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ABSTRACT

MORPHOLOGY OF THIN SHEETS IN THE LAM �E SETUP
AND BEYOND

FEBRUARY 2017

ZHANLONG QIU

B.Sc., BEIJING NORMAL UNIVERSITY, BEIJING, CHINA

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Benjamin Davidovitch

We present a general analytical approach to study the wrinkling phenomena in the Lam�e

[1], sheet on drop [2], drop on sheet [3], and twisted ribbon [4] setups. In the partially single-

mode wrinkle pattern, we employ the boundary layer analysis to regularize the divergence in

the energy and obtain the optimal wavenumber. In the multi-mode wrinkle pattern scenario,

we consider the e�ects of the boundary condition, meniscus, and the geometry of the setup

separately on the energies and obtain scaling results for the wavenumber of the multi-mode

pattern due to each e�ect. Lastly, a wrinkle-to-fold transition is discussed in the Lam�e setup,

with our main �nding that this transition is triggered by geometry of the annulus alone which

minimizes the surface energy.
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CHAPTER 1

FUNDAMENTALS OF ELASTICITY

1.1 The strain tensor

The theory of elasticity deals with small deformations of elastic bodies, namely the depar-

tures of elastic bodies from their natural con�gurations under stress. The stress-free and

stressed states are called the natural con�guration and the deformed state respectively, in

which the position of a material point moves fromr to r 0. The di�erence r 0� r is called the

displacement vectoru:

u(r ) = r 0(r ) � r (1.1)

The di�erence of the in�nitesimal distance squareddr 2 and (dr 0)2 is:

(dr 0)2 � (dr )2 = [ d(x i + ui (x j )) ei ]
2 � [dxi ei ]

2

=
��

dxi +
@ui
@xj

dxj

�
ei

� 2

� � ij dxi dxj

=
�

dxi +
@ui
@xj

dxj

�
ei �

�
dxk +

@uk
@xl

dxl

�
ek � � ij dxi dxj

=
�

dxi dxk +
@ui
@xj

dxj dxk +
@uk
@xl

dxi dxl +
@ui
@xj

@uk
@xl

dxj dxl

�
� ik � � ij dxi dxj

=
�

� ij dxi dxj +
@ui
@xj

dxj dxi +
@uj
@xi

dxi dxj +
@uk
@xj

@uk
@xi

dxj dxi

�
� � ij dxi dxj

=
�

@ui
@xj

+
@uj
@xi

+
@uk
@xj

@uk
@xi

�
dxi dxj (1.2)
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where the Einstein summation convention is assumed andx i =x0
i is the component ofr=r 0.

The dimensionless quantity in the parentheses of the last line is de�ned as the strain tensor,

denoted by� ij :

� ij =
1
2

�
@ui
@xj

+
@uj
@xi

�
+

1
2

@uk
@xj

@uk
@xi

: (1.3)

Apparently, the strain tensor geometrically characterizes the deformation by measuring the

extent that the elastic bodies depart from their natural con�gurations. The strain tensor is

symmetrical by de�nition,

� ij = � ji (1.4)

In this thesis we will always assume the condition of small strainj� ij j � 1. Nevertheless,

this assumption never implies that the displacementui should also be small compared with

the lateral scale of the system. To see this, let us consider the rigid rotation of a disc in the

x � y plane along thez axis. This rotation is fully characterized by the rotation angle� .

x0 = x cos(� ) � y sin(� ) (1.5a)

y0 = x sin(� ) + y cos(� ) (1.5b)

wherex0; y0 and x; y are the coordinates after and before rotation respectively. The displace-

ments by de�nition (Eq.1.1) are:

ux = x(cos(� ) � 1) � y sin(� ) (1.6a)

uy = y(sin(� ) � 1) + y cos(� ) (1.6b)

Plugging the ux ; uy into the strain tensor Eq.1.3, we can show that the strain tensor is

zero everywhere as expected. However, the displacement can be very large depending on

the rotating angle � . Another point needs to be mentioned is that only when the rotation

2



angle � is very small, can one neglect the nonlinear term compared with the linear part in

Eq.1.3. This observation suggests that it's feasible to separate the strain into the dominant

part (linear term) and the subdominant part (nonlinear term) for elastic body undergoing a

small angle deformation. This separation of the strain will be frequently carried out in the

following chapters.

1.2 The stress tensor

1.2.1 The de�nition of the stress tensor

Denoting the force per volume applied to the elastic body along thei -th direction as f i ,

the total force Fi along the i -th direction is the integral over a volume elementdV, namely:

Fi =
Z

f i dV =
Z

d� ij

dxj
dV =

I
� ij dSj (1.7)

where the divergence theorem is applied and the induced 2nd order tensor � ij is called as

the stress tensor. The direction of each component of the stress tensor is illustrated in

Fig.1.1. Taking the � xy � dSy as an example,� xy acts on the unit areadSy = dxdz which is

perpendicular to y-axis, and points parallel with thex axis. By convention, the o� diagonal

stress� ij (i 6= j ) is called the shear stress, and the diagonal stress� ii is called the normal

stress.

The shear stress has an e�ect of tilting the elastic body, and one needs to impose the

requirement of the balance of torque. Thez component of the torque on a small cube as

shown in Fig.1.1 is zero, which is computed as:

� yx
dy
2

dxdz � � xy
dx
2

dydz+ � yx
dy
2

dxdz � � xy
dx
2

dydz = 0 (1.8)

this result implies:

� ij = � ji (1.9)

3



x

y

z

� xy

dx

dz

� yx

� xy

� yx

dy

Figure 1.1. The torque balance on a cube.

i.e. the stress tensor is symmetric as the strain tensor is.

1.2.2 Mechanical equilibrium for materials

Continuing with our discussing of Eq.1.34, every volume element should have zero net

force in mechanical equilibrium.

I
� ij dSj =

Z
@�ij
@xj

dV = 0 (1.10)

This implies,
@�ij
@xj

= 0 (1.11)

1.3 Hookean elasticity

1.3.1 The Hook's Law

The strains of di�erent materials respond to applied stress di�erently. The scope of this

thesis is limited to the linear response between the applied stress and the induced strain. For

4



an isotropic material, this kind of response is called the Hookean elasticity, and the linear

response is expressed as follows:

� ij = �� kk � ij + 2�� ij (1.12)

where the coe�cients � and � that characterize the elastic properties of materials are called

Lam�e constants. This equation is also called the Hook's Law.

By convention, the Lam�e coe�cients are replaced by the Young's modulusE (dimension

of pressure) and the Poisson's ratio� (dimensionless), which are related by:

� =
E�

(1 + � )(1 � 2� )
; � =

E
2(1 + � )

(1.13)

The Hook's Law expressed in terms of the Young's modulus and the Poisson's ratio becomes:

� ij =
E

1 + �
(� ij +

�
1 � 2�

� kk � ij ) (1.14)

and conversely,

� ij =
1 + �

E
� ij �

�
E

� kk � ij (1.15)

1.3.2 The elastic energy for the Hookean materials

The elastic energy stored in an elastic body is determined by the strain tensor alone. For

the Hookean materials, this energy is quadratic (See Ref. [5]) in the strain tensor and can

be expressed as:

U =
Z

1
2

� (Tr � )2 + � Tr( � )2dV (1.16)

where Tr strands for the trace of matrix. The variation of the energy density� in Eq.1.16 is

the stress.
@�
@�ij

= � ij (1.17)
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The Hook's Law Eq.(1.12) implies:

� ij �� ij = �� ij � ij (1.18)

Combining Eq.(1.17) and Eq.(1.18), the elastic energy Eq.(1.16) is equivalent to:

U =
1
2

Z
� ij � ij dV (1.19)

1.4 Energies and force balance equations for a thin plate

The general force balance equations and the elastic energy expression for 3D Hookean

materials have already been derived in the previous sections. In this section, the goal is to

derive the force balance equation and the elastic energy, which are applicable only to the

thin plate. A \thin plate" refers to a solid body whose thickness is much smaller than the

scales in the other 2 directions, and thus can be treated as a 2D shape. In this setting, we

are able to consider the deformations inside the 2D plane and out of the plane separately.

1.4.1 The bending energy of a thin plate

One can always �nd a neutral plane within the plate, which undergoes pure bending

without any stretching, if the out of plane deformation along the transverse direction of the

plate is small compared with its thicknesst and there are no tensile loads on the plate. The

elastic energy associated with this neutral plane is pure bending.

Apparently, the neutral plane lies midway through the plate, we set the coordinate system

with the origin in the center of the neutral plane, and the z-axis where the plate bends into

perpendicular to the neutral plane at the origin, as is shown in Fig.1.2. Then each component
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of the displacement can be approximated at the neutral plane, namelyz = 0. Such a pure

bending condition takes the form:

ux (z = 0) = 0 ; uy(z = 0) = 0 ; uz(z = 0) = � (x; y) (1.20)

With no external force acting on the surface of the plate, the stress-strain relation Eq.(1.14)

z

O

Figure 1.2. A slightly bent thin plate. The dashes line is the neutral plane of the slightly
bent thin plate.

becomes:

� xz =
E

1 + �
� xz = 0; � yz =

E
1 + �

� yz = 0 (1.21a)

� zz =
E

(1 + � )(1 � 2� )
[(1 + � )� zz + � (� xx + � yy)] = 0 (1.21b)

� xx =
E

1 � � 2
(� xx + �� yy); � yy =

E
1 � � 2

(� yy + �� xx ); � xy =
E

1 + �
� xy (1.22)
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where Eqs.(1.22) are the stress-strain relation for 2D plate. Keeping only the linear part of

the strain tensor (Eq.(1.3)), we can obtain the displacementsux ; uy as shown below:

ux = � z
@�
@x

; uy = � z
@�
@y

(1.23)

Substituting the values ofux and uy back into the strain 1.3 and retaining the linear part,

one obtains:

� xx = � z
@2�
@x2

; � yy = � z
@2�
@y2

; � xy = � z
@2�

@x@y
(1.24a)

� zz =
z�

1 � �

�
@2�
@x2

+
@2�
@y2

�
; � xz = � yz = 0 (1.24b)

Plugging the Eqs.(1.22, 1.24) into the elastic energy Eq.(1.19) and integrating the thickness

from � 1
2 t to 1

2 t, one obtains the pure bending energy as follows:

Ub =
Et 3

24(1� � 2)

Z ( �
@2�
@x2

+
@2�
@y2

� 2

+ 2(1 � � )

" �
@2�

@x@y

� 2

�
@2�
@x2

@2�
@y2

#)

dxdy (1.25)

where
@2�
@x2

+
@2�
@y2

is the mean curvatureH , and
1
2

 
@2�
@x2

@2�
@y2

�
�

@2�
@x@y

� 2
!

is the Gaussian

curvature K in the case of small deformation. Introducing the bending modulus B of the

plate as:

B �
Et 3

12(1� � 2)
(1.26)

the bending energyUb is concisely expressed as:

Ub =
B
2

Z
(H 2 � 2(1 � � )

K
2

)dxdy (1.27)
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1.4.2 Stretching energy of a thin plate

In addition to the pure bending, there is another kind of energy induced by pure stretching

within the thin plate. To account for the stretching energy, a 2D strain-stress relation and

a 2D strain tensor need to be introduced.

The 2D strain-stress relation has been introduced in Eqs.(1.22), however, the stress there

has the unit of force per area, instead of force per length for the 2D plate. This issue can be

resolved by multiplying the thicknesst on both sides of Eqs.(1.22). De�ning the stretching

modulus Y � Et and 2D stress �� ij = � ij � t, one obtains the 2D strain-stress relation:

�� xx =
Y

1 � � 2
(� xx + �� yy) (1.28a)

�� yy =
Y

1 � � 2
(� yy + �� xx ) (1.28b)

�� xy =
Y

1 + �
� xy (1.28c)

The over-bar for the stress will be neglected thereafter, and the dimension of stress should

always be understood as force per length. The 2D strain can be derived by following the

methodology in sec.1.1. In the 2D plate, the in�nitesimal squared distance in natural con-

�guration dr 2 and after deformation (dr 0)2 respectively are:

dr 2 = dx2 + dy2 (1.29a)

(dr 0)2 = ( dx + dux )2 + ( dy + duy)2 + d� 2 (1.29b)

whered� is the out of plane deformation. The 2D strain tensor is found to be:

� �� =
1
2

�
@u�
@x�

+
@u�
@x�

�
+

1
2

@�
@x�

@�
@x�

(1.30)
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Where the Greek indexes�; � take valuesx; y. The nonlinear terms are ignored except for

the out of plane deformation, otherwise no information of the out of plane deformation is

retained.

The energy stored within the thin plate, is obtained by substituting Eqs.(1.30,1.28) into

Eq.(1.19), and the explicit expression of in-plane stretching energy for the thin plate is:

Us =
Y

2(1 � � 2)

Z �
(� xx + � yy)2 � 2(1 � � )

�
� xx � yy � � 2

xy

��
dxdy (1.31)

Notably, bending energy is typically much smaller than stretching energy for thin plates as

B=Y � t2.

1.4.3 The F•oppl-von K�arm�an equations

The mechanical equilibrium equations along each direction, also known as the F•oppl-von

K�arm�an (FVK) equations are derived respectively by a variation of the elastic energyUb+ US

with respect to displacements� , ux and uy (see Ref. [6] for a more details).

