ratio q=0:7

Figure 1.6. Dierences between an image produced through direct integratioand
that produced using the method inGalphat for a galaxy withn =4, r, = 10 pixels,
and a position angle of 3@ The central region, [ 2re; 2r¢], is shown to highlight the
di erences. Panel (a),(b) and (c) are forq=0:1, q= 0:4 and q = 0:7 respectively.
In each panel, the left column shows the face-on view of the relativesidual image
and the right column shows a surface plot with the magnitude of theetative residual
indicated on the z-axis.
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Table 1.1. Galphat model generation time

Image/model CPU CPU time (total) CPU time (interpolation) C PU time (FFT rotation)
190 by 190 Quad-core AMD Opteron  0.092 sec 0.079 sec 0.013 sec
Sersic 2613 MHz

maximum error at the centre. The errors in the outer region are gdigible and the
total ux is still conserved to better than one part in 1¢° in all three cases. Galaxies
with smaller Sersic indices have smaller errors even when the axis iis smaller;
such small axis ratios are more realistic for observed galaxies whéwe tSersic index
is small. The errors would be further reduced if we generated the iges using pixel

subsampling.

1.3.2.3 Computation time for model generation

The wall clock time for a posterior simulation depends on the model, ¢himage,
and the MCMC algorithm. A typical run using the PHS algorithm requires of O(10°)
evaluations (seex1.5.3). Here we provide a CPU time estimate for the generation of
a single Sersic model (Table 1.1) for an example image with a size of 19090 pixels.
The generation of a single Sersic model requires 0.092 sec (on a lgiqocessor).
This is more than an order of magnitude faster than would be requueusing direct
numerical integration over the pixels, and we still preserve high nusnical accuracy.
Most of the CPU time is spent interpolating the image tables to obtain, ; the FFT
rotation is a minor contribution. Since this image is larger than the maagalaxy size
in our 2MASS target sample, we conclude thaBalphat is both su ciently fast and
su ciently accurate to be suitable for a large-scale analysis over arge catalogue.

(seex1.5.3 for a discussion of the total MCMC run time).

1.3.3 The likelihood function and the prior distribution
CCD detectors count photons and this is well-described as a Poisgmmocess. |If

the model predicts the ux m; for ith pixel then the probability that we measure
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the ux d; for that pixel follows a Poisson distribution,P (dijm;) = exp(! mi)miOli =d!
Assuming that each pixel is independent, our likelihood functioh (Dj ) is

Npix

L(Dj )= P (dijmi) (1.23)

i=1
where Npix is the total number of pixels and is the parameter set of the Sersic
model. To increase the numerical accuracy, we accumulate the lagamic value of
the probability.

As previously described, the prior distribution of model parametera ects the
inference. A preliminary study with non-uniform prior distributions @n rms that
the posterior maximum and con dence values can be signi cantly cimged for low
S/N data that dominate the galaxy population in a ux-limited survey. However, for
simplicity, we have used uniform prior distributions for all the paramters for the tests
in this paper. Again, the use of an informative prior without carefulconsideration
will almost certainly lead to a biased result. We present a detailed stydof prior
distributions for inference and model selection for galaxy pro les imur followup

paper (Yoon et al. 2012c).

1.3.4 Sampling the posterior probability

It is di cult to ensure that the Markov chain correctly samples from the entire
posterior distribution in a high-dimensional parameter space. To oabat these di -
culties, the BIE uses a variety of algorithms, each with features ective for di erent
problems that impede the e ciency of sampling and convergence. @rshould charac-
terise the MCMC simulation on representative data using di erent algrithms before
starting any production runs. We nd that the PHS algorithm performs best for
our problem; it more e ciently samples parameter space and more @kly reaches
a steady state compared with the other MCMC algorithms. Here, wwiill briey

introduce the PHS algorithm (Rigat 2008).
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The PHS algorithm constructs ann-rung temperature ladder that powers upor

heatsthe target posterior probability :

=G g =gel O for n=0;:::;n (1.24)

where 1 =Tg < T; < < T, and ¢ is a normalisation constant. The number of
chains can be chosen by the user as well as the maximum temperat@wonsidering
the dimensionality of the model. Each Monte Carlo step has two partd) each chain
is updated using a standard Metropolis-Hastings step; and 2) chaiat di erent tem-
peratures may be swapped by one of two algorithms: i) each chairat is updated at
xed temperature or swapped with a chain state at an adjacent taperature following
a xed swapping probability (standard parallel chains); or ii) an exchnge is proposed
between the cold ( ducial) chain and one of the warmer chains and ¢éhremaining
chains are updated at xed temperature. At the end of the run, he ducial chain

with Ty samples the posterior distribution.

