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ABSTRACT 

ON DESIGNING COGNITIVELY APPROPRIATE 

COMPUTER LEARNING ENVIRONMENTS: 

SOFTWARE FOR GEOMETRIC THINKING 

SEPTEMBER 1989 

ALAN LIPP, B.S., POLYTECHNIC INSTITUTE OF BROOKLYN 

M.S., POLYTECHNIC INSTITUTE OF BROOKLYN 

Ed.D., UNIVERSITY OF MASSACHUSETTS 

Directed by: Professor Howard A. Peelle 

In this study a model for the design of mathematical 

software was developed and tested. The model, which is 

based upon current cognitive theories of learning, was used 

to design Transformer. a computer learning environment 

(CLE) for exploring transformational geometry. 

In a pilot study, the software was used in middle- 

school classrooms and in in-service workshops, and then 

refined for use in the current study which tested the 

design model qualitatively. Two cycles of in-depth 

interviews were conducted with each of twelve high-school 

students, who used the CLE to solve geometric problems. 

Transcripts from videotapes of student work on two problems 

were extracted and subjected to a protocol analysis. 

Analysis revealed patterns of misconceptions and patterns 

of problem-solving approaches by the students, which led to 

suggested improvements in the software design model and in 
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the CLE. The most common misconceptions, confusions 

regarding reflections and rotations, led to redesigning 

display features including placement of mirrors and 

animation of rotation. 

Many participants found the use of both physical 

manipulatives and transparent screen overlays a significant 

problem-solving aid. It was concluded that CLEs which 

incorporate the use of such manipulatives would be easier 

to understand for many students. The model was expanded to 

include design principles for making the CLE accessible to 

a greater number of students. 

Implications of the research for mathematics education 

and for software design are discussed and suggestions for 

further testing of the model presented. Appendices include 

a typical protocol analysis of one student’s work on a 

selected problem. 
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CHAPTER 1 

THE NEED FOR COGNITIVELY APPROPRIATE 

COMPUTER LEARNING ENVIRONMENTS 

Introduction 

According to a report of the National Council of 

Teachers of Mathematics, computers should play an 

increasing role in the mathematics curriculum [NCTM, 1980], 

In the same report the NCTM called for a renewed emphasis 

on problem-solving activities in the mathematics classroom. 

Nine years later the NCTM is still calling for " . . .the 

use of calculators and computers as tools for learning and 

doing mathematics" [NCTM; 1989, p. 129]. Clearly, bringing 

computing into the mathematics curriculum has been a slow 

process. Many factors are involved in the slow response to 

the NCTM’s call, one of which is the desire of teachers and 

administrators to wait until more effective software is 

available. 
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But what is the most effective way in which to use 

computers in learning mathematics? In a 1977 study, 

Fischer, Gerhard, Brown, et al. claimed that "The most 

effective use of computers for education is to support 

active learning environments in domains that previously had 

to be learned statically" [1977, p. 2]. The capacity of 

the computer to display a simulated environment which the 

student can actively manipulate, what Marvin Minsky first 

called a "microworld" [1974], can form a bridge between the 

physical experiences needed by concrete learners [Bauman, 

et al., 1978; Copeland, 1970] and the abstract 

representations of formal mathematics. These microworlds 

can help to develop new thinking tools, new approaches to 

problems, and new paradigms for problem-solving. If 

computer microworlds can aid students to become better 

mathematical thinkers, then the mathematics community 

should learn how to design such computer learning 

environments. 

Current software design models offer generic design 

principles which, if followed, will produce cost-effective, 

error-free programs; but they do not guarantee that the 

software produced is educationally worthwhile. This study 

was undertaken, in part, to develop and test a software 

design model which will produce computer learning 

environments which encourage the development of 

"mathematical thinking". The identification of such design 

2 



principles rests upon a clear understanding of what is 

meant by mathematical thinking. 

In the following section, a cognitive model of 

mathematical understanding is presented. This model 

provides the philosophical grounding for the development of 

a model for the design of computer learning environments. 

What is Understanding Mathematics? 

Cognitive science is providing the mathematics 

community with a new framework for thinking about 

mathematical knowledge. It offers a conceptual tool for 

understanding, for example, some of the observed 

differences between expert problem solvers and beginners. 

The difference is both profound and puzzling: how is it 

that, when a mathematician faces a new problem, a useful 

approach often comes to mind, while a novice is stymied by 

it? The answer seems to be that the expert organizes his 

knowledge more efficiently, so that he may retrieve 

appropriate information more readily. Cognitive science 

provides a description of how that knowledge is built up 

over years in the knower’s mind. 

The on-going process of constructing meaning has come 

to be known as the "Constructivist Perspective". Jack 

Lochhead, while discussing this perspective, quotes Galileo 

as saying, "You cannot teach a man anything; you can only 
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help him to find it within himself" [1979, p. 2], Lochhead 

goes on to say, "This is the essence of constructivist 

epistemology; it implies that students can only learn when 

they are actively involved in generating their own ideas" 

[1979, p. 2]. Robert B. Davis considers a different aspect 

of this view of knowledge formation. He suggests that the 

constructivist perspective is "... a point of view among 

mathematics education researchers [which] emphasizes that 

only you can build, in your mind, a formal representation 

for some piece of knowledge" [1982 p.75]. 

This formal representation has been variously named in 

the literature: Marvin Minsky calls this mental construct 

a frame [1974], Michael Arbib calls it a slide-box [1972], 

while Richard Skemp, after Piaget, calls it a scheme 

[1971]. The similarities of their characterizations of 

these cognitive representations far outweigh their 

technical differences; and the language of frames is used, 

in the following, as a useful metaphor to discuss the 

process of understanding mathematics. The metaphor will be 

explained in the following section. 

Understanding mathematics is naively taken to mean the 

ability to do well on standardized measures of mathematical 

competence. Typical tests of aptitude usually emphasize 

production knowledge which leads to answers which can be 

judged right or wrong. Judging student achievement on such 

algorithmic knowledge alone is inadequate, since 
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algorithmic knowledge is just a portion of mathematical 

understanding. 

Mathematicians see their knowledge as broader than the 

ability to solve an equation or to construct a proof. 

Edwina Rissland argues against this restricting image of 

mathematical knowledge as limited to mathematical facts. 

In her view, understanding mathematics requires such 

abilities as well as domain—specific knowledge which 

includes examples, counter-examples, special results and 

concepts [1978]. The noted mathematician Richard Courant 

includes intuition as a key element in mathematical 

understanding. He says that "... intuition still 

remains the most important driving force for mathematical 

discovery, and intuition alone can bridge the gap between 

theory and practice" [quoted in DiSessa, 1979, p. 247]. 

While Courant may overstate the situation, his view accords 

with that of Gauss, the great seventeenth century 

mathematician, who put it more glibly, "The solution I 

already know, what now remains to be done is to find the 

way by which I have arrived at it" [quoted in Watzlawick; 

1978, p. 32]. The contemporary mathematician and 

phil osopher Michael Polanyi calls for accepting the role of 

the individual in the pursuit of scientific knowledge: "Let 

us incorporate into our conception of scientific knowledge 

the part which we ourselves necessarily contribute in 

shaping such knowledge" [1975, p. 27]. 
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Knowing mathematics has, at least, three distinct 

aspects. In order to know one must be able to recall 

appropriate facts: theorems, definitions, examples, 

counter-examples, etc., [Rissland, 1978]. Alan Schoenfeld 

calls this body of information resources [1983a]. That 

this does not exhaust mathematical knowledge is clear to 

any teacher who has observed the shotgun approach of a poor 

problem-solver, scattering theorems and formulas here and 

there while squandering time and effort on unexamined 

strategies. Such an approach is qualitatively different 

from that of the expert whose effort is parcelled out with 

care and judgement. The novice hopes that the answer will 

appear while the expert expects to be guided by both his 

successful and unsuccessful attempts. Fred Reif sees the 

expert moving toward a solution " . . . in a sure-footed 

way, usually with only minor hesitations between 

uninterrupted chains of reasoning” [1977, p. 8], What 

distinguishes the expert from the novice is, in part, his 

ability to focus these resources and then to bring them to 

bear on the problem. The expert can judge which lines of 

attack are more likely to be successful and is able to 

discard a failing strategy. This then, is a second aspect 

of mathematical knowing, a well-developed control-structure 

which guides the problem-solving effort. 

This control-structure functions both to bring 

appropriate resources to mind and then to evaluate the 
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effectiveness of those resources as the unfolding details 

of the solution emerge. Thus, one portion of the control- 

structure is meta-cognitive and monitors the ebb and flow 

of the problem-solving effort. At every stage of problem¬ 

solving one evaluates progress, weighs the appropriateness 

of the choices made, judges when a given line of attack has 

failed, etc. This the expert does with far greater skill 

than the novice [Schoenfeld 1983b], 

A second portion of the control-structure was 

discussed by the mathematician George Polya in his numerous 

writings on problem-solving [1954, 1957, and 1965, for 

example]. Problem-solving is guided by accumulated advice 

and injunctions; Polya called these heuristics. Heuristic 

notions may be global and context-free or local advice 

useful in a particular type of problem. For example, 

"When you have trouble solving a problem head-on, it is 

often useful to try to work backwards" [Hayes; 1981, p. 19] 

may work in many settings. On the other hand, beginning 

algebra students are often advised to think of an equation 

as a balance scale generating the local heuristic, e.g. "Do 

the same thing to both sides of an equation to keep the 

sides balanced" [see, for example, Stein & Crabill, 1984]. 

The third aspect of mathematical knowing is belief. 

A problem-solver who believes that a problem has no 

solution or, more personally, who believes that he is not 

capable of finding a solution will certainly not search foi 
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one. Thus, beliefs can motivate or discourage the 

persistence needed to access mathematical resources and to 

apply heuristic guides to problems. 

Students will often describe a valid method of attack 

and then abandon their method when questioned. These 

students have not learned to trust their mathematical 

intuitions. If they lose trust in themselves they lose the 

motivation to persist in their mathematical efforts [Davis 

1983]. 

Motivation is only one of the effects of a 

mathematical belief system. The way in which students feel 

about mathematics and about themselves in relation to 

mathematics can also further or retard mathematical 

achievement. The ’cold, precise, and perfectly rational 

mathematical mind’ is a forbidding myth held by some which 

can thwart their effectiveness. Sheila Tobias reports that 

this kind of belief can undermine effort when an 

unfortunate believer finds himself wanting. 

"Since most people do not have first-hand knowl¬ 
edge of how mathematicians really work, they 
develop other myths. They believe, for example, 
that people who are able in mathematics do math 
instantly; find mental arithmetic easy; and more 
importantly, come up with the right formula or 
the right approach after but a moment or two of 
thought. Thus, when their own however-brief- 
reflections on problems do not give rise to such 
immediate solutions, they panic and stop working. 
They do not learn to flounder constructively, to 

try many different approaches." [1980, p. 47] 
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These three aspects of mathematical knowing are 

summarized in Table 1: the resources of mathematics, the 

control system used to select from the available resources 

the most appropriate and to strategically monitor efforts, 

and the belief—system that forms the emotional context 

motivating and sustaining effort. Each of these will be 

examined in greater detail in order to recast this model in 

the cognitive language of frames. 

Frames. Marvin Minsky first introduced the notion of 

a frame to explain the rapid processing of visual events. 

He informally defined a frame "... as a data-structure 

for representing a stereotyped situation, like being in a 

certain kind of living room, or going to a child’s birthday 

party" [1974, p.1]. 

When one views a scene, reads a story, or solves a 

mathematical problem, understanding of the context is based 

upon recall of related information. A dissertation, for 

example, establishes a frame for the reader. A paper 

following an accepted form which easily fits into the 

reader’s frame is more likely to seem acceptable; a paper 

which strays far from tradition may be judged inadequate or 

innovative -- depending upon the reader’s personal 

construction. 

Frames then, capture a context of expectations which 

includes a (possibly large) number of attributes each of 
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Table 1: A Model for Mathematical Understanding 

1. RESOURCES 

a. Results: 

b. Examples: 

c. Concepts: 

d. Procedures: 

2. CONTROLS 

a. Monitoring: 

b. Assessing: 

c. Deciding: 

Theorems and proofs. 

Illustrations and counter¬ 

examples . 

Definitions. 

Mathematical algorithms and 

methods. 

Observing problem solving work. 

Judging effectiveness. 

Choosing lines of attack. 

3. BELIEFS 

a. About self 

b. About the learning environment 

c. About the topic 

d. About mathematics 

e. About tools, e.g., computers. 
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which may vary within some bounds. A frame may be imagined 

as the mental equivalent of a story with some key words 

replaced by blanks. The first reading will be confusing 

but some overall sense of the context may still be gleaned; 

the location of some blanks strongly suggest a word to fill 

it. The second reading will be slightly clearer; it 

appears that some blanks must contain certain types of 

words -- a pronoun, an article, a proper name, an adverb, 

etc. The general outline of the story is analogous to the 

cognitive framework that a context evokes. The process of 

filling in the blanks in the story is akin to the cognitive 

process of adjusting the frame to fit the attributes of the 

given context. 

Minsky calls these blanks "slots" and the constructed 

choices for them "slot-values" [1974], Davis and McKnight 

also point out the need for attribute slots and a mechanism 

for filling them. They recognize the importance of the 

frame concept in mathematical thinking "... because they 

[frames] embody a representation of a small part of the 

structures of the world. They are hypothesized to involve 

’variables’ with ’default procedures’ for assigning values 

to variables when input data fail to do so" [1979, p. 6]. 

To see how this relates to mathematical thinking, 

consider, for example, the question, "The length of the 

major axis of an ellipse is 10 units. What are the 

limiting cases as the foci of the ellipse move towards and 
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away from each other?" The question may evoke an algebraic 

frame with one slot being the quadratic form for an ellipse 

with foci on the x-axis. Another slot for this frame may 

include a listing of other frames which may be appropriate 

resources for this context, still another slot might 

contain the heuristic advice: "Try substituting different 

values", etc. 

Instead, the notion of ellipse may evoke a geometric 

frame. Slots for this frame will include information about 

the vertices and foci of an ellipse and, perhaps, the 

geometric knowledge that the sum of the distances of the 

foci from the vertices is constant. In this case, the 

reader may be led to visualize the suggested limit. As the 

foci move toward each other, in order to maintain the sum 

of the distances constant the minor axis will lengthen: 

the ellipse draws itself together and becoming rounder. 

The limiting case is a circle of diameter 10. As the foci 

move away from each other the ellipse flattens as the minor 

axis shrinks. The ellipse is now approaching a straight 

line segment. 

Of course, the particular frame which the problem 

evokes is personal - this is the essence of the 

constructivist perspective; each potential solver will call 

up his own frame(s). The individual’s personal experiences 

with ellipses (and limits, etc., and with mathematical 

problems in general) will determine just what slots are 
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attached to this frame. The choice of slot-values is 

personal and idiosyncratic. 

Frames then, may include slots whose values give func¬ 

tions, expectations, physical attributes, etc. Each slot- 

value itself will, generally, be a sub-frame with its own 

slots. These may include guides to our action as we relate 

to that frame. For example, the frame for solving a 

quadratic equation will include the formula and, perhaps, 

instructions to first write the equation in standard form. 

Even a simple problem may call up a large number of 

related frames. Such ’frame systems’ are developed over 

time as new experiences broaden the context in which the 

given situation is embedded. Frames then, provide a point- 

of-view from which we can relate to an external situation. 

They point to associated resource information and to 

related frames. The default settings of the frame provide 

a semi-automatic way of approaching familiar situations, 

including default strategies for coping with various types 

of problems. 

Evoking a frame is necessarily a largely unconscious 

act else one could engage in few purposeful acts, neither 

problem-solving nor speaking, without taking time for 

internal debate. But just as an inappropriate word that 

comes to mind can be rejected, so too, a frame may be 

judged to be inappropriate and an alternative one can be 

sought. "When a frame is selected and retrieved, and when 
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a mapping of input data into frame variables was attempted, 

there must be a mechanism for deciding either that the 

’fit’ is a satisfactory one, or else that it is not" 

[Davis; 1979, p. 7], This metacognitive mechanism is part 

of the control structure of mathematical thinking. 

Expert-novice protocols [Reif, 1977; Larkin & Reif, 

1978; Schoenfeld, 1983b] demonstrate that expert solvers 

have more developed control systems. Davis and McKnight 

examined 300 protocols of students in grades 3 through 9, 

in an effort to determine the distinguishing 

characteristics of good problem solvers. They found that 

"Perhaps the most impressive skill of very strong students 

is their possession of a powerful meta-language, and their 

skill in using it" [1979, p. 9]. That is, good problem 

solvers observe their problem-solving activities and can 

talk about what they are doing and why. In particular, 

they have a developed control structure for selecting and 

evaluating their choice of frames. 

It may be argued that beliefs have no place in the 

body of mathematics; but if one is concerned with learning 

mathematics, then students’ beliefs must be acknowledged to 

be essential shapers of their behavior. Numerous writers 

report the debilitating effect of ’math anxiety’ on 

mathematical performance [Kogelman & Warren, 1978; Tobias, 

1980; Confrey, 1984]. The studies of Ernest [1976], 

Fennema [1980], Fox [1981], Sells [1980] and many others 
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document that attitudes about mathematics may affect choice 

of college major and later career decisions as well. These 

studies suggest that student attitudes — about mathematics 

in general, about the immediate mathematical problem in 

particular, and about themselves -- can affect their 

ability to access their mathematical knowledge. 

Beliefs about self may clearly enhance or retard 

performance in any domain. Jean Smith, one of the 

designers of the Wesleyan University Math Anxiety Program, 

defines math anxiety as " . . . feelings of tensions and 

anxiety that interfere with manipulation of numbers and the 

solving of problems in a wide variety of ordinary life and 

academic situations" [undated, p.3]. 

Smith reports that a primary cause of math anxiety in 

some students is the feeling that their mathematical 

knowledge is precarious, that they have been 'faking it' 

and soon their deceit will be exposed. She calls this 

paralyzing feeling the "sudden-death syndrome". Sheila 

Tobias, as previously quoted, suggests that mathematical 

myths also give rise to anxiety and interfere with the 

ability to access mathematical knowledge. 

The cognitive theory of frames can shed some light on 

this phenomenon and the mechanism of how beliefs moderate 

access to mathematical knowledge. Some frames may have 

many slots with connections to other frames, thus 

embedding the frame in a rich mathematical context, while 

15 



A student whose frame for other frames may be more barren, 

right-triangle includes only its shape and the Pythagorean 

Theorem, for example, will be very limited in what he can 

do with problems involving right triangles. On the other 

hand, a student whose frame for right triangle is linked to 

related frames for distance formulas and graphs, and to 

frames for special right triangles, and associates 

heuristic advice to guide the application of related 

theorems and formula, will likely make better progress in 

solving problems involving right triangles. Richard Skemp 

calls the latter frame-system relational understanding and 

the former frame-system, where knowledge is isolated and 

poorly guided, instrumental understanding [1971, 1977], 

Relational understanding is analogous to a traveller 

following a road-map; it provides orientation and 

perspective. Once a landmark is identified the context can 

be correctly navigated. Relational understanding is global 

understanding: given points A and B, a path can be found 

to join them. If some paths are blocked, alternate routes 

may be found. 

Instrumental understanding, on the other hand, is 

local understanding. In the map analogy it corresponds to 

knowing that moving three units east and 5 units south from 

A will bring you to B. This is algorithmic knowledge; and 

the algorithm will fail if we do not begin at A or if we do 

not want to get to B. If key paths are blocked it may be 
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impossible to find alternatives. The imagined student with 

only instrumental knowledge of the Pythagorean Theorem may 

be able to find the hypotenuse of right triangle ABC given 

the legs but might be unable to find a leg given the other 

two sides. Such ’knowledge’ may also lead to applying the 

Pythagorean Theorem to non-right-angled triangles. 

Similarly, these students might be able to solve the 

quadratic equation ax2+bx+c=0 correctly, yet fail to solve 

bx +cx+a-0. These faulty applications of theorems are 

i,ellinS> as if the parameters a,b, and c have meaning apart 

from their context in the formula. These students are 

applying an algorithm without the understanding of its 

relationship to the total problem situation. These errors 

are akin to someone following the same instructions to get 

from A to B when they are beginning at some other point C. 

A relational frame typically has many slots including 

heuristic advice, and many connections to related frames. 

Conversely, an instrumental frame has few connections to 

other frames. Instrumental frames can develop quickly but 

are limited in application; relational frames require both 

time and experience to form the interconnections with 

related knowledge and to develop awareness of the variable 

elements of the frame. 

From the learner’s point of view, mastering an 

algorithm instrumentally is fraught with dangers. It 

produces the pleasure of success, but the cost is high. 

17 



The multiple instruments that comprise knowledge have no 

self- organized coherence; they do not 'hang together’. An 

instrumental frame is only adequate to the task as long as 

the learner is exposed only to the limited cases covered by 

the algorithm. When the context expands the instrument 

fails. The learner experiences both successes and failures 

but has no context for evaluating these mixed results. 

This can create the impression that mathematics is 

arbitrary and capricious and not a subject of sense and 

order. 

Furthermore, complex situations may require different 

versions of similar rules. (For example, there is one form 

of the Pythagorean Theorem when we seek the hypotenuse, and 

another form when we seek a side; there are three types of 

percentage questions (e.g., 30 is what percent of 40?*, 

’What is 75% of 40?’, and ’40 is 75% of what number?’) with 

three types of solutions, etc.). Instrumental 

understanding may make mathematics appear to be 

unnecessarily cumbersome; it may also foster the (false) 

belief that experts must have special ’mathematical minds’ 

to remember the multitude of necessary instruments. 

As the learner attempts to recall his instruments 

appropriately, as the number of instruments multiply, as 

his results are sometimes correct and sometimes incorrect 

with no clear guide to help him to understand what went 

wrong, his self-confidence may well begin to falter. The 
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learner, even the successful one, may begin to feel that he 

is only pretending, that one more rule, like the proverbial 

straw, will cause the whole carefully balanced structure to 

come tumbling down. This is Jean Burr Smith’s sudden-death 

syndrome; the result is anxiety. 

Instrumental frames may add other emotional burdens to 

lfiftrner as well. Frames, like a familiar odor, may 

evoke familiar feelings whenever they are activated; if 

that feeling is negative then the simple evocation of the 

frame can produce tension and distress. Thus, instrumental 

frames may evoke negative feelings making a given problem 

appear more formidable and less accessible. 

In summary, then, there are different aspects of 

mathematical knowledge (see Table 1) which are organized, 

in learner's minds, as interrelated systems of frames. 

Instrumental frames may hinder some types of problem¬ 

solving while relational frames may enhance performance. 

In the next section we consider the implications of this 

cognitive model of mathematical thinking to the design of 

computer learning environments. 

Features of Computer Learning Environments (CLEs) 

What features of a computer learning environment (CLE) 

will support the development of mathematical understanding? 

Each aspect of the model of understanding, presented above, 
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has implications for structuring the computational 

environment. 

Resources. Mathematical knowledge is represented, in 

minds, by frames whose variable aspects or slot-values must 

be identified for each use of the frame. Frames are active 

mechanisms; their cognitive development implies active 

participation with the content. This, in turn implies that 

the learning environment should provide opportunities for 

actively manipulating mathematical objects. Through this 

interaction students become engaged with the properties and 

dynamics of mathematical systems as opposed to memorizing 

their content by rote, a distinction that Andrea DiSessa of 

MIT calls "knowing how as opposed to knowing that" [1977], 

In fact, this is the essence of a microworld. Seymour 

Papert said that "... the role of the microworld is to 

provide an intellectual environment which allows learning 

through interaction with it" [1978, p. 2]. 

The range of slots associated with a learner’s frame 

is constructed gradually as he begins to experience the 

various ways in which the content is transformable. To 

experience this range personally, the reader is invited to 

imagine a recent teaching experience and to consider how it 

might have been better. We might ask, "What if I had 

spoken more dramatically?" or "What if the classroom had 

not been overheated?" But we probably will not ask 

ourselves, "What if I had been 8 feet tall?" or "What if 
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the campus was located in Iowa?" Typically, we do not 

consider such attributes to be variable; rather, they 

describe the structure of the situation. Frames for 

classroom instruction may include slots for ’classroom 

attributes’ and ’teacher attributes’, but ’location* and 

’teacher height’ are fixed aspects while ’sound quality’ 

and ’environment quality* are variable. 