The in-plane force balance:
@���
@x�

= 0 (1.32)

where it takes the same form as Eq.(1.11), except there is noz-component quantity as

expected.

The normal direction(also thez-direction) force balance equation:

B � 2� �
@

@x�

�
� ��

@�
@x�

�
= 0 (1.33)

This equation should be understood as shown in the schematic Fig.1.3. The bending force

(The �rst term) which always pulls the bulked plate back to its planar shape, is balanced by

the out-of-plane contribution due to the coupling of the curvature and internal stress (The

second term).
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� �

Figure 1.3. A schematic plot of the cross section view of a compressed thin plate. The
plate is labeled in black, and the internal compressive stress� is in red.

1.4.3.1 Example: a rectangular thin sheet on substrate [7]

As an example of the application of the F•oppl-von K�arm�an(FVK) equations, we study

a 
oating rectangular thin sheet setup (Fig.1.4), where the sheet with lengthL, and width

W is compressed along its width by a distance � (� � W). To account for the observed

w

y

x

D

Figure 1.4. The wrinkle pro�le in 1D set-up. Thin sheet exhibits wrinkle pro�le perpen-
dicular to the direction of compression

parallel wrinkle patterns alongy-axis, an inextensiblity alongx-axis is assumed, as bending

is energetically favorable to the stretching. This assumption simpli�es the 2D problem into a

1D problem depending onx alone. Assuming the undulating wrinkle pattern is described by
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� (x) = A � sin(qx), we reduce the original complicated energies: stretching energy (Eq.1.31),

bending energy (Eq.1.25), surface energy and gravitational energy of the substrate to bending

Ub (Eq.1.34) and gravitational Ug (Eq.1.35) energies only, subjected to an \inextensibility"

constraint (Eq.1.36).

Ub =
B
2

Z �
@2�
@x2

� 2

dxdy (1.34)

Ug =
Z

�g�d�dxdy =
1
2

Z
�g� 2dxdy (1.35)

Z W � �

0

s

1 +
�

d�
dx

� 2

dx = W (1.36)

Recalling j d�
dx j � 1, the \inextensibility" can be simpli�ed as:

Z W � �

0

 

�
�

W � �
+

1
2

�
d�
dx

� 2
!

dx = 0 (1.37)

For � =W � 1, the constraint enforced is:

�
�
W

+
1
2

�
d�
dx

� 2

= 0 (1.38)

The optimal wavenumberq is computed from a variational approach of the energy density

(Eqs.1.34, 1.35), which is constrained by Eq.1.38. Introducing a Lagrange multiplier, one

obtains the wave number of the wrinkle pattern:

q =
� �g

B

� 1=4
(1.39)

1.5 The wrinkle pattern in a radially stretched annular sheet

1.5.1 Introduction

Continued with the previous simple example of the 1D Euler buckling Sec.1.4.3.1, the

simplest generalization of this 1D setup to 2D is the experimental realizations of circular
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sheets on liquid bath. An obvious advantage in studying such setups lies in the fact that

the radial stress is tensile, shear is negligible, and for a range of loading conditions the

hoop (azimuthal) stress is compressive in some fraction of the sheet, hence the consequent

buckling instability gives rise to a pattern of radial wrinkles. Notable examples are, annulus

with mechanical loads (Fig.1.5a,b, Ref. [8], [9]), drop on sheet (Fig.1.5d, Ref. [10]), and sheet

with surfactants e�ect (Fig.1.5c, Ref. [11]).

1.5.2 Review of previous works

The simplest axisymmetric stretching setup is the Lam�e setup [12] (Fig.1.6a). This

setup consists of a 
oating annulus with inner radiusRin and outer radiusRout , subjected

to di�erent tensile loads (Tin , Tout ) near the edges by controlling surfactant concentration.

When the ratio Tin =Tout reaches the threshold, the wrinkle pattern begins to propagate from

the inner edge towards the outer edge (Fig.1.6(b,c)). The high level symmetry in the Lam�e

setup enables the identi�cation of dimensionless parameters that take the following speci�c

forms:

con�nement:� =
Tin

Tout
; bendability:� � 1 =

Tout R2
in

B
; � =

Rout

Rin
(1.40)

In the high bendability regime, the problem can be further separated into a near threshold

(NT, close to a threshold value of� ) regime and the far from threshold (FFT) regime (See

Ref. [1]). In the NT regime (small� ), the wrinkles are small perturbation of the initial 
at

state. In the FFT regime (� ! 0), the sheet is too thin to support compression in the wrinkled

zone. This di�erence of the NT regime and the FFT regime is shown mathematically by

the fact that the in-plane elastic energy is bendability independent, while the out-of-plane

elastic energy is bendability dependent.

In the case of in�nite annulus (Fig.1.6(b). i.e. � � � , the sheet is partially wrinkled.),

the radial force balance equation (Eq.1.41),
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Figure 1.5. 2D experimental realizations. (a) The initially stretched and 
at elastic mem-
brane subjected to an axi-symmetric traction force at the center (see Ref. [8]). (b) The milk
skin with a weight on it (see Ref. [9]). (c) The 
oating annulus subjected to the surface
tension (see Ref. [11]). (d) A liquid drop on a 
oating membrane (see Ref. [10]).

@r (r� rr ) � � �� = 0 (1.41)
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Figure 1.6. The lam�e set-up. (a) The original underformed annulus with radiiRin and
Rout respectively. (b) The fully wrinkled annulus. (c) The partially wrinkled annulus. (d)

admits an axi-symmetric stress �elds in the NT regime,

� rr = Tout +
(Tin � Tout ) R2

in

r 2
; � �� = Tout �

(Tin � Tout ) R2
in

r 2
(1.42)

whereas the collapsed hoop stress� �� = 0 in FFT regime changes the the axi-symmetric

stress �elds in the FFT regime to:

� rr =
Tin Rin

r
; � �� = 0 (1.43)

the derivation of the �nal form Eq.1.43 is explained in the schematic plot Fig.1.7.
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� rr

� rr + d� rrdr

Figure 1.7. The schematic plot of the radial force balance with negligible hoop stress.

Notably, the collapsed hoop stress is equivalent to the requirement of� �� = � �� rr for

the strains. This requirement shows that the excess in length generated by the inward

displacement, is relieved by the out-of-plane wrinkle pattern. Assuming the periodic wrinkle

pro�le to be � (r; � ), this requirement is expressed as (Ref. [1]):

Z 2�

0
rd�

�
ur =r + ( @� � (r; � ))2=(2r 2)

�
= �

Z 2�

0
rd��� rr (1.44)

where ur ; �; � rr denotes respectively the radial displacement, Poisson's ratio and the radial

strain, and Eq.1.44 is called the \slaving condition".

The wrinkle extent L in the FFT regime is computed by minimizing the in-plane elastic

energy Us and the external work W without considering the out-of-plane energy (such as

bending energy). Minimizing this energy, the wrinkle extent is found to beL = Tin R in
2Tout

, and

the ratio of the in-plane energy and the external work is 1=2, independent of�; � .

For the fully wrinkle annulus (Fig.1.6(c)), the stress �eld in the NT regime still holds,

except that the e�ect of non-in�nite � becomes explicit. However, the collapsing hoop stress
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� �� = 0 in the FFT regime does not hold anymore. This is due to the fact that the in-plane

radial force balance equation (Eq.1.41) is �rst order and hence only needs one boundary

condition as shown below:

@r (r� rr ) = 0 (1.45)

Thus, the necessity to satisfy both external loads� rr (Rin ) = Tin ; � rr (Rour ) = Tout implies

that the solution � rr = Tin Rin =r to Eq.1.45 does not hold for� > � . Notably, when � < � ,

the annulus is always partially wrinkled (See Ref. [1] for �nite� .), and the existence of the

tensile regionL < r < R out helps circumventing the above riddle. Hence the �rst question

to be asked is:

QUESTION I: What happens for � > � ? Is there a wrinkled solution underlying an

axi-symmetric, compression-free stress �eld?

Due to the nature of the axi-symmetry, the wrinkle pro�le is assumed as� = f (r ) cos(m� ).

The corresponding slaving condition (Eq.1.44, see Ref. [13]) is:

1
4

f (r )2m2 =
Rin Tout

Y
�r ln

�
�R in

2r

�
(1.46)

This ansatz, however, brings diverging out-of-plane energy of the partially wrinkled an-

nulus (� < � .) as shown in Eq.1.47. This divergence is due to the radial tension coupled

to the discontinuity in the slope of wrinkle's amplitude at the wrinkle tip (Ref. [1]). This

divergence is not only for the Lam�e setup, but for any situation where the wrinkles terminate

inside the sheet.

lim
r ! �=R in =2

f 0(r )2 �
1

r � �R in =2
;

Z �R in =2

R in

� rr f 0(r )2rdr ! 1 (1.47)

To overcome the divergence, Davidovitchet al. (Ref. [13]) developed a singular expansion

of FvK equations, which is a valid expansion in both NT and FFT limits. The logic behind
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is the inclusion of an additional term (df=dr )2, instead of treating NT and FFT regimes

separately as introduced previously. Their numerical analysis of the model shows that the

divergence is regularized through a boundary layer region near the wrinkle tip.

QUESTION II: What is the pro�le of the regularized wrinkle state? How does the

width of the \foot" scale with thickness? How does the energetic cost of the boundary layer

a�ect the energetically-favorable wrinkle number?

Though the divergence can be regularized by introducing the boundary layer, an alter-

native regularization mechanism has been proposed by Bellaet al. (Ref. [14]), which is

the periodically �ssioning wrinkle patterns. Besides, the oversimpli�ed single mode ansatz

for the wrinkle pro�le is questionable, as multiple-mode or non-axisymmetric patterns are

observed in experiments.(Ref. [7], [11])

QUESTIONS III: How does the single-mode pattern become unstable to other patterns

(e.g. multi-mode cascade [ [7], [14], [15]], or folds [16]) upon increasing� (or decreasing� )?

In this thesis, I attempt to address the above three questions, and the content is organized

as follows: In chapter 2,QUESTION I, II are answered. In chapter 3, di�erent setups

with di�erent non-single mode wrinkle patterns are discussed to addressQUESTION III .

In chapter 4, the twisted ribbon setup is studied to extend the scaling argument of the

boundary layer and to motivate another kind of non-single mode wrinkle pattern. In chapter

5, I conclude the thesis with open questions and suggestions.
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CHAPTER 2

THE WRINKLE PATTERN IN THE LAM �E SETUP

2.1 Overview

We addressQUESTION I, II (Sec.1.5.2) in this chapter.QUESTION I pertains to

a wrinkle pattern that covers the whole sheet, and our approach is to focus on analyzing

the dominant energy only. QUESTION II describes a partially wrinkled annulus, where

the simplest single-mode ansatz leads to the divergence of the energy. The approach we

take is to introduce a boundary layer in the vicinity of the wrinkle tip, which regularizes this

divergence. Our analysis of these problems leads to new insights on the behavior of tensional

wrinkles, it highlights distinct scaling laws for the micro- and macro-scale features of the

pattern at di�erent parameter regimes.

2.2 A completely wrinkled annulus

2.2.1 A scaling argument

Can a completely wrinkled annulus support an axisymmetric azimuthal stress �eld that

is compression free, with radial stress pro�le� rr = A=r, which �ts both inner and outer

tensions (Tin ; Tout ) for � > � (QUESTION I )? Our solution to this question invokes two

principles:

From a mathematical perspective, a stress �eld of the form� rr = A=r cannot satisfy two

BC's (at r = Rin ; Rout ) unless there is another physical variable (\d.o.f") that is determined

by �; � . For � < � (partially wrinkled annulus), this additional variable is simply the wrinkle
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extent L(�; � ). For � > � , where wrinkles cover the whole sheet andL is no longer a variable,

this physical variable is associated with a rigid-body translation of the radial displacement

C(�; � ) ( i.e a spatially-constant term).

This rigid-body translation component C(�; � ) (see Fig.2.1(a)), which depends on�; � ,

does not involve (radial, azimuthal, or shear) strain, in addition to the standard radially-

dependent term that involves strain and vanishes asT=Y ! 0 as shown in Eq.2.1.

ur (r ) = us
r (T=Y; r) + C(�; � ) (2.1)

For � < � , such a rigid-body translation vanishes asT=Y ! 0, but for � > � it plays an

essential role on the physics. This statement is veri�ed below and shown in Fig.2.1(b). The

existence of this rigid-body translation suggests a mechanism to relax the high stretching

cost within the sheet when� > � , by favoring the external work as shown in Fig.2.1(c).

Generally, there is a di�erence (\jump") between the tensile loads,Tin ; Tout , exerted at

the vicinity of the boundaries (r = Rin ; Rout ), and the actual radial stresses�Tin ; �Tout in the

sheet, on the boundaries (Eq.2.4). This di�erence (i.e. Tj =�Tj � 1) stems from the fact

that the exerted stressTj is distributed over a hoop of length 2� � (Ri + ur (Ri )), whereas

the corresponding stress in the sheet�Tj is distributed over a length 2� � Ri . For � < � ,

the di�erence vanishes asTj =Y ! 0 (and its e�ect on the mechanics/geometry is beyond

Hookean respone). However, for� > � , the di�erence Tj =�Tj � 1, depends on the rigid-body

radial translation C(�; � ), and cannot be ignored.