1.3.5 Chain convergence

Monte Carlo simulations of the posterior distribution may su er fromtwo classes
of diculties: 1) the Markov chain is mixing poorly in a particular mode in the
posterior distribution, and this leads to a large number of dependestates; and 2)
the posterior distribution may have two or more discrete modes witkimilar posterior
probability and the Markov chain cannot move between them. The st di cultly is
easily diagnosed by observing very low or very high acceptance atnd is addressed
by tuning the Metropolis-Hastings transition probability. The secod di culty is
addressed by a variety of hybrid MCMC algorithms, implemented in thBIE, designed
to move between modes. The parallel chain algorithm, and tempering general,
decreases the contrast of théills and valleysin the posterior distribution, which

allows occasional large excursions between modes.
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To test for convergence of the cold chain in the PHS algorithm, i.e. éhchain
with Ty, we use a subsampled convergence diagnostic (Giakoumatos et 889) for
this single chain. The chain is cleaved and used to compare in-chain anter-chain
variances, similar to the Gelman-Rubin (Gelman & Rubin 1992) test. Tératio of
these two variances should approach unity for a converged stgestate chain. We
have testedGalphat over a wide variety of synthetic image data typical of observed
galaxies, using the empirically determined transition probability, and &ve con rmed
that our MCMC algorithm samples the posterior with a reasonable aeptance rate of

25% for good mixing and a swapping rate of 25% for e cient mode exploration.

1.4 Simulated galaxy images

To characterise the performance dbalphat , we generated an ensemble of 3000
isolated, synthetic Srsic galaxy images representative of sugwebservations. We
vary both the S/N from 5 to 100 andr, to probe the extremes of barely resolved
galaxies and that of galaxies that extend beyond the image frame.h& PSF is a
Gaussian with a 2.96 FWHM in pixels, which we convolve with the model imag.
We use a Poisson noise model and a gain factor of 8.0/EDU]. Both of these choices

are motivated by 2MASS images. We describe the details of our chadselow.

1.4.1 Varying S/IN
We de ne the signal-to-noise ratio as the ratio of the ux from the glaxy within
the half-light radius to the noise from the sky background and theajaxy within the
same area:
hi

hi+h gyl

whereh i is the total electron count of the galaxy pro le within the area r 2q and

h sy i is the background within the same area.
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For eachS=N 2 f 5;10; 20, 50, 100y, we generate 100 Srsic model galaxies with a
randomly chosen combination of uniformly distributedr¢ 2 [6;20],n 2 [0:7; 7:0], axis
ratio q 2 [0:1; 1:0], and position angle PA2 [0 ;90]. We x the sky background to
300 [ADU]. Once we choose, and g, we determine the galaxy's total magnitude for

the given S/N value and magnitude zero point using equation (1.25).

1.4.2 Varying re

The inference ofr, is biased if the galaxy is small compared to the PSF. To
test this, we generate 100 Sersic model galaxies for all combinat® of S=N 2
f5;10, 20,50, 100y and r 2 f 0:5; 1:0; 2:0; 4:0; 8:0g (in units of % FWHM of the PSF)
using the same distributions o, g, and PA as inx1.4.1. We compute the Poisson

counting errors and the sky background as ir1.4.1.

1.5 GALPHAT performance testing

Parametric surface brightness models invariably result in parameteovariance,
and this covariance can be exacerbated by instrumental and selen errors. The
Bayesian MCMC approach explicitly incorporates parameter covani@e, noise sources
and other selection e ects including data S/N, PSF convolution andhe sizes of the
galaxy and the image, to yield a reliable inference, as illustrated ki.1.1 andx1.1.2.