Which attributes are fixed and which may vary 

determine the structure of the frame evoked. Students can 

only develop appropriate notions of variability if their 

experience includes variation of those attributes. Thus, 

the learning environment should allow the student to vary 

appropriate aspects of the presented situation. 

It follows that when designing a CLE, the student 

should be able to vary mathematically critical features of 

the environment. For example, a computer graphing 

environment might require data entry of equations in a 

fixed format. If, instead, the student were allowed to 

choose from among different formats he would be more likely 

to develop awareness of the variability of algebraic form. 

Mathematically critical aspects of a graphing environment 

include the scaling of the axes, the domain and range 

plotted, and the variety of functions the software can 

handle; each of these could be placed under the control of 

the student. In general, the more control given to the 

student using the CLE to vary mathematical features, the 
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more likely that he can develop a rich sense of 

variability. If the student’s experience with graphs is 

limited to linear equations of the form y = mx + b, for 

example, how can he develop a sense of inter-relationship 

between scale and slope or between intercepts and roots? 

The decision to put the student in control of these 

features is essential; but which aspects should be varied 

is partly a pedagogical decision depending upon the 

experience and sophistication expected from the students 

who will use the CLE. A sixth or seventh grader would 

surely be confounded if, as part of his first graphing 

experience, he were asked to select the function’s domain. 

This observation suggests that it would be desirable to 

allow the CLE to be modifiable by teachers who may choose 

which mathematical features would be placed under student 

control. Such custom-tailored software should be 

accessible to a wider audience. In addition, such a CLE 

could ’grow’, under the guidance of a supervising teacher, 

with the student’s growing mathematical sense. 

The possibility of the student varying the environment 

in a simple manner permits him to manipulate objects in the 

microworld without having to attend to the details of those 

manipulations which are carried out by the computer. The 

Logo command REPEAT :N [ FD 40 RT : ANGLE ] , for example, with 

appropriate choices of :N and :ANGLE, produces a regular 

polygon. The student is free to observe the results of his 
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choices without being distracted by details of the 

construction. Imagine asking a student to attempt 

similar set of constructions with protractor and ruler; 

that is, given the exterior angle and a length, to 

construct a regular polygon. Considering the difficulty of 

the construction is it likely that the student would notice 

the critical aspect of the exterior angle 360 divided by N? 

In summary, to develop rich mathematical frames, a CLE 

should be interactive and modifiable. That is, the student 

should be able to alter mathematical aspects of objects in 

the environment. 

Control Structure: Tactical . When a frame is 

activated, a search for slot values commences. There must 

be a cognitive mechanism to assign tentative values to each 

slot and to judge appropriateness of choices. For example, 

a student faced with the problem, "An airplane can carry 

200 passengers. How many planes are needed to carry 803 

people?", may first classify the problem as a division 

problem and then identify the divisor and the dividend. 

His judgement develops through having the opportunity to 

evaluate his results and to modify his choices. "The 

quotient is 4.03 so I need 4.03 airplanes", might be the 

student’s solution (hopefully followed by his re-examining 

his solution). It is such metacognitive intervention that 

good problem solvers do well and poor problem solvers need 
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to develop. Complex, higher-order thinking skills like 

these can only develop over time. It would be useful, 

however, to encourage their development through interaction 

with CLEs. Are there structural features of computer 

environments which could encourage this kind of 

metacognitive behavior? 

In problem-solving studies with high school students, 

Davis and McKnight found that the most striking difference 

between good problem solvers and poor ones was the time 

spent after the problem was completed reviewing their work 

[Davis, 1979; Davis & McKnight, undated]. The most direct 

way that a microworld can encourage such reflection is to 

give the student immediate feedback on the correctness of 

his choices and time to consider that feedback. 

In Logo, for example, a student can see whether 

drawing commands are successful by observing the path drawn 

by the turtle and by re-examining the commands which caused 

the turtle’s motion. Similarly, the Geometric Supposer 

allows a student to measure a constructed figure in order 

to determine if the construction was correct. 

In addition to the immediate visual feedback, these 

programs provide other ways of allowing a student to 

reflect upon choices. In Logo, for example, the student 

can trace a procedure line-by-line while examining the 

resulting motion of the turtle. Similarly, the Geometric 

Supposer permits a step-by-step replay of the construction. 
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These slow motion ’instant replays’ encourage reflection; 

the student may use them to ’debug’ a faulty command 

sequence or to consider the aspects of a satisfactory 

construction. 

Logo, being a full-fledged programming language, 

allows students to debug their programs in the light of 

their evaluations. The Geometric Supposer. being a more 

limited environment, does not permit editing of the command 

sequence and requires the corrected construction to be 

entered anew. Clearly, allowing the student to edit the 

command sequence to correct the ’buggy’ portion simplifies 

the student’s task. This suggests that a learning 

environment should be accessible to review. playback. and 

editing. 

Control Structure: Strategic. Frame development 

follows experience. In order to be able to judge the 

suitability of one frame over another, criteria must have 

been established, e.g., "This frame will usually work in 

these circumstances," etc. This implies that the student 

will need many different experiences with the learning 

environment. In order to facilitate returning to the 

environment, past efforts should be available for reference 

and comparison. 

Logo, for example, allows students to save their work 

and recall it at a later time. Robot Odyssey;, an 
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environment in which students construct "robots" and 

program them to solve various challenges, also permits the 

current state of the robot’s "world" to be saved to disk. 

Game players may return to that part of the robot 

environment to continue their journey through the maze. 

Geometric—Supposer, on the other hand, does not permit 

the student to save a construction. It sees clear that 

past efforts can be built upon more easily when they are 

readily accessible. Thus, a CLE should provide a save and 

recall feature. 

Beliefs. There are a variety of common beliefs which 

inhibit learning mathematics. "I can’t do math", "I don’t 

have a mathematical mind", "I hate math because there is 

only one right answer" and "Math is stupid", are typical 

statements by students whose belief in mathematics as a 

worthwhile endeavor and in themselves as capable learners 

appears to have been severely damaged [Confrey, 1984]. 

There is no simple remedy to such negative beliefs 

once they are firmly established, but learning environments 

can be designed to avoid reinforcing them. Math-anxious 

students often feel helpless in the face of mathematical 

challenge. Software which retains control of the action 

will maintain the illusion that students cannot take charge 

of their own learning. A CLE then, should place 
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substantial control of the environment in the hands of the 

learner. 

Most students will not persist in the face of endless 

frustration and perceived failure. This implies both that 

the environment should be non-judgmental and that it 

support the student. Environments which offer artificial 

praise are self-defeating. If the praise is withheld, the 

belief in self-failure is reinforced; if the praise is 

inappropriate, the student may learn "that computers are 

stupid. Instead, the environment should be neutral with 

respect to results of processes set in motion by the 

student. Praise can best be given by a teacher who knows 

the student and his work. This enables the student to 

develop monitoring devices to judge the correctness of his 

approaches. Help screens, along with simplified and 

consistent input formats, meaningful error messages, etc., 

will support the student in his efforts to explore the 

environment. 

Finally, teachers will not choose to explore a world 

which appears barren and neither will students. A learning 

environment which meets all the above criteria but which 

*The author once tested a program designed to develop 

skills in solving algebra word problems. The software 
presented a word problem followed by a multiple—choice 
question about the problem. If the user chose the wrong 
answer, the question was presented again. Whenever the 
user chose the right answer, even if all other answers had 
previously been eliminated, he was given effusive praise. 
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students find dull promotes only the belief that 

mathematics is not worth doing. Computer learning 

environments should be inherently interesting, capturing in 

a computational environment what Robert Lawler has called 

"neat phenomena" [1982], This feature of a CLE, however, 

may be sought of a program designer but not demanded, as an 

artist may hope to produce beauty but must await 

inspiration. Similarly, interesting learning environments 

are desirable, but that goal will not inspire a mediocre 

program design team to greatness. 

Our cognitive model of mathematical understanding then 

implies ten structural features of a computer learning 

environment. These features are summarized in Table 2. 

Without extensive testing of the model, it is not 

possible to determine if these features are equally 

important; nevertheless, some features seem to stand out. 

That the software environment be interactive and 

modifiable, that is, under student control, is the sine qua 

non of microworlds. Without this the student becomes a 

passive observer of the environment; in this role there is 

little reason to expect the CLE to foster the desired kinds 

of cognitive development. 

Review, playback, editing, save, and recall all 

facilitate easy access to the environment. They are not 

absolutely necessary; the student can always keep notes and 

retype commands. Nevertheless, this additional burden 
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which separates the student from the immediacy of a 

response is likely to weaken the potential power of the 

environment. The effect of the lack of immediate help or 

of a judgmental stance toward student work is likely to be 

idiosyncratic depending upon the personal attitude of the 

student. 

Broadly, then, interaction, variation, and interest 

appear to be critical features of the learning environment, 

while review, replay, editing, save, and recall seem to be 

important features. Support and judgmental stance toward 

the student will probably be significant for some students 

and not for others. 

The Need for a Theory of Software Design 

In the previous section some properties of a CLE were 

formulated; a process for the construction of such a 

cognitively-appropriate computer learning environment still 

needs to be developed. The literature on software design, 

however, is only beginning to focus on the design of 

educational systems. 

Naps and Singh [1988] present six goals for a theory 

of program design they call software engineering. Each of 

their goals, however, represents a facet of the programming 

of the software rather than a facet of the overall design, 

the ability of the person who is to use the system is 
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Table 2: Attributes of a Computer Learning Environment 

1. A CLE is interactive. 

the learner is an active participant 

- locus of control lies with the student 

2. The user can modify a CLE. 

- the content objects are modifiable 

- the transformations are modifiable 

3. A CLE is interesting. 

4. A CLE permits review of command sequences. 

5. A CLE permits playback of commands. 

6. A CLE permits editing of command sequences. 

7. A CLE permits the user to save the current state of 

the environment. 

8. A CLE permits the user to recall past states. 

9. A CLE is non-judgmental. 

10. A CLE provides appropriate support. 

- help screens, on-line instructions 

- consistent input formats 
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tacitly assumed. The recent text by Nievergelt et al. 

[1986] presents a carefully detailed collection of 

programming techniques for producing what the authors call 

dialogs, which seem to be interactive educational programs. 

The book is intended to give educators, "... a technique 

for writing small interactive programs in a systematic and 

e^^cent way [ 1986; p. i]. Unfortunately, the emphasis 

is on technique, on how to structure the programming 

elements and how to organize the "man-machine interface". 

In this regard, the authors present useful principles for 

programmers who, by standardizing the form of input will 

produce a system which is less frustrating and more 

comprehensible to its users. Unfortunately, Nievergelt and 

his colleagues are nearly silent in presenting either 

design principles relating to content, or evaluation 

principles to determine if the software is educationally 

sound. The authors confess that, "Experience and common 

sense, rather than theory, are the major guidelines 

. . . for the use of computers in education" [1986, p. 21], 

Seymour Papert, during the development of the Logo 

language, wrote with evangelical zeal on the power of 

computer microworlds as learning environments [1971, 1978, 

and 1980, for example]. The concept of a CLE, presented in 

this paper, owes much to Papert, but while he extols the 

educational virtues of a microworld, he says little about 

how to construct one. Papert prescribes that microworlds 
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should embody "powerful ideas" but not how that is to be 

done. He offers four criteria of powerful ideas: they 

should be simple, general, useful and syntonic, i.e., 

should be . . . firmly related to children’s sense and 

knowledge about their own bodies ... or . . . [their] 

sense of themselves as people with intentions, goals, 

desires, likes, and dislikes." [1978, p. 3], But Papert 

does not offer a method to find such ideas and to determine 

if their computerized representation achieves its hoped-for 

learning objectives. Robert Lawler, writing in 1982 about 

the construction of microworlds, renames Papert’s 

’powerful-ideas’ as ’neat phenomena’, but gives no better 

advice as to how to construct the microworlds which model 

them. He presents two exemplary microworlds but does not 

describe their construction. Lawler admits that finding 

such powerful ideas is the job of the educator, presumably 

using the same intuitions used in constructing classroom 

activities. Lawler states the pedagogical challenge: 

" ... to formulate so clear a presentation of [the 

elements of the neat phenomena] that even a child can grasp 

their essence" but he does not say how to carry this out 

[1982, p. 140]. 

Barbara White described research intended to " . . . 

explore the design of interactive computer learning 

environments" [1981, p.2]. In her study she presents six 

design principles: 
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1. Focus on aspects of the student’s knowledge that 
need revising 

2. Encourage better ways of representing and 

thinking about the domain [ i • e » , the content] 

3. Facilitate the use of problem-solving heuristics 

4. Encourage the application of relevant knowledge 
from other domains 

5. Represent the phenomena of the domain clearly 

6. Eliminate irrelevant complexities from the 

computer microworld [i.e., the CLE] 

Some of these principles are ’local’, bearing on the 

Newtonian physics games discussed in her report; others are 

’global’ and have design implications that bear on the 

current study as well. Her first principle, "focus on 

aspects of the students’ knowledge that need revising" 

requires that a weakness in students must first have be 

determined. Presumably, it is this observed deficiency in 

students that persuaded White to construct these learning 

games. Not all computer experiences, however, are 

remedial. When a CLE is constructed in a new domain there 

may not yet be any clear notion of learning difficulties in 

that domain. Principles 2,3 and 4 are more nearly 

classroom guidelines for teaching with the software rather 

than features that are to be built in to the environment. 

Principles 5 and 6, however, are global design 

requirements: the domain must be clearly represented, and 

any unnecessary complexities should be avoided to help 
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focus the learner and not distract him with peripheral 

complications. 

Neither White’s principles nor Nievergelt’s dialog 

structures provides a design stance for the development of 

cognitively-appropriate computer learning environments. 

White provides heuristics for the construction of 

microworlds but not a formal program for their 

construction. Nievergelt et al. provide detailed 

guidelines for the programming of an educational 

environment but offer no process for the conceptual design 

of that environment. 

The process of designing computer learning 

environments will be facilitated by a model that offers 

appropriate guidelines for the content of the CLE, for the 

interaction of the student with the CLE, and for the 

testing of the CLE. In the following section the elements 

of such a software design model are presented. 

Overview of The Program Design Process 

The objective of this section is to sketch the design 

principles which will allow software developers to 

construct a mathematical CLE. The details of that process 

will be examined in Chapter 2. 

There are three separate tasks the design strategy 

must address. The first is to translate a mathematical 
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structure into a computational structure, that is, how does 

one take a mathematical domain, e.g., Transformational 

Geometry, and transform the mathematical ideas of the 

domain into a computer learning environment? The second is 

to program the CLE, and the third is to test the resulting 

software to determine if it is cognitively appropriate. 

The process of constructing a CLE begins with 

identifying the mathematical content to be developed. The 

critical mathematical operations and processes of the 

content domain must then be specified. In Transformational 

Geometry, for example, these operations are the Euclidean 

isometries of the plane and their compositions. Next it 

must be determined if it is possible to model these 

mathematical features, in the computer, with dynamic 

interactive processes. That is, can the software be 

structured so that students can actively manipulate the 

identified features? 

Reflections, rotations, translations, and dilatations 

of a plane figure are easily represented and give rise to 

part of a command language of the CLE. With this language 

students can actively manipulate geometric objects 

displayed on the screen. Once the computer modelling of 

the mathematical domain has been specified the CLE can be 

programmed. When the program is operational it must be 

tested. Chapter 3 discusses the testing model used with 

Transformer. Testing yields information about the 
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cognitive activities of typical students which will suggest 

refinements to, and improvements in, the software. 

To summarize, there are five stages of the design 

process: 

1. Identify a mathematical domain. 

2. Identify mathematically critical features. 
3. Identify associated dynamic interactive 

processes. 
4. Program the CLE. 
5. Test the CLE. 

Chapter 2 presents a detailed examination of this software 

design model. 

Objectives 

The model of software design developed here is 

preliminary; it emerged from a theoretical model of 

mathematical understanding, but its usefulness remains to 

be determined through careful testing. The first objective 

of this study is: 

1. To test and refine the software design model. 

The purpose of the software design model is to develop 

learning environments in which students engage in 

’mathematical thinking’. This purpose gives rise to the 

second objective of this study: 

2. To identify problem-solving activities 
spontaneously initiated by students in the CLE. 
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Of course, people do solve problems spontaneously. 

Are there, however, features in the software environment 

which encourages those problem-solving behaviors? The 

third objective of this study is: 

3. To identify software features which promote 
problem-solving activity. 

Both good and poor problem-solvers make errors. 

VanLehn [1982], and Brown and Collins [1981], have studied 

student misconceptions about addition and subtraction. 

They have found consistent types of error patterns in 

student work, strongly suggesting that such patterns arise 

from misconstruction of the mathematical process, a faulty 

but robust internal representation, rather than from 

carelessness. 

As students interact with a software environment they 

attempt to assimilate their experience into their cognitive 

frames. Features of the environment may lead them to an 

incorrect assimilation; they may generalize improperly or 

misunderstand the nature of transformations they are 

performing. If the computer learning environment is 

effective, it will lead students toward understanding, not 

toward error. Thus a fourth and fifth objective of this 

study are: 

4. To identify reasoning difficulties displayed by 

students when working in the CLE. 

5. To identify features of the environment which 
lead students toward those misconceptions. 
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In summary, this study has one primary and four 

secondary objectives. The software design model was 

developed to aid in the construction of cognitively 

appropriate computer learning environments; this study 

seeks to determine the usefulness of that model. In order 

to do so it is necessary to determine appropriate and 

inappropriate cognitive behaviors engaged in by subjects of 

the study, and to relate those behaviors, if possible, to 

features of the CLE. 

Before embarking upon this work it is appropriate to 

question whether these objectives are reasonable ones. Can 

software features be identified which account for some 

student misunderstandings? Clearly the answer must be 

tentative. Since the same behavior may arise from 

different internal responses one cannot, with certainty, 

claim knowledge of the internal process which produced the 

observed behavior. But the situation is not hopeless. 

Preliminary work with students suggested a number of 

software features which tended to lead them astray. The 

following example illustrates the process by which such a 

feature was identified. 

In early versions of Transformer, coordinates of 

vertices could be entered directly in Create Mode. For 

example, the following sequence of commands produced a 

square; 
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Commands Effect 

20 20 [return] 

20 -20 [return] 

-20 -20 [return] 

-20 20 [return] 

20 20 [return] 

Marks (20,20) 

Joins (20,20) to (20,-20) 

Joins (20,-20) to (-20,-20) 

Joins (-20,-20) to (-20,20) 

Joins (-20,20) to (20,20) 

Figure la through Figure le** illustrates this 

construction. A construction which appears similar, 

however, may produce a square which appears quite 

different. In the following example, T x y means 

"translate the current point x units horizontally and y 

units vertically." 

Commands Ef fects 

20 20 [return] 

T 20 -20 [return] 

T -20 -20 [return] 

T -20 20 [return] 

T 20 20 [return] 

Marks (20,20) 

Slides to (40,0) and joins 

Slides to (20,-20) and joins 

Slides to (0,0) and joins 

Slides to (20,20) and joins 

The former construction gives a 40 by 40 square whose edges 

are parallel to the coordinate axes and whose vertices are 

(20.20) , (20,-20), (-20,-20) and (-20,20), as specified. 

Because translations are relative, the latter construction 

produces an oblique square whose sides have length 20 times 
*> 

the square root of two (see Figure 2a through Figure 2e). 

If this construction began with 10 20 (i.e., at (10,20)), 

for example, it would produce a square whose vertices are 

(10.20) , (30,40), (50,20), and (30,0). 

**In these figures coordinates are indicated for the 

convenience of the reader. Transformer does not display 

coordinates on the graphic screen. 
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These two constructions are superficially similar yet 

fundamentally different. During preliminary testing of the 

CLE it was apparent that students had difficulty 

distinguishing between coordinate commands and 

translations. The similarity of commands which used a 

number pair to specify an absolute graphic location and a 

number pair to specify the components of a translation 

produced confusion. The result was that students tended to 

avoid translations; in fact many students avoided all 

transformations and attempted to define every figure by the 

more familiar process of naming coordinates. 

The above description illustrates how a software 

feature can be identified based on observing student work. 

First, a consistent error or confusion must be identified 

in student work. Second, an hypothesis as to the nature of 

the error is formulated. Third, an examination of the 

structure of the software environment may suggest a 

software feature which is being systematically misconstrued 

by a number of students. 

It should be emphasized that one cannot conclude that 

this software feature caused the misrepresentation any more 

than it could be claimed that, with its revision, students 

will understand translations. The point is not that there 

is a causal link between software and cognition, but rather 

that the choice of representation, command-structure, 

syntax, and display, may lead students to formulate 
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incorrect rules about how the software environment works. 

The question of relating software features to student 

misunderstandings can now be answered; with the above 

cautions in mind, the answer is yes. 

Overview of the Study 

This study arose out of dual beliefs that the computer 

can be a powerful educational tool and that few 

commercially available software packages presented 

mathematical content in a way that reflected current 

theories about ways in which students learn mathematics. 

This study was begun in order to test a process of 

designing mathematical software which is cognitively 

appropriate for its intended users. 

A software design model was developed which is 

philosophically grounded in the constructivist perspective, 

i.e., the belief that mathematics learning is a process of 

active mental construction rather than a passive 

incorporation of a body of existing facts. A CLE called 

Transformer evolved from this design stance. 

In the summer of 1986, twelve young women in the Mount 

Holyoke College SummerMath program were studied using 

Transformer. These students were randomly assigned to two 

groups; and each group met for an introductory group lesson 

with the software. Following the group session, two 
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Figure 2 Constructing a Square with Translations 
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Figure 2 (Continued) 
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interviews were conducted with each student, during which 

students were videotaped while using the software to work 

on geometry problems. Based upon their experiences, the 

software and the presentation were modified. 

The second group of six students used the modified 

software to work on a similar set of problems. Videotapes 

were analyzed and cognitive event sequences and error 

patterns for each student were identified and categorized. 

Analysis of students’ errors suggested further 

modifications of the software to improve its cognitive 

match to these students. 
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CHAPTER 2 

DESIGNING TRANSFORMER: SOFTWARE FOR MOBILIZING GEOMETRIC THINKING 

The Computer Learning Environment (CLE) 

This chapter begins with a description of the CLE as 

it appeared to the participants in the study and then 

discusses the forces that shaped its evolution. 

When Transformer is entered the student sees a 

geometric shape (see Figure 3a and Figure 3b); below the 

graphic area is a 4-line text window. The top text line 

lists the most frequently used single keystroke commands. 

The second line is the command line, where students enter 

instructions. The third line is reserved for error 

messages; optionally, all text lines may be used for an 

extensive message and the menu reprinted afterward. 

Following each drawing command, the image of the current 

figure is drawn. The menu choices are briefly described 

below (see Appendix 1 for a complete listing of all 

commands ) . 
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1 
1 

Reflects the current figure across the x-axis. 

Reflects the current figure across the y-axis. 

/ Reflects the current figure in the line y=x. 

\ Reflects the current figure in the line y=-x. 

M <v> This also causes a reflection but M takes as 

input the angle, in degrees, the mirror makes 

with the x-axis, e.g., M 60 reflects the figure 
in the line y = (tan 60)x. 

0 <v> This indicates a rotation. It too is followed by 

the number of degrees as input. In Cycle 2 this 

symbol was replaced by the twin commands RR and 

RL for rotate right and rotate left. For 

example, 0 30 and RL 30 both cause 30 degree 

counter-clockwise rotations around the origin. 

T <vl v2> This performs a translation. T takes two numbers 

* <v> 

as input, indicating the horizontal and vertical 

components of the translation, e.g., T 20 -5 

translates the figure 20 units in the positive x 

direction and 5 units in the negative y 

direction. 

This also takes one input. The command initiates 

a dilatation: an expansion if the input is 

greater than one and a contraction if it is less 

than one. For example, * 2 doubles the 

coordinates of each vertex of the current figure. 

As indicated above some transformations require 

inputs. These may be entered, separated by spaces, 

following the transformation command. If the student omits 

an input Transformer prompts for it; thus, after the 

command 0 [return] the software prompts ’Enter the angle of 

rotation:* and waits for the angle to be typed in. 

Commands may be entered singly or, separated by spaces, as 

part of a longer command sequence. For example, the 

command sequence T 20 -10 * 2 [return] causes a 

53 



translation of 20 units horizontally and -10 units 

vertically followed by a dilatation of 2. The same result 

would be produced if the commands were entered separately: 

T 20 -10 [return] 

*2 [return]. 