The above two principles leads to the statement that the governing equations for the

radial stress� rr and radial displacementur still holds (Eq.2.2, 2.3, see Ref. [1]),

d(r� rr )
dr

= 0 (2.2)

� rr

Y
=

dur (r )
dr

(2.3)
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Figure 2.1. The fully wrinkled annulus. (a) The schematic plot of the initially planar
annulus (the solid black line) transforms to the fully wrinkled annulus with a rigid-body
translation componentC(�; � ). (b) The scaled displacement atRin before the wrinkle reaches
the edge (� < � = 5) and after it reaches the edge (� > � = 5) in the limit T=Y ! 0. (c) The
ratio between the external workW and the dominant elastic energyUE before (� < � = 5)
and after (� > � = 5) the wrinkle reaches the edge in the limitT=Y ! 0.

however, the boundary condition of the radial stress in the sheet atRi needs to take account

of the e�ect of the rigid-body translation. This e�ect is expressed as:

�Ti (Ri ) � Ri = Ti � (Ri + ur (Ri )) (2.4)

thus the corresponding boundary conditions for the radial stress atRin ; Rout are:

� rr (Rin ) = Tin +
ur (Rin )Tin

Rin
(2.5)

� rr (Rout ) = Tout +
ur (Rout )Tout

Rout
(2.6)
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Solving Eqs.(2.2,2.3, 2.5,2.6), we obtain the results:

� rr =
Rin Tin

r
�

(� � 1)

� � 1 � Tin log( � )
Y

(2.7)

ur (r ) =
(� � 1)Rin

� � Tin log( � )
Y � 1

�
�

Tin

Y
� log

�
r

Rin

�
+ 1

�
� Rin (2.8)

This result is self-consistent with our previous arguments in two aspects. First of all, in

the limit T=Y ! 0, the radial displacementur (r ) reduces to a rigid-body translation com-

ponent alone when� > � , which is C(�; � ) = ( � � � )Rin =(� � 1) as shown in Fig.2.1(b).

Second, Fig.2.1(c) shows that the expensive elastic energyUE is avoided by the external

work W only when the sheet becomes fully wrinkled (� > � ), where the elastic energy

UE = �=Y
RRout

R in
� 2

rr rdr and the external workW = 2� (Tout Rout C(�; � ) � Tin Rin C(�; � )).

2.2.2 The subdominant energy and the wrinkle pattern

In the previous subsection we showed how to calculate the dominant energy (stored in

the stress �eld) for � > � . Now, we minimize the subdominant energy, whose minimization

determines the �ne structure { namely, the wavelength of wrinkles. We assume a sinusoidal

pattern for the out of plane deformation with the form of� (r; � ) = f (r ) cos(m� ) and ignore

the meniscus energy on the edges (see below). The subdominant energy comprises the

bending energyUB = 2� (B=4)
RRout

R in
m4f 2(r )=r3dr and the out of plane stretching energy

US = 2� (1=4)
RRout

R in
r� rr f 0(r )2dr, and the wrinkle amplitude f (r ) is obtained by the fully

collapsed hoop stress condition, namely, the slaving condition (Eq.1.44). In the case of

� > � , the wrinkle amplitude is given by:

f =
p

4rR in (� � � )=(� � 1)=m (2.9)
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Hence the optimal wavenumberm� obtained by minimizing the subdominant energy, be-

comes:

m� =
�

�� � � 1 log�
4(� � 1)

� 1=4

(2.10)

The subdominant energy considered above ignores the fact that the substrate is lifted in

the vicinities of the boundaries of the sheet. This extra energy (the meniscus energy) due

to the change of the surface area of the substrate and its corresponding gravitational energy

needs to be included. Substituting the amplitudef (r ) (Eq.2.9), the meniscus energy of the

single-mode wrinkle pattern with negligible gravity, has the form ofUM = �mT in f 2(Rin ) +

�mT out f 2(Rout ) (see Ref. [7]). Notably, the meniscus energyUM scales asUM � m� 1, whereas

the stretching energyUS � m� 2 (where the coe�cients of both terms depend only on surface

tension). This result indicates that the stretching energy in the \bulk" of the wrinkled zone

is negligible. Balancing the meniscus energy with the bending energyUB in the wrinkled

zone, the scaling of the optimal wavenumberm� changes to,

m� =
�

� � 1� (� + � )
� � 1

� 1=3

(2.11)

Notably, in the rectangular setup (Ref. [7]), where a 
oating rectangular sheet is compressed

along the width, the meniscus contributes as a boundary e�ect and does not change the

scaling of the wavenumber in the bulk, which remains (� � g=B)1=4 (where � denotes the

density of the substrate andg the gravitational acceleration.), since the sheet is in�nitely

long. In the Lam�e setup, the wrinkled zone is �nite, and the meniscus does change the

scaling of the wavelength from 1=4 (Eq.2.10) to 1=3 (Eq.2.11).

To reduce the costly subdominant energy induced by the meniscus, one option is to

develop a period-�ssion cascade structure as analyzed by Davidovitch [17]. By developing

the cascade, the meniscus energy can be balanced with the other subdominant energies in the

vicinity of the edge, while the bulk of the sheet remains una�ected, and hence the optimal
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Figure 2.2. The wavenumber in the fully wrinkled annulus. The log-log plot of the scaled
wavenumber� 1=3 � m with meniscus inclued as a function of� for several values of� . The
inset shows the optimal wavenumber with and without meniscus for �xed values of� = 20
and � = 10.

wavenumber in the bulk remainsm� � � � 1=4, albeit with a larger numerical pre-factor in

comparison to Eq.2.10.

2.3 A partially wrinkled annulus

2.3.1 The divergence of sub-dominant energy

In contrast to the case� > � , the partially wrinkled annulus (� < � , with wrinkle extent

L < R out ) has a well de�ned dominant energy, and the relevant results for the stress �eld

and the wrinkle amplitude in the wrinkled region (r < L ) are shown below (Ref. [1]):

� rr =
Tin Rin

r
; � �� = 0; L =

�R in

2
;

m2f 2

4r 2
= �

ur

r
�

�� rr

Y
(2.12)
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The slaving condition (Eq.1.44) yields the wrinkles amplitude corresponding to the col-

lapsed hoop stress as,

f (r ) =

r
4Rin Tout � r ln(�R in =(2r ))

Y m2
(2.13)

This wrinkle amplitude exhibits a cusp at the tip (r = L), which causes a divergence off 0(r )

and hence the stretching energy
R

� rr f 0(r )2rdr (Eq.2.14, Fig.2.3).

lim
r ! L

f 0(r )2 �
1

r � L
;

Z L

R in

� rr f 0(r )2rdr ! 1 (2.14)

Figure 2.3. The divergence of the wrinkle amplitude in the Lam�e setup. The wrinkle
amplitude f (r ) as a function of r for �xed � = 5, where the wrinkle amplitude is rescaled
by

p
R2

in Tout =Y =mand the radiusr by Rin .

Is there any way to regularize the divergence within a single-mode scenario and obtain

the optimal wavenumberm� (QUESTION II )?
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2.3.2 A scaling argument

This divergence can be resolved by introducing a boundary layer (BL) (with width̀BL )

at the tip of the wrinkled zone (r = L), in which the wrinkle fades smoothly into the tensile

zone, and hence the wrinkled zone now comprises the \bulk" zone and the \BL" zone as

shown in Fig.2.4. As is common in singular perturbation theory, we further assume that in the

Figure 2.4. The schematic plot of the bulk and the BL in Lam�e setup. The wrinkle
amplitude f (r ) as a function of r for �xed � = 5, where the wrinkle amplitude is rescaled
by

p
R2

in Tout =Y =mand the radiusr by Rin . The bulk spans the region 1< r < �= 2 � `BL ,
and the boundary layer spans a region with width̀ BL .

\bulk" zone and the \BL" zone, there is a pair of governing restoring forces respectively, and

each force is associated with an energy term. In the bulk, the collapsed hoop stress condition

implies that the energy from the term that couples curvature and compressive stress in the

oscillatory direction is always negligible (Ref. [1]), and therefore is not important (although

the force associated with this term is obviously important, since it is the only de-stabilizing

force whereas the other forces are stablizing). In the BL, however, the energy associated

26



with this term may be important. Identifying the pair of governing forces in each of the two

zones (bulk and BL) will give us the desired scalings for the wavenumber and the width of

the BL.

In the bulk, as we know already (see Ref. [1]), the balancing forces are the azimuthal

bending and radial stretching, whose respective energy densities (at an in�ntesimal annu-

lus of radius r ) are: Bm4f 2(r )=r4 and Tin Rin f 0(r )2=r. The values of f (r ); f 0(r ) can be

approximated by Eq.2.13 atr = Rin .

In the BL, we assume an e�ective width`BL around the wrinkle tip r = �R in =2, and

the characteristic amplitude is estimated by taking the value of the pro�le (Eq.2.13) at

r = �R in =2 � `BL : f 0 �
p

`BL �T out Rin =Y =m. The corresponding energy densities, bending

uB , stretching uS and compressionuc respectively, in the BL are estimated as:

uB � Bm4f 2
0 =(�R in )4 ; uS � Tout

�
f 0

`BL

� 2

; uC � Y(f 2
0 m2=(Rin � )2)2 (2.15)

The only possible balance between the above three energy densities in the BL is governed

by compressionuC and stretching uS. It results in the scaling for the width:

`BL � m� 2=3� � 1=3 (2.16)

We can now compute the subdominant energy in the bulk by integrating the energy

densities of bending and stretching fromr = Rin to r = �R in =2 � `BL , and the BL by

multiplying the width `BL (Eq.2.16) with the energy densitiesuC , uB (Eq.2.15). In the limit

� >> 1, it yields:

E bulk
bending � �m 2� log� ; E BL � �=m2

E bulk
stretching � � 2m� 2(C � log`BL ) (2.17)
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whereC is some constant. The above scaling relations show that as� ! 1 , the contribution

of the BL can be ignored, andm � (�=� )1=4 up to a logarithmic correction. A singular

perturbation theory is needed in order to �nd the transient regime for �nite � , and the

intermediate scaling ofm in this transient regime. This calculation is the subject of the next

subsection.

2.3.3 Singular perturbation theory: A nonuniform convergence to the compression-

free stress

The non-perturbative model of Ref. [13], which exhibits a typical BL near the wrinkle

tip that agrees with our scaling Eq.2.16, maps the full FvK equations to a set of two coupled

nonlinear ODEs (Eqs.2.18) for the pro�lef (r ) and radial displacementur (r ).

1
r

@r (r� rr ) � � �� =r = 0 (2.18a)

� rr =
Y

1 � � 2
(� rr + �� �� ); � �� =

Y
1 � � 2

(� �� + �� rr ) (2.18b)

� rr =
dur

dr
+

1
4

�
df
dr

� 2

; � �� =
ur

r
+

1
4

m2 f 2

r 2
(2.18c)

Br 4f = � rr
d2f
dr2

+ � rr

�
1
r

d
dr

�
m2

r 2

�
f (2.18d)

whereB denotes the bending modulus. (a) is the force balance in the radial direction with

the shear stress neglected. (b) is the stress-strain relation. (c) is the de�nition of the strain

in terms of displacement. (d) is the force balance in the normal direction. Importantly, this

model characterizes both NT and FFT regimes by including the key component1
4(df=dr )2

in Eq.2.18. This term underlies regularization of the spurious divergence (as it becomes

important in the vicinity of the wrinkle tip.), and it was neglected in previous works (Ref. [1]).

One drawback, however, of previous analysis of the above model was purely numerical and
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can not be simply generalized to other setups. Is there an analytic solution to the non-

perturbative model?

An analytic solution can be found by employing the formalism of the matched asymp-

totic analysis. From the non-perturbative model, we know both terms in the radial strain

((df=dr )2; dur =dr) must be comparable near the BL, and it also con�rms that the radial

displacementur (r ) and the radial stress� rr transform asymptotically continuously from the

wrinkled zone to the tensile zone, namely, the stress/displacement can be matched from the

unwrinkled region to the tensile region in the limit� ! 0. In contrast, the amplitude f (r )

does not transform uniformly between these two zones (the wrinkle amplitudes in the two

regions approach di�erent values in the limit � ! 0. See Appendix.A for more details).

These two observations enable us to expressur and � rr with its FFT solutions (Ref. [1]), and

the wrinkle amplitude in the vicinity of the BL be found by considering the normal force

balance equation 2.18d alone.

The above argument leads to the proposition that the non-perturbative model can be

reduced to a single normal force balance forf (r ) (Eq.2.18d) near the boundary layer at

r = �R in =2:

Br 4f = � rr
d2f
dr2

+
Y

1 � � 2

�
ur

r
+ �

dur

dr
+

m2f 2

4r 2

� �
d

rdr
�

m2

r 2

�
f (2.19)

f (Rin ) =

r
4R2

in � ln(�=2)
m2Y

; f (1 ) = 0 (2.20)

whereur ; � rr are given by the FFT solutions in the wrinkled (Eq.2.21) and tensile (Eq.2.22)

regions respectively,

� rr =
Tin Rin

r
; ur =

Rin Tin

Y
ln

� r
L

�
+

2LTout

Y
� (1 + � )

Rin Tin

Y
(2.21)

� rr =
LR inTin + ( r 2 � L2) Tout

r 2
; ur =

Tout (L2(� + 1) � (� � 1)r 2) � L(� + 1) RinTin

rY
(2.22)
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Importantly, the radial bending force term (LHS of Eq.2.19), is negligible in comparison

to the other forces (Sec.2.3.2), and therefore can be neglected in the matching analysis. This

implies that Eq.2.19 is a second order ODE, and the two BC's in Eq.2.20 are su�cient to

�nd a unique solution.