Using the simulated galaxies fronx1.4, we investigate the e ect of observational
attributes such as the S/N, the galaxy'sre compared to the PSF FWHM, the image
size compared to galaxy's., and errors in the assumed PSF FWHM. Although we
generated 40,000 converged MCMC states for each image, we do use the full
40,000 MCMC states to construct the posterior since we want a neiconservative
estimate of the burn-in period than that diagnosed by the conveegmce test. As
previously described, we use the PHS algorithm (Rigat 2008) for alf our tests and

determine convergence using the subsampled convergence t€&akoumatos et al.
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1999). We tune the width of the Metropolis-Hastings transition disibution to yield,
roughly, a 25% acceptance rate and 25% chain swapping rate focteahain. The
prior distribution of the galaxy centroid is normal with a mean at the inage centre
and a =3 pixels. The sky background prior is also normal with a mean of the
input sky background and a =0.5 ADU. The prior distributions for the other model

parameters have a uniform probability within a nite range.

1.5.1 Examples of single ts

Before we present our results for an ensemble of galaxies, we @néshe results
of Galphat ts to four galaxies. From the simulated galaxy sample, we picked fou
example galaxies, two that represent elliptical galaxies( 4) and two that represent
exponential disc 6 1) galaxies. One galaxy of each type has a low S/N of 5 and
one has a high S/N of 100.

In Figures 1.7{1.10 we show the marginalised posteriors Glalphat model pa-
rameters: the total magnitude (MAG), the half-light radius (r¢), the Sersic index (n),
the axis ratio (g), the position angle (PA), and the sky background (sky). Figures
1.7 and 1.8 show the results at low S/N for an exponential disc-like galaand an
elliptical-like galaxy, respectively, and Figures 1.9 and 1.10 show thestdts at high
S/N for an exponential disc-like galaxy and an elliptical-like galaxy, reectively. In
each gure, the full marginal distribution for each model paramedr residual is shown
on the diagonal with the vertical dotted line indicating the zero residal, and the
joint marginal distributions of parameter pairs are shown on the odiagonals with
the seven colour contours corresponding to the 10, 30, 50, 68y8een solid line), 80,

95 and 99% con dence levels. The locations of the zero residuals imdicated by the

When the S/N is small, for both an exponential disc galaxy (see Fig. 3.and

for an elliptical galaxy (see Fig. 1.8), the posteriors are not unimotland are spread
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out over a large range in parameter space. Although there is a weakvariance
between the magnituder, n, and the sky background, uncertainties in the parameter
inferences are largely dominated by the Poisson random noise presa the image.
However, the situation becomes very di erent at high S/N as showim Figure 1.9
for an exponential disc galaxy and in Figure 1.10 for elliptical galaxy. dfe that
these gures have the same scale as Fig. 1.7 and Fig. 1.8. Now thetposr forms a
strong mode close to the true value and the morphology of the pesior is determined
by the parameter covariance present in the Sersic model, whichrehgly depends
on the Sersic index. There is a stronger parameter covariance ang magnitude,
re, N, and the sky background for the high S/N elliptical galaxy than for he high
S/N exponential disc galaxy, which can lead to larger errors when mganalising the
posterior distribution.

The Bayesian-basedGalphat procedure explicitly incorporates the parameter
covariance present in the Srsic model. Furthermore, it enables to utilise the entire
posterior distribution for a galaxy population to reliably test hypotheses based on that
population. This is practically feasible usingGalphat , as we will demonstrate in

following sections.

1.5.2 Model covariance and bias

Using the posterior distribution from the converged Markov chainye illustrate
the inherent covariance between parameters by showing joint digtutions of selected
parameter combinations for the Srsic model. To emulate a catalog analysis, we
generate an ensemble of galaxies with astronomically representatmodel parameters
for each bin in observational conditions. The dependence on obsdional conditions

are explored in the following several sections.
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Figure 1.7. Posterior marginals for a galaxy withS=N =5 and n = 1:57 (i.e. an
exponential-disc galaxy). The full marginal distribution for each mdel parameter
residual is shown on the diagonal with the vertical dotted line indicatig the zero
point. Joint marginal pairs of parameter residuals are shown on the -diagonals.
The seven colour contours represent the 10, 30, 50, 68.3, 80288 99% con dence
levels and the green solid line is the 68.3% con dence level. The locatiamfszero
points are indicated by symbols. Posteriors are not unimodal and are spread
over large range in parameter space. Although very weak covar@@s exist among
magnitude, half-light radius (¢), Sersic index (n) and sky background, parameter
uncertainties are largely dominated by Poisson random noise.
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Figure 1.8. Posterior marginals for a galaxy withS=N =5 and n = 4:25 (i.e. an
elliptical galaxy). See the caption for Fig. 1.7. As for the exponentialisc galaxy,
parameter covariance is not signi cant and the posteriors spreaslit owing to noise.
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Figure 1.9. Posterior marginals for a galaxy withS=N = 100 and n = 0:95 (i.e.