Transformations may also be composed. If the above 

commands were composed then instead of images being drawn 

after the translation and after the dilatation only the 

final image would be drawn. Composition is toggled by the 

command: 

C This command initiates composition of 

transformation. When a command sequence begins 

with C the program draws only the final image of 

the composed transformations. Another C or a 

carriage return ends composition mode. 

The following commands do not directly transform the 

current figure but, instead, modify the display. 

F Clears the screen then redraws the original or 

first figure. 

L Clears the screen leaving only the last 

constructed image. 

G This permits the student to overlay a coordinate 

grid on the screen. 

Transformer has two modes of operation: Create Mode 

and Transform mode. In Transform Mode commands affect only 

the active figure. Initially, the original figure is 

designated the active figure; each image of this figure 

becomes, in sequence, the active figure upon which the next 

transformation will operate. 
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progression 
Figure 4a through Figure 4d illustrate the 

of active figures under the command sequence: - J _ -phe 

command a horizontal reflection in the x-axis, causes 

the mirror-image of the active figure to be drawn. 

As Figure 4b shows, the current figure remains on the 

screen and its reflection appears below it. This 

reflection becomes the new active figure; and an image of 

the mirror briefly appears as well. 

When the student enters Create Mode, the screen 

clears, displaying an orientation mark at (0,0). 

Transformer prompts the student to enter the coordinates of 

a point which is then drawn and becomes the current active 

figure. To construct a figure, the student enters a 

sequence of commands; each transformation, as in Transform 

Mode, affecting only the current active figure. As each 

new image point is drawn it is connected to its pre-image 

forming a polygonal line. 

Consider again the command sequence - j -, which 

produced the four-fold symmetric design in Transform Mode 

(see above). When the same sequence is entered in Create 

Mode the result is quite different. Suppose the initial 

point is (30,30). The horizontal reflection creates the 

image (30,-30) and the vertical segment joining these two 

points. The vertical reflection that follows operates on 

the new active point (30,-30) forming its image (-30,-30) 

and a horizontal segment joining the two points. Another 
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horizontal reflection now joins the last point to (-30,30) 

forming three sides of a square. The command | completes 

the square since the last image will be reflected back to 

the starting point (see Figure 5a through Figure 5d). 

Pressing the return key ends figure creation, and the 

software prompts for a name of the construction. The 

student is then returned to Transform Mode with the newly 

constructed square appearing as the active figure. 

The Software Design Model: Overview 

Seymour Papert has defined a computer-based microworld 

as: 

... a subset of reality or a constructed 

reality whose structure matches that of a given 

cognitive mechanism so as to provide an 

environment where the latter can operate 

effectively. The concept leads to the project of 

inventing microworlds so structured as to allow a 

human learner to exercise particular powerful 

ideas or intellectual skills." [1978, p. 2] 

The problem with Papert’s definition, of course, is 

the difficulty of identifying specific cognitive 

mechanisms and then developing associated microworlds 

'tuned* to those mechanisms. There is no reason to expect 

that there is a one-to-one correspondence between 

identified cognitive mechanisms and computer microworlds. 

Furthermore, as an operating principle, this requires the 

identification of a particular cognitive behavior before a 

56 



- i / \ H 0 T * FLGED R C Q ? 

(a) 

Cycle 1 Starting Figure 

Figure 3 The Starting Figures in each Cycle 

57 



(c) 
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Figure 4 The Command Sequence - J - in Transformation Mode 
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Figure 5 The Command Sequence - J - in Create Mode 
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microworld can be constructed. The approach in this study 

is the reverse: first develop a mathematical learning 

environment based upon cognitive, pedagogical, and 

computational design principles and then observe students 

in the environment in order to identify those cognitive 

functions it supports. 

In Chapter 1 five stages in a software design model 

were identified. Creating a CLE, in this view, begins by 

identifying a suitable mathematical domain and then 

examining that domain to determine its critical features. 

The third stage of this design process is to decide if it 

is possible to associate these critical features with 

dynamic interactive processes; that is, can the software be 

structured so that students can actively manipulate aspects 

of the identified features? If the answer is "No", then a 

CLE cannot be constructed for this mathematical domain. 

If a set of interactions can be identified, however, 

then these become elements of the command language of the 

CLE. In the fourth stage, the CLE is programmed. When the 

program is operational, the fifth stage of the design 

process can begin. The software is tested using the 

cyclical process discussed in Chapter 3. Testing the CLE 

should yield information about the cognitive mechanisms it 

activates in typical users, about hidden programming 

’bugs’, and about problems with the overall design. 

Confusions regarding data entry, error messages, and 

60 



program can be similar flaws will also be exposed. The 

modified in the light of this new information and retested. 

To summarize, there are five stages of the design 

process: 

1. Identify a mathematical domain. 

2. Identify mathematically critical features. 
3. Identify associated dynamic interactive 

processes. 
4. Program the CLE. 

5. Cyclically test the CLE. 

Each of these stages will be examined in the following 

sections. 

Stage 1: Identify a Mathematical Domain 

The choice of mathematical domain is highly personal 

depending upon the interests and concerns of the designer. 

Beyond the personal appeal of the subject matter, however, 

the chosen content should lend itself to computer display; 

if it does not, then the computer is the wrong medium in 

which to create a learning environment. Clearly too, the 

subject matter should be worthwhile developing; there 

should be some educational interest in developing one 

mathematical domain over another. In this study 

Transformational Geometry was chosen for three reasons: it 

has great potential for graphic display; its importance as 

a rich and under-utilized domain is becoming more and more 

apparent [Shaughnessy and Burger, 1985; Thomas, 1978; 
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Hoffer, 1981]; and it has strong personal appeal to the 

author. 

First, the computer’s ability to display graphical 

representations can provide a bridge between the physical, 

hands-on experiences usually reserved for younger students, 

and the more abstract axiomatic learning experiences 

expected in most high school and college geometry courses. 

For this reason a mathematical area which easily lends 

itself to visual representation was chosen. 

Second, there is substantial evidence that students 

are generally poor in their ability to visualize geometric 

relationships. In an Instructional Mathematics Conference, 

in Plymouth, New Hampshire, Dr. Joan Ferrini-Mundy reported 

that calculus students at the University of New Hampshire 

are generally deficient in their abilities to visualize 

solids of revolution, plane sections of solids, and the 

relative positions of objects in motion after a given time 

[1985]. 

Problems posed in spatial terms, then, will more 

likely not be easy algorithmic exercises for most students. 

It may be hoped that analysis of protocols taken of 

problem-solving efforts in this area will be easier to 

interpret in terms of conditions established in the 

software rather than by reliance on previously learned 

methods. 
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Furthermore, recent studies suggest that even students 

who have completed a standard high school geometry course 

may still hold naive conceptions of geometric structures. 

Shaughnessy and Burger, for example, found that many 

students ' . . . have vastly different geometric concepts 

in mind than we think they do when we are teaching a course 

in geometry. Even a concept such as triangle may have 

meanings for the students in the class. When we 

say and think triangle,’ some students include more shapes 

than we do, and some students limit the use of the word 

triangle to a severely restricted set of figures” [1985, 

p. 425 ] . 

Thomas [1978], reports that many mathematics 

organizations have called for teaching Transformational 

Geometry in grades 7 through 12; among these are The 

Cambridge Conference Committee, and the K-13 Geometry 

Committee of the Ontario Institute for Studies in 

Education. Cox, in an editorial in the Mathematics 

Teacher, suggests that ”... at least the first semester 

of the traditional plane geometry course be devoted to 

informal geometry without formal proofs" [1985, p. 405], 

agreeing with Hoffer [1981] and Shaughnessy and Burger 

[1985]. In his own geometry text, Alan Hoffer appeals to 

teachers to give more concrete and semi-concrete 

experiences. He continues, "... students need to 
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explore with pictures and manipulative devices to grasp 

global ideas" [1979, T5]. 

Finally, the author confesses to a personal love of 

Geometry in general and Transformational Geometry in 

particular. The diversity of shape and form arising from 

such an elegantly simple axiomatic structure inspires 

wonder and awe. Elegant graphics can be readily composed 

m a transformational microworld and, it can be hoped, this 

will provide an opportunity for students to experience that 

wonder for themselves. 

2: Identify Critical Mathematical Features 

The particular mathematical objects and processes to 

be represented in the CLE are determined by mathematical 

knowledge of the domain and pedagogical knowledge of the 

objectives. For example, a CLE based on permutation groups 

would, perforce, have to represent (Sn,*), the permutation 

group on n letters. That is, both the elements of the 

group and the operation between elements of the group would 

need to be represented. The particular representation for 

those objects and processes cannot be determined beforehand 

because the mathematical structure can be represented in 

diverse ways. It is part of the creativity of the designer 

to select an appropriate representation for the CLE. 
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In Transformer. what was mathematically critical was 

clear: the representation of geometric transformations. 

The decision to represent the primitive isometries - - 

rotations, reflections, and translations - - was a 

mathematical one, in the sense that no domain in which 

these transformations could not be represented could 

reasonably be called a transformational geometry 

environment. On the other hand, the decision to limit the 

primitive representations to the isometries and dilatations 

was pedagogical. A completely general transformational 

world would include inversions, non-uniform dilatations, 

and perhaps, offer the student a means to enter an 

arbitrary transformation matrix. Too many options, 

however, could prove to be confusing and frustrating to a 

novice. The chosen limitations were balanced by permitting 

students to define new transformations as compositions of 

these primitives and other previously defined forms. 

Several participants in this study, in fact, made use of 

this feature in the problem-solving sessions. 

To recapitulate, the choice of mathematical features 

is a judgement based upon both mathematical and pedagogical 

considerations. The designer will probably get the best 

judgements by consulting experts. That is: 

• Ask a mathematician. What mathematical objects 

and processes are essential to the given domain? 

Which are not essential but, perhaps, exemplary? 
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Which are tangential to the basic mathematical 

structure? 

Ask an educator. What features are likely to 

prove confusing to a novice? to an expert? Are 

the processes specified in (1) learnable for the 

intended users, or will the cognitive demands 

prove to be too great? 

Stage_3: Identify Dynamic Interactive Processes 

An interactive routine, in the jargon of programming, 

is a portion of a program which takes data input from the 

user and responds to it. This can be as simple as asking 

the user to type in his name, or as complex as a tax 

preparation program where each entry by the user may cause 

the recomputation of dozens of forms. Displaying a result 

at the request of the user is an interactive process; it 

is, however, a passive one. For the learner to have a more 

genuinely active role the interaction should be dynamic, 

where the student can control the evolution of a 

mathematical process. The environment should be truly 

transformational, not in the limited sense of 

transformational geometry, but in the broader mathematical 

sense of having the learner in some way modify (i.e., 

transform) the mathematical environment and observe the 

effect of his interaction. A dynamic interactive process 
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is an interactive programming routine through which the 

student can actively manipulate critical features of a 

mathematical process. 

The current CLE, Transformer, takes the student's 

transformations and applies them to a displayed graphic 

thus creating a dynamic interactive process. 

Transformational Geometry is typical rather than unique as 

a mathematical domain which can be embodied in a CLE. For 

instance, a CLE which modelled the important notion of 

superposition [cf. Polya, 1965] might present a graphical 

display and permit the student to add terms to a Taylor 

expansion of a function and to have each addition update 

the graphic. Or the student might enter musical notes at 

the keyboard with both sound and graphic feedback. The 

sound could be a superposition of notes into a chord, the 

graphic could be the corresponding wave form. 

Fostering Active Thinking. The traditional view of a 

geometric transformation is that of a function T: R2 —> R2 

mapping the Euclidean plane onto itself. In this view, the 

geometric figure being transformed is a subset of the 

plane, an object upon which the transformation operates. 

Another view is possible, however. Transformations can be 

used in the construction of geometric shapes. In this way 

such transformations become an integral part of the 

concept of the figure. 
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At the beginning of the chapter, the construction of a 

square using translations was illustrated. If a sequence 

of transformations is applied to a point and the successive 

images joined to form a polygonal line, then, any polygon 

can be constructed by appropriately choosing the 

transformation sequence. This construction is a dynamic 

event; the polygon emerges from the command sequence as the 

images are drawn on the screen. 

The CLE can focus on a second dynamic aspect of the 

figure as well. Since the starting point is arbitrary, the 

same construction could be repeated on another point, say, 

(20,10). That is, 

20 10 Mark the starting point (20,10) 

Reflect (20,10) in the x-axis to (20,-10) 
! Reflect (20,-10) in the y-axis to (-20,-10) 

Reflect (-20,-10) in the x-axis to (20,-10) 
! Reflect (20,-10) in the y-axis to (20,10). 

This time a rectangle has been constructed. The 

possibility of varying the initial location and then 

repeating the same construction gives the student the 

opportunity to explore and experiment while enriching the 

mathematical meaning of the construction. The student who 

begins with the naive concept that "— J — J is a rule for 

constructing squares" has the opportunity to discover the 

over-generalization when he repeats the construction on a 

point which does not lie on a 45 or on a -45 degree 

diagonal. 
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The possibility of repeating a command sequence while 

varying the starting position is a process which may reveal 

defining properties and provide counter-examples to hasty 

generalizations. Consider, for example, the problem of 

constructing an equilateral triangle. One solution begins 

with an arbitrary point, (30,40) say, and applying three 

120 degree rotations. As each image is joined to its pre¬ 

image an equilateral triangle is formed. Figure 6a through 

Figure 6d illustrate the evolution of the triangle through 

this process. Unlike the mirror construction of the 

rectangle, any initial point (other than the origin) will 

produce an equilateral triangle with this construction. 

Three-fold rotational symmetry is a defining property of an 

equilateral triangle. 

An equilateral triangle constructed in this manner is 

no longer simply a three sided figure with congruent sides. 

The generative aspect of the construction adds a new 

dimension to the idea "equilateral triangle", enfolding 

rotational symmetry into the fabric of the concept. Two 

variables control the final image: the starting point and 

the command sequence. Both of these variables are masked 

in the static view of a figure; in Transformer however, 

each of these aspects are brought to the foreground. 

Ideally, students working with this construction in 

Transformer will gain a broader, more encompassing 

cognitive frame for equilateral triangle. The CLE 
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emphasizes the ideas of symmetry and transformation as part 

of the defining structure of geometric figures. 

Stage 4: Program the CLE 

Vocabulary. In order for the student to interact with 

the computer there must be a process whereby the student 

can ’tell’ the computer what he wishes to do. The student 

may select his instructions from a list of choices, he may 

point to them with a mouse or other input device, or he may 

type them directly at the keyboard. In any case the choice 

of the words or symbols that the student enters, and the 

sequence of such words and symbols, define the command 

language. Factors governing design choices of this 

language are discussed in the following section. In the 

current section the technical vocabulary needed to carry 

out that discussion is presented. The command language of 

a CLE is the collection of permissible input symbols and 

the syntax governing their entry. Continuing the metaphor 

of language, the extended collection of input symbols, 

including letters and punctuation, will be called the 

alphabet, the collection of permitted commands are the 

verbs in the language. Some languages are extensible, that 

is, the student can define new commands which then become 

part of the language (viz. Logo, APL, etc.). The 
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Figure 6 Constructing An Equilateral Triangle 
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collection of student-defined commands together with the 

verbs form the dictionary of the language. 

A delimiter is a symbol the computer recognizes as 

marking the beginning or the ending of a word. English 

delimiters are the space and marks of punctuation; computer 

delimiters also include symbols which are not part of 

typewritten English such as a carriage return. By a 

sentence in the command language, is meant any 

syntactically correct sequence of commands. Unlike 

English, where it is possible to compose sentences which 

are syntactically correct but not semantically correct, in 

the command language all sentences are meaningful in the 

sense that they will correctly instruct the computer to 

carry out some set of actions. 

The choice of verbs determines the mathematical 

structure of the CLE, but the choice of syntax determines 

the ease of access of the student to that structure. For 

example, a checkbook calculator offers a simple interactive 

environment. The command language consists of +, -, x, /, 

= , and the digits; the syntax is the rules governing well- 

formed arithmetic statements. In theory, square roots may 

be approximated in this environment, but implementing, say, 

a divide and average strategy would be daunting in so 

limited a device. Its command language limits the 

mathematical structure implemented. On the other hand, 

someone unfamiliar with Reverse Polish Notation (RPN) might 
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find it impossible to find square roots on a scientific 

calculator using RPN syntax. The syntax mediates the 

user s access to the implemented structure. 

It is not necessarily to have a rich dictionary in 

order to have an effective CLE. On the contrary, to teach 

numerical recipes for computing square roots, the checkbook 

calculator might be a better working environment than a 

scientific calculator. It is the very paucity of the 

calculator’s ’language’ the makes the investigation of a 

divide-and-average algorithm meaningful. If a square root 

key were available, many learners would prefer to use it 

rather than a more complex algorithm. In terms of a design 

strategy then, the goal is to find a dictionary which is 

small enough to be accessible to most students yet powerful 

enough to solve interesting problems. 

The verbs define the range of possible actions a 

student can take when interacting with a CLE. Two opposing 

considerations govern the choice of verbs. On the one 

hand, the set of verbs should be small, to avoid 

overwhelming the student. On the other hand, too small a 

set creates a limited environment where too few choices are 

possible and the range of mathematical investigations is 

soon exhausted. 
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The Transformer Dic_tipnary. The verbs in Transforms 

are reflections in mirrors passing through the origin 

(i.e., lines whose equations have the form y = mx), 

rotations about the origin, dilatations with respect to the 

origin, and translations. Other transformations are 

possible: reflections through non-centered mirrors, 

rotations about arbitrary points, glide reflections (which 

are compositions of reflections and translations), and 

dilatations through arbitrary points, for example. These 

were all omitted in an effort to create an effective yet 

not burdensome set of options. 

To give the student maximum control over the 

environment, the possibility of composing transformations 

was incorporated into the command set. The student signals 

a composition by the command C; composition is terminated 

with a carriage return or with another C. The command 

sequence "C T 20 0 for example, composes a translation 

and a reflection (see Figure 7). In effect, the student 

can make up for the simplicity of the primitive structure 

by creating a glide reflection. 

A fixed limited verb set is useful to only those 

students who have not mastered the cognitive challenges 

that can be posed in that environment. To broaden access 

to the environment, the language was made extensible. 

Composing transformations is one type of extension albeit a 

limited one, because each composition must be constructed 
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from scratch. What distinguishes a student-defined 

composition from a verb is that the meaning of the former 

is semantically held in the command sentence, while in the 

latter it is held in a name. 

Naming is a vital aspect of cognition and a 

cornerstone of effective thinking. Naming creates new 

conceptual categories; it permits information to be 

chunked ; thus, it helps to organize memory, much like a 

library cataloging system. This, in effect, expands the 

holding power of short-term memory beyond the 

neurologically imposed limit of "five plus or minus two" 

[Miller, 1956]. 

The possibility of naming sequences of transformations 

provides an important way of extending the environment. In 

Transformer students can define a glide translation using 

the DEFINE command. The interactive sequence following the 

command DEFINE is shown below with the computer prompt 

underlined to distinguish it from the student’s input. 

ENTER COMMANDS: C T 20 0 - [return] 

ENTER NAME: GLIDE 

The student may now refer to that sequence by typing the 

command GLIDE. The command REPEAT 4 [GLIDE] (cf. Logo), 

for example, will produce four glide reflections on the 

current figure (see Figure 8). Without the ability to name 

a sequence the student would have to enter this lengthy 

sentence to accomplish the same transformation: C T 20 0 - 
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C C T 20 0 C C T 20 0 - C C T 20 0 - 

sequence is tedious, to say the least, 

only way to produce a series of glides 

probably never discover their beauty. 

[return]. This last 

If this were the 

most students would 

Stage 5: Test the CLE 

Preliminary Testing. The initial version of 

Transformer was presented both informally to students at 

Williston Northampton School and formally in workshops at 

the NCTM, the NHCTM, the Springfield Department of 

Education, and to several classes at the University of 

Massachusetts from 1983-1985. 

In March, 1984, a class of 20 ten- to twelve-year-olds 

at the Common School, an elementary school in Amherst, 

Massachusetts, worked with the software under the guidance 

of their teacher and the author. Work with these students 

suggested that the software could be a powerful 

problem-solving aid. Consider the following dialog with a 

sixth-grade girl (I: indicates the interviewer, S: the 

student). The student is attempting to use Transformer to 

create Figure 9. 

S: I know I need to rotate [it] but I don’t know how 

much. 

I: What does it look like? 

S: 160 degrees? 
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I: Try it. 

S: [Types O 160.] I can’t tell if l’m right. 

I: If you are correct, how much further 
would you have to turn it to get back 
to the start? 

S: Another 160 degrees. [Types O 160.] 

I: No, that wasn't right. 

S: [Types F then O 180 and then O 180 again.] 
Yes, that’s right. 

Two features of the protocol are particularly 

striking. First, while the student does not know the 

solution to the problem, the visual display of her attempt 

leads her to tap into her knowledge of symmetry. (If 160 

degrees is the correct turn then repeating the turn should 

return her to the original location.) Secondly, the 

display of the second turn clearly demonstrated her error 

in a non-judgmental manner. She could see the error and go 

on to try again with a turn of 180 degrees. Not only did 

she produce the desired graphic but she also developed a 

method of proof -- a technique which demonstrated to her 

own satisfaction that she had accomplished the task. Her 

second 180 degree turn superimposed the image and the 

original figure. 

The success of this experience with these students was 

encouraging. The software was revised somewhat to reflect 

other unanticipated student needs. During this period 
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Figure 7 GLIDE 
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Figure 9 A Seventh Grader’s Problem 
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several programming errors were corrected, help screens 

were added, and the command language modified. 

Transformer was then tested at the Williston 

Northampton School Middle School, an independent school in 

Easthampton, Massachusetts. Two seventh and two eighth 

grade classes met every day for two weeks and used the 

software to support a unit on Transformational Geometry. 

The students found the computer activities enjoyable and 

challenging• Furthermore, impromptu classroom interviews 

with students suggested that questions posed in the 

environment could encourage students to produce informal 

geometric proofs; these were visual arguments rather than 

deductive ones. For example, one 7th grade student had 

constructed a figure and claimed that it was a square. The 

conversation was not recorded, but the following dialog 

captures the spirit of the interaction. Again, I: stands 

for the interviewer and S: for the student. 

I: How do you know that your figure is a 

square? 

S: Because I made all the sides the same. 

I: Could you convince someone that these 
two sides are really the same size? 
[Points to the vertical sides of the 

quadrilateral.] 

S: Sure. If I do a vertical reflection 
this side will come down here on top of 

that one. [Types !] See? 
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This conversation captures a bit of this student’s 

thought process. Rather than offering a deductive argument 

based upon his construction, he produces a demonstration. 

The vertical reflection does with the figure what the 

student himself might have done with an actual square drawn 

on paper: it ’folds’ the figure in half so that the 

opposite sides coincide. The student’s vertical reflection 

takes place in an intangible medium; his demonstration is 

not yet a formal proof, but neither is it the concrete 

action of a younger child, putting two rods together to see 

if they are the same length [Copeland, 1970]. The student 

has invented a production to convince an audience of his 

claim. Such a production has many of the qualities of a 

mathematical argument. 

The spontaneous emergence of such visual proofs 

suggested that Transformer could serve as a learning 

environment in which students could become familiar with 

the content of Transformational Geometry and also devise 

their own mathematical productions. If so then the CLE may 

be able to help students reach Seymour Papert’s goal of 

teaching them to be mathematicians as opposed to merely 

teaching them mathematics [Papert, 1971]. 
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CHAPTER 3 

EXAMINING STUDENT THINKING 

Methodology 

One significant impact of cognitive science on 

theories of mathematics education has been to bring into 

acceptance methodologies more common to psychology. 

Researchers who seek evidence of cognitive behavior must 

look beyond typical performance measures. John Easley 

stresses that the scientific paradigm for testing and 

measuring does not offer sufficient accuracy to determine 

cognitive structures; for that purpose he urges the use of 

clinical interviews combined with protocol analysis. The 

traditional quest for reliability in the testing paradigm, 

he claims, ”... is doomed to generate many errors in the 

identification of cognitive structures" [1979, p.289]. 