2.3.4 The width of the boundary layer

The BL equation (Eq.2.19) admits di�erent solutions for the pro�les in the wrinkled zone

and tensile zone. Substituting the corresponding expressions for� rr and ur (Eqs.2.21, 2.22)

into Eq.2.19, one obtains BL equations for the wrinkled zone and tensile zone (see Appendix

B):

0 = 2
d2f T (x)

dx2
�

16m2xf T (x)
� 3

(2.23)

0 = 2
d2f W (x)

dx2
+

32m2xf W (x)
� 3 (1 � � 2)

(2.24)

where x = r=Rin � �=2 and the superscripts�T , �W denote tensile zone and wrinkled zone

respectively. The BL equations have the solutions in the form of Airy function of the �rst

kind:

f W (x) = a � Ai

 

�
�

16
� 3 (1 � � 2)

� 1=3

�
x

m� 2=3

!

(2.25)

f T (x) = b� Ai
�

2
�

�
x

m� 2=3

�
(2.26)

wherea, bare constants to be determined by matching (Sec.2.3.5). Notably, the BL solutions

indicate the width of the BL `BL scales asm� 2=3, which agrees with the prediction from our

scaling analysis, Eq.2.16.
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2.3.5 Solution to the boundary layer equation

We determine the constantsa, bby requiring the wrinkled pro�le and tensile pro�le to be

matched at somex � up to the 2nd derivative. This requirement ensures that the stretching

energy (which is proportional to the �rst derivative of the amplitude) remains �nite (while

the negligibility of the radial bending force, LHS of Eq.2.19, ensures that such a low-order

matching does not involve diverging bending energy). We �nd that this requirement leads to

excellent agreement with the numerical solution from the non-perturbative model as shown

in Fig.2.5 when� ! 0. The solution of these 3 algebraic equations (that correspond to the

three matching conditions) is:

x � �
� (0:0233� 2 � 0:0009� � 0:2503)

m2=3
(2.27)

a =

p
R2

in Tout =Y (� 2 � 1)
�
32m2� (x � )3 + � 4

�

16m3
p

� (� 2 � 3) (x � )5=2 Ai
�

� 24=3m2=3x �

� (� � 2+1) 1=3

� (2.28)

b=

p
R2

in Tout =Y
p

�
�
64m2 (x � )3 + � 3 (� 2 � 1)

�

16m3 (� 2 � 3) (� x � )5=2 Ai
�

2m2=3x �

�

� (2.29)

2.3.6 The subdominant energy and the optimal wrinkle number

The subdominant energy comprises two parts, one part in the bulk as the bending energy

UB and out of plane stretching energyUS:

UB =
2�B

4

Z �R in =2� R in x �

R in

m4f 2(r )=r3dr; US =
2�
4

Z �R in =2� R in x �

R in

r� rr f 0(r )2dr (2.30)

and the other part due to the BL (see Appendix.D). The optimal wavenumberm� is obtained

by minimizing the sum of these two parts of the subdominant energy with respect tom.

Our main results are summarized in two �gures. In Fig.2.6, the subdominant energy

densities in the bulk and the boundary layer are plotted as a function of the radial distance
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Figure 2.5. The asymptotic matching results. (a) The matched wrinkle pro�les ofm � f (r )
(red and green lines) compared with the numerical model solution (black line, from Ref.
[13]) and the collapsed hoop stress solution (dashed blue line, Eq.2.13) for� = 5; � =
1=3; � = 10� 6. (b) The same �gure for � = 10� 5. The wrinkle amplitude f (r ) is rescaled byp

R2
in Tout =Y and the radiusr by Rin .

r (the discontinuity between the bulk and the BL is due to the omission of the higher order

term in � in the analytic solution.). Our optimal result in Fig.2.6(a) is counter-intuitive,

since the bending energy appears to be much larger than the other sub-dominant energy

component (due to stretching) in the bulk. As a comparison, a non-optimal wavenumber,

which makes the bending and stretching energies comparable in the bulk, is depicted in

Fig.2.6(b). The comparison between these two �gures reveals that requiring the bending to

be comparable with the stretching in the bulk will drastically increase the energy in the BL,
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Figure 2.6. The sub-dominant energy density. The energy densities of the subdominant
energy densityu with respect to r for �xed � = 5, � = 10� 5 and � = 1=3. The bending,
radial strain and the hoop strain, respectively, are de�ned byBm4f 2=4r 4, � rr f 02=4, � 2

�� =2Y.
u and r are re-scaled byT2

out =Y and Rin . In (a), the energy densities are plotted with the
optimal wavenumberm = 36, whereas in (b) the densities are plotted with a non-optimal
wavenumberm = 20.

thus is less energetically favorable. This observation demonstrates the singular, non-local

e�ect of the boundary layer on the wrinkle pattern.

In Fig.2.7, our result of the optimal wavenumberm(� ) is found to be nearly constant

at an intermediate range of� , which is in agreement with numerical solutions of the non-

perturbative model (Ref. [13]). In addition, our result reveals a logarithmic correction log(� )

to the optimal wavenumber (see Eq.D.20) and is essential to clarify the confusion, since

this logarithmic correction was not found in the numerical solutions of the non-perturbative

model.
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Figure 2.7. The plot of the optimal wavenumber as a function of intermediate range of�
for several values of� and �xed value of Poisson's ratio� = 1=3. The inset shows the log-log
plot of the re-scaled optimal wavenumber as a function of large� for several values of� .

2.4 Summary

In this chapter, we focused on the fully and partially wrinkled patterns in the Lam�e

setup. In the fully wrinkled pattern, we found the dominant energy of the wrinkled state,

and showed that it is associated with a rigid-like, inward translation of the sheet, which

does not involve strain. In the partially wrinkled pattern, we employed the asymptotic

expansion technique for the non-perturbative model to obtain an analytic solution, which

can be generalized to other setups that exhibit wrinkled zones in a �nite part of the sheet.
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CHAPTER 3

BEYOND THE SINGLE-MODE WRINKLES

3.1 Overview

In this chapter, we study how a single-mode pattern becomes unstable to other patterns

upon varying the values of con�nement, bendability, and changing the boundary conditions

of the experiment setups. This study is motivated by the evidence collected from the previous

chapter (Ch.2). In the fully wrinkled Lam�e setup (Sec.2.2), the existence of the rigid-body

translation may suggest other non-axisymmetric deformations, which is more energetically

favorable. Likewise, the meniscus energy in the fully wrinkled annulus (Sec.2.2) is found

to contribute signi�cantly, and hence changes the scaling of the single-mode pattern. The

scope of this chapter is limited to the multi-mode wrinkle and the fold patterns by focusing

on the Lam�e (Ch.2), drop on sheet (Ref. [3]) and the sheet on drop setups (Ref. [2]).

3.2 Multi-mode pattern induced by curvature

3.2.1 Introduction

Thin sheets often develop wrinkles in response to compression that may be imposed

directly or induced by exerted tension in the orthogonal direction. As in many pattern-

forming systems, there are two competing e�ects which govern the wavelength� : one is

the bending resistance of a sheet that favors the large wavelength, the other one is the

restoring force that favors small wrinkle amplitude. Two common restoring forces are: the

sti�ness of a solid foundation and the hydrostatic pressure of a liquid subphase (Fig.3.1(a)).
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To understand the selection of� , Cerda and Mahadevan proposed the rectangular setup

(Fig.3.1(b), Ref. [18]), and concluded a universal law that can be applied to any situations

where the wrinkled sheet was nearly planar and subjected to uniaxial loading:

� = 2�
�

B
K ef f

� 1=4

(3.1)

where the bending modulusB = Et 3=12(1� � 2)(with E the Young's modulus,t the thickness

and � the Possion ratio). The out of plane deformation due the the wrinkles is constrained

by the e�ective sti�ness K ef f . In their argument, the e�ective sti�ness can be from the

gravity of the substrate, the external tension, or both.

The idea of the e�ective substrate (Eqs.3.1) is appealing in its simplicity, and is widely

used as the scaling argument for the wavelength of the wrinkle pattern. In this section, we

extend the universal law (Eq.3.1) to setups with intrinsic curvature, such as the sheet on

drop setup [2]. In this setup, a circular sheet is attached to a curved liquid drop with positive

Gaussian curvature as shown in Fig.3.2. The corresponding bendability and con�nement are

de�ned as � = 
W 2=B, � = Y R2
f ilm =(2
R 2) respectively. The con�nement expresses the

ratio between the tensional load and the Laplass pressure (P = 2
=R ). For � & 5:16, radial

wrinkles grow from the outer part of the sheet to relax the compressive hoop stress as shown

in Fig.3.2(C) (The extent of the unwrinkled zone isL.). A FFT solution to the single-mode

wrinkle pattern is found (Ref. [2]), with solutions respectively, for the radial stress� rr in the

wrinkle zone, the out-of-plane shape� (r ) and the wrinkle amplitude f (r ),

� rr =

W

r
; � (r ) = �

0:0824L3

RW
�

r 3

3RW
; f (r ) =

s
4Wr

m2Y

�
� log(

r
L

) � �
L5 � r 5

5W 5

�
(3.2)

Interestingly, experimental measurements (Ref. [2]) show a multi-mode wrinkle pattern,

where the scaling of the wavelength� is di�erent from the prediction of the universal law
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Figure 3.1. Wrinkles originated from three di�erent e�ective sti�ness: (a) the gravity of
the substrate, (b) the external tensionT, (c) the curvature of the liquid drop. The examples
shown here are for (a) uniaxial compression of a 
oating sheet [7]. (b) stretching a clamped
rectangular sheet along two edges [18]. (c) Poking a circular sheet on top of substrate [15].

(Eq.3.1). This observation motivates us to come up with a theory, which incorporates the

curvature imposed by the drop, to extend the universal law (Eq.3.1)

3.2.2 The local � law

The curvature of the setup contributes an extra term� (1)
rr � 00to the normal force balance

equation (Eq.3.3, Ref. [2]), compared with the equation in the planar setup (such as the

Lam�e setup Eq.2.18d).

B
m4f
r 4

= � � ��
m2f
r 2

+ � rr f 00+ � (1)
rr � 00� �gf (3.3)
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Figure 3.2. The sheet on drop setup Ref. [2]. (A) Experimental set up. (B) Schematic
side view of the drop and sheet. The sheet has radius W and the exposed part of the drop
beneath has radius of curvature R. (C) Top and side views of the wrinkled sheet on the
drop. The radius of the unwrinkled region (L) and the wrinkle angle (2�

m ) are computed by
analyzing the top image

where � (1)
rr � Y f 0(r )� 0(r ) (see Ref. [2]) and� denotes the mass density. Recalling� 00 �

R� 1; � 0 � W=R; f 0(r ) � f (r )=W (see Eq.3.2), we obtain� (1)
rr � 00� Y f (r )=R2. Notably, this

extra term is another source that contributes to the e�ective sti�ness, and has a contribution
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that scales asY R� 2. Combining this source with the gravity contribution �g and the tensile

stress contribution � rr f 00 (denoting the general \slaving condition" asm2f (r )2 = � 2(r ))

in the normal force balance equation 3.3, we obtain the generalized e�ective sti�nessK ef f

(Fig.3.1(c), Ref. [15]) as:

K ef f (x) = K sub + � k(x)[� 0(x)=� (x)]2 + Y Rk(x)� 2 (3.4)

whereK sub is the substrates sti�ness (e.g.,K sub = �g for a liquid subphase),� k and Rk are,

respectively, the tensile stress and radius of curvature along the wrinkles,Y = Et is the

stretching modulus of the sheet, and� (x)2 is proportional to the fractional length absorbed

by the wrinkles (In the Lam�e setup 2, � (x)2 = Rin Tin r ln(�R in =(2r ))=Y).

The wavelength � can be then computed by substituting the new e�ective sti�ness

(Eq.3.4) with curvature source included into Eq.3.1. Notably, the derivation of Eq.3.1 is

based on the assumption of single-mode wrinkle pattern, in which the energy comprises

the substrate gravitational energy, bending, and stretching. All these energies (denoted as

H 0(� )) are a function of wavelength� alone. In the case of multi-mode pattern, however,

there is an extra energetic contribution (denoted asH 1(� 0(r ))), which relates to the change

of � from one region to another. As we will show later, taking into account onlyH 0(� ) is

su�cient to obtain good agreements with experimental measurements, hence we may safely

neglectH 1(� 0(r )).

In the sheet on drop experiment, the substrate sti�nessK sub due to the liquid gravity is

negligible, since the radius of the sheet (and the deformation of liquid it induces) is smaller

than the capillary length, and hence the e�ective sti�ness is governed only by the curvature

term and the tension term. As the con�nement� increases, the scaling of each term in the

e�ective sti�ness (substituting each term in Eq.3.2) is computed,
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Y R� 2
k � Y (� 00(r ))2 � � (3.5)

� k

�
� 0(r )
� (r )

� 2

= � rr

�
f 0(r )
f (r )

� 2

� O (1) (3.6)

The curvature term outweighs the tension term in the large con�nement limit (� � 1).