an exponential-disc galaxy). See the caption for Fig. 1.7. Unlike thewoS/N case,
strong parameter covariances exist among magnitude,, n, and the sky background,

and the parameter posteriors are con ned in a narrow region close the true value

in parameter space.
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Figure 1.10. Posterior marginals for a galaxy withS=N = 100 and n = 3:80 (i.e. an
elliptical galaxy). See caption for Fig. 1.7. While parameter posterisrare compact
and parameter uncertainty is dominated by parameter covariancas for the high S/N
exponential disc galaxy, there is a stronger parameter covariaamong magnitude,
re, N, and the sky background than for the exponential disc. This leads in ated
errors for individual parameters determined from the marginalisedistribution.
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1.5.2.1 E ects of galaxy S/N

We characterise the posterior distributions of 500 images for S8¢ models (100
in each S/N bin with a range of structural parameters, segl.4.1). Recall that these
Sersic models have 8 free parameters: the centroid coordinaiesy), the magnitude
(MAG), the half light radius r, the Sersic indexn, the axis ratio g, the position angle
PA, and the sky background (sky). We use the last 25000 states tharacterise the
posterior. We constructed an ensemble posterior distribution bygmling the sampled
distribution for all the images in each S/N bin.

We show all the marginalised distributions for errors in the magnitudere, n, g,
PA, and the sky background for each S/N bin in Figures 1.11, 1.12, B,11.14 and
1.15. Hereafter, we use the superscriptto denote theGalphat inferred value. The
parametersre and g are plotted as fractional changes scaled by their input values
and the values of the other parameters are the di erences fronmeir input values.
We quote the sky background error as the fractional percentrer, i.e. the fractional
change scaled by the input sky background multiplied by 100. Each djanal subplot
is the full marginalised ensemble posterior error distribution of theocresponding pa-
rameter with a vertical dotted line indicating the location of the input value. Each
o -diagonal subplot is the joint distribution of ensemble error postriors for the cor-
responding parameter pair. The seven contour levels are the 1@, 30, 68.3, 80, 95
and 99% con dence levels, and the green solid line marks the 68.3% dence level,
corresponding to a \one-sigma" normal con dence. The black csses indicate the
locations of the input values.

Here, we use galaxies with & r o < 20 pixels, larger than the PSF that has a
HWHM of 1.48 pixels to reduce the e ects of resolution (the postenaistributions of
small galaxies are described irl.5.2.3). For this sampleq and PA are not covariate
with the other parameters. However, the values of the magnitude,, n, and the

sky background are obviously covariate, and the covariance bewes stronger with
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Figure 1.11. Posterior error distributions for the ensemble of galaxies wit8=N = 5.
The full marginal error distribution for each model parameter is sbwn on the diag-
onal. Joint marginal pairs of parameters are shown on the o -diagals. Galphat
inferred parametersr., and g are scaled by their input values and the other parame-
ters are di erences from their input values. The fractional sky bekground errors are
percentages. The seven colour contours represent 10, 30, &3, 80, 95 and 99%
con dence levels and the green solid line is the 68.3% con dence leveheTlocations
of the input values are indicated by vertical dotted lines for the diagnal and sym-
bols for the o -diagonals. The values of magnitudet,, n and sky background are
strongly correlated. Although the constraints are tighter with inceasing galaxy S/N,

the strength of the parameter covariance increases with incréag galaxy S/N (see
Figs. 1.12{1.15).
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Figure 1.12. Ensemble parameter error posteriors for galaxies with S/N= 10. 8e

caption for Fig. 1.11.
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Figure 1.13. Ensemble error parameter posteriors for galaxies with S/N= 20. 8e

caption for Fig. 1.11.
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