Piaget used the clinical interview to gain insight 

into the thinking of young children; Opper [1977] and 

Ginsburg [1981] advocate its use as a tool for mathematical 
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research. This has evolved into ’loud thinking’ 

interviews, originally with physics students [Reif, 1977; 

Larkin & Reif, undated; Lochhead, 1979; Clement, 1979] and 

more recently with engineering and mathematics students 

[Davis, 1979; Davis & McKnight, undated; Schoenfeld 1983a, 

1983b]. 

The current study used similar methods. Actual 

conversations with students using Transformer were recorded 

m order better to understand the types of thinking they 

used when engaging the CLE. The hope was to ’’catch them in 

the act rather than to measure static performance 

afterward on a written instrument. The actual structuring 

of the interviews in this study falls somewhere between 

what Cliff Konold calls an "indepth interview" and a 

tutorial interview" [1981], In Konold’s classification 

scheme, the indepth interview permits the researcher to 

probe for reflection but does not, purposefully, give 

evaluative responses. On the other hand, in the tutorial 

interview the researcher is interested in eliciting a 

correct solution. While direct help is rarely provided, 

the researcher may be more directive and uses probes that 

guide subjects toward solution strategies they might 

otherwise not have considered. 

In the current study, the CLE was both mathematically 

and contextually unfamiliar to the subjects. In order to 

examine problem-solving behaviors in the CLE, it is 
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desirable to provide explanatory help on the operation of 

the software but not on solution methods. To that extent 

the researcher functioned both as mathematical interviewer 

and as software consultant. 

Each student was provided with a copy of Transformer 

commands (see Appendix 1); a wall chart depicting the 

visual effects of each type of transformation on the 

starting figure was also visible. Each interview began 

with a brief review of the available commands, and 

questions regarding keyboard use and screen layout were 

answered. 

A number of students spontaneously posed mathematical 

questions in the CLE. For example, S8 (i.e., student #8) 

asked about the angle, or orientation, of the flag (Figure 

lb). Where time permitted, such spontaneous questions were 

explored with the students, as it is this researcher’s 

belief that the evolution of good questions is central to 

the development of mathematical understanding. Stephen 

Brown goes further; he claims that "... most knowledge 

progresses, not by solving problems, but rather by 

formulating appropriate questions" [1976]. In order to 

understand the cognitive demands of the CLE, these 

spontaneous questions become a window through which to 

examine students in the process of creating mathematics, 

for their questions display the features of the 
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mathematical landscape that they believe are worthy of 

further exploration. 

The interviews were analyzed using a multi-step 

filtering scheme. First the videotapes were transcribed 

and the written protocols divided into segments relating to 

each question; these segments were further subdivided to 

isolate features of interest. In order to focus the 

discussion, the protocols of two questions were extracted 

for more detailed analysis. Questions 5 and 6 were chosen 

because they are simple to state (see Appendix 2) and yet 

provoked the most diverse responses from subjects. In the 

next stage, a brief abstract of each protocol was written; 

segmented protocols were collapsed further into problem¬ 

solving scripts using categories modified from Schoenfeld 

[1985], These are described below. Finally, condensed 

protocols were collapsed further into action profiles of 

the solution attempts, i.e., outlines of problem-solving 

actions taken by students. Appendix 3 illustrates this 

process by taking one student’s work on one question and 

showing each stage of the analysis. 

Subjects 

The twelve subjects who participated during July, 

1987, in this study, were volunteers from among the 

students in the SummerMath program at Mount Holyoke 
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College. SummerMath is a six-week intensive mathematical 

experience for high school-aged women. The program was 

established in response to research documenting emerging 

problems of math anxiety and math avoidance in young women 

[see, for example, Confrey, 1984; Fennema, 1980; Fox, 1977, 

1981 ] . 

These students took three 90-minute classes each day: 

Fundamental Mathematics Concepts (FMC); Introduction to 

Logo; and an elective usually emphasizing problem-solving 

in an applied setting. There are three levels of FMC; 

level 1 covers topics in grades 7—10, level 2 covers work 

in grades 9-11, and level 3 covers material from grades 10- 

12. Placement in FMC section is based upon performance on 

a placement exam, not on age, grade level, or mathematical 

experience. 

While some SummerMath students seek help with problems 

of math-anxiety, many feel comfortable with mathematics and 

seek instead an enrichment experience. In general, 

students come to the program with hope of feeling better 

about mathematics and about themselves as "consumers" of 

mathematics. Table 3 summarizes information on the 

subjects of this study, including their FMC level, the last 

grade completed as of June 1987, and their self-ratings of 

comfort with computers. 

The SummerMath curriculum did not include a unit on 

Transformational Geometry and, in addition, none of the 
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students indicated any prior experiences with 

Transformational Geometry. Consequently, there was a 

distinction between their classwork (either during the 

school year or at SummerMath) and their work with 

Transformer. 

Procedures 

In this, the third stage of the study, twelve 

Partipants were divided into two groups approximately 

balanced with respect to the indicators in Table 3. The 

first group of six students participated in a three-session 

unit using Transformer. 

- In the first session, the participants met as a 

group to learn to use the software. 

- In the next two sessions, each student worked 

through a set of geometry problems 

individually. These sessions were 

videotaped. 

Following these sessions, videotapes were analyzed to 

identify student strengths, errors, and misconceptions. 

Teaching strategies were modified in an attempt to overcome 

the observed student errors, and certain software revisions 

were made. 

A second cycle of case studies was conducted with the 

other six students. The same three-session format and 

similar content were used: 
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In the first session, the six women met together to 
learn to use the software. K ner to 

The next two sessions, were videotaped to 

record each student’s work on the problems. 

The general objective was the same: to observe how each 

student used the software to solve geometric problems. 

In the final stage of the study, a more detailed 

analysis of all protocols was completed, and the two sets 

of protocols compared. The analysis focussed on developing 

an over-view of the cognitive events in each problem¬ 

solving session in order to clarify the kinds of thinking 

evoked by the software. These profiles were examined for 

similarities of student performance within each cycle and 

differences of performance between cycles. Since the 

software was substantially unchanged throughout the twelve 

case studies, observed differences were attributed to 

differences in presentation or to differences in individual 

students, unless the protocols yielded compelling evidence 

to the contrary. Similarities between the two sets were 

attributed to software features. These similarities, 

especially misconceptions common to both cycles, suggested 

revisions in the CLE. The software design model, in turn, 

was re-examined in light of the suggested revisions. 

The study produced information on student cognitive 

functioning in the Transformer environment. This 

information was used in three ways: to refine teaching 

materials and pedagogy, to refine the CLE, and to refine 
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the software design model. In addition, the study itself 

can serve as a model for producing detailed qualitative 

observations of student work which can be used to develop 

teaching materials and computer learning environments. The 

various stages of the study are outlined in Table 4. The 

first two stages of the study were described in Chapter 1 

and Chapter 2; the final two stages of the study are 

discussed below. 

Third Stage 

As mentioned above, there were four components to the 

third stage of the study: interviews, preliminary 

analysis, refining teaching strategies, and refining 

software between cycles. Each of these components is 

discussed below. 

Interviews 

Interviews were conducted in an identical fashion for 

both cycles. Each student met with the interviewer three 

times, once in an hour-long group meeting with other 

students in the cycle and twice with the interviewer alone 

for approximately forty-five minutes. The three meetings 

took place over a 10-day period. 

In the first meeting, six students in each cycle met 

in a classroom, and Transformer was introduced. The hour 
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Table 3 

Participants in the Study 

CYCLE 1 

Student Age Grade 

Completed 
FMC 

Level 
Computer 

Comfort 

1 13 8 1 1 
2 15 10 1 3.5 
3 17 11 2 1 
4 17 11 3 3 
5 17 11 3 3.5 
6 16 11 1 4 

CYCLE 2 

Student Age Grade FMC 

Completed Level 
Computer 

Comfort 

7 17 11 2 3 
8 17 11 1 2 
9 17 11 3 2 

10 16 11 3 1 
11 17 11 3 1 

12 16 10 2 4 
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Table 4 
Stages of the Study 

Stage I 

Develop a cognitive model of mathematical 
understanding. 

Develop a cognitive model for designing CLE. 

Survey relevant commercial software in order to 
refine the program design process. 

Stage II 

- Develop CLE (Transformer). 

Develop teaching materials, strategies, etc. 

Pilot test the CLE. 

Stage III: Cycle 1 

~ Conduct first six tutorial interviews. 

Preliminary analysis. 

Refine tutorial strategies, if necessary. 

Refine CLE, if necessary. 

Stage III: Cycle 2 

Conduct last six tutorial interviews. 

Stage IV 

- Analyze videotapes (catalog misconceptions, etc 

Compare Cycle 1 and Cycle 2. 

Revise the program design process. 

Suggest revisions of CLE. 
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began with a brief discussion of types 

and how they were performed in the CLE. 

of geometric motions 

Participants were 

given a summary of Transformer commands and a problem sheet 

(see Appendix 1). For the remainder of the hour they 

constructed problem figures and asked questions if they 

were confused. 

The two subsequent 45-minute videotaped sessions took 

place in an office, a smaller and more informal setting 

than the classroom. Students were seated at an Apple 2e; a 

wall chart displaying illustrations of each Transformer 

command was visible. They were reminded of the purpose of 

the research and asked to think aloud as they worked 

through problems. Each subject was familiar with such 

loud thinking from their daily work in their mathematics 

class. Appendix 2 lists the problems used in each session. 

Sessions were conducted as a dialog with the interviewer. 

The interviewer had five tasks in conducting of the 

sessions: 

1. To encourage the student to verbalize her 

thinking 

2. To present the problems in each session 

3. To answer questions clarifying the CLE 

4. To answer questions clarifying mathematics 

5. To judge the timing of each question and, when 
appropriate, to end a problem episode in order to 
introduce the next problem in the session. 

94 



The following protocol excerpts illustrate the kinds 

of interventions made by the interviewer in response to 

each task. In each case the "I:" stands for the 

interviewer and "Sn:" for student number n. Protocols are 

labelled as a number triple C.S.P, where C is the number of 

the cycle (1 or 2), S is the number of the student (1 

through 12), and P is the number of the problem (1 through 

8). 

i: To encourage the student to verbalize her 
thinking (from Protocol 2.8.6): 

S8: [Types NEW 60 45] 

I. Any particular reason you picked those numbers? 

S8: No. Just any point. 

I: Remember the idea is [to tell] what’s going on in 
your head. 

S8: I’m trying to think about how to get the angles 
correct. So I’m wondering if rotate right will 
help . . . so RR 120. [Types RR 120]. 

Task_2: To present the problems in each session (from 
Protocol 2.11.5): 

I: So now . . . I’m going to ask you to create 
a square but you can’t use translations. 
You can start anywhere you want, but you 
have to use reflections, rotations, or 
stretches or shrinks. 

Task 3: To answer questions clarifying the CLE (from 
Protocol 1.3.5): 

I: What’s your idea? 

S3: I’ll reflect it in a horizontal mirror. [She 
does so]. And now in a vertical mirror. 

I: Where do you think the image will be? 
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S3 : [Pointing to (0,-20)] Oh! 
(40,-20) . ] 

[The image is at 

Task 4: To answer questions 
Protocol 2.8.5): 

clarifying mathematics ( from 

S8: [Types * 0 20] 

I. You re thinking translation when you type 
stretch 0 20. What a stretch does is . . .. 

S8: [Interrupts] You multiply it, right? 

I: You have to multiply it, right. It’s going 
to take the numbers on the 30 30 and .... 

S8: [Interrupts] 20 is a third of 30 right? 

I: 20 is two-thirds of 30. 

5: To judge the timing given to each question and to 
terminate work on a problem before completion, if 
appropriate (from Protocol 1.2.7): 

11 Oh dear, I want to spend another hour on 
this problem! This is really interesting. 
But for the sake of time .... 

S2: I can see if it comes out to 60, okay 

[places hands in a ’V’ shape] and it’s going 
like this, and then there is supposed to be 
a line connecting it like there [traces, 
with finger a line joining the two rays], 
these would be more than 60 [points, I 
think, to the exterior angles formed by this 
transverse line.] I can’t explain how to do 
that. 

I: Let me stop you instead. 

Preliminary Analysis 

During the week between cycles, the videotapes were 

reviewed. Preliminary impressions from these viewings as 

well as notes taken during interviews suggested certain 
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modifications to the CLE and 

analysis of these interviews 

protocols had been completed 

to its presentation. Detailed 

was postponed until after all 

Refining Tutorial Strategies 

When appropriate, the interviewer took on the role of 

tutor. Each interview began with a brief review of 

transformational commands; in addition, the interviewer 

responded to student questions about operation of the 

software. 

During the first cycle, certain analogies for 

transformations were used in these instances. Translations 

were spoken of as slides or pushes, "... imagine sliding 

the figure over, slide it 30 to the right and then push it 

10 units up." Reflections were "like images in a mirror"; 

rotations were "like turning it around the mark in the 

center"; and finally, dilatations were always called 

"stretches and shrinks". The inaccurate description, "* 2 

would stretch the figure out twice as big" was used for its 

evocative nature rather than the more precise, "* 2 would 

multiply coordinates of each vertex of the figure by 2". 

However, the latter was used if a subsequent explanation 

about scaling was needed. 

When the starting figure was changed to a flag-shape 

in cycle 2, the rotation analogy was also revised. During 

the second cycle, rotation was likened to a pinwheel; 
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students were asked to imagine pinning the flag to the 

origin and spinning it around the pivot. Many subjects 

exhibited confusions regarding reflections and so the 

metaphor of folding was added as a second way of thinking 

about reflections. That is, the reflection of a figure in 

a mirror was said to be similar to the image that would be 

formed if the figure were drawn in ’wet paint’ and if the 

screen was ’folded across the mirror" like a sheet of 

paper. 

Refining the CLE Between Cycles 

Based upon the work of the first group of six 

students, three changes were made in the CLE. 

1. The command for rotation was changed from 
’0’ (TURN) to the pair of commands ’RR' and 
’RL’ (ROTATE RIGHT and ROTATE LEFT). 

2. SHOW angle was added to display a mirror 

oriented at angle degrees to the horizontal, 
without reflecting the active figure. 

3. The initial figure displayed was changed 
from a convex quadrilateral to a flag (see 
Figure 3a and Figure 3b in Chapter 2). 

The use of ’0’ for rotation was intended to be iconic. 

The circle-shape of the letter was intended to suggest 

turning to students. In fact, the letter-value of the 

symbol was apparently more compelling, since the most 

common typographical error was to type ’R’ for rotation. 

Replacing *0’ by the twin commands ’RR’ and ’RL’ , it was 
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hoped, would make it easier for students to recall the 

rotation command. 

At least one student commented on her difficulty in 

visualizing mirrors before the reflection was performed; 

once the mirror was visible the reflection was executed and 

it was too late to change her mind. She wished that the 

software provided some help; 

S5: My whole problem is that I absolutely cannot 
see where the mirrors are going to go. 

I: Yeah. There’s no question that’s a problem. 

S5: That would be really useful [to see an image 
of the mirror before committing to the 
reflection]. 

The SHOW command was incorporated into Cycle 2 software to 

allow students to display a mirror without performing the 

accompanying reflection. 

The final mid-cycle modification was a change in 

initial figure. This decision was based on the difficulty 

Cycle 1 students had in identifying the angle of rotation 

when this original figure was turned; Figure 10a 

illustrates their problem (the image is here shown shaded 

for clarity). Since the initial figure has an angle at the 

center, there was confusion as to which of the many acute 

central angles (following the rotation) was the rotation 

angle. Replacing this ambiguous figure with a figure with 

only one edge at the center seemed to help; students were 

99 



able to use "the flag" 
image to help orient their analysis 

of rotations (see Figure 10b). 

Fourth Stage 

In the fourth stage, protocol transcripts were 

analyzed. The analysis suggested modifications of both the 

software design model and Transformer. These are discussed 

below. 

Analysis 

The analysis began by creating a written transcript 

of each videotape, including relevant gestures by the 

student. The transcripts were read a number of times; each 

time some information was condensed and abstracted in an 

attempt to identify underlying cognitive events. 

In the first reading, each protocol was segmented into 

work on each of the problems. In the second reading the 

protocols were condensed into shorter segments, and each 

segment was labelled with a key word capturing the major 

activity of the segment. To illustrate this abridgement, 

consider the following protocol fragment taken from 2.10.5: 

S10: Can this show a mirror? 

I: Yes, type SHOW M angle. 

S10: [Types SHOW \] I want to reflect this up 
here and here. [Points.] You know, like 

four together, as in a square? 
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(a) 
Starting Figure (Cycle 1) Rotated 60 degrees 

Figure 10 The Starting Figure Rotated 60 Degrees 
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This segment was broken into three thematic elements: 

CLARIFICATION: Can this show a mirror? 

EXECUTION: [Types SHOW \] 

PLANNING: Wants to construct copies of triangle 

on each segment. 

(See Table 5 for a complete listing of categories used at 

this stage). At this point, identified misconceptions were 

compiled for later analysis. Goals and plans were 

extracted wherever possible. Often these goals were 

explicit, as in the following excerpt from protocol 1.3.7. 

S3 is describing how she will construct an equilateral 

triangle: 

S3: Well, I want to get this down here [points 

to (0,20) and then to (20,0)] and also to 

here [points to (-20,0)]. So I need a 

diagonal mirror [types /] and now a vertical 

mirror will get it here [types j] and I need 

the other diagonal. [Types \ then names the 

figure.] 

In other cases, however, the unstated goal or implied 

plan could be hypothesized. Consider the following portion 

of protocol 2.7.7; again the student is attempting to 

construct an equilateral triangle: 

S7: [Types NEW 20 20]. 

I: Do you have a plan? 

S7: No. Just I picked a point. 

I: Do you have a triangle in your head that you 

are trying for or was this a shot in the 

dark? 

S7: [Pause] To the right 20 . . .. [Types 

T 20 0] 
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I: Which way are you seeing that? Are you 

planning on having the triangle on top of 
that or hanging down from it? 

S?: Below it . . . up 20 . . . . 

I. When you say "up 20" are you thinking of 

translating to get there? 

S7: [Types T -10 20] 

I: Why did you type that? 

S?: I wanted to get right in the middle 

I: So that was the reason for the negative 10. 
And the 20? 

S7: I wanted it to go up an equal distance. 

[Types T -10 -20 and return.] 

Although this student denied having a plan, her 

actions make it clear that she is visualizing a triangle 

whose base is horizontal and joins (20,20) to (40,20), and 

whose vertex lies above the midpoint (30,20). In this 

instance, her actions would be called purposeful and 

categorized as problem analysis rather than exploration. 

In the third reading various misconceptions were 

extracted and a preliminary analysis of protocols produced. 

Some misconceptions were blatant confusions of mathematical 

facts, as when one student stated the Pythagorean Theorem 

as "The square of the hypotenuse equals the square of the 

side". But most misconceptions were more subtle and had to 

be teased out of the surrounding context. The following 

excerpt of protocol 2.10.5 is typical: 
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S10: [Types NEW -20 40 -]. 

I: So you started with -20 40 and reflected in 

a horizontal mirror. And now what would you 

like to do for your next transformation? 

S10: I don’t know. I could get a parallel line. 

I: How could you do that? 

SI©: With a vertical line [motions with hands 
indicating a vertical mirror] 

In this case, the student has constructed a vertical line 

which she hopes will be one side of a square. Recall that 

in Create Mode each transformation applies only to the 

active point. SlO’s proposed vertical reflection will, 

therefore, construct a horizontal segment joining (-40,-20) 

to its image (40,-20). Her remark, "I could get a parallel 

line", however, indicates that she believes the whole 

constructed segment will be reflected rather than just the 

image point. This represents a misconstruction of an 

operation in the CLE (see Figure 11a and Figure lib). In 

chapter 4 a compilation of such observed misconceptions is 

presented. 

In the fourth reading, the preliminary labels were 

collapsed into six categories; these represented cognitive 

events, what Schoenfeld calls episodes [1983]. Schoenfeld 

segmented his protocols into six types of cognitive 

episodes: Reading, Analysis, Exploration, Planning, 

Implementation, and Verification. In this study problems 

were presented orally, and so the Reading Episode was 
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replaced by a Clarification Episode. The latter is more 

general; students not only asked questions to clarify the 

problem but also asked questions to clarify the structure 

of the CLE. Table 6 illustrates typical instances of both 

verbal and non-verbal behaviors associated with each 

identified cognitive episode. 

c-*-ari fi cat ion is meant all questions asking for 

more information about the CLE, about the statement of the 

current problem, about transformations, and about 

mathematics. Planning refers to organizing for problem¬ 

solving. Included in this category are both explicit and 

implicit goals, sub-goals, plans, and methods. When the 

students activities were plan—derived, the activity was 

classified as implementation. When no plan could be 

discerned, their actions were classified as explorations. 

Finally, explanations, discussion of how they might think 

about solving the problem, and discussion of why a given 

attempt failed were all classified as analysis. 

With this segmentation in mind, a list of typical 

verbalizations and typical non-verbal actions which might 

indicate various cognitive behaviors was generated. For 

example, when a student leans forward and makes deliberate 

turning motions with her hands, it may reasonably be 

inferred that she is thinking about rotations. An example 

of naming protocol segments will clarify the process. 

Consider the following excerpt from the second stage 
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analysis of Protocol 1.5.6. S5 is trying to construct 

equilateral triangle. 

an 

S5: The mirror I want probably should also bisect 

M T\KTh;t W°Uld make S6nSe to me‘ (Types 
60], I think it would be easier if I started 

somewhere on the y-axis. [Types 0 30], It 
doesn t matter where it goes for the first 
line . . . it’s just the first line. 

This is the segmentation of this fragment: 

S5’s dialog 

The mirror I want probably 
also bisects this angle. 
That would make sense to me. 

Segmentation 

ANALYSIS The mirror should 
bisect angle. 

[Types M -60 ] . 

I think it would be easier 
if I started somewhere on 
the y-axis. (0,30). 

It doesn’t matter where it 
goes for the first line . . . 
it’s just the first line. 

IMPLEMENTATION [Types M -60] 

EVALUATION Start again. 
PLANNING Start on y-axis. 
IMPLEMENTATION [Types 0 30] 

ANALYSIS The first segment 
is arbitrary. 

The next section presents a full discussion of 

categories used. In this manner a ’cognitive outline* was 

developed of each protocol as a sequence of problem-solving 

activities. These sketches were then compared and 

contrasted. 

Finally, this information was condensed still further 

in order to produce a problem-solving "profile". Appendix 

3 presents an illustration of this multi-stage process on 

one protocol. 

The process is similar to cognitive microanalysis 

[Clement, 1979], but where Clement is concerned with the 
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moment-by-moment change in cognitive stance, here only the 

major problem-solving incidents are exposed. For example, 

m thls ePls°de the student is guessing, here she is 

evaluating results, there she is frustrated, etc; such 

segmentation might be called a "cognitive macroanalysis". 

By breaking the protocols into discrete segments the 

analysis was able to address objectives 2 and 4 (Chapter 

1) : What problem-solving behaviors were initiated by the 

student and what misconceptions were exhibited by the 

student? 

Comparing Cycle 1 and Cycle 2 

By comparing different protocols the relationship 

between observed indicators of cognitive behaviors and 

software features was clarified. For example, when S10 

(see above) was surprised at the location of the image 

point after a vertical reflection, it is hypothesized that 

she was hoping to construct the square in Figure 11a and so 

imagined the mirror would appear at x=-20 (see Figure lib). 

This is a misunderstanding of the CLE. Examining other 

protocols for the same misconception suggests whether the 

error is personal and idiosyncratic or generic. In fact, 

comparison of the protocols suggested that this was a 

common error. Thus, a comparative analysis of the 

protocols clarified objectives 3 and 5: Which software 
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features promote effective problem-solving and which 

promote misconception(s)? 

Taken together, these results provided information 

needed to revise the CLE and in so doing to extend the 

design model upon which it is based. That is, the results 

suggested design modifications and, therefore, responded to 

the first objective: the development of a cognitive model 

of software design. 

Revising the Design Model and the CLE 

Analysis of the protocols suggested strengths and 

weaknesses in the CLE. Weaknesses, once identified, could 

be used as a lens through which to observe defects in the 

software design model. It was necessary to determine if 

the observed defects of Transformer were derived from ill- 

conceived execution of the design model or whether from 

defects in the model itself. That is, did the model 

suggest software features which were incorporated in 

Transformer and yet do not belong in an effective 

mathematical learning environment? Observed execution 

defects did suggest a number of improvements in the CLE. 