Hence, approximating theK ef f � Y R� 2
k (R� 1

k � 2r=(RRf ilm )), and substituting K ef f into

Eq.3.1, one obtains:

m(r ) = 2 �r=� (r ) � (8�=� )1=4(r=Rf ilm )3=2 (3.7)

This result is compared with the experimental measurements shown in Fig.3.3 (Ref. [15]).

In Fig.3.3, the measurements of wavenumberm(r ) are plotted against the radial distance

r , for a range of thicknesses 20nm < t < 60nm, and con�nement values 20< � < 60.

A quantitative agreement with no �tting parameter between the scaling argument Eq.3.7

and the experimental measurements is established, which is especially good at large value of

con�nement, as shown in Fig.3.3(B). As a comparison, the scaling induced by considering

the tensional loads (Eq.3.6) alone is plotted in dashed blue line as shown in Fig.3.3(B, C).

Fig.3.3(C) shows quantitative deviations from the prediction near the edge of the circular

sheet, and this deviation is due to the liquid meniscus at the free edge of the sheet, which is

not accounted.

3.3 Multi-mode patterns due to the boundary conditions

3.3.1 Introduction

The quantitative agreements of the local� law in the sheet on drop [2] and poking

setups [20] motivate us to provide a quantitative prediction for the wrinkle numberm in

the drop on sheet setup (Ref. [3]) as shown in Fig.3.4. In this setup, radial wrinkles are

formed by placing a liquid drop with radiusa at the center of a 
oating circular sheet. On

the portion of the sheet outside the dropr > a , the sheet is stretched by the interfacial
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Figure 3.3. The veri�cation of the local � law in the sheet on drop setup, result from
Ref. [15]. Spatial variation of wrinkles for a sheet on a drop. (A) Top view of a circular
PS sheet of thickness 77 nm and radiusRf ilm = 1:52 mm at a curved airwater meniscus
(here � = 97). Radial wrinkles extend from the edge of the sheet inward. (B, Inset)
Spatial variation of wrinkle number, m(r ), for a circular sheet of radiusRf ilm = 1:52 mm
on an axisymmetrically curved meniscus (a water drop immersed in oil). The drop was
formed in a glass container �lled with either dodecane or silicone oil, sitting on a layer of

uorinated oil, as in Ref. [19]. The curvature was controlled by withdrawing 
uid from the
drop through a needle. Sheet thickness was also varied. Interfacial tension was measured
by analyzing the gravitational deformation of the liquid interface away from the sheet and
ranged from 
 = 19:0 mN/m to 32:5 mN/m. In B, the data are collapsed using rescaled
variables, m(r ) � (�=� )1=4 and r=Rf ilm . Solid colored curves: Theoretical predictions with
curvature and stretching terms Eq.3.7. As con�nement increases, the curves approach the
theoretical prediction with K ef f � K curv , indicating that curvature underlies the dominant
substrate sti�ness (black curve). Dashed curve: Prediction with only the stretching term
(K ef f � K tens ), calculated at � = 158. (C) Corresponding measurements for a sheet at an
airwater interface (
 = 72 mN/m), formed at the end of a cylindrical tube (sheet radius
and thickness denoted in Inset). The curvature was controlled by varying the hydrostatic
pressure.

tensions of the drop and the bath,
 and 
 0 respectively. This setting resembles the Lam�e

setup (Ch.2) except the fact that the inner boundary is not free, as the sheet is pushed down

by the liquid drop at the contact line r = a.

Problems arise when we apply the local� law (Eqs.3.1, 3.4) to this setup at region

r > a , where a spatially uniform number of radial wrinkles is observed, especially for thick

sheets (private communication with Paulsenet al.). Furthermore, such a spatially uniform
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Figure 3.4. The drop on sheet setup, �gure from Ref. [3]. Four PS �lms of diameter
D = 22:8 mm and of varying thicknesses 
oating on the surface of water, each wrinkled by
water drops of radius a 0.5 mm and massm � 0:2 mg. As the �lm is made thicker, the
number of wrinklesm decreases (there are 111; 68; 49, and 31 wrinkles in these images), and
the length of wrinklesL increases.L is de�ned as shown at top left, measured from the edge
of the water droplet to the white circle. The scale varies between images, whereas the water
droplets are approximately the same size

wavenumber can not be explained by the result from Eq.D.20 with single-mode pattern. Both

the results from the single-mode pattern and the local� law underestimate the wavenumber

observed in the experiments. To come up with an analytical model to account for the

disagreement is the purpose of this section.
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3.3.2 A scaling argument

Our explanation to the observed larger wavenumber is based on the existence of the drop

at the contact line r = a. We assume the clamped edge is formed atr = a, and consequently,

the hoop stress� �� is not collapsing in the vicinity of r = a. Instead, the sheet consists of a

compressed regiona < r < a + a � � and a compression-free regionr > a + a � �. Due to the

compression, the previous results for the wrinkle amplitudef (r ) in the compressed region

do not hold in the vicinity of the contact line, r = a. We therefore assume that the validity

of the FT result (Eq.3.8, see Ref. [21]) :

� rr =
�a
 0

r
; f (r ) =

r
4a
 0� r ln(�a=(2r ))

Y m2
(3.8)

holds only at r > a + �. In Eq.3.8, the con�nement � is a function of 
; 
 0 and the contact

angle# between the drop and sheet in air (Ref. [21]). The overall new wrinkle amplitude is

shown schematically in Fig.3.5.

We can complete the scaling argument by analyzing the two regions separately. In the

compressed region (a < r < a + a � �), the possible energetic contributions are the bending

B(r 2f (r ))2, stretching � rr f 0(r )2 and the compression� 2
�� . Each terms scales as follows:

B(r 2f (r ))2 �
Bf (a)2

� 4
; � rr f 0(r )2 �

� f (a)2

� 2
; � 2

�� � m4f (a)4 (3.9)

In the compression-free region (a + a � � < r < L ), previous result from Sec.2.3.2 shows the

subdominant energy scales asBf (a)2m4=L4 + � f (a)2=(L2m2). Balancing the subdominant

energies in the whole intervala < r < L (where L = a�=2 is the extent of the wrinkled

zone), we obtain a self-consistent scaling for the optimal wavenumber and the size of the

compressive region,

� � m� 1; m � � � 1=3 (3.10)
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Figure 3.5. The schematic plot of the wrinkle amplitude in drop on sheet setup, where the
wrinkle amplitdue f (r ) is rescaled by

p
a2
 0=Y =mand the radius r by a. For � = 5, the

wrinkled zone 1< r < 2:5 is comprised of the compressed region 1< r < 1 + � and the
compression-free region 1 + �< r < 2:5.

Notably, this result (Eq.3.10) gives a di�erent scaling for the wavenumber from the previously

obtained scaling (Ref. [3]),m � � � 1=4 (which was obtained by neglecting the edge clamping

e�ect). Our explanation for this discrepancy is that it becomes hard to distinguish� � 1=4 and

� � 1=3 for thick sheets (small bendability), and hence the proposed scaling� � 1=3 is capable of

explaining the higher wavenumber observed.

3.3.3 Model

The scaling result (Eq.3.10) shows that the stretching and compression are the two gov-

erning energies in the compressed region near the contact line:a < r < a + a � �, and hence

our simpli�ed model (Eq.3.11) is based on keeping these dominant terms in the full FvK

equation 2.18d.
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� rr f 00(r ) � � ��
m2

r 2
f (r ) = 0 (3.11a)

f (r = a) = 0; f (r = a + a � �) �

r
4a2
 0� ln(�=2)

Y m2
(3.11b)

Note that the radial bending termB � f 0000is neglected in Eq.3.11a, thus it is reduced to a 2nd

order ODE, which has a unique solution with the two BCs, Eq.3.11b. This simpli�cation,

which is enabled by the negligibility of the radial bending force, was already employed in

our discussion in Ch.2 (Sec.2.3). Recalling that the stress terms� rr and � �� in Eq.3.11a are

given by the Lam�e solution (since the compression is nearly unrelaxed in the vicinity of the

clamped edge).

� rr � � 
 0; � �� =
Y

1 � � 2

�
f 2(r )m2

4r 2
�

a� 
 0ln(�a=(2r ))
rY

�
(3.12)

with the explicit expressions for� rr and � �� (Eq.3.12), Eq.3.11a can be linearized near the

two ends of the compressed layer (this technique has been previously introduced in Ch.2 and

Ref. [17]), yielding forr ! a:

f L (r ) = A sin

 

m(r � a)

r
ln �

2

1 � � 2

!

(3.13)

And for r ! a + a � �:

f R(r ) =

r
4a2
 0� ln(�=2)

Y m2
+ B sinh

0

@m(r � a � a � �)

s
2 ln( �

2 )
1 � � 2

1

A (3.14)

Enforcing the continuity of f L (r � ) = f R(r � ) up to second derivative atr = r � as we did

in the Lam�e setup (Sec.2.3.4), the model is fully described by two unknown variablesm; A.
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The optimal wavenumberm� is thus determined by minimizing the subdominant energies in

the compressed zone,

Ucompressed = 2�
Z a+ a��

a
r

�
� rr

4
f 0(r )2 +

� 2
��

2Y

�
dr (3.15)

and the energy in compression-free zone (Appendix.D). Encouraging preliminary results are

obtained for the thick sheets, which show that clamping the contact line gives a considerable

enhancement of the optimal wrinkle number, in accordance with experimental observations.

3.4 A geometric mechanism for the wrinkle-fold transition in the

Lam�e setup

3.4.1 Introduction

In addition to developing multi-mode wrinkle patterns, the single-mode wrinkled state

may sometimes transform to fold. This is inspired by the argument made in Sec.2.2, where

a non-zero rigid-body translation is invoked to avoid the costly in-plane stretching energy

in the fully wrinkled annulus. Rather than a uniform rigid-body translation in the radial

direction, one may think of a more e�cient, yet asymmetric rigid-body translation to avoid

the stretching energy. Such an asymmetric rigid-body translation is observed in experiment

by Toga et al. [22] as shown in Fig.3.6 below.

Inspired by the experimental observations, we propose an axisymmetric n-fold ansatz as

depicted in Fig.3.7, where only 2-fold ansatz is presented. This simpli�ed ansatz assumes

that the extra out of plane arclength is fully absorbed into the folds, and the bulk of the

annulus remains 
at. Using this simpli�ed ansatz, we can address the critical parameter

that triggers the transition from the wrinkled state to the fold state. This novel wrinkle-fold

transition is found to be triggered by the surface energy alone, and thus it is a geometric

46



Figure 3.6. The folding in Lame setup, �gure from Kamil Bugra Toga [22]. Localization
of deformation occurs after wrinkles reach the size of the system. The initiation of a fold on
a 151 nm thick PS annulus was detected at � = 47:5mN=m.

mechanism, strictly distinct from the mechanic mechanism, such as the substrate gravity

reported by Pocivavseket al. [16].

3.4.2 Model

We denote the rigid-body translations asuw
r and uf

r for the fully wrinkled annulus

(Fig.3.8) and folded annulus (Fig.3.7) respectively. In the fully wrinkled annulus, the domi-

nant energy comprises the surface energy alone and takes the form of:

Uw
s = �T in (Rin + uw

r )2 + �T out
�
R2 � (Rout + uw

r )2�
(3.16)
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Figure 3.7. The schematic 2-fold ansatz. (A) is the simpli�ed axisymmetric ansatz which
we will use to calculate the surface energy, whereuf

r denotes the rigid-body translation. (B)
is the demonstration of the 2-fold ansatz proposed in (A). The n-fold axisymmetric ansatz
can be generated likewise.

where the subscript�w denotes the quantity in the wrinkled state, andR is the size of the

liquid pool. Minimizing Uw
s with respect to uw

r , one obtains:

uw
r =

� � �
� � 1

� Rin (3.17)

Note that Eq.3.17 can also be obtained from Eq.2.8, in the \inextensible" limit,Tin =Y; Tout =Y !

0. This result should not be surprising, since in that limit� ! 0, no strain or bending energy

can be stored in the sheet. Hence, the only energy in the system is associated with interfacial

energy, which for an axisymmetric deformation is given by Eq.3.16.

Likewise, the surface area of the substrate in the 2-fold annulus (Fig.3.7, see F for details

of the surface area of the general n-fold ansatz) is expressed as:
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Figure 3.8. The schematic plot when wrinkles occupy the whole annulus. The radii for the
liquid pool covered by the annulus changes fromRin and Rout into Rin + uw

r and Rout + uw
r

respectively. uw
r is the rigid-boday translation.

Uf
s = Tin

0

@2R2
in arcsin

0

@

q
R2

in � (uf
r )2

Rin

1

A + 2uf
r

q
R2

in � (uf
r )2

1

A

+ Tout

0

@�R 2 � 2R2
out arcsin

0

@

q
R2

out � (uf
r )2

Rout

1

A � 2uf
r

q
R2

out � (uf
r )2

1

A (3.18)

Minimizing Uf
s with respect touf

r , one obtains the rigid-body translation for the 2-fold ansatz

as:

uf
r = �

r
� 2 � � 2

� 2 � 1
� Rin (3.19)
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3.4.3 Results

Substituting the optimal rigid-body translations back to the surface energy expressions,

we show the energy di�erence between the wrinkle pattern and the folding pattern in Fig.3.9

for � = 4. For � > � , the fold is more energetically favorable than the wrinkle pattern.

Among all the n-fold fold patterns, we �nd the 2-fold shape is most stable.

Figure 3.9. The surface energy di�erence between the wrinkled state and the folding state
as a function of� for � = 4.

The analytical result shown in Fig.3.9, indicates that folds replace the wrinkles when

� > � , which is in qualitative agreement with what was observed in the experiment mea-

surements, see Fig.3.10 (Ref. [22]). Another ongoing experiment by Paulsenet al. (private

communication) in the Lam�e setup further measures the rigid-body translationur , and

preliminary measurements agree with our predictions (Eqs.3.19, 3.17). These encouraging

experimental results together reveal an alternative geometric wrinkle-fold transition, in ad-

dition to the well understood gravity-induced wrinkle-fold transition (Ref. [16]).
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Figure 3.10. Critical load-con�nement of wrinkle-fold transition, �gure from Kamil Bugra
Toga [22]. The critical load-con�nement� f detected when the folds are initiated for a range of
thicknessest. Folding condition highly depends on the aspect-ratio (b=a, which is equivalent
to � ) of the sheets.

51



CHAPTER 4

THE TWISTED RIBBON PROBLEM

4.1 Overview

In this chapter, we �nd that the e�ective sti�ness (Eq.3.4) can not be applied directly

to the wrinkling pattern in the twisted ribbon setup. To overcome the problem, a nonlinear

version of the e�ective sti�ness is found by including the wrinkle-induced displacements, and

a scaling argument considering the balance of the bulk and the boundary layer is proposed,

which similar to the argument in Sec.2.3.2. Our main �nding is the existence of a non-

complete collapsing of the transverse stress, which originates from the nonlinear version

of the e�ective sti�ness, and the fact that the energy focused in the boundary layer is

comparable to that in the bulk.

4.2 Introduction

In this chapter, we focus on the longitudinal wrinkles in the twisted ribbon setup as shown

in Fig.4.1. A twisted ribbon setup consists of a thin, long solid sheet, with thicknesst, width

W, and length L satisfying t � W � L. The two ends along the length are subjected to a

tensionT and a twist angle� (average twist per length). If the twist angle is su�ciently large,

the ribbon attains a helicoid shape (Fig.4.1), and a compressive zone around the midline (

the r axis) is formed along the longitudinal direction (denoted bys). This compression

ultimately leads to undulations along the length of the ribbon, which we call \longitudinal

wrinkles" (with extent 2rwr ). The stress �eld of the helicoid state (Eq.4.1), which was worked
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out in a classical paper by Green (Ref. [23]), and the longitudinal instability (NT regime

with non-collapsing� ss.) of the helicoid state is given in Ref. [24].

� ss = T +
� 2

2

�
r 2 �

1
12

�
; � rr = 0; � rs = 0 (4.1)

In Eq.4.1, the thickness and length are normalized by the width, and the tension is normalize

by the stretching modulusY. Eq.4.1 shows that forT < � 2=24 there exists of longitudnally

compressed zone around the midline, of widthr � =
p

� 2=3 � 8T=(2� ).

The stress �eld (Eqs.4.2, 4.3) in the FFT regime, where the compressive stress is fully

relaxed through longitudinal wrinkles, has been resolved by Julienet al. in Ref. [4],

� ss =

(
0 for jr j < r wr

� 2

2 (r 2 � r 2
wr ) for jr j > r wr

(4.2)

� rr =

(
� � 4

8

�
1
4 � r 2

wr

� 2
for jr j < r wr

� � 4

8

�
1
4 � r 2

� �
1
4 + r 2 � 2r 2

wr

�
for jr j > r wr

(4.3)

where the width of the longitudinal regionrwr (Eq.4.4) is obtained by requiring
RW=2

� W=2 � ssdr =

T,

(1 � 2rwr )2(1 + 4rwr ) =
24T
� 2

(4.4)

Important di�erent is revealed by comparing the NT and FT expressions for the width

rwr of the wrinkled zone. AsT ! 0, the NT solution yields, rwr !
p

3=6, which covers

partial ribbon, whereas the FT solution 4.4 yields,rwr ! 1=2, such that wrinkles cover

asymptotically the whole ribbon.

In addition to the fact that the optimal scaling of the wavenumber has not been resolved,

there are several reasons motivating the study of the twisted ribbon setup. As will be
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Figure 4.1. Twisted ribbon setup. (a) A ribbon under twist and tension (satisfyingRW=2
� W=2 � ssdr = T). (b) The longitudinally wrinkled ribbon, where the region� rwr < r < r wr

becomes compressive. (c) The creased helicoid state [4]

elaborated in Sec.4.3, this setup provides an example where the generalized e�ective sti�ness

(Sec.3.2) does not apply. This can be easily seen from Fig.4.1, where there is no substrate,

no external tension applied on the long edges and no curvature along the transverse direction

(denoted by r ). Thus the e�ective sti�ness K ef f in Eq.3.1 does not exists. Though a non-

zero transverse stress exists in the FFT regime (Eq.4.3), this stress is compressive, and

it is a higher order in the twist angle, thus it cannot serve as a stabilizing mechanism for

selecting the physical wavelength of wrinkles. As we will show below, this problem is resolved

by recognizing a nonlinear version of Eq.3.4, whereby the e�ective sti�ness scales with the
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wrinkle amplitude. Lastly, as our �nal result indicates that the FFT wrinkle pattern is

unstable, and the creased helicoid state Fig.4.1(c) is likely to be observed instead, this study

also sheds light onQUESTION III (Sec.1.5.2).

4.3 A scaling argument

The ultrathin ribbon shown in Fig.4.1(b) comprises two parts in the FFT regime: a

wrinkled region in � rwr < r < r wr (Eq.4.4) and an outer unwrinkled region� W=2 < r <

� rwr , rwr < r < W= 2. Inside the wrinkled region, we assume the shape of the wrinkle as

f (r ) cos(ks) (k = 2�=� ), which is motivated by experimental observation and by its broad

applicability in the wrinkling phenomena. Then the extra length which goes out of the

plane is described by the \slaving" condition Eq.4.5 (Ref. [4], Ch.2), which is obtained by

requiring � ss = 0 (see Eq.1.44 in Ch.2 of this thesis). This \slaving" condition enforces

the longitudinal length to remain constant (i.e. approaching an \inextensible" state) in the

singular limit (FFT regime) as the thickness approaches 0, and it is intuitively shown in

Fig.4.1(a,b), where the contracted arc length is fully absorbed by the wrinkles.

k2f (r )2 = 2� 2(r 2
wr � r 2) (4.5)

Similar to the FFT regime of the single-mode pattern in the Lame setup (Sec.2.3.1), the

wrinkle amplitude in the ribbon problem also exhibits a cusp at the wrinkle tipr = � rwr ,

f 0(r ) � (r � rwr )� 1, as shown in Fig.4.2 (whereas the Lam�e setup 2.3.1 has a power of� 1=2,

and this di�erence implies di�erent energetic contribution of the BL in both setups.). This

cusp makes the stretching energy
Rr wr

� r wr
� rr f 0(r )2dr divergent. This spurious divergence can

be regularized again by introducing a boundary layer (with width̀ BL ) at r = � rwr as shown

previously in the Lam�e setup (Ch.2).
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Figure 4.2. The plot of the amplitude and the 1st derivative with respect tor for rwr =W =
0:3 and �W=k = 1

Before addressing the e�ect of the boundary layer (BL), we must discuss the balance of

forces that determines the wavelength in the \bulk" (i.e. had there been no divergence at

r ! rwr ). The universal law (Eq.3.1) shows the balance is achieved between the bending

energy, which scales ast2k4f (r )2 and the restoring force. As in many wrinkling phenomena,

the energetic contribution of the compression is collapsed in the FFT regime (Ch.2, 3), thus

following a similar argument to the previous studies in the Lam�e setup (Sec.2.3.2), one may

anticipate that the restoring force that contributes to the energy in the ribbon problem is the

transverse tension� rr � f 0(r )2. However, in contrast to the Lam�e problem, here the tension

� rr itself depends on the amplitudef (r ) of the wrinkles and has an energetic contribution

that scales as� rr f 0(r )2. Considering a balance between the bending energyt2k4f (r )2 and

the stretching energy� 2
rr f 0(r )2 in the bulk alone (as schematically shown in Fig.4.3(b)), we
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�nd:

� � � � 1=3t1=3 (4.6)

Figure 4.3. The schematic energetic balance. (a) The schematic energetic balance in the
wrinkled region. The dashed region denotes the bulk, and the dotted zone denotes the
boundary layer. The energetic balance in the bulk is assumed to be the bending energy and
the compressive energy. Whereas the energetic balance in the boundary layer is the balance
between stretching energy and compressive energy. (b)The schematic energetic balance in
the wrinkled region. Assuming the bulk energy and the boundary layer energy scales the
same, and the energetic contribution to the bulk comes from bending energy and stretching
energy.

Is the above argument for the governing forces in the bulk self-consistent? For this

purpose, we must check whether our estimate of the sub-dominant energy (i.e. the energy

component that vanishes with the wrinkle amplitude/wavelength) is indeed valid. Inside the

boundary layer, the corresponding energetic contribution comes from, bendingt2k4f (r )2,

stretching � 2
rr f 0(r )2, and compression� 2

ss (where f (r ) �
p

� 2rwr `BL =k2, � ss � k2f (r )2.).

Assuming Eq.4.6, the two governing contributions are found to be the compression and

stretching (similarly to the Lam�e problem in Sec.2.3.2), and the size of the boundary layer

`BL is obtained by balancing these two contributions as shown below:

� rr f 0(r )2 � � ssk2f (r )2; `BL � � (4.7)
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Substituting the previously obtained scaling of the wavelength Eq.4.6 into the corre-

sponding energy densities in the BL (Eq.4.7), one �nds the subdominant energies in the

bulk ubulk and boundary layeruBL scale respectively as:

ubulk � t2f (r )2=� 4 � t2� 2=� 2 � t4=3� 8=3 (4.8)

uBL � � rr f 0(r )2`BL � `BL f (r )4=`4
BL � t (4.9)

This result shows that our previous result (Eq.4.6) based on the assumption that the bulk

energy is larger than the BL energy, is incorrect. This contradicting result suggests that one

must give up the assumption of complete collapse of compression in the bulk, and therefore

the remaining of energetic contribution from the compression is important. Hence the new

argument to be introduced takes into account the energetic contribution of the compression

in the bulk, which is balanced with the bendingt2k4f (r )2. The bending energy in turn needs

to be balanced with the boundary layer energy (Eq.4.7), namely:

t2f (r )2=� 4 � � 2
rr f 0(r )2`BL (4.10)

Recalling that f (r ) � �=k and f (r ) � `1=2
BL �=k in the bulk and boundary layer, respectively,

the scaling of the wavelength is found to be

� � � � 0:4t0:4 (4.11)

This scaling argument indicates that in the longitudinally wrinkled state, the collapse of

compressive stress is not complete, and cannot be found by local balance of forces (which

underlies the local� law 3.2).
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4.4 Model

To verify the scaling argument, we propose a simpli�ed model, based on FvK equations,

by including the wrinkle induced displacementsur ; us, which were not taken into considera-

tion in previous work (Ref. [4]). We assume the following dimensionless convention, where

the overline thereafter is omitted for brevity.

�Y �
Y
Y

; �B �
B
Y

; �� � �W; �f (r ) �
f (r )
W ��

; �� �
�

Y �� 2
; �k � kW; �� �

�
�� 2

(4.12)

The ribbon problem is governed by two dimensionless parameters, bendability� � 1 (which

governs the wrinkle wavelength), and con�nement� (which governs the macroscopic extent

of the compressive zone).

� �
� 2

T
; � �

t2

� 2
(4.13)

Our model addresses the FFT regime� � 1 � 1; � > 24. In this regime, the wrinkle-

dependent energy is a function of� (Eqs.4.11, 4.5), whereas, the wrinkle-independent energy

is computed asT � +
R1=2

� 1=2 � 2
ssdr (See Ref. [4], Eq.4.2). Hence, these two energies are separated

by a scale of� . To compute the scaling of the wrinkle wavelength, we compute the wrinkle-

dependent engergy alone with the inclusion of the wrinkle amplitudef (r ), and the induced

displacementsur , us. The shape of the twisted ribbon in our model is conveniently written

as:

X (s; r) = R(s) �X (s; r) (4.14)

whereR(s) denotes the rotation

R(s) =

0

B
B
B
B
B
B
@

1 0 0

0 cos(�s ) � sin(�s )

0 sin(�s ) cos(�s )

1

C
C
C
C
C
C
A

(4.15)
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and �X (s; r) is the recti�ed shape

�X (s; r) =

0

B
B
B
B
B
B
@

(1 � � )s + us(s; r)

r + ur (s; r)

f (r ) cos(ks)

1

C
C
C
C
C
C
A

(4.16)

where � is the longitudinal contraction. With the detailed derivation in Appendix E, the

desired FvK with the inclusion of the wrinkle-dependent stress are reduced to:

� rr f 00(r ) � k2f (r )� ss = � r 4f (r ) (4.17a)

� rr =
f 0(r )2

4
+

2f 0(r )
k

sin(ks) +
f 0(r )2 � f (r )f 00(r )

8
cos(2ks) (4.17b)

� ss =
k2f (r )2

4
+

r 2

2
+ � (4.17c)

where r 2 � d2

dr 2 + d2

ds2 . One needs to note that the wrinkle-independent compressive part

of � rr (Eq.4.3), which does not depend onf (r ), but rather on a high power of the imposed

twist � , is omitted in Eq.4.17b (see Ref. [4], an assumption that will be further discussed in

Sec.4.6). To facilitate a numerical solution of the model we further assume that the term

2f 0(r ) sin(ks)=k in � rr can be omitted. This simpli�cation is justi�ed by noting that this

term does not a�ect the scaling and its overall contribution in the force balance Eq.4.17a is

negligible.