Design defects would have required revisions in the 

software design model, but none were identified. 
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Misconception: A mirror at x=-20 

Figure 11: A Student’s Misconception About Reflections 
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Table 5 

Planning 
Evaluation 

Plan 

Another Plan 
Revised Plan 
Visual Plan 
Goal 

New Goal 
Subgoal 

Image (A Visual Goal) 

Extension (Extending The 
Clarification 

Decision 
Evaluation 
Judgement 
Prediction 

Problem) 

Analysis 

Analysis 
Flawed Analysis 
Debugging 
Computation 
Misconception 
Proof 

Solution 

Appeal To Definition 
Appeal To (Flawed) 

Implementation 

Carrying Out the Plan 
Visual Method 
Flawed Method 
Aid (G, SHOW, etc.) 

Definition 

Exploration Affect 

Another Attempt 
Various Attempts 
Experiment 
Floundering 
Grasping 

Computation 

Anger 
Frustration 
Attitude 
Confusion 
Conflict 
Resolution 
Stuck 
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Table 6 

Sample Indicators of Cognitive Episodes 

INDICATORS OF ANALYSIS 

Verbal 

If I turn 120 degrees this side will come here." 

Ihese angles are equal because they overlap." 

Non-verbal 

Leans towards screen and touches diagram. 

Moves hands across screen tracing lines or arcs. 

Holding cutout to screen and moving it. 

INDICATORS OF EXPLORATION 

Verbal 

ft ^ H Just try this out to see what it does." 

Oh, this is just like the flags problem." 

Non-verbal 

Enters command, considers result, erases, enters a 
similar command, etc. 

Entered commands are not clearly related to stated 
plans. 

INDICATORS OF EVALUATION 

Verbal 

"I don’t like that." 

"It should have come down here." 

"I’m right!" 

Non-verbal 

Smiles when figure appears. 

Leans back from screen and nods. 

Shakes head and looks worried. 

Tenses, looks angry, and quickly erases screen. 

Continued Next Page 
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Table 6 (Continued) 

INDICATORS OF PLANNING 

Verbal 

„I wan^ to get a triangle going up." 
I need a mirror over here." 

I want to get another square here and here." 

I need to show that all the sides are equal." 

Non-verbal 

Pauses and then quickly enters commands. 

Hand motions are in accord with following commands 

INDICATORS OF CLARIFICATION 

Verbal 

"What does do?" 

"Can I use reflections?" 

"Mirrors go through the origin, right?" 

"An equilateral triangle has 60 degrees?" 

Non-verbal 

Looks questioningly at interviewer, or at the 
screen. 

Looks puzzled, scratches head. 

INDICATORS OF IMPLEMENTATION 

Entering commands at the keyboard. 
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Limitations 

The methodology employed in this investigation 

precludes statistically proven conclusions. This study had 

a number of wide-ranging objectives; its conclusions must 

be weighed in light of limitations of the research design. 

First, a software design model was developed whose 

effectiveness was tested by examining student work using 

software developed following those design principles. In 

effect, the model was tested with only one instance. No 

matter how well or how poorly the students fared with the 

CLE, idiosyncracies of the software testing method and of 

the student population prevent definitive conclusions with 

regard to the usefulness of the model. Furthermore, only 

six of the ten defining aspects of a CLE (see Chapter 1) 

were used in the current study; this study, therefore, 

gives no information on the importance of the four untested 

features. The results of the study are, at best, 

suggestive; the model certainly requires further testing. 

In addition to testing the software, the utility of 

the cyclical testing method employed was examined. These 

results seem stronger. Responding to direct statements 

from students and from the observed confusions those 

students manifested in the environment appear to have 

resulted in an improved learning context. Nevertheless, 

the testing method was used with only one piece of 
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software, and so the results must be held lightly. Further 

study of the testing methods may validate or contradict 

these conclusions. 

Third, the tested population was small. Protocols 

were taken from only twelve students working through nine 

problems. This sampling is too modest to accept the 

conclusions without more extensive testing. 

Fourth, the use of protocol analysis itself, while 

necessary in order to gain insight into the students’ 

cognitive functioning, precludes unambiguous conclusions. 

This methodology trades statistical rigor for cognitive 

insight. While there is ample evidence that certain types 

of misconceptions could be mitigated by the CLE, that 

evidence is of a suggestive rather than a conclusive 

nature. 

Finally, the biases of the researcher must be taken 

into account, especially when the research methodology is 

observational rather than statistical. In the design of 

Transformer the researcher was also the designer; despite 

all efforts at personal objectivity, there may have been an 

unconscious desire to interpret the data as evidence that 

the software was worthwhile. The conclusions of this study 

must be weighed in light of this factor as well. 
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CHAPTER 4 

RESULTS AND ANALYSIS 

Introduction 

"Everyone makes mistakes", is a cliche with a point. 

Mistakes due to carelessness, inattention, memory lapses, 

and so forth are common and forgivable. Substantive 

errors, due to a misconceived mathematical process, 

however, should be subject to remediation and correction. 

Examining the types of misconceptions that arose 

during the interviews provided a window through which to 

glimpse the thought processes that led these students to 

produce their particular collection of errors. Patterns of 

misconceptions within an interview helped provide 

information on the structure of the frame-systems through 

which students approached a novel mathematical situation. 

Patterns of error across protocols, on the other hand, shed 

light on how good (or poor) the CLE was for those students. 

In particular, observed error patterns suggested 
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modifications to Transformer which would make it more 

appropriate to students. 

Student Misapprehensions 

Transcripts were examined and various types of 

substantive errors noted: errors of procedure, errors of 

knowledge, and errors of context. Procedural errors are 

errors of process: either the students initiated a 

strategy that could not produce the desired goal or 

executed a command sequence in conflict with their stated 

strategy. Errors of knowledge, including misrepresented 

facts and theorems of algebra or geometry, are typical 

classroom errors. Errors of context are confusions about 

the CLE, about data dentry, screen display, or command 

language. 

Identified errors were either explicit or implicit. 

For example, a student typing RR 60 and saying, "Oh, no! 

I’m thinking Logo" is explicitly confusing transformational 

rotations with turtle turning. On the other hand, a 

student entering the sentence RR 90 RR 90 RR 90 RR 90 may 

be giving a correct construction or may again be confusing 

Transformer rotations about the center with Logo’s relative 

turtle turning. If so, the error is implicit; the 

surrounding dialog must be examined to make a reasoned 

judgement. 
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To determine types of errors, the transcripts were 

read and errors identified. The transcripts were read 

again and, if necessary, clarified by referring to the 

videotapes to determine if the error was identified 

correctly. If so, the error incident was categorized and 

added to the growing compilation of student errors. 

Table 7 lists errors observed in protocols; errors 

have been grouped into five categories; Wishful Thinking, 

Confusions with Logo, Software, Transformation, and 

Geometry Errors. Numbers in parentheses indicate the 

number of students who exhibited the error; the error may 

have been invoked more than once by an individual. Errors 

referred to with an abbreviation and a number, 

e.g., SOFT/3 for software error #3, or GEO/5 for geometry 

error #5. 

Errors of ’wishful thinking’ are those which attribute 

mind-reading powers to the computer. Some students wanted 

non-centered mirrors and rotations; their behaviors tacitly 

assumed that mirrors occur wherever they wished. For 

example, S4 correctly used the command *-’ and ’!’, in 

problem 1.5, for horizontal and vertical mirrors (through 

the origin) to construct a square. In problem 1.6, 

however, she expected the same commands to produce a 

horizontal mirror through (0,40) and a vertical mirror 

through (25,25). Confusion with Logo was indicated 

whenever students made reference to a turtle or were 
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concerned about ’which way they were facing’. For example, 

in question 2.8, Sll asked, "Is it like the turtle; it 

faces up this way?” 

Software errors were those which could be attributed 

to a misunderstanding of how the software functions. S2, 

for example, entered TOO, in questions 1.5, saying, "I 

have to make sure that it [the active figure] won’t move". 

In spite of previously transforming many figures, this 

student forgot that the original image is always preserved. 

Transformation errors refer to geometric confusions 

which seem to arise because of misunderstandings of the 

transformational process. For example, in question 1.3, S3 

identifies the angle between the original figure and its 

image as the angle of rotation. (See Figure 10a.) 

Geometric errors are errors which could arise in a 

traditional geometry class. They often occurred as 

misstatements of theorems or definitions. SI, in question 

1.6, for example, defines an equilateral triangle as a 

triangle "... with equal sides and base angles equal", 

and S9, in question 2.5, accepts the possibility of a right 

triangle being equilateral. 

It must be kept in mind that these categories are 

largely for convenience of discussion. They are "fuzzy" 

categories, and some errors may be classified in more than 

one way. (All transformational errors are, by definition, 

errors of geometry. Likewise GEO/1, 'The sum of the 
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Table 7 

Inventory of Misconceptions 

Wishful Thinking 

(5) 1* Mirrors can appear anywhere. 

Confusions with Logo 

(8) 1. Indicates turtle motion. 

(4) 2. The angle of rotation equals the exterior 
angle at the active point. 

Software 

(2) 1. Images move in the direction of mirrors. 

(1) 2. In Create Mode, transformations operate on 
segments as well as on points. 

(1) 3. The active figure has to be anchored. 

(1) 4. Translations are absolute, i.e., they are 
the same as coordinates. 

Continued Next Page 
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Table 7 

Inventory of Misconceptions (Continued) 

Transformation Errors 

(4) 1. The angle of rotation equals the interior 
angle at the active point. 

(2) 2. The angle formed at the origin is half the 
rotation angle. 

(2) 3. Reflection in a vertical mirror bisecting 
a square, demonstrates that the square’s 
horizontal sides are congruent. 

(2) 4. The distance from the origin to the active 
point my be different than the distance 
from the origin to its image. 

(2) 5. Parts of figures are transformed 
separately. 

(1) 6. In cycle 1, the angle of rotation equals 
the angle between the active figure and 
its image. 

(1) 7. In cycle 1, the angle of rotation equals 
the sum of the angle between the active 
figure and its image and the active 
figure’s centered angle. 

(1) 8. The image of a horizontal segment in a 
horizontal mirror is not necessarily 
horizontal. 

Continued Next Page 
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Table 7 

Inventory of Misconceptions (Continued) 

Geometry Errors 

(4) 1. The sum of the interior angles of any 
closed figure is 360 degrees. 

(2) 2. An equilateral triangle may have only two 
equal sides. 

(2) 3. To measure the centered angle of the 
starting figure in cycle 1, rotate the 
figure until it overlaps. Overlap means 
that the figures touch at a point. (See 
Figures 15a and 15b). 

(2) 4. If the opposite sides of a quadrilateral 
are equal (by reflections) then it is a 
square. 

(1) 5. The measure of an angle increases with 
distance out from that angle. 

(1) 6. You can tell if two sides of a triangle 
are equal by looking at the triangle so 
that one side appears vertical. 

(1) 7. The angle at the origin, between a segment 
and its image under a rotation, is half 
the rotation angle . 

(1) 8. Equilateral quadrilaterals are squares. 

(1) 9. Squares must have horizontal and vertical 
edges. 

(1) 10. Right triangles may also be equilateral. 

(1) 11 . To create a 10-fold symmetric design, 
notice that 60 degree rotations produce 6- 
fold symmetry and then try to use the four 
extra figures. 
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interior angles of any closed figure is 360 degrees" was 

invoked so often that some contamination with the ’Total 

Turning Trip Theorem’ of Logo must be suspected. On the 

other hand, LOGO/2 "The angle of rotation equals the 

exterior angle at the active point" was classified as a 

confusion with turtle turning, but could also stand as a 

software error, a misunderstanding of where the software 

places the center of rotation. Given this fuzziness it is 

ultimately the context of the original protocol that 

clarifies the interpretation rather than the disposition of 

errors into these provisional categories. 

Wishful Thinking Errors 

Five students fell victim to this "mind reading" 

misconception. They assumed that a mirror would be drawn 

at a convenient but non-standard location. Since each 

student had both direct instruction and personal experience 

with reflections, how can this common lapse be understood? 

Analysis 

Four hypotheses which might explain the propensity to 

this error are: 

1) Logo Contamination: The students imported 

properties of the local geometry of Logo to 

the CLE. 
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2) Mirror Confusion- Students misunderstood the 

structure of the CLE and believed that mirrors 

and/or rotations were relative, i.e., this was 

actually a Software Error. 

3) Computer Omnipotence: Students tacitly assumed 

that the computer would ’understand’ their 

intention. 

—Fixation: Students were so intent on their 

goal that they were blinded to the mechanism of 

the CLE. 

®) Reasonable Expectation; Students assumed that 

mirrors could appear anywhere because it is a 

reasonable feature to expect the CLE to provide. 

The Logo hypothesis must always be examined carefully 

because of the context in which this study took place. 

These protocols were taken during a summer program in which 

Logo work was prominent, therefore, the analysis must look 

carefully for any hint of transfer. In Logo the student 

controls a graphic cursor called a turtle; the turtle’s 

motion is local, i.e., relative to its current position. 

When the turtle is turned 90 degrees, the rotation is 

relative to its current heading rather than to a compass 

heading of 90 degrees. In Logo then, turns are made at the 

turtle’s position and lines are drawn from the turtle’s 

location. 
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This hypothesis does not stand up to scrutiny however. 

To begin with, in none of the protocols do students refer 

to Logo or to the turtle at the time the error is enacted. 

At other times these references are explicit, often with a 

vocalized realization, e.g., "Oh, no. I’m thinking Logo, 

again!" Secondly, contexts make it clear that the mirror’s 

hoped-for placement will complete a subgoal of the problem 

situation. That is, it is an appropriate use of mirroring. 

It is difficult to imagine a logical connection between a 

reflection and a local turn. 

The second hypothesis, that students just did not 

understand the structure they were working in must also be 

rejected. Each of the students repeatedly used reflections 

correctly in other contexts. Accepting the second 

hypothesis requires explaining each correct instance of 

reflections. 

The Omnipotence hypothesis, students attributing 

knowledge to the software of their intentions, also bears 

close examination. In studies of novice programmers 

[Solloway, et al 1982] as well as in the author’s informal 

observations of beginning students, the underlying theory 

held by these learners often seems to be, ’The computer is 

smart enough to understand what I want. ’ Soloway, in an 

analysis of programming bugs common to beginning 

programmers observed that novices often impute significant 

power and wisdom to a computer. But if this is a case of 
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the Omniscient Computer, the protocols should yield 

evidence for other omniscient attributions. It could be 

anticipated, for example, that students would omit degree 

specifications and assume that the computer will know how 

many degrees of rotation or of mirror orientation they 

intend, or that some students would type ’square’ or 

triangle’ in order ’to tell’ the computer to draw these 

figures. In fact, there is no evidence in the protocols of 

these or similar omniscient fantasies. Hypothesis 3 must 

also be put aside. 

Even a cursory examination of the videotapes will 

indicate the strong desire of these students to succeed. 

Whether or not they have explicitly stated a goal, their 

concentration is evident. It is this attitudinal stance 

that makes the Goal Fixation Hypothesis compelling. S10, 

for example, makes 10 successive attempts to solve problem 

6 over a 35 minute period and S5 makes a similar effort. 

The following dialog captures some of S4 ’ s intensity as she 

begins work on problem 1.6: 

S4: I’m thinking of doing a horizontal 

translation from here to here, [points from 

(20,20) to about (60,20)] That would be a 

vertical line, [pause, motions to the 

screen] from here to here would be the base 

of my triangle. 

I: So you are into your equilateral triangle? 

S4: Yes. 

I: Okay. Do you have an image of where you 

want it? 
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S4 : 
Yes. [The student traces a horizontal line] 

I: ^ell> show me the whole thing. 

S4 : 

m?2o> tot[6o?Unwith horizontal baae 

I: So your triangle is going to be in the upper 
right hand quadrant? 

S4 : [Nods] 

I: Okay. So the base, you want to push it 
over? 

S4 : I want to reflect it. Lets see [looks at 

wall chart] That would be . . . like that. 
[Types |] 

I: A vertical mirror? 

S4 : Yes. [Types j] Oh! 

I: So you were surprised by that? 

S4 : Yes. I thought it [the line] was going to 

go that way. [Points toward (60,20)] I 

don’t know why I was surprised. 

I: So were you surprised by which way the line 

went or which way the mirror went? 

S4 : Which way the mirror went. 

I: Where did you think the mirror would go? 

S4 : The line was here and so I thought the 

mirror would go here. [Motions vertically at 

about (40,60)] I don’t know why I thought 

that, I just pictured it that way. 

This student’s explanation is clear. She wanted to 

produce a horizontal line and planned on constructing that 

line with a vertical reflection of (20,20). Her comment, 

"I don’t know why I was surprised" is evidence that she 

knew that mirrors pass through the origin, yet in the 
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intensity of the moment her lapse is understandable and 

lends plausibility to the Goal Fixation Hypothesis. 

Nevertheless, any error can be dismissed by this hypothesis 

and so it provides no new insight into either student 

thinking or CLE design. 

The final hypothesis to consider is that students 

assumed that mirror location could vary because the feature 

should have been part of Transformer in the first place. 

That is, their assumption was the natural one and the CLE’s 

failure to provide the option was the oddity. In this 

instance the students’ error was that they did not consider 

how to inform the software of their intent to invoke the 

assumed feature. If this view is correct, then this error 

can be reclassified as a Software error and need not stand 

apart. 

Design Implications 

If the above analysis is correct then there is nothing 

in the CLE that encourages the error, and nothing in the 

CLE that discourages it either. The problem arises because 

mirror placement is implicit; all mirrors are centered. 

This choice was deliberate since fixed mirrors permit a 

simplified command structure; but there are other 

possibilities which should be considered in light of this 

error. 
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To undermine error WISH/1 students could be required 

to place each mirror used. Mirror placement could become 

explicit by requiring the mirror location to be specified 

by the user; this could be accomplished by including 

additional inputs in the * M* command. The present syntax 

has M followed by the angle of inclination with the 

positive x-axis; implicit in this syntax is the location of 

the mirror at the origin. The expanded syntax would create 

the awkward form M 45 0 0 to represent the same mirror 

currently specified with /, while M 45 10 -20 would shift a 

45 degree mirror so that it passes through (10,-20). It is 

not difficult to imagine that users could be confused by 

the lengthy input syntax and might lose the distinct 

meanings attached to the three input values. 

A more elegant option would have the *M* keypress 

access a movable mirror whose orientation would be 

specified by an input and whose location would be given 

explicitly by moving the mirror image with cursor keys. 

The return key would accept the position and perform the 

reflection; if the cursor keys were not used a default 

location would be assumed. 

Software Errors 

Errors appearing under this classification indicate 

students* misapprehension of the software environment. If 
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the software features that encourage this incorrect 

interpretation can be identified then they can be 

redesigned to bring the CLE into better cognitive alignment 

with its intended audience. 

Analysis 

SOFT/1. Images_move in the direction of mirrors. 

Two students conceived of the mirror as a line 

indicating the direction of motion; this was not consistent 

throughout their interviews, however. Most of their work 

with reflections assumed that mirrors would behave 

normally, yet each student, at least once, reinterpreted 

the mirror to suit the context of the problem. What could 

have compelled them to attribute new properties to these 

reflections? 

This error appeared only in Create Mode. The students 

used a vertical mirror expecting a vertical line to be 

drawn. Consider, for example, when SI is beginning her 

construction of an equilateral triangle, her first point is 

(50,50). She indicates that she wants to use a vertical 

mirror and when the image appears she says, "I wanted a 

vertical [line], so it should be like this!" [She makes a 

vertical motion with her hand at (50,50)]. 

When a reflection command is given, an image of the 

mirror briefly appears before the image is drawn. The 

image is represented graphically by a line segment. In 

132 



this case, students seem to be confusing the image of the 

mirror with their goal. 

Design Implications 

The current graphic representation of the mirror is a 

line segment which is visually indistinguishable from the 

segments drawn as part of the figure. This error suggests 

altering the visual image of a mirror. A dotted line, for 

example or a line segment with clearly marked ends framing 

the mirror, might suffice. 

Transformation Errors 

There were eight different errors found in this 

category, the second largest number of errors among the 

five categories. Five of the errors involved rotations, 

two involved reflections, and one involved translations. 

We will discuss the error TRANS/1 at some length because it 

occurred in four protocols. The others errors will be 

dealt with more briefly. 

Analysis of Rotation Errors 

TRANS/1. The angle of rotation equals the interior angle 

at the active point. 

Three of the four instances of TRANS/1 occurred in 

Create Mode, and one instance in Transform Mode. 
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Typically, a rotation command was given, and the student 

indicated that the rotation angle was the interior angle at 

the current vertex. 

When S2 constructed an equilateral triangle, for 

example, she mistakenly executed RR 60 RR 60 on her initial 

point (see Figure 12b). She observed that she could 

construct a hexagon this way and does so. When she was 

asked where the 60 degree angles were, she pointed to the 

obtuse interior angle ABC instead of the central angle AOB 

or AOC. 

The same error appeared again when SI tried to 

determine the angle of the triangle at the origin in 

problem 1.8. She began with a 72 degree rotation and used 

her fingers to mark off the figure around the circle (see 

Figure 11): 

I: How many would you need for a circle? 

SI: Five. [Types O 72, looks at it and, types O 
72 again.] 

I: Okay. This angle, the center angle in the 
original triangle? 

SI: Yeah. 

I: How many degrees in that? 

SI: Wait . . . here’s where 72 [points vaguely toward 
the figure]. 72 and 72 is 144. So 144 [writes] 

now 72 . . . 144 and . . . 216. 

I: Okay. How did you get that? 

SI: 'Cause these two, from here to here is a 72 
degree angle. . . . now something which closes 
has to have a 360 degree angle, so I added 72 and 
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glt^lT.1 144 then 1 subtracted 144 from 360 to 

Both students, and each of the others who displayed 

this error, correctly identified the angle of rotation as 

the central angle in the context of problem 3. In this 

setting, however, a different meaning is imputed to the 

rotation. Their belief that they have correctly identified 

the angle is strong enough to allow them to defend acute 

angles of 216 degrees or obtuse angles of 60 degrees. S2 

even goes so far as to explain that there are two types of 

hexagons; normal ones have 120 degree interior angles and 

hexagons constructed using REPEAT 6[RR 60] which have 60 

degree angles! What is driving these misconceptions? 

This error is likely to be the result of inadequate 

visual feedback for rotations. When reflections are 

invoked, a mirror appears on the screen as a visual guide 

to help to interpret the resulting reflection. No similar 

visual aid appears during rotation. This may be especially 

confusing in Create Mode where the result of a rotation is 

a line segment. 

Figure 12b and Figure 13 show the result of RR 60 RR 

60 in Create Mode and in Transform Mode. Figure 13 shows 

central angles of 60 degrees while in Figure 12b the 

rotation does not produce a visual central angle, but does 

create an angle at B. When the student was asked to 

identify an angle of rotation, it is not quite so 
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mysterious why she choose the visible 

the hidden central angle. 

interior angle over 

Analysis of Reflection Errors 

TRANS/3 . SeflecMan_jrL_a_veiii£al_j!iirror bisecting » 
fl^S^ates that 

Thts error occurred twice in Cycle 2, both times in 

question 5b when students were constructing a visual proof 

that their construction was a square. 

SI2 was trying to show that her figure was a square 

and said that a reflection in a vertical mirror would show 

"if they were even". When asked which sides "were even", 

she pointed to the top and the bottom of the square. This 

student then thought for a long time; 

S12: Yeah. 

I: Yeah what? 

S12; The bottom and the top will be equal. And 

then if I do the horizontal thing then 

maybe, I’m not saying it is, but it could be 

the two parallel ones are the same [points 

to vertical sides] 

TRANS/3 is not unique to S12; S9 fell into the same 

in showing that her figure was a square. 

S9: I could use the vertical and 

and then I would know, cause 

horizontal 

they would 

mirrors 

overlap. 

I: So let’s see. 

S9: [Types i ] 

I : So that shows what? « 
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A (38,38) 

(a) 

After 30 30 RR 60 

Figure 12 A Problem: Where is the Angle of Rotation? 
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Figure 13 The Starting Figure After RR 60 RR 60 
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(The figure was created with 0 0 T 20 40 O 72 * 0 ) 

139 



S9: 

I: 

thSt theSe> the h°rizontal *id« 

[Checking out that she really means 

horizontal] You mean this side and this 
side? 

S9: Yes. 