4.5 Results

Our model, the set of equations (Eq.4.17), is derived by the assumption of collapsing

energetic contribution from the compressive stres� rr (though this collapse in the ribbon setup

is not complete.). We propose that this behavior characterizes the whole high bendability
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regime� � 1 � 1. Speci�cally, we explore wrinkling patterns by numerically solving Eqs.4.17

for a range of numbers� and two values of� = 68:2; 35:1.

Fig.4.4 depicts the computed wrinkle pro�lek � f (r ) as function of the transverse direction

r . This �gure shows that the computed pro�le agress with Eq.4.5 in the bulk of the wrinkled

region, but it exhibits a substantial deviation from this prediction in the vicinity of the

wrinkle tip at r = rwr , which is the typical behavior of the boundary layer. The width

of this boundary layer approaches̀ BL � � 1=5 in the singular limit � ! 0 as shown in

Fig.4.4(b)(inset). Notably, this scaling agrees with the previous scaling argument (Sec.4.3)

as shown in Eqs.4.7,4.11.

Figure 4.4. The computed wrinkle pro�le in the ribbon setup. (a) Computed wrinkle
pro�les k�f (r ) for � = 2000=57 and several values of� , compared with the in�nity bendability
prediction, Eq.4.5 (black line). (b) Computed wrinkle pro�les k � f (r ) for � = 750=11 and
several values of� . (Inset) The width of the boundary layer `BL for a several values of�
approaches the asymptotic limit`BL � � 0:2.

In Fig.4.5, the forces in the normal force balance equation (4.17a) are plotted against

the transverse distancer for two selected large bendabilities� � 1 = 108; 109. Both �gures
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agree with the scaling arguments (Sec.4.3, Eq.4.11) in the bulk of the wrinkled zone (the

dashed region in Fig.4.5(b)) and the boundary layer (the dash dotted region in Fig.4.5(b))

respectively. Furthermore, the trend in the �gure shows that our model result converges to

scaling argument as the bendability approaches in�nity.

Figure 4.5. The forces in the normal force balance equation. (a) The plot of the di�erent
forces in the normal force balance equation (4.17a) as a function of transverse distance
with �xed � = 10� 8 and � = 750=11. (b) The plot of the di�erent forces in the normal
force balance equation (4.17a) as a function of transverse distance with �xed� = 10� 9 and
� = 750=11. The dashed region indicates the energetic balance inside the bulk, whereas the
dash dotted region denotes the boundary layer.

Fig.4.6 is the log-log plot of the optimal wavenumberk as a function of � � 1, with the

inclusion of both scaling arguments Eq.4.11 and Eq.4.6 as depicted in dashed orange and

dashed red respectively. In the limit� ! 0, our model prediction (black dots) agrees with

the scaling argument (4.11) (shown in the dashed orange line) instead of Eq.4.6 (shown in

the dashed red line).
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Figure 4.6. The log-log plot of the optimal wavenumber as a function of the bendability
for �xed � = 750=11. The black dots denote the numerically calculated values. The red
dashed line denotes the scaling in Eq.4.6, whereas the orange dashed line denotes the scaling
in Eq.4.11.

4.6 Conclusions

In this chapter, we have proposed a simple model that captures the smooth transition

from the wrinkled region to a 
at region in a highly bendable ribbon setup by assuming that

this transition happens through a single-mode pattern, and the wrinkle amplitudef (r ) varies

smoothly between the two regions. The predictions of the model are self-consistent with the

scaling argument. Our main �nding is the existence of a non-complete collapsed transverse

stress, which originates from the nonlinear version of the e�ective sti�ness (Eq.3.4), and the

fact that the energy focused in the boundary layer is comparable to that in the bulk.

Our result can be used to provide the proper parameter regime where the longitudinal

wrinkles can be observed in experiment. Notably, this parameter regime is bounded from

above and below. It is bounded above due to the fact that the boundary layer width̀BL
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should be smaller than 1=2� rwr , and bounded below by requiring that the wrinkle induced

nonlinear tensile transverse stress� rr � f 0(r )2 must be larger than the absolute value of the

negative (i.e. compressive) wrinkle-independent transverse stress, which scales as� rr � � 4

(Eq.4.3, otherwise the net transverse becomes negative.). Combining these two limits, one

obtains the parameter regime:

(
�

t
�

� � 0:4
� 2 <

�
t
�

� 0:4
< (� 2=T � 24)1=2 for � 2=T � 24

�
t
�

� � 0:4
� 2 <

�
t
�

� 0:4
< 1=2 � (� 2=T)� 1=2 for � 2=T � 24

(4.18)
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CHAPTER 5

CONCLUSIONS

We have presented several general analytical approaches to study the single-mode wrin-

kling phenomena and two instabilities of the single-mode wrinkle pattern in the FFT limit, in

turn, these studies deepen our understanding of the e�ects of the boundary layer, curvature,

boundary condition, and tensile loads on the deformation of thin sheets.

In the single-mode wrinkling scenario, we focus on the partially wrinkled sheets in the

Lam�e and twisted ribbon setups, where the discontinuities in the slopes of the wrinkle pro-

�les bring in in�nity subdominant energies. This divergence is regularized by developing

a boundary layer in the vicinity of the wrinkle tip. The formation of the boundary layer

enables us to identify two governing forces from the FvK equation for the bulk and boundary

layer separately, and we obtain the optimal single-mode wavenumber by balancing the bulk

and boundary layer. Our analytic result is capable of capturing the contributions of the

boundary layer in di�erent parameter regimes, in addition, its generality makes it applica-

ble to any setups, where the single-mode wrinkle terminates inside the sheet. One possible

extension of our analytic result is related to the wrinkle pattern in the rectangular setup

(Ref. [18]) as shown in Fig.3.1b, where a thin isotropic elastic sheet of thicknesst, width W,

length L ( t � W � L) is subject to a longitudinal stretching forceT in its plane and is

clamped along its width. This setup has no known analytic solution, even the qualitative

ones are not clear, for instance, what is the con�nement? What is the critical tensionTc for

the wrinkling pattern? A recent work from Healeyet al. [25] addressed the wrinkle pattern

in the NT regime, and a FFT solution has not been found.
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To study the instability of the single-mode wrinkle pattern to the fold, we focus on

the fully wrinkled annulus (Sec.2.2), where the axis-symmetric wrinkles are replaced by the

symmetric 2-fold shape (Fig.3.6) upon further increasing the con�nement. This wrinkle-

to-fold transition is resolved by noting that the fully wrinkled annulus can acquire a rigid-

body translation component, that does not involve strain. This rigid-body component is

essential, since it enables the annulus to cover more substrate surface by forming a 2-fold

shape, and hence minimize the total dominant energy. Our result implies a geometry-

induced wrinkle-to-fold transition mechanism, in addition to the well known mechanical

mechanism (Ref. [16]). This geometric mechanism has also been observed in the wrapping

problem (Ref. [19]), and is now employed to explain the fold pattern in the poking experiment

(Ref. [20], private communication with Paulsenet al.). Notwithstanding the encouraging

preliminary experimental measurements for the rigid-body translation (Paulsenet al., private

communication), our result fails to predict the fold pro�le. This fold pro�le can be computed

by minimizing the substrate gravitational energy and the bending energy, subject to the

inextensibility along the radial and azimuthal directions, which is similar to the computation

shown in Ref. [16].

The other instability that we study is the single-mode to multi-mode transition. We

focus on the sheet on drop setup (Sec.3.2), where a circular sheet is placed on a curved

liquid surface. In this setup, a curvature induced restoring force is found (this restoring

force is also observed in Ref. [20], [26].), in addition to the well known restoring forces from

the substrate sti�ness and the external tension (Ref. [18]). Our main �nding is that a local

theory that balancing the bending force and the restoring forces is su�cient to describe the

spatial variation of the wrinkle wavenumber. This local theory shows excellent agreement

with the experimental observation, and can be extended to other setups (such as the poking

setup, reported in Ref. [15].).
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In spite of the excellent agreement with the experimental measurements, our understand-

ing of the validity and applicability of the local theory is limited. For its validity, this local

theory is limited to situations where the wavelength� (r ) varies su�ciently slowly with re-

spect to the radial distancer . Using the same notation as in Sec.3.2, whereH 0(� ) denotes the

energy pertaining to pure single-mode pattern, andH 1(� 0(r )) denotes the energetic cost for

varying the wavelength, we note that in the Ginzburg-Landau terminology,� (r ) is obtained

by minimizing a more general e�ective \coarse-grained" energy functional:

H 0(� (r )) + H 1(� 0(r )) (5.1)

The speci�c form ofH 1(� 0(r )) remains unknown, in spite of some recent works, which address

the energetic cost from one wavenumber to another wavenumber (Ref. [17], [14], [27]). For its

applicability, this local theory does not generalize well to the drop on sheet setup (Sec.3.3).

In this setup, the boundary condition counteracts the e�ect of the local theory (as shown in

the preliminary result from Sec.3.3), and hence is worth being further explored.

Finally, our current study of the wrinkling phenomena by no means, is exhaustive. For

instance, we do not address the creased helicoid state (Fig.4.1(c)) in the twisted ribbon

setup (Ch.4), which is more likely to be observed, compared with the longitudinal wrinkles

(Fig.4.1(b)). Recalling that the longitudinal wrinkles only exist in a narrow parameter regime

(Eq.4.18), in addition, the compressive stress is not fully collapsed (Sec.4.3). This implies

that the creased helicoid state is more energetically favorable than the longitudinal state.

The key to resolve this problem is to identify a correct ansatz for the creased helicoid state

as we do for the fold state in the Lam�e setup (Sec.3.4). A possible ansatz that we propose

here is the minimal ridge (see Ref. [28]) as shown in Fig.5.1(b), where a plate is bent by

forces exerted along its boundary so as to create a sharp crease in the limit of in�nitely small

thickness, and the creased helicoid state can be viewed as comprising of multiple stitched
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minimal ridges as shown schematically in Fig.5.1(a). The stitched minimal ridges may be

Figure 5.1. The minimal ridge setup. (a) Figure from Ref. [29]. Schematic �gure of a
twisted helicoid with 
at triangular regions (white region) connected by stretched ridges
(dashed red line). (b) Figure from Ref. [28]. Long strip of widthX bent through a dihedral
angle � � 2� .

more energetically favorable than the longitudinal state, as its energy comprises the bending

and stretching in the vicinity of the ridge, and a �nite energy stored in the tips of the ridges

(see Ref. [28]), whereas the energy of the boundary layer in the longitudinal wrinkling state

is very costly.
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APPENDIX A

EXPANSION

The crux that the numerical model captures the boundary layer is due to the inclusion

of the term ( df
2dr )2 in the radial strain � rr . The conclusion from the inclusion of this term

is that in the vicinity of r = �R in =2, the boundary layer becomes compressive instead of

compression-free.

Barring the formation of the compressive boundary layer, the numerical model con�rms

that the radial stress� rr and radial displacementur transforms continuously from the wrin-

kled zone to the tensile zone, namely:

� rr (r; � ) = � (0)
rr + � k � (1)

rr (r ) (A.1)

ur (r; � ) = u(0)
r + � ku(1)

r (r ) (A.2)

where k > 0, and the functions �(0) (r ), �(1) (r ) are both completely independent of� . In

contrast to the uniform expansions of� rr and ur , the emergence of the compressive boundary

layer implies that the expansion off (r ) is not uniform, and has the form:

f (r; � ) = F (0) (r; � ) + � k f (1) (r ) (A.3)

where the functionF (0) (r; � ) converges non-uniformly to the compression-free pro�lef (0) (r )

(Eq.4.4), speci�cally,
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F (0) (r; � ) = f (0) (r )(1 + O(� k)) for Rin < r <
�R in

2
� `BL (A.4)

F (0) (r; � ) = f (0) (r )(1 + O(1)) for
�R in

2
� `BL < r <

�R in

2
(A.5)
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APPENDIX B

THE BOUNDARY LAYER EQUATIONS

The boundary layer equation Eq.2.19 admits solutions in the wrinkle zone and tensile zone

respectively. Because of the uniform expansions of� rr (r ) and ur (r ), one can approximate

such terms in the boundary layer equation with its corresponding bulk solutions. Hence, for

the tensile zone,

Br 4f �
16Bm4f T

R4
in � 4

(B.1)

� rr
d2f
dr2

� 2Tout
d2f T

R2
in dx2

(B.2)

� ��

�
d

rdr
�

m2

r 2

�
f � �

16Tout m2xf T

R2
in � 3

(B.3)

and for the wrinkled zone:

Br 4f �
16Bm4f W

R4
in � 4

(B.4)

� rr
d2f
dr2

� 2Tout
d2f W

R2
in dx2

(B.5)

� ��

�
d

rdr
�

m2

r 2

�
f �

32Tout m2xf W

R2
in � 3(1 � � 2)

(B.6)
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APPENDIX C

MATCHING SCHEME

The notable example to justify our proposed matching scheme is given By Davidovitch [].

In this paper, the author builds the cascade structure to account for how an ultrathin

uniaxially compressed 
oating sheet transforms its wrinkle wavenumbera0 at the edge toa1

in the bulk subject to tension and capillary forces as shown in Fig.C.1.

By assuming an ansatz off 0(x) cos(a0y) + f 1(x) cos(a1y) as the building block of the

cascade structure, Davidovitch successfully veri�es that the wrinkle pro�le of the numerical

model matches with the approximated analytical solution. This approximated analytical

solution is obtained by matching the approximated wrinkle pro�les near the edge and near

the bulk up to the 2nd derivative. Hence, this matching scheme is general, and can be applied

to other setups.
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Figure C.1. The schematic plot of the rectangular 
oating sheet (red dashed line, with
width W and length L.), changes into wrinkled sheet with wrinkle wavenumbersa0 and a1

at the edge and bulk repsectively subject to uniform compression alongy axis.
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APPENDIX D

THE SUBDOMINANT ENERGY

Mathematically, the uniform expansions of the radial stress� rr and radial displacement

ur from the wrinkled zone to the tensile zone yields the follows conditions:

lim
� ! 0

ur

�
�R +

in
2

�
� ur

�
�R �

in
2

�

`BL
= 0 (D.1)

lim
� ! 0

� rr

�
�R +

in
2

�
� � rr

�
�R �

in
2

�

`BL
= 0 (D.2)

wherer `BL � � 1=6. De�ning X � (r � �R in =2)=�1=6, one obtains the uniform expansions for

ur and � rr respectively:

� rr (X ) = � (0)
rr (X ) + � 1=3� (2)

rr (X ) + � 1=2� (3)
rr (X ) (D.3)

ur (X ) = u(0)
r (X ) + � 1=3u(2)

r (X ) + � 1=2u(3)
r (X ) (D.4)

where the termsu(1)
r (X ), � (1)

rr (X ) are both zero by Eqs.[D.1,D.2]. The subdominant energy

in the BL consists of the elastic energyUBL , keeping terms up to� 1=2, one has:

UBL = 2�
Z �

� 1=3
�

u(1)
�� � (0)

�� + u(1)
rr � (0)

rr

� �
�R in

2
+ � 1=6X

�

+
�R in � 1=2

2

 
u(1)

�� � (1)
��

2
+ u(2)

�� � (0)
�� + u(2)

rr � (0)
rr

!)

dX (D.5)
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and the external workWBL

WBL = 2�T out Rout
�
� 1=3u(2)

r (X ) + � 1=2u(3)
r (X )

�
�
�
�
�
X =

R out �
�R in

2
� 1=6

� 2�T in Rin
�
� 1=3u(2)

r (X ) + � 1=2u(3)
r (X )

�
�
�
�
�
X =

R in �
�R in

2
� 1=6

(D.6)

The strain and the stress in the elastic energyUBL are computed using the Hooke's law

and strain relation [13], hence for the tensile zone one obtains:

� (T )
rr = � (0)

rr (D.7)

u(T )
rr = u(0)

rr + � 1=6 du(2)
r

dX
+ � 1=3

 
du(3)

r

dX
+

1
4

�
df (T )

� 1=3dX

� 2
!

(D.8)

� (T )
�� = � (0)

�� + � 1=6 Y(m� � 1=12f (T ))2

R2
in � 2

(D.9)

u(T )
�� = u(0)

�� + � 1=6 (m� � 1=12f (T ))2

R2
in � 2

+ � 1=3

 
2u(2)

r

Rin �
�

4X (m� � 1=12f (T ))2

R3
in � 3

!

(D.10)

The subdominant elastic energy in the tensile zone is computed by plugging the corre-

sponding terms of Eqs.[D.7, D.8, D.9, D.10] intoUBL .

U(T )
BL = 2�

Z R out �
�R in

2
� 1=6

R in x �

� 1=6

(

� 1=2 �R in

2

 �
m� � 1=12f (T )

� 2

� 2R2
in

� (0)
��

� 1=6
+

Y
2

�
m� � 1=12f (T )

Rin �

� 4

+
� (0)

rr

4

�
df (T )

� 1=3dX

� 2
!

� 1=3� (0)
rr

du(2)
r

dX

�
�R in

2
+ � 1=6X

�
+ � 1=2 �R in

2
� (0)

rr
du(3)

r

dX

)

dX (D.11)

recall that � (0)
�� � � 1=6 in the vicinity of the boundary layer in the tensile zone.
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In the wrinkled zone, the wrinkle amplitude isf W + f (0) . Following the same routine but

more tediously lengthy calculation, one obtains:

� (W )
rr = � (0)

rr (D.12)

u(W )
rr = u(0)

rr + � 1=6 du(2)
r

dX
+ � 1=3

(
du(3)

r

dX
+

1
4

" �
df (W )

� 1=3dX

� 2

� 2

p
� �R in =X
m� 1=4

f (W )

� 1=3dX

#)

(D.13)

� (W )
�� = � 1=6

Y
h�

m� � 1=12f (W )
� 2

+ 4mf ( W ) p
� �R in X

� 1=12

i

� 2R2
in

(D.14)

u(W )
�� = u(0)

�� + � 1=6

� �
m�

� 1
12 f (W )

� 2
+ 4mf ( W ) p

� �R in X
� 1=12

�

� 2R2
in

+ � 1=3

0

B
B
@

2u(2)
r

�R in
�

4X
� �

m�
� 1
12 f (W )

� 2
+ 4mf ( W ) p

� �R in X
� 1=12

�

� 3R3
in

1

C
C
A (D.15)

The subdominant elastic energy of the wrinkled zone is obtained by substituting the corre-

sponding terms in Eqs.[D.12, D.13, D.14, D.15] intoUBL :

U(W )
BL = 2�

Z R in x �

� 1=6

R in �
�R in

2
� 1=6

8
><

>:
� 1=2 �R in

2

0

B
@

Y
2

0

B
@

�
m�

� 1
12 f (W )

� 2
+ 4mf ( W ) p

� �R in X
� 1=12

� 2R2
in

1

C
A

2

+
� (0)

rr

4

" �
df (W )

� 1=3dX

� 2

� 2

p
� �R in =X
m� 1=4

f (W )

� 1=3dX

#!

+ � 1=3� (0)
rr

du(2)
r

dX

�
�R in

2
+ � 1=6X

�
+ � 1=2 �R in

2
� (0)

rr
du(3)

r

dX

)

dX (D.16)

One can further show:
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2�
Z R out �

�R in
2

� 1=6

R in x �

� 1=6

 

� 1=3� (0)
rr

du(2)
r

dX

�
�R in

2
+ � 1=6X

�
+ � 1=2 �R in

2
� (0)

rr
du(3)

r

dX

!

dX

+ 2�
Z R in x �

� 1=6

R in �
�R in

2
� 1=6

 

� 1=3� (0)
rr

du(2)
r

dX

�
�R in

2
+ � 1=6X

�
+ � 1=2 �R in

2
� (0)

rr
du(3)

r

dX

!

dX � WBL

= 2� (Tin Rin � Tout Rout )
�
� 1=3u(2)

r (X ) + � 1=2u(3)
r (X )

�
�
�
�
�
X =

R out �
�R in

2
� 1=6

(D.17)

At the outer boundary r = Rout , the correction to the radial stress is not a�ected by the

boundary layer. Consequently, one obtains:

�
� 1=3u(2)

r (X ) + � 1=2u(3)
r (X )

�
�
�
�
�
X =

R out �
�R in

2
� 1=6

= 0 (D.18)

To summarize, the subdominant energy due to the boundary layer is:

UBL = ��R in

Z R in x �

� 1=6

R in �
�R in

2
� 1=6

� 1=2

0

B
@Y

0

B
@

�
m�

� 1
12 f (W )

� 2
+ 4mf ( W ) p

� �R in X
� 1=12

� 2R2
in

1

C
A

2

+
� (0)

rr

4

" �
df (W )

� 1=3dX

� 2

� 2

p
� �R in =X
m� 1=4

f (W )

� 1=3dX

#!

dX

+ ��R in

Z R out �
�R in

2
� 1=6

R in x �

� 1=6

� 1=2

 �
m� � 1=12f (T )

� 2

� 2R2
in

� (0)
��

� 1=6
+ Y

�
m� � 1=12f (T )

Rin �

� 4

+
� (0)

rr

4

�
df (T )

� 1=3dX

� 2
!

dX

(D.19)

The optimal wavenumber is found by minimizing the sum of the BL energyUBL and the

subdominant energy in the bulk (See Sec.2.3.6) with respect tom. The optimal value of

m for any given value of Poisson's ratio� is implicitly given as the solution of an algebraic

equation. We give below the analytic expression form(�; � ) for � = 1=3.

77



� 1:69315m4� � + � log(� )
�
m4� + 0:673287�

�
+ 2m4� + 0:25� 2 log

�
� � 1=6

m2=3

�

� 1:32802� 2 � 0:125� 2 log2(� ) � 0:25� 2 log(log(� ) � 0:693147) + 0:0416667� 2 log(� ) = 0

(D.20)
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APPENDIX E

THE DETAILED DERIVATION

Given the shapeX (s; r), one obtains the strain tensor as:

� ss = � � + @sus +
k2f (r )2

2
sin2(ks) +

� 2r 2

2
� �krf (r ) sin(ks) (E.1)

� sr =
@r us

2
+

@sur

2
�

kf f 0(r )
4

sin(2ks) +
� (rf 0(r ) � f (r ))

2
cos(ks) (E.2)

� rr = @r ur +
f 0(r )2

2
cos2(ks) (E.3)

The three unknown functionsf (r ), us(s; r) and ur (s; r) should be chosen to minimize the

strain thus the wrinkle dependent energy. Given the fact� ss � � sr � � rr , one set� ss, � rs to

be zero. Thus the stress:

� rr = Y
�

f 0(r )2

4
+

2�f 0(r )
k

sin(ks) +
f 0(r )2 � f (r )f 00(r )

8
cos(2ks)

�
(E.4)

� ss = Y
�

k2f (r )2

4
+

� 2r 2

2
+ �

�
(E.5)

where Y denotes the stretching modulus and the Poisson's ratio� is set to be zero for

simplicity. The boundary conditions (see Ref. [13] for more detailed derivation.) compatible

with the normal force balance equation 4.17a are:

f 00(r )jW=2
� W=2 = 0 (E.6)

B
�
� f 000(r ) + 2 k2f 0(r )

�
+ � rr f 0(r )jW=2

� W=2 = 0 (E.7)
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Because of the symmetry around the originr = 0, one enforces:

f 0(0) = f 000(0) = 0 (E.8)

The optimal wavenumberk that satis�es the normal force balance equation?? is selected

by minimizing the wrinkle dependent energyU(1) . This energy is made of three terms, the

stretching energyUs, the bending energyUb and the remaining of the collasped compression

energy combined with the external work which is denoted byUo. The stretching energy:

Us =
Z W=2

0

� 2
rr

Y
dr (E.9)

the bending energy consists of the mean curvature induced term and the gaussian curvature

induced term.

Ub =
B
2

Z W=2

0

�
f 00(r ) � k2f (r )

� 2
dr +

B
2

k2

�
f

�
W
2

�
f 0

�
W
2

�
� f (0)f 0(0)

�
(E.10)

Since the wrinkle dependent energy and the wrinkle independent energy are mixed in the

compression energy and the external work, to �nd the remaining of the pure wrinkle depen-

dent energy, one needs to subtract the wrinkle independent energy from the mixed energy.

Thus one obtains:

Uo =

 Z W=2

0

� 2
ss

Y
dr � T �

!

� lim
� ! 0

 Z W=2

0

� 2
ss

Y
dr � T �

!

(E.11)

Finally, the desired total wrinkle dependent energy isU(1) = Us + Ub + Uo.
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APPENDIX F

THE SURFACE ENERGY OF N-FOLD ANSATZ

The surface area of the substrate in the n-fold ansatz is for the innerA in and outer parts

Aout are respectively:

A in = nR2
in arcsin

0

B
B
@

r

R2
in �

�
cin � uf

r

� 2

Rin

1

C
C
A + nuf

r

r

R2
in �

�
cin � uf

r

� 2
(F.1)

Aout = �R 2 � nR2
out arcsin

0
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r

R2
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� 2

Rout

1

C
C
A � nuf

r

r

R2
out �

�
cout � uf

r

� 2
(F.2)

wheren is the integer number indicating the number of symmetric folds andcin , cout respec-

tively, takes the form of following expressions

cin =
1
2

 

2

s

� cos2
� �

n

� �
sin2

� �
n

� �
uf

r

� 2
� R2
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�
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(F.3)

cout =
1
2
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� cos2
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� �
uf
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� 2
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�
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�
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r + uf
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(F.4)

Minimizing the surface energy with respect touf
r yields the value foruf

r and the minimal

surface energy.
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