This error could be related to SOFT/1 (Images move in 

the direction of mirrors). In fact, S12 was one of the 

students who imagined that a vertical mirror would draw a 

horizontal line. It is not too surprising then that she 

mistakes a reflection that bisects her square as one which, 

somehow, shows the horizontal segments to be equal. S9, 

however, did not exhibit SOFT/1. In fact, all of this 

student s errors related to rotations or to geometric 

principles; she always used mirrors correctly. The graphic 

image of a vertical mirror, however, visually connects the 

top and bottom edges of the square. This visual emphasis 

may be enough to encourage these students to incorrectly 

identify these edges as the identified congruence. 

To probe the nature of this error, S9 was asked to 

draw and label a square ABCD and then to label its image 

after a reflection through a mirror bisecting the 

horizontal edges. She correctly identified which sides 

were images of each other and then saw her error. It 

appears that for both S9 and S12, error TRANS/3 is an error 

of logic, perhaps influenced by SOFT/1. 

TRANS/8. A square with horizontal and vertical sides will 

not reflect onto itself in a horizontal mirror^ 
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Many students demonstrated that the figure in problem 

4 (see Appendix 2) was a square by reflecting in a 

horizontal mirror and then in a vertical mirror. Since the 

opposite sides of the figure were made to coincide, this 

demonstrated that the opposite sides were congruent. S7 

attempted to use this method to show that her construction, 

10 20 RR 90 RR 90 RR 90 RR 90 produced a square. Her 

construction did, in fact, produce a square; however, it 

was not oriented with sides parallel to the x- and y-axes. 

When S7 reflected her figure in a horizontal mirror, the 

image did not coincide with the original figure. When her 

test failed, she had to reconcile the following three 

beliefs that she apparently held about her figure: 

1. It is a square. 

2. Its sides are horizontal and vertical. 

3. A horizontal mirror will cause the top and 

bottom of this figure to overlap. 

After much discussion S7 chose to abandon belief 3. 

This transformational error was strongly related to GEO/9, 

"Squares must be horizontal and vertical." 

Analysis of Translation Errors 

TRANS/5. Parts of figures are transformed separately. 

Two students were concerned with this question; both 

asked it in the context of translating a figure in order to 

demonstrate congruency by overlap, i.e., to show that two 
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segments are congruent by transforming one so that its 

image coincides with the second segment. In the following 

dialog, S10 described moving her triangle: 

I: What would you learn from it? 

S10: Well, these sides would be the same. Now I 
have to do that .... When I transform it, 
what part of the triangle starts drawing at 
that point? 

I. Imagine that this is a piece of cardboard. 

SI0: I understand that. If I did a translation 
to here, would this start drawing like this, 
or like this? 

S5 had a similar question. She had constructed a 

square by reflecting (50,50) in vertical and horizontal 

mirrors and planned to slide the figure to the right, to 

the left, up and down to demonstrate that it was a square. 

I: So can you use a transformation to get one 
of these, say this one [the square on the 
right]? 

S5: I’m not sure. [Looks at figure] Which line 
moves first? 

I: What do you mean? 

S5: Well, if it’s this one [points to left 
edge], then I have to move it 100 but if 
it’s the middle or the right edge, I could 
just flip it over. 

This student went on to explain her confusion: 

I: So tell me about ’which edge moves first’. 

S5: Well, if this edge moves first [the left 
one] it moves 100 units. But if the middle 

moves first . . .. 

I: Yes? 
S5: I see now that it all moves together. It 

doesn’t matter which I start with. 
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I: Why did you think it did? 

S5: I was thinking that I could move just an 

edge, but the whole figure moves each time. 

Instead of viewing the figure as a unit S5 was 

decomposing it into its edges. In order to compare the 

left edge, it would have to move further than if she wanted 

to compare the right edge. Furthermore, the answer is 

consistent with an earlier comment she made in her work on 

question 2.7: 

S5: I can t see shapes as a whole. I can only 
see the line. And so when I think of the 
line rotating 60, then I think of this line 
as rotating 60. And therefore, somehow, 
imagining that the whole triangle should 
rotate 60 around. ’Cause I am not thinking 
of the whole shape, I am thinking of one 
line of the shape. I had this trouble last 
time too. 

Design Implications 

Five of the nine transformational errors involved 

rotations, suggesting that the rotation process is 

difficult to visualize for many students. In the current 

implementation there is no graphic associated with 

rotations as there is for reflections. Students see only 

the original figure and the result of rotations; they must 

infer the rotation process from these two images. 

With elaborate graphics, computers could animate the 

rotation, which would clarify the transformation. While 

this might be ideal it is not a practical solution for the 
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older computers in most classrooms. Although the entire 

figure cannot be animated, a graphics pointer could easily 

be animated to rotate from one vertex of the current figure 

to its image. The center of rotation is also inferred; 

this could be made explicit by setting a blinking cursor at 

this point. The complete visual sequence would be: show 

active figure, animate arc and blink center, show image, 

erase arc and center mark. 

For compatibility with the suggested modification of 

reflection, the center of rotation could, optionally, be 

cursor controlled. The command RR <angle> or RL <angle> 

could cause a graphic cursor to appear. Students could use 

cursor keys to slide this pointer to a new location; return 

would select the final position as the new center of 

rotation. It seems reasonable to suppose that students who 

place the center of rotation and then observe an animated 

arc trace out the magnitude of the rotation will more 

easily infer the motion of the figure than will students 

who only see the initial and final images. 

This modification should positively impact on TRANS/1 

and TRANS/6. In TRANS/2, two students were misinterpreting 

the size of the rotation. For one student, however, this 

was an expression of a mathematical confusion. She 

explained, "When you make an arc, the central angle is half 

the outside". Apparently this student has either confused 

’inscribed angle’ with ’central angle’ or has incorrectly 
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recalled the relationship between inscribed angles and 

their intercepted arcs. For both students, however, the 

appearance of a visual arc to associate with each rotation 

should reinforce the connection between rotation and 

central angle. 

The two errors relating to mirrors seem to be logical 

errors. If so, it is unlikely that any change in the CLE 

will affect them. This type of error is better dealt with 

through direct teaching. 

The translation error seems grounded in a fallacy that 

objects are decomposable into edges which can move 

separately. It is difficult to see how redesigning 

Transformer could affect this confusion. It is more likely 

that this kind of error will yield, over time, to contrary 

experiences. 

Geometry Errors 

Geometry errors accounted for the largest number of 

distinct types of errors as shown in Table 7. This is not 

surprising as all errors arising from geometric confusions 

not directly related to the CLE are listed here. These 

include confusions about the nature of angle and 

measurement, misapplied theorems, etc. Since these errors, 

presumably, have their roots in the geometric frames of 

these students, patterns of error would suggest that the 

CLE was not cognitively appropriate for these students. 
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Conversely, an absence of error pattern would suggest that 

the CLE may be cognitively appropriate. 

Analysis 

GEO/1, "All closed figures have 360 degrees", may be 

an expression of overlearning in Logo while GEO/2,4,5,7,9 

and 10 seem to be the results of geometric knowledge that 

has not yet been fully integrated (see Table 7). S7’s 

error, GEO/9, is particularly interesting in this regard. 

She cannot believe that her figure is a square whose sides 

are not horizontal and vertical. 

GEO/6 is interesting because it demonstrates how 

students may form operational tests for geometric 

properties. S4 claims that, "You can tell if two sides of 

a triangle are equal by looking at the triangle so that one 

side appears vertical". Her test seems to be one she has 

used often, based upon the confidence with which she 

performed her examination of the figure in problem 2.8. 

The fact that it does not work has not diminished her 

enthusiasm for the test; apparently, it has worked well 

enough for her. 

When S6 constructs a figure with 3-fold symmetry, she 

makes use of the turning angle she discovered for producing 

a 6-fold symmetric design. She reasoned that, 

" . . . since I needed 60 degrees for 6 figures I will need 

120 degrees for three". When she attempted to construct a 
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figure with 10-fold symmetry, however, she became confused 

because she attended to the addition of four figures rather 

than to total turning. she seemed unaware that her 

construction method was based upon the inverse proportion 

of number of figures to degree of rotation. This 

confusion, named GEO/11, seems to be more an expression of 

her non-readiness for proportional thinking than about 

anything in the CLE. Error GEO/3, where the angle of 

rotation is identified as angle AOB (see Figure 15b), 

misconstrues the nature of ’overlap’. Students who 

successfully solved question 1.2 rotated the original 

figure until its trailing edge overlapped its leading edge 

(see Figure 15a). Students who expressed GEO/3 were 

content to have only a corner of the image touch the 

original figure. They failed to recognize the relation 

between the turning angle and the central angle. 

Remediation for this error is best handled through 

structured experiences with physical objects to help bridge 

the transition to working with geometric elements on the 

computer screen. 

While this category of error accounted for the 

greatest variety of errors, most were made by only one or 

two students. GEO/1 was the only error made by more than 

two students and, as mentioned above, this may well be 

another aspect of confusion with Logo. The distribution of 
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geometry errors, therefore, suggests that Transform,- is 

cognitively well-matched to these students. 

Design Implications 

In summary, none of the geometric errors seem to be 

exacerbated by the structure of the CLE. Certainly some 

errors can be expected to occur in any learning 

environment. That these particular geometric errors were 

invoked means that students using the CLE will likely 

reveal some of their geometric misconceptions. With this 

awareness the utility of Transformer as a teaching tool is 

broadened, for the errors exposed through interaction with 

the CLE can then be addressed. 

Implications for the Software Design Model 

The software design model would be enhanced if it 

included guidelines suggesting which portions of student 

protocols will most likely have design implications. The 

naive assumption would be to look for confusions about what 

commands do, or in the mathematical content driving the 

CLE. 

The data strongly supports this view. Neither 

confusion with Logo nor errors of geometry suggested 

modification of the CLE. Software errors and 

Transformation Errors, however, did. 
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Student Errors: Summary 

Student transcripts were read, and error events were 

extracted; these are summarized and classified in Table 7 

which also lists the number of occurrences of each error. 

Table 8 lists the errors in order of frequency. The most 

common error arises from assuming that the CLE is similar 

to Logo. Other errors, while occurring less often, shed 

greater light on students’ cognitive processes. Some 

errors suggest possible modifications of the CLE to reduce 

the likelihood of those errors being invoked. Possible 

changes include: 

1. Alter the graphic image of the mirror so 

that it is more easily distinguishable from 
a line segment. 

2. Allow the user to place mirrors and the 
center of rotation. 

3. Animate an arc to indicate the magnitude and 
direction of a rotation. 

Errors from which design implications were drawn are 

those Software and Transformation errors of greatest 

frequency. That is, those errors which have software 

design implications arise from misconceptions of the 

structure or the content of the CLE. 

Table 8, Figure 16, and Figure 17 summarize the 

relative frequency of errors among students in Cycle 1 and 

Cycle 2. There is no clear difference in frequency or 

distribution of errors between the two groups. The 

149 



slightly greater number of Logo errors in Cycle 2 may be 

due to the additional week of Logo work by Cycle 2 

participants. 

Comparison of Cycle 1 and Cycle 2 

In this section additional measures of student 

performance are examined. The first is simply how many 

students produced correct solutions to each problem; this 

focusses, of course, on outcome. Secondly, the 

distribution of errors per problem is analyzed to determine 

if both cycles produced solutions with equal ease, or if 

one cycle had more difficulty finding solutions than the 

other. Finally, types of solutions are categorized and 

examined to see if there were similarities between the two 

cycles. 

Table 9 summarizes the number of correct response to 

each question. Question 1 was not included in the 

tabulation as it was intended as a simple warm-up and all 

students solved it correctly. In a few instances a 

solution was marked half right; this indicates either a 

correct production with corresponding indications (such as 

associated misconceptions) that suggest the solution was 

fortuitous and not supported by an understanding of the 

process employed, or a correct analysis of a solution 

without the corresponding production. This latter instance 
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Angle AOB is Approximately 17 Degrees 

(b) 
0 30 Produces Touching Figures 

GEO/3: Angle AOB = 30 

Figure 15 Problem 1.3: Misconstruing ’Overlap’ 
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usuaily occurred if there was not enough time to permit the 

full solution. 

The summary shows that the two cycles performed 

equally well overall and nearly equally well on each 

problem. The largest differences occurred in questions 3 

and 4. Since question 3 referred to angles at the center 

of the screen, the slight improvement of Cycle 2 over Cycle 

1 may be due to the change in initial figures; however, it 

is difficult to see this would have any bearing on why 

Cycle 1 had greater success in constructing the square in 

question 4. It seems more reasonable to account for both 

differences in terms of individual differences of the 

participants. 

Table 10 summarizes the number of different 

misconceptions each student exhibited in each problem 

attempted. The distribution of misconceptions over 

problems is startling in its variation. Nearly half the 

misconceptions in cycle 2 occurred in question 5 as 

compared to only 4 misconceptions in cycle 1. On the other 

hand, there were 11 misconceptions exhibited in problem 1.6 

but only 3 misconceptions in problem 2.6. How can we 

account for these differences? 

Two hypotheses present themselves. First, the 

observed variation reflects the expected individual 

differences to be found in any small sample. Second, some 

external factor caused the four-fold increase in observed 
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misconceptions in problem 5 and a similar decrease in 

misconceptions in problem 6. This second possibility is 

examined 
in some detail since it is the more interesting of 

the two. 

The major differences between the two groups of 

students and their CLE experience are: 

1 . Cycle 2 students were presented with a 

different initial figure. 

2. Cycle 2 students had different notation for 

rotations, RR and RL as opposed to 0. 

3. Cycle 2 students had the option of viewing a 

mirror without performing a reflection. 

4 . Cycle 2 students had an additional one to 

two weeks of SummerMath study including 

Logo. 

5. Cycle 2 students experienced different 

teaching metaphors for rotation and 

reflection. 

Can these differences account for the apparently large 

variation? For both groups, work with the initial figure 

was confined to the first three questions which usually 

took no more than ten or fifteen minutes in the first taped 

session. Most students completed problem 5 during the 

first session and problem 6 during the second session. It 

is difficult to see how the initial figure, which was not 
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utilized in the second session, could affect the 

misconceptions occurring during these latter problems. 

Could the different representation of rotation in the 

command language account for the observed misconceptions? 

While this seems doubtful, it would be more credible if 

most of the misconceptions involved rotation; they did not. 

Similarly, since none of the cycle 2 participants made use 

of the SHOW mirror command during -these problems, it is 

unlikely that this feature played a significant role. 

We come, finally, to the possibility that the 

additional two weeks of study in SummerMath contributed to 

these observed differences. This additional work should 

account both for the improved performance on problem 6, 

constructing an equilateral triangle, and the poorer 

performance on problem 5, constructing a square. The FMC 

curricula that these students were exposed to was focussed 

on algebra and problem-solving; it seems unlikely that 

could affect the student’s performance on these questions. 

Similarly, since the students took different electives, 

they shared no common experiences in those courses. 

Perhaps the two additional weeks of Logo programming 

affected student work on these questions. If this were the 

case, examining the particular misconceptions that occurred 

should suggest the factors contributing to these results. 

Table 11 tabulates the errors exhibited on these problems. 

If Logo training were the determining factor, there should 
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Table 8 

Frequency of Errors 

Number of 

Occurrences Errors 

LOGO/1 

5 TELE/1 

4 GEO/1 

LOGO/2 

TRANS/1 

2 GEO/2,3,4 

SOFT/1,4 

TRANS/2,3,4,5 

1 GEO/5,6,7,8,9,10,11 

SOFT/2,3 

TRANS/6,7,8 
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Figure 16 Frequency of Errors in Cycle 1 
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Figure 17 Frequency of Errors in Cycle 2 
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Table 9 

Summary of Student Responses 

Key: S = solution P = partial solution 
N = no solution 

Student 1.2 1.3 1.4 1.5 1.5b 1.6 1.7 1.8 Total 

1 
2 
3 

4 

5 
6 

S N S S 
S S S S 
S N S S 

S S S S 

S S S S 

SPSS 

P N - N 3 + 
s P N S 6+ 
p N N 3 + 
S S S P 7 + 
S S S 7 
S S S S 7 + 

Totals 3+6 6 4+3+3 2+ 33 + 

CYCLE 2 

Student 2.2 2.3 2.4 2.5 2.5b 2.6 2.7 2.8 Total 

7 
8 
9 

10 
11 
12 

S S S 
S S N 
S P# S 
S S S 
S S S 
S S N 

S NS 
N N N~ 
s S S 
s S S 
S s s 
S P N 

N N 5 
N* * S 3 
S S 7 + 
S S 8 
S P 7 + 

P 3 + 

Totals 6 5+ 4 5 3+ 4 3 3+ 33 + 

After completing question 2.8, this student returned to 

2.6 and constructed an equilateral triangle modelling her 

solution after the construction of the figure in 2.8. 

* After completing 2.6 the student attempted to prove that 

the new figure was equilateral. 

# This student failed to identify a turning angle but 

correctly identified the turning with an arc of a circle. 
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Table 10 

Number of Misconceptions/Probl em 

CYCLE 1 

1.2 1.3 1.4 1.5 1.5b 1.6 1.7 1.8 Total 

SI 0 1 0 0 0 2 0 1 4 

S2 0 0 0 3 0 3 0 2 8 

S3 0 3 2 0 0 0 0 0 5 

S4 0 0 0 0 0 4 1 2 7 

S5 0 0 0 1 0 1 0 0 2 

S6 1 0 3 0 0 1 0 0 5 

SUBT 1 4 5 4 0 11 1 5 31 

CYCLE 2 

2 .2 2.3 2.4 2.5 2.5b 2.6 2.7 2.8 Total 

S7 0 0 0 4 0 0 0 1 5 

S8 0 0 2 2 0 0 0 1 5 

S9 0 0 0 4 0 0 1 1 6 

S10 0 0 0 3 0 1 2 2 8 

Sll 0 0 0 0 0 0 1 2 3 

SI 2 0 0 3 3 0 2 0 0 8 

SUBT 0 0 5 16 0 3 4 7 35 
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Table 11 

Misconceptions in Problems 5 and 6 

CYCLE 1 1.5 1.6 

SI SOFT/1, GEO/2 

S2 SOFT/3, TRANS/2, 
GEO/4 

TRANS/1, TRANS/2, 
GEO/5 

S3 GEO/4 

S4 WISH/1, TRANS/1, 
LOGO/1, LOGO/2 

S5 TRANS/5 LOGO/1 

S6 LOGO/1 

CYCLE 2 2.5 2.6 

S7 TRANS/1, TRANS/4, 
TRANS/8, GEO/9 

S8 WISH/1, LOGO/1 

S9 LOGO/1, LOGO/2, 
TRANS/3, GEO/10 

S10 WISH/1, LOGO/1, 
SOFT/2 

SOFT/4 

Sll 

SI 2 TRANS/3 SOFT/1, SOFT/4 

160 



M
is

c
o

n
c
e

p
ti
o

n
s
 

P
e
r 

P
ro

b
le

m
 

^rH 

CD 
i—1 

CJ 

o 

mm 

WWWVY 

:xxxxy X X X XX 

\V\W\W\ 

XX XXX 

sioiia ;o laqinu 

Figure 18 Student Errors/Problem in Cycle 1 

161 

P
ro

b
le

m
 

N
u

m
b

e
rs

 



M
is

c
o

n
c
e

p
ti
o

n
s
 

P
e
r 

P
ro

b
le

m
 

SJOiia ;o leqinN 

Figure 19 Student Errors/Problem in Cycle 2 

162 

P
ro

b
le

m
 

N
u
m

b
e
rs

 



be .any .ore Logo confusions contributing to the cycle 2 

errors in problem 5, and the protocols of problem 6 should 

suggest why Logo knowledge yielded fewer misconceptions. 

This sample is too small to give any sense of certainty for 

or against a ’Logo factor’ but the evidence seems to 

dispute it. In problem 5 there were no Logo confusions 

exhibited in cycle 1 as opposed to 4 Logo errors by three 

students in cycle 2. On the other hand, five of the six 

cycle 2 students exhibited some error in working through 

problem 5, and 10 of these misconceptions were not Logo 

related. Why should additional Logo training produce non- 

Logo errors? 

As far as problem 6 is concerned, while none of the 3 

cycle 2 errors was Logo related, only 3 of the 11 cycle 1 

errors were so related, leaving 8 non-Logo errors in cycle 

1. Could the additional Logo work have eliminated the 

propensity toward these 8 error types? The evidence surely 

cannot force such an unlikely conclusion. 

But perhaps the actual solutions produced by the cycle 

1 and cycle 2 students differ substantially? If Logo work 

encouraged the executive decision to pursue one type of 

solution over another, and if one type of solution was 

inherently more difficult, that could account for the 

observed differences in error pattern. Table 12 summarizes 

the various types of solutions produced to each problem 

while Table 13 tabulates the solution type produced by each 
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student. All eleven students who solved problem 5 used the 

reflections, producing essentially the same solution #1 

(Table 13). Two students also produced the uncommon 

solution #2: REPEAT 4(RR 90). I„ problem 5, at leagt 

there is no difference between the two cycles. 

In problem 6, two cycle 1 students found solution #1: 

REPEAT 3[ O 120 ]; two cycle 2 students also came up with 

this solution. One cycle 1 solution was unique, a complex 

construction involving both rotations and translations. 

The other two cycle 2 students used translations and 

produced an equilateral triangle by computing its altitude 

with the Pythagorean Theorem. While the rotation solution 

has a certain Logo flavor to it, since nearly identical 

commands coincidentally produce an equilateral triangle in 

Logo, only two students in each cycle produced this 

solution. It does not seem as if the additional Logo 

training can account for the observed differences. 

The above reasoning also provides a strong case 

against the difference in teaching metaphors being a 

factor. If referring to mirrors as folds was so powerful 

as to improve performance dramatically on one problem, how 

could the same metaphor mislead students so badly on 

another? 

After looking more closely at the data, chance 

variation appears to be the most likely explanation for the 

apparently skewed error patterns in problems 5 and 6. The 
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data suggests no significant difference between cycles in 

overall performance, in total errors or in error patterns 

produced. Both groups of students faced similar 

frustrations and blocks and achieved similar solutions. 

If this comparative analysis is correct then dividing 

the twelve students into two groups yielded no better 

understanding about the interaction of these students with 

the CLE. Comparison of groups does not seem to offer any 

additional insights into design features that promote or 

detract from problem-solving performance. 

Software Features that Promote Problem-Solving 

Analysis of student misconceptions has suggested a 

number of ways in which features of the CLE might have 

inhibited problem-solving efforts. We now turn to the more 

positive search for CLE attributes which might have 

promoted or enhanced student problem-solving efforts. 

Command G (Graph) 

As Table 14 indicates, over half the students used the 

graph option at least once in their search for solutions. 

The G command, recall, overlays a Cartesian grid on the 

display (see, for example, Figure 11a). With this visual 

aid the user can approximate coordinates of vertices of 
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displayed figures and measure lengths of horizontal and 

vertical segments. 

Subjects used this option in two different ways. Five 

students used the overlay to provide visual reference to 

the orientation of the display. Using the x- and y-axes as 

guides they were able to approximate heading of segments 

and inclination of mirrors. The following excerpt from 

protocol 2.8.2 is typical. S8 has posed the question, 

"What is the angle between the flagpoles?" She attempts to 

use the coordinate axes as visual markers of a 90 degree 

angle: 

I: Can you think of any way to find out [the angle] 
using transformations? 

S8: [Looks puzzled] A vertical mirror, right? 

I: How will a vertical mirror help? 

S8: I’m just estimating... 

I: Okay, so just talk. . . 

S8: Alright. What I was thinking about was that 
vertical is up and down, right? I was thinking 
that if I saw a vertical line I could estimate 45 
degrees. 

I: Okay. You can type SHOW j and that will show you 
a vertical mirror. 

S8: [Types SHOW [.] Now, can I show a horizontal bar 
at the same time? 

I: No, but you can do something else. You want to 
look at a vertical line and a horizontal line at 
the same time? Type G, that puts a graph on the 
line. 
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S8’ G-J It’s 45 degrees [spoken with 
confidence]. 

Three students used the graph option to help them 

determine the magnitudes of proposed translations. 

Protocol 2.8.7 illustrates this use of G: 

S8: [Types -50 -10 G. Looks to me for approval.] So 
now 1 want to stretch it ... to bring it down to 
1U0... wait. [She counts points on the graph. 

Pauses.] 

I* Talk about what you are thinking about. 

S8: -90 -50. 

I: What about -90 -50? 

S8. That s the point I want. Now how am I going to 
multiply -50? 

Finally, two students had the grid drawn but did not 

appear to use the coordinate display. In protocol 2.9.7, 

S9 constructed an equilateral triangle. She began with G 

but her solution made no use of the displayed grid. 

I: Does this give you any ideas about how to 
construct an equilateral triangle? 

S9: Yeah. I’ll start with a new point. Basically 
just over the central point. I’m really confused 
about what kind of angle to put in now though. I 
want to try 120 again but.. 

I: So try it. 

S9: [Types G.J What are the units? 

I: Each unit is 10. 

S9: [Types NEW 0 20 RR 120.] I don’t understand why 
this didn’t work before. [Types RR 120 RR 120.] 

It is clear that students used this feature in their 

problem-solving efforts, but was the feature advantageous 
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Table 12 

Types of Solutions 

Problem Solution Method 

2 (1) Central Angle 360/n 
(2) Method of Equal Divisions 

3 (1) Rotation = Central Angle 
(2) Rotation = Intercepted Arc 

4 (1) Side Analysis Only 
(2) Angle Analysis Only 
(3) Both Side and Angle Analysis 

5 (1) Reflections ( - | - } ) 
(2) Rotations (Repeat 4[ RR 90 ]) 

5b (1) Rotations 
(2) Reflections 
(3) Translations 

6 (1) Rotations (Repeat 3 [ RR 120]) 
(2) Translations (varied) 
(3) Other 

7 (1) 0 120 
(2) Other 

8 (1) Rotation = Central Angle 
(2) Central Angle = 360/n 
(3) Rotation = Intercepted Arc 
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Table 13 

Summary of Solution Types/Problem 

The numbers in the table refer to the solution 
types listed in Table 12. 

Problem: 2 3 4 5 5b 6 7 
S#: 

1 
2 
3 
4 
5 
6 

1- 31 
1111 
1111 
1111 
2 111 
2- 11 

13-1 

1 1 1 
13 2- 

1112 
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Table 14 

Student Use of the Graph Option 

Cycle 1 
Student 

51 
52 
53 
54 
55 
56 

Number 
of Uses 

5 
1 
0 
0 
3 
0 

Reason(s) for Use 

Aid to translation 
Reference axes 

Reference axes 

Total 9 uses by 3 students 

Cycle 2 Number Reason(s) for Use 
Student of Uses 

S7 4 Aid to translation 
1 Reference axis 

S8 1 Reference axes 
2 Aid to translation 

S9 1 Types G then 
RR 120 RR 120 RR 120 

1 Analyze problem 8 
S10 0 
Sll 1 Reference axes 

1 Aid to translation 
SI 2 0 

Total 12 uses by 4 students 

Summary 

Aid to Translation: 
Aid as Visual Reference: 
Unknown: 

12 by 4 students 
7 by 5 students 
2 by 2 students 



or did it encourage routinized solutions? Two students who 

each used the grid on 5 different occasions seemed to have 

developed a reliance on the imposed coordinate system. One 

might be tempted to judge this a weakness of the CLE that 

permitted this type of misuse; certainly most 

mathematicians would prefer Sll’s use of the Pythagorean 

Theorem to compute her translation to Si’s attempt to 

’count boxes’. This comparison, however, is an unfair one. 

Learners do not come to new experiences with sophisticated 

frames for dealing with them. In Piagetian terms one would 

say that learners must invariably pass from a more concrete 

to a more formal way of thinking (see Ginsburg and Opper 

[1969], for example). From this viewpoint Sll’s approach 

follows from earlier cognitive experiences such as Si’s; 

the former approach is inaccessible to students not yet 

operating at the level of formal operations. 

It could be argued, in fact, that students who use the 

graph option may, with attendant learning experiences, grow 

out of needing this visual ’crutch’ to support their 

thinking. Higher-order thinking processes usually arise 

only after suitable experiences with lower-order processes. 

This suggests the additional design principle: 

"Incorporate software features which reduce the level of 

abstraction required of students'. Clearly, this principle 

must be tempered with an educator’s experience of what is 

pedagogically suitable and with a designer’s awareness of 
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what is restricti 
ve in the user-interface. For example, if 

students were prompted, after each command, to specify the 

center of rotation or the center of dilatation this might 

produce the long-range effect of making him aware of these 

concepts but would likely have the short-term effect of 

causing him to refuse to work in the environment. This 

particular example is obviously intrusive but illustrates a 

design corollary, "Software features which reduce the level 

of abstraction needed should be optionally available". 

This permits concrete learners to satisfy their need for 

support in a cognitively demanding environment while 

allowing more advanced users the freedom to bypass features 

which they might find time-consuming and burdensome. 

Finally, the use of the graph option as a tool for 

measuring length suggests adding an optional polar grid as 

a tool for approximating angle measure. 

Manipulatives 

Over half the students made use of either a 

transparent overlay on the screen or a cardboard cutout of 

the active figure in their analyses. With the aid of these 

devices students were able to clarify their thinking and 
% 

move towards a solution. For example, in protocol 1.2.8, 

S2 is trying to show that the triangle is isosceles but 

cannot quite see what transformation she should use. 
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S2: fJ!!n*Kt0 r°tate fr°m this point* but ^ I rotate 
th“ P°lnb wil1 it take the lines and flip 

them. I Makes flipping motion with fingers] Or 
will it just kind of... 

If you rotate from that point that means taking 

this triangle., [gets paper and cuts out a 

triangle], taking this triangle Iholds it against 

screen] and if you turn it about this point 

[turns figure]. Its like a piece of paper that 
you are moving as a whole. 

S2: [Takes cutout] Yeah, but what you want to do is, 

you want to rotate this point [pivots triangle on 

0 0 and turns triangle various angles] It has 

to go... that won’t help me...that will go...it 

just will go all the way around. And I want 
it. . . 

I: What do you want it to do? 

S2: I want it to, like switch over, [turns cutout 

over and lays it on original]. 

Using a cardboard cutout S2 is able to clarify her 

solution. She overlooks that a rotation around the origin 

will bring the two edges into coincidence because she is 

fixated on flipping the triangle around its angle bisector 

to prove the congruence. With the cutout as a guide she is 

able to find her preferred solution. 

For some students an external aid was not needed to 

produce a solution but rather to help them to explain (to 

themselves or to the interviewer) exactly what they had 

accomplished. For example, in protocol 1.4.5b, S4 is 

trying to show that her figure is a square. 

S4: If I reflected straight across and put this side 

here, that will show that they are the same 

length, they will lie right across each other. 

That would be a horizontal transformation... no it 
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I: 

wouldn * t. 
[Types j J 

It would be a vertical transformation 

So did it work? 

S4: Obviously. 

I: What about the other two sides? 

S4: Lets see...if I translate it horizontally and got 
it over here, and then translate it vertically to 
get it up here... that would work. 

I: So is there a transformation that would get this 
side down there? 

S4: I could turn it 90 degrees [Types O 90] [looks 
puzzled]. 

!• ••• it’s hard to see because it overlaps itself. 
[Labels corners on transparency] You did a 90 
degree rotation. Show me which sides overlap. 

S4: [Turns transparency], 

S4 analyzed the problem and produced a workable 

solution, that is, under her transformation the image and 

the original figure overlapped. Since Transformer does not 

label vertices, however, she could not tell if her commands 

brought into coincidence the adjacent edges of the figure 

(which would show that it was equilateral) or the opposite 

edges (whose coincidence she had already demonstrated with 

reflections). 

The clarifying effect of these manipulatives suggests 

both a modification in the CLE and the incorporation of 

another design strategy in the design model. It seems that 

a labelling feature would be useful in the CLE. The 

decision not to label vertices of figures in the CLE was 
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made at an early stage in the development of Transformer. 

The problem is that the number of vertices multiplies so 

rapidly in transform mode that the screen would quickly 

become cluttered with labels. Yet the students’ use of 

transparent overlays to label the vertices of a figure 

shows that some labelling function would be helpful. 

As mentioned above labelling all the vertices would 

clutter the screen. A less obtrusive scheme would mark two 

vertices only; one vertex marker alone would not be able to 

convey the orientation of the figure. This method has the 

advantage of simplicity in that it keeps the display 

relatively unmarred by the label markers; it demands, in 

return, somewhat greater effort on the part of the user to 

determine the vertex correspondence. All vertices could be 

labelled, of course, with corresponding advantages and 

disadvantages. A totally different approach, which 

preserves both the simplicity of the screen and the 

awareness of vertex correspondence would be to 

simultaneously blink corresponding vertices at the time the 

image is drawn. Since this method leaves no visible trace, 

it could be combined with any other labelling feature. In 

all cases, the labelling feature should be a student- 

selected option, available in those situations where 

students wish labels and absent when they would only 

confuse the display. 
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When the various uses of physical manipulatives 

(cardboard cutouts, transparent overlays, etc.), are 

considered, the different approaches of students in the CLE 

becomes apparent. Some students used physical 

manipulatives, others made use of the graphics option, and 

still others used neither aid. These methods roughly 

parallel different levels of cognitive function: concrete, 

semi-conerete, and formal. We must be careful not to make 

too much of this observation; cognitive functioning is far 

too complex to be stereotyped by a few instances. None of 

the students worked on all of the problems using the same 

method; students varied their approaches, sometimes finding 

the graphic aids useful and sometimes finding them 

unnecessary. Since even highly sophisticated formal 

thinkers will permit themselves use of calculators or 

pencil-and-paper sketches as semi-concrete thinking aids, 

such tools should be considered as clarifying bridges to 

understanding rather than as markers used for cognitively 

classifying students. 

This discussion suggests a broad design principle to 

be added to the software design model: "Seek to broaden 

the accessibility of the CLE by incorporating both semi¬ 

concrete utilities and even physical aids to be used in 

coordination with the CLE." Such aids should, of course, 

be student-selectable and not imposed upon a computer-user 

who might find the option bothersome. 
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Student Conjectures 

Three students spontaneously conjectured geometric 

relationships in the figures under consideration. Their 

work is exciting since it suggests that the CLE is a 

mathematically rich domain sufficient to provoke 

questioning. While this research did not formally seek 

such results, it is gratifying to observe. In addition, 

is worthwhile to consider whether or not anything in the 

CLE itself stimulated these conjectures. The evidence is 

as usual, in the protocols. 

it 

I 

From protocol 2^11.2. Sll is concerned with the relationship 

of the rotation angle to a physical angle between the 
flags. (See Figure 20) 

If y°u draw a line...if you take two points that 
are the same on the flag and you draw a line 
straight down, from here, straight down, you get 
the angle here [points to the center]. You can 
do it with triangles. Okay? 

I: Okay. Let me just double check. You take any 
two points... 

Sll: But the same point. 

I: Any two points but the same point? 

Sll: Well, similar points [points on the diagram] at 
the same... 

I: I see. Similar points in different figures. 

Sll: [Nods] Yes. 

I: So, suppose I took the two points at the end of 
the pennant over here, and I connected them. 

Sll: Unhuh. 



I: Now when you say ’draw down’? 

SI1: Straight down, but make sure that that angle is 
the same as you do it for this [points]. 

I: I see, so if I join the two tips of the pennant 
and extend that line... 

• • • 

SI1: Take this down [draws].... It’s going to be the 
same if you take it from here. 

I: I understand what you’re saying. 

Sll: It makes perpendicular... it’s going to be the 
same angle. 

I: Okay. So, you said two things, and I want to 
keep them separate. 

Sll: Yes. 

I: This angle between the flagpoles, you are saying 
will be the same as this angle [draws in lines 
from origin to tips of pennants] from the tips of 
the pennants. 

Sll: Yes. 

I: And then you took this other tip of the 
pennant... 

Sll: And the top one...I didn’t draw it. 

I: You also said perpendicular. What do you mean? 
I’m not sure what you mean. 

Sll: Right angle. 

I: Right angle to what? 

Sll: To the base line you’re hitting here -- to the 

baseline of the object. 

I: So, the base of the square. You took this line 
to be perpendicular to the bottom of the flag? 

Is that it? 

Sll: Yes. 

Protocol 2.9.5. After constructing the square of question 5, 
the interviewer illustrated that it is now the active 
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figure 
figure 

by performing RR 120. In response to this 
the following dialog ensued (see Figure 21): 

S9: Will that make a triangle too? 

I: What an interesting question! Lets try it. 

S9: [Types RR 120] 

I: So did it make a triangle? 

S9: Not really. Because it wasn’t centered. 

[We now look at the figure. I put on a graph 
[types G], and we see that the squares are off 
center because of the original construction. 
When I again ask if there is a triangle, S9 
points to (40,40) and its images as forming a 
triangle.] 

I: Is there another triangle? 

S9: Well, ... not really. I mean if you could draw 
it. 

I: Okay. If you could draw it in, where would you 
draw them in? 

S9: At the tips. 

I: You are talking about the outer tips? 

S9: Yes, the far tips of the squares. 

In this instance S9 seems to be recalling her work on 

question 2 where she constructed a 3-fold symmetric design 

and observed that the outer tips of the flags formed an 

equilateral triangle. In this context she is generalizing 

her observation to ’the tips of the squares’. We proceeded 

to sharpen her conjecture so as to specify any vertex of 

the original square and its images under the rotations. It 

is interesting to note that this student seems poised 
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between Van Hiele levels [see Van Hiele, 1986 for example]. 

In response to the question, "Is there another triangle?" 

her response is "Not really. I mean if you could draw it". 

To S9 the triangle does not yet exist until its edges are 

drawn; yet she clearly observes that this triangle is 

Potentially present or else she would not have posed the 

question in the first place. She is in the process of 

moving from a notion of a geometric figure as a physical 

object to a more dynamic formal entity. 

Protocol—1-r 5.2 . S5 has solved question 1.2 and produced a 

figure with 3-fold symmetry. Afterwards she reflects 

on her thinking and confides that her original idea 

had been different. (See Figure 22.) 

S5: ... My first thought was ’Oh you need to have a 

line exactly in the middle of these’. [That is, 

an angle bisector], I thought that if I drew in 

three bisectors, that three angles would be 120 
degrees apart. 

A careful reading of the transcripts does not suggest 

any particular feature of the CLE which encouraged these 

geometric conjectures. Rather, the conjectures seems to 

spring naturally from the transaction of an inquisitive 

mind interacting with a novel environment. In each case, 

however, the student is struggling with one of the 

questions posed in the study. Their conjectures are not 

directly solutions to those questions but rather seem to 

have arisen from the stimulation of thinking about those 

questions. That is, no special feature of the CLE appears 

prominent in these instances other than the graphical 
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appear then that we can drawn 
display itself. It does not 

any design implications from these 

suggests that student interactions 

focussed with open ended questions 

experiences. Rather 

may be enriched when 

it 

Hardware Limitations 

Two students, in discussing the difficulties they had 

during the interviews identified a problem they experienced 

with the graphic display. The problem is an effect of 

raster-based screens, the most commonly available type of 

monitor, which display information by lighting distinct 

pixels. These displays are similar to a very fine grid 

paper. In displaying lines on an Apple 2e computer, for 

example, three distinctly different displays occur 

depending upon the orientation of the segment: horizontal 

segments appear solid; vertical segments appear to be 

composed of equally spaced dots; and diagonal segments 

appear to be composed of separate horizontal or vertical 

pieces of varying length like [random-sized] risers of a 

staircase. This effect is due to the physical spacing 

between adjacent pixels. On most monitors a pixel is 

closer to its horizontal neighbors than to its vertical 

neighbors. Thus, when a row of pixels is lit to display a 

horizontal line, the segment appears solid while a vertical 

segment appears dotted. Oblique lines vary in appearance 
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Figure 20 Sll’s Conjecture. 

Perpendiculars from corresponding points on a 
figure and its rotated image intersect at the 
angle of rotation. 
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Figure 21 S9’s Conjecture. 

The images of corresponding vertices of a square 

under the rotations RR 120 RR 120 are the 

vertices of an equilateral triangle. 
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After REPEAT 3 [0 120] the angle bisectors of the 
centered angle of the starting figure intersect 
at 120 degree angles. 
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depending upon their heading. Since the actual pixels are 

oriented in a rectangular grid, there may be few pixels 

actually on the segment to be displayed. Typical 

algorithms for the display of oblique lines light pixels 

which are ’sufficiently near’ to the actual line. The 

resulting display is a visual compromise which the viewer 

is supposed to accept. 

For most purposes this is not a problem. But in the 

context of this study, where students were asked to solve 

geometric problems, the actual appearance of the segments 

were, in some cases, misleading to the students. S6, for 

example, indicated that she was confused by the different 

appearance of horizontal and vertical lines. 

From protocol 1.6.5b 

S6: Okay. I was confused because.... you see the 

dots? [points] 

I: Yeah. The way the computer draws things [is 

that] the horizontal lines are dotted and the 

vertical lines are drawn solid. 

The visual distinction was enough to lead her to 

assume that horizontal segments were always transformed 

into horizontal segments and that vertical segments were 

transformed into vertical segments. That is, she assumed 

that the image of a dotted segment was another dotted 

segment, and that the image of a solid segment would appear 

solid. In fact, she was unable to solve problem 5b because 

she could not tell which sides of her images corresponded 
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to which sides of her figure under her chosen 

transformations . 

Similarly, in protocol 

had difficultly judging the 

1.2.8, S2 explained that she 

lengths of oblique lines 

because of the number of pixels used in the display. 

S2: |,Paus^ I think this side is kind of different 
from the other two because of that stretch when 
you fixed it. I don’t know, it may just be how 
it is printed out. It does look longer. 

You do have to take... it’s very difficult to 
talk about exact measurements on the screen that 
inherently distorts things. 

S2: You can’t really tell. 

I: That’s right. So you always have to be thinking 
about what you actually did — the geometry of 
the situation. 

S2: Yeah. You have to think about the actual facts 
and not stick anything else in there. 

I: So you are saying it looks kind of longer to you 
but you are not quite sure. 

S2: Well, you see this dotted line here? It seems 
shorter because [unintelligible] and there are 
more little dots going that way, so it seems 
longer. 

Figure 23 illustrates her problem. Line BO is the 

image of line AO under the rotation RL 72. Since both 

segments are radii of the same circle (centered at 0) they 

are the same length, yet their different headings causes 

them to be displayed differently. 

These two students were aware of their difficulties. 

One can only guess how many other students in this study, 

and elsewhere, have similar difficulties but are not aware 
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Of the cause. The problem cannot be eliminated 

Practically, because of the expense of non-raster display 

devices. Therefore knowledgeable software designers must 

understand the limitations of their display devices and 

educators must instruct their students on those 

limitations. Just as students must understand the 

arithmetic errors which are inherent in the finite 

arithmetic of calculators, so too they must learn the 

limitations of representing continuous line segments on a 

discrete display. 

Conclusions 

This research was undertaken in order to test the 

plausibility of designing mathematical software based on 

cognitive learning principles in response to the goals set 

by the National Council of Teachers of Mathematics [1980, 

1989] for an increasing use of computers in the classroom. 

Fred Reif stated the need well when he called for research 

to " ... promote the design of effective computer programs 

for assisting, prompting, and teaching effective 

comprehension, writing, and problem-solving skills" [1983]. 

In particular, this research was conceived with five 

objectives: 

1. Test and refine a software design model 
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3. 

4 . 

5. 

2- Identify student problem-solving behaviors when 

using Transformer 

Identify software features which promote those 

behaviors. 

Identify student misconceptions when using 

Transformer 

Identify software features which promote those 

misconceptions 

Analysis of protocols suggested that analysis of 

misconceptions and of solution methods could be used to 

enhance the developing CLE. Furthermore, the pattern of 

errors observed and the pattern of problem-solving aided 

with manipulatives both suggested refinements in the 

software design model. 

Analysis of the protocols suggested five modifications 

of the CLE: 

1 . 

2. 

3. 

4 . 

Alter the graphic image of the mirror so that it 

is more easily distinguishable from a line 

segment. 

Allow student control of the placement of the 

mirror and the center of rotation. 

Animate an arc to indicate the length and 

direction of a rotation. 

Allow the user to overlay a polar grid as a tool 

for approximating angular measure. 
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5. In transform mode, simultaneously blink 

corresponding vertices as the image is drawn. 

No weaknesses were identified which could, with 

certainty, be attributed to the software design model. 

However, two observations were made which suggest 

extensions of that model. First, those errors made most 

frequently by students which suggested CLE modifications 

were those errors which arose from misconceptions of 

structure or content of the CLE rather than from other 

sources. This suggests incorporating an evaluation 

principle into the testing phase of the software design 

model: When analyzing student work, look for 

misunderstanding of CLE structure or CLE content. 

Secondly, the single most useful problem-solving aid 

to students who were having difficulty finding a solution 

was the use of a transparency overlaying the computer 

screen or of a physical cutout of a shape that they could 

manipulate. This suggests expanding the concept of a CLE 

to include manipulatives. The expanded environment of CLE 

plus manipulative was more accessible to most students than 

the CLE alone. This suggested the additional design 

principle, "Incorporate software features which reduce the 

level of abstraction required of the user", and the design 

corollary, "Software features which reduce the level of 

abstraction needed should be optionally available". The 

modified software design model is summarized in Table 15; 
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Table 15 

The Modified Software Design Model 

1- Identify a mathematical domain. 

2. Identify mathematically critical features. 

3. Identify associated dynamic interactive 
processes. ive 

4. 

5. 

Level of Abstraction: Incorporate 
features which reduce the level of 
abstraction required of the user. 

software 

Program the CLE. 

. , er Control. Software features which reduc. 
the level of abstraction needed should be 
optionally available. 

Test the CLE with a cognitive analysis of 
student protocols. 

Evaluation Principle: Examine student 
misconceptions of the structure and the 
content of the CLE. 
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Table 16 

Modified Definition of a CLE 

1 . 

2. 

A CLE is interactive 

the student is an 

locus of control 1 
active participant 

ies with the student 

A CLE is non-judgmental 

3. A CLE provides appropriate support 

help screens, on-line instructions 
consistent input formats 

4. The user can modify a CLE 

the content objects are modifiable 

the transformations are modifiable 

5. A CLE permits review of command sequences 

6. A CLE permits playback of commands 

7. A CLE permits editing of command sequences 

8‘ A permits the user to save the current state 
or the environment 

9. A CLE permits the user to recall past states 

10. A CLE is interesting 

11. A CLE may include physical manipulatives to be 

used in connection with the computer environment 
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the modified 

In summary, 

developed in 

appropriate 

definition of a CLE is summarized in Table 

it appears that the design methodology 

this study can be used to develop cognitive 

computer learning environments. 

16. 

ly 
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CHAPTER 5 

DISCUSSION AND RECOMMENDATIONS 

The software design model presented in this 

dissertation was created in an effort to view software 

design from the constructivist perspective and to use 

methods adapted from cognitive science research for the 

purpose of developing cognitively appropriate computer 

learning environments. Results of this study confirm that 

it is possible to develop a powerful geometric environment 

based on cognitive theories of learning. The ability to 

produce such environments has implications for mathematics 

education; the design methodology has implications to 

software developers. 

Implications for Software Design 

In a 1983 conference on educational computing, Fred 

Reif decried the poor quality of available educational 

software and called for major initiatives to remedy the 
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situation. In particular, he said that, "Efforts should be 

made to integrate practitioners, scholars, technical 

experts, computer companies, and publishers in the computer 

system development process". 

There has been little incentive for such collaboration 

between software developers and schools. Current 

educational software, if it is tested at all in classrooms, 

relies on teachers’ impressions of student reactions to the 

proposed product. Software developers wishing to adopt the 

design methodology presented in this study, however, will 

need to include a new phase of product testing in moving 

software from conception to marketplace, during which 

cognitive analysis of student protocols is used to refine 

the developing CLE. 

Such additional testing means that educational 

researchers, trained in cognitive analysis, will need to 

become part of the design team. This need not extend 

production time; the conduct and evaluation of problem¬ 

solving interviews can take place simultaneously with other 

beta—testing. Cooperation between software developers and 

schools could have a lasting impact on the quality of 

classroom computing. Dialog between teachers and 

programmers is necessary for the creation of software using 

the software design model; and dialog, once begun, could 

lead to other educational applications as both groups 

become partners in educational planning. 
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Production of cognitively appropriate software will 

students, teachers, and researchers alike. If such 

software can help to develop better mathematical 

understanding among students then these students should 

feel better about their own mathematics learning. Improved 

affect could help to create a more positive classroom 

environment and, consequently, motivate work in areas not 

directly modelled by the software. 

In many ways, the opportunity to work with CLEs will 

impact teachers most dramatically. Effective teachers will 

need to become more knowledgeable about software and the 

constructivist perspective. While some training could be 

part of pre-service studies, for most teachers in-service 

workshops would be required. This implies a commitment of 

time and effort by teachers, and of money and released time 

by school administrations. Given substantial classroom and 

extra-curricular demands on teachers, yet another demand 

m&y present the most difficult obstacle to overcome in 

transforming classroom computing. 

Finally, availability of cognitively appropriate 

software will provide educational researchers with improved 

tools for investigating and understanding student thinking 

and problem-solving. Misconception studies of students 
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using the computer as a problem-soiving tool may lead to 

unjustified conclusions if the software used has not been 

tested using something like the testing methodology 

presented in this study. Misconceptions arising from the 

software itself, for example, could be misinterpreted as 

misconceptions of mathematical knowledge. Software that 

has passed through a cognitive testing process should 

produce more valid conclusions about student thinking. 

Suggestions for Further Research 

This study, on defining a cognitively appropriate CLE 

and developing and testing a software design model, is 

preliminary. It begs for further testing to validate the 

software design strategy, to refine the definition of a CLE 

and, in turn, to better understand students’ thinking. 

Extended Testing of the Software Design Model 

A major objective of this study was to investigate the 

possibility of designing software that was both cognitively 

appropriate and mathematically sound. In particular, this 

researcher believes that it is of limited educational 

benefit to expose students to mathematical software that is 

handsomely packaged yet based on outmoded models of 

learning. A belief that students must avoid errors, for 

example, could lead to fill-in-the-blank software tutors 
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demanding fixed responses. Control of such learning 

environments is vested in the computer instead of the 

student. Possible negative impacts of such environments 

were discussed in Chapter 1. 

The design model was tested through construction of 

^tMSformer. That Transformer seems to be a powerful 

learning environment does not, in itself, justify faith in 

the design model that was used to create it. Had it been 

less powerful, however, that too would not have justified 

total rejection of the software design model, but rather 

would have called for additional testing of the model. A 

comparative study might shed light on Hypothesis 1: 

Software developed utilizing the software design 
model will produce a better1 learning environment 
than similar software constructed without 
constructivist design principles. 

Testing this hypothesis would require designing of two 

similar pieces of software, one constructed using the 

specified design principles and a second, based on the same 

mathematical content, which was not. Testing both pieces 

of software should determine whether they are equally sound 

learning environments or whether one is significantly 

better than the other. 

i>Better’, in this context, means that we would expect a 
up of students who used one piece of software to demonstrate 
ater understanding of the mathematical content than a similar 
up of students who used the second piece of software. 
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The difficulties with this type of testing are 

mundane; it takes considerable time and effort to construct 

a good piece of software regardless of what design 

Principles are employed. It hardly seems reasonable to 

expect someone to construct such a piece of software 

knowing that it will be rejected and not used again. 

In light of such utilitarian matters, another type of 

testing may be more practical if somewhat less satisfactory 

m terms of validating the design model. The modified 

hypothesis (lb) to be tested is: 

Software constructed with the software design 
model will be a useful learning environment. 

Testing this more limited hypothesis requires development 

of additional CLEs constructed with the software design 

model. The new software, like Transformer, should also be 

tested against hypothesis 4, presented below. (That is, 

students who use these CLEs should outperform students 

studying the same mathematical content without computers.) 

If these CLEs demonstrate their classroom worth, then 

confidence in the design model would be strengthened. 

Extended Testing of Transformer 

As detailed in this research a CLE has ten defining 

aspects, not all of which were tested in this study. The 

short-term nature of the current project, lasting only 

three work sessions, precluded using Transformer1s advanced 
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features. In particular, neither na.in, comniand 

sentences nor the ability to vary input parameters was 

utilized. long-The naming option, as discussed in Chapter 

3, permits a complex command sequence to be named. Naming 

should permit students to reorganize many different low- 

level frames as slot-values in a higher-order frame, what 

Davis and McKnight called "super-procedure formation" 

[1979], and what was referred to in Chapter 1 as the 

formation of relational frames. Davis and McKnight found 

these frames to be pre-cursors to more expert problem- 

solving. 

These higher-order thinking tools beg for testing. 

This implies a long-term study to give students the 

opportunity to master Transformer’s elementary features. 

More advanced students who choose to use naming should 

exhibit faster and more accurate recall of complex command 

sequences and be more successful at solving complex 

problems, e.g., creating a tessellation. This seems to be 

worthy of investigation because, if true, it supports 

inclusion of naming in the model of a CLE; if false, the 

model of a CLE can be simplified and, consequently, 

development time of a new CLE can be shortened. Hypothesis 

2 then, is proposed: 

Students who choose to use the naming option will 
be more successful at solving complex problems 
than students who do not use it. 
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Furthermore, students who have formed more encompassing 

frame systems win operate at a more formal cognitive 

level. If naming encourages development of relational 

frames, then students who choose to use naming might be 

expected to operate at a higher Van Hiele Level [1986). 

Since the Van Hiele level roughly correlates with geometric 

understanding, observing naming in a student’s work in 

Transformer should correlate positively with geometric 

understanding and, therefore, provide an easy window into 

students’ levels of geometric sophistication. Accordingly, 

Hypothesis 2b is proposed for testing: 

Students who regularly choose to use the naming 

feature operate at a higher Van Hiele level than 

similar students who do not choose to use naming. 

There is ample research evidence that students tend to 

misconstrue the nature of variables in algebra (Clement, 

Lochhead, and Soloway [1979]; Clement [1980]; Kieran 

[1980]; Clement, Narode, and Rosnick [1981], etc.) and in 

computer programming (Soloway [1982]; Horlick [1988], 

etc.). Students who investigate geometric figures by 

varying parameters should understand transformational 

properties better than students who do not have that 

experience. Furthermore, it seems worthwhile to find out 

if experiences with geometric variation has a positive 

impact on student understanding of variation in other 

mathematical settings. This suggests a third hypothesis to 

be tested: 
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attribution0 regularly use variation of 

ss^snr— 
Finally, while several hundred people have been 

exposed to Transformer during its development, only twelve 

students were closely observed in their efforts on nine 

problems. While results were encouraging they shed little 

light on the ultimate aim of educational software design -- 

namely, a greater learning opportunity for students. 

Further testing of the software should be aimed at 

determining its utility to serve as a classroom learning 

tool. The issue can be addressed both broadly and 

narrowly. 

Broadly, it would be useful to know long-term 

diffcrcnees between students who learn geometry in a 

computer-integrated curriculum and those who learn geometry 

from blackboard and book alone. Will there be differences 

in achievement? Will there be differences in how students 

perceive themselves as learners of mathematics? The 

discussion in Chapter 2 suggests that learners in 

computer-supported learning environments will feel more in 

control and, therefore, more confident of their ability to 

work through problems. Is it so? 

Narrowly, the cognitive effects of each transformation 

could be investigated. Visual work on scaling, for 

example, might transfer into arithmetic work with fractions 
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and proportion; experience with rotations could affect 

students' misconceptions about angle measurement. Such 

potential effects can only be studied through further 

research. At the very least, however, students who 

regularly use cognitively appropriate software could be 

expected to out-perform students exposed to classroom work 

alone. In particular, Hypothesis 4 is proposed; 

A group of students who use Transformer within 

ransformational Geometry curriculum unit will 

demonstrate a greater understanding of 

transformational concepts than a similar group 
which does not use the software. 

a 

Expanded Learning Environments 

A CLE, as defined in this paper, is a relatively 

unstructured learning environment, because so much control 

placed in the hands of students. This has the virtue of 

broadening the utility of the CLE. The price for such 

freedom is that students and/or the supervising teacher 

must provide direction and structure, and must invest more 

in understanding student work and thinking. A significant 

expansion of the software environment would occur if the 

CLE was but one module in a larger learning context such as 

an intelligent tutoring system. 

There is much current research on development of 

Intelligent Tutoring Systems or ITSs (see Lesgold [1983], 

for example). The idea underlying an ITS is to create a 
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computer system capable of delivering personalized tutoring 

much as a human tutor would provide. The goal of such a 

system is laudable: to provide individualized instruction 

customized to individual students learning needs. But 

dialog systems all suffer from the same flaw: the student 

as responder is placed in a passive learning mode. The 

constructivist perspective, however, requires that students 

must be able to actively manipulate their learning 

environment to develop mathematical understanding. 

This suggests incorporating active learning modules 

such as Transformer in an ITS environment. Such a system 

might pose questions whose answers could be developed 

through exploration. An intelligent tutor could choose, 

perhaps after consulting with the student, the level of 

guidance available. At one extreme the tutor would monitor 

the student s interaction without intervention; to the 

student the tutor would appear invisible and the 

environment virtually unstructured. At the other extreme 

the tutor might provide step-by-step instructions in a 

guided exploration. An intermediate case could have the 

student working with some guidance and some structure, 

prompting the student when appropriate or offering 

heuristic advice when the student appears to be stuck or 

when the student requests such an intervention. 

Current ITS models decompose the tutoring system into 

modules: an ’expert module’ containing knowledge of the 
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subject, a 'tutoring module- containing knowledge about 

tutoring, a ’student module’ modelling the student’s 

content knowledge, a ’communication module’ containing a 

natural language interface, and an ’evaluation module- 

permitting the system to judge the learner’s responses in 

terms of the knowledge domain. The development of an 

intelligent CLE would require three additional modules. 

The tutor would need an 'environmental module’ containing 

the microworld itself. The system would also require a 

second ’expert module’ giving the system knowledge about 

how to manipulate the microworld and how to relate CLE 

operations to data in the knowledge domain. That is, the 

system, like the student, must make connections between its 

declarative knowledge and its procedural knowledge. 

Finally, the system would require an extension of its 

evaluation module to permit analysis of the student’s 

action responses as well as analysis of the learner’s 

interactive dialog. That is, the system would have to 

’understand* student command sequences and make reasonable 

guesses as to his intentions. 

ITS systems are receiving significant attention in 

current literature. Prototype systems are being developed 

and field tested and eventually will find their way into 

classrooms and homes. They can make a significant positive 

impact on students if they are based upon what we know of 

how people learn mathematics. 
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appendix a 

TRANSFORMER COMMAND SUMMARIES 

CYCLE 1: 

i 
i 

Transformations 

Reflects the figure in a horizontal mirror 

Reflects the figure in a vertical mirror 

/ Reflects the figure in a 45 degree mirror 

\ Reflects the figure in a 135 degree mirror 

M a Reflects the figure in a mirror inclined a 
degrees 

0 a Rotates the figure around the origin a degrees 

* f Scales the figure with scaling factor f. 

T x y Translates the figure x units horizontally and y 
units vertically 

Other Command Options 

F or L Clears screen and draws First or Last image 

REPEAT n Repeats the following transformation list n times 

G Draws a coordinate grid on the screen 

E Erases effect of last command given 

R Lists (reviews) the previous commands entered 

DEFINE Allows the user to name a command sequence 

NEW Enters Create Mode. 

PUTAT Places figure at a given point. Takes three 

inputs: PUTAT x v <figure name> 
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CYCLE 2: Transformations 

1 
1 

/ 

Reflects the figure in a horizontal mirror 

Reflects the figure in a vertical mirror 

Reflects the figure in a diagonal (45 degree) 
mirror 

\ Reflects the figure in a diagonal (135 degree) 
mirror 

M a Reflects the figure in a mirror inclined a 
degrees 

RR a Rotates the figure clockwise around the origin a 
degrees 

RL a Rotates the figure counter-clockwise around the 
origin a. degrees 

* f Scales the figure with scaling factor f. The 
coordinates of each vertex are multiplied by f 

T x y Translates (slides) the figure x units 
horizontally and y units vertically 

Other Command Options 

F Clears the screen and draws the starting figure 

L Clears the screen and draws the last image 

REPEAT n Repeats the following transformation list n times 

G Draws a coordinate grid on the screen 

E Erases the last command given 

R Lists, or reviews, the previous commands entered 

DEFINE Allows the user to define and name a command 

sequence 

NEW Allows the user to define and name a command 

sequence while drawing a figure 

PUTAT Puts a figure at a specified point 

SHOW a Displays a mirror inclined at a degrees 
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Group Session Probl em Sheet - Cycle 1 
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Group Session Problem Sheet Cycle 2 
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appendix b 

PROBLEMS USED IN THIS STUDY 

NOTE: Most students completed Problems 1 - 5b in the 
first Session and problems 6 - 8 in the second 
session. 

PROBLEM 1.1 

Given the screen display following the sequence 0 60 O 60: 

How many more rotations are needed to bring the figure 
back to its starting position? 
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PROBLEM 1.2a 

Given the display 

Suppose that 
center. Can 

following the sequence REPEAT 6 [0 60] 

you wanted three figures around the 
you construct the screen? 

PROBLEM 1.2b 

Given the display following the sequence REPEAT 6 [O 60] 

Suppose that you wanted eight figures around the 
center. Can you construct the screen? 
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PROBLEM 1.3 

Given the original figure on the screen: 

Can you use transformations to 
the angle of the figure at the 

determine 
center of 

the 
the 

size of 
screen? 

PROBLEM 1.4 

The screen shows the figure displayed by the sequence 

NEW 
30 30 
T -40 0 
T 0 -40 
T 40 0 
T 0 40 
(return) 

Can you show that the new figure is a square? 

Figure 26 Problem 1.4 
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PROBLEM 1.5 

Create a new square without 
may use any combinations of 
stretches and shrinks. 

using translations. You 
reflections, rotations or 

Problem 1.5b 

Can you show that your figure really is a square? 

PROBLEM 1.6 

Create an equilateral triangle. 

PROBLEM 1.7 

Can you convince a skeptic that your triangle really 
is equilateral? 
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PROBLEM 1.8 

The screen displays the figure created by the sequence 

NEW 
0 0 
T 20 40 
O 72 
* 0 
(return) 

Can you find the measure of the 
the triangle? Find out anything 
the lengths of the sides and the 
angles of the triangle. 

angle at the center 
else you can about 
measures of the 

of 
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PROBLEM 2.1 

Given 
screen display following the sequence RR 60 RR 60 

How many more RR rotations are needed 
figure back to its starting position? 

to bring the 
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PROBLEM 2.2a 

Given the display 

Suppose that 
center. Can 

following the sequence REPEAT 6 [RR 60J 

you wanted three figures around the 
you construct the screen? 

PROBLEM 2.2b 

Given the display following the sequence REPEAT 6 [ RR 60] 

Suppose that you wanted eight figures around the 
center. Can you construct the screen? 
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PROBLEM 2.3 

Given the display of REPEAT 3* [ RR 120 ]: 

You have now used rotations a number of times and in 

rotation6 rpferred t0 the "umber °f <*•««£of rotation. Can you identify an angle on the screen 

there°aIT?nPHndS t0 th6 rotation? In particular, is 
there a 120 degree angle on the screen? 

Figure 30 Problem 2.3 
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PROBLEM 2.4 

The screen shows the 
figure displayed by the sequence 

NEW 
30 30 
T -40 0 
T 0 -40 
T 40 0 
T 0 40 
(return) 

Can you show that the new figure 
Figure 26) is a square? (See 

PROBLEM 2.5 

Create a new square 
may use reflections 

without using translations. You 
rotations, stretches and shrinks 

PROBLEM 2.5b 

Can you show that your figure really is a square? 

PROBLEM 2.6 

Create an equilateral triangle. 

PROBLEM 2.7 

Can you convince a skeptic that your triangle really 
is equilateral? 
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PROBLEM 2.8 

The screen displays the 
sequence: figure created by the 

NEW 
0 0 
T 20 40 
RR 72 
* 0 
(return) 

Can you find the measure of the angle at the center of 

^rl^le?f find out anything else you can“Sout 
e lengths of the sides and the measures of the 

angles of the triangle. (See Figure 27) 
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APPENDIX C 

THE PARSING OF A PROTOCOL 

The following illustrates the method used to producing 

a problem-solving ’script’ for each problem. First, the 

videotape was transcribed, and the segment relating to the 

problem was extracted. 

In the second stage, this protocol was segmented into 

preliminary categories to capture the progress of the 

action. The preliminary categories used are listed in 

Table 5. 

In the third stage, misconceptions were extracted from 

the body of the protocol, and an abstract of the protocol 

was written. 

In the fourth stage, the preliminary categories were 

collapsed into the final categories (see Cognitive 

Categories Used, Chapter 2) producing a ’script’ for the 

problem-solving session. 

Step 1: Protocol 2.9.5 

Note: The lines segmenting this protocol are for the 
reader’s convenience. They indicate where the 
parsing will be determined in the next stage. 

I: So type NEW. This will be your opportunity to 
create a figure. I want you to create a square, 
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but I have a rul 
rotations, or st 

use translations 

e. You can use reflections, or 
retches or shrinks but you can't 
’ cause that’s what I used. 

S9: [Thinks] Okay. [Types NEW 30 30] 

I: Any reason why you picked that point? 

S9: ’Cause I knew where it was. 

I: Okay. Do you have any game plan? Do you have 
any idea of how you will proceed? 

S9: Yeah. I think I will just try to multiply. 

I: Okay. 

S9: [Types * 5] 

I: [Anticipating the screen] 5, I think, will go 
off the screen. Why don’t you try 3? 

S9: [Types * 3 looks very surprised at the diagonal 
line.] 

It Okay, the first problem is to figure out why it 
did that. You weren’t expecting that at all. 

S9: No. 

I: Did you expect something else? 

S9: I really wasn’t sure. I thought it might give me 
a line or even a circle. 

I: [Explains how * works on coordinates.] 
S9: Coordinates? 

I: Yes. 

S9: [Laughs] 
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11 PUshed3ou?0t ^1?ied t0 90 90' That's «hy it got 
have votth If *hfr! "*re a rubber band it would 
with that&n ^ out' Do,yon want to atick 
that •" 1 know you weren’t pianning on 

S9 : 

I: 

S9: 

I: 

S9: 

[Types RETURN twice.] 

So for example [Types * 2] 

This coordinate would get stretched to here, 
this one to here. [Types RETURN] 

That's exactly right. 

[Smiles. Looks pleased.] 

and 

How come these sides are closer to the big ones 
and these are further away? It didn’t get 
stretched equally. 

Probably because these coordinates are smaller. 

Very nice. So. Back to our problem with a 
square. 

S9: [Types NEW 30 30 /] 

I: What happened? 

S9: How boring. 

I: Why? 

S9: Actually, it reflected a point on itself so it 
didn't move. [Types RR 90] 

I: So you rejected stretches and now mirrors. You 
tried a mirror...did you have an idea about how 
you were going to use mirrors? 

S9: Not really. 
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I: And now? Do you have 
rotations? 

an idea about how to use 

S9: No. 

I: So you are just experimenting? 
feel for what can happen? 

Trying to get a 

S9: Yes. 

15 Okay. 

S9: I know now that most mirror situations won’t 
work. 

I: Why? 

S9; Because I know that whichever way the mirror goes 
[motions with her hand] it will just mirror back 
on itself. 

I: Okay. Lets come back to that. So if you've 

rejected mirrors... there isn’t much left beside 
rotations. But why 90 degrees? 

S9: Well I guess I was sort of thinking about..well 
like in LOGO I’m just used to right 90. 

I: Okay. So where do you think the image will be? 

S9: I don’t really know. Cause when you rotate it, 
it doesn’t really go anywhere. It will just 
rotate on itself. 

I: Okay. It’s important to understand how rotations 
work. You are absolutely right [makes a dot and 
puts a pen on it] if I rotate on this point it 
won’t. . . 

S9: [Interrupting] Oh. But you are rotating about 
this point [points to center of screen]. 

I: Right. Imagine that point (30,30) is the tip of 
your flagpole...the flagpole isn’t drawn in. But 

where will the image be? 

S9: [Points] Over there. 
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you are. 
I: And there you are. 

S9: 

RR°90 S"So]° th8t thrSe m°re timeS- tTyPeS RR 90 

I: 
Well it’s too late for me to ask you ... you are 
o viously successful [a square appears on the 
screen] and got what you wanted. I was going to 
ask you, why 90 degree turns? 

S9: 

y°U said 90 degree turns because like in 

I don’t really know. 

I: Weil let me ask you this. You’ve just done four 
90 degree turns and in LOGO you do four 90 degree 
turns. Are they the same 90 degree turns? 

S9: [No response] 

I: Where are the LOGO turns and where are your 
turns? 

S9: Well they are the same angles. 

I: Well sure, 90 degrees is 90 degrees. We are back 
to the question of the relation between rotations 
and angles. Where are your 90 degree angles? 

S9: [points] At the corners of the square. 

Step 2: Protocol 2.9.5 

1 . START: Types 30,30 "because I know where it is". 

2. PLAN: I think I will just try to multiply. 

3. IMPLEMENTATION: [Types * 3] 

4. EVALUATION: types * 3 and looks surprised. I 

5. 

thought it might give me a line or a circle. 
ANALYSIS: I explain stretches. Then she smiles 

and looks pleased at her understanding. 
When I ask why the square wasn’t stretched 
equally, S9 says, "Probably because these 

coordinates are smaller". 
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6. START: [Types 30 30 /]. 

7» EVALUATION: How boring. 

8. ANALYSIS: Actually it reflected a point on 
itself so it didn’t move. 

9. EXPERIMENTING: [Types RR 90] 

10. JUDGEMENT: I know now that most mirror 

situations won’t work because ... whichever 
way the mirror goes it will just mirror back 
on itself. 

11. MISCONCEPTION: [I asked why 90?] Well, I guess 

I was sort of thinking about...like in Logo, 
I m just used to right 90. I don’t really 
know [where it will go] cause when you 
rotate it, it doesn’t really go anywhere. 
It will just rotate on itself. 

12. SOLUTION: [I explain that rotations take place 
around the center.] I can just do that 
three more times. [types RR 90 RR 90 RR 90] 

13. MISCONCEPTION: [Where are the Logo turns and 
where are your turns?] They are the same 
angles. They are at the corners of the 
square. 

Step 3: Protocol 2.9.5 

S9 begins with (30,30), the same point used in problem 

2.4, "Cause I know where it is". She does not indicate a 

goal but does indicate a process, "I think I will just try 

to multiply". 

She tries scaling (* 5), which goes off the screen, 

and then tries * 3 and is surprised at the resulting 

diagonal. We discuss stretches and S9 indicates her 

understanding. 
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Now she tries 30 30 / and realizes that the point 

"reflected on itself. S9 then tries RR 90. She says that 

she is experimenting. While she has not stated a specific 

goal she clearly has something in mind when she rejects 

these attempts. Now she rejects mirrors altogether saying, 

incorrectly, "I know that whichever way the mirror goes 

[motions with her hand] it will just mirror back on 

itself". 

When S9 tries RR 90 she indicates misconception LOGO/1 

in two ways. First, she directly says, "I guess I was sort 

of thinking about, well, like in LOGO. I’m just used to 

right 90. When I ask her where she thinks the image will 

be she says, I don’t really know. Cause when you rotate 

it, it doesn’t really go anywhere. It will just rotate on 

itself." This is consistent with LOGO/1, because the 

turtle, if turned, just turns in place, ’on itself’. 

As soon as I remind her how rotations work, however, 

she says, "Oh, but you are rotating about this point 

[points to origin] ... I can just do that three more 

times". She then completes here square with RR 90 RR 90 RR 

90. When I probe, she indicates that RR 90 produces the 

same angles that RT 90 produces in Logo (cf. LOGO/2). 

S9 begins her work without apparent goals beyond the 

goal implicit in the problem. She explores various 

transformations to see what happens. The method depends on 

her ability to correctly analyze the results. She 
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rectly dismisses stretches but also rejects reflections 

by overgeneralizing her special case. 

S9 quickly produces a square once she tries rotations 

but her confusion with Logo makes it clear that she was 

lucky that the Logo construction and the Transformer- 

construction were similar. 

Step 4: Protocol 2.9.5 

Goal: No apparent goal 

Plan: No stated plan. 

Explore: 30 30 * 5 

Evaluate: ERROR 

Explore: * 3 

Evaluate: ERROR 

Explore: / 

Evaluate: ERROR 

Explore: RR 90 (LOGO/1) 

Explore: RR 90 RR 90 RR 90 (LOGO/2) 
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