
� � � � �� 	 �
 � � � 
 � �� � � � � � �� � �� � � � �� � � �� 
 � �� ��� � � 
 � �

�� � � �� � 	 � 
 �� � � 
 � � � �� � ��� 	 � � �� � � � � � �

� � � � � 
 � � � � � ��� �� � � � �


�� ���� �!"��#$$!%!��


 � &� ' � � ( �( � � �  � !�� ��)��#*)$*)+

, �� - ��� ��� � � � � � 	 � *""� ( ' �� � � ( ' � �� � �" � �! � � �� ) $#) "� � ) %$

http://dx.doi.org/10.7275/11933585.0
https://hdl.handle.net/20.500.14394/17483


COMPLEX GROUND STATES OF VORTICES AND
FILAMENTS

A Dissertation Presented

by

QINGYOU MENG

Submitted to the Graduate School of the
University of Massachusetts Amherst in partial ful�llment

of the requirements for the degree of

DOCTOR OF PHILOSOPHY

May 2018

Physics



© Copyright by Qingyou Meng 2018

All Rights Reserved



COMPLEX GROUND STATES OF VORTICES AND
FILAMENTS

A Dissertation Presented

by

QINGYOU MENG

Approved as to style and content by:

Gregory M. Grason, Chair

Egor Babaev, Member

Christian D. Santangelo, Member

Ashwin Ramasubramaniam, Member

Narayanan Menon, Department Chair
Department of Physics



ACKNOWLEDGEMENTS

I would like to express the deepest appreciation to my advisor, Professor Gregory M.

Grason, for his patient guidance and strong support. He has trained me from a student

to be an independent scientist and taught me that knowing something and explaining them

clearly to people are the same importance. He is the greatest advisor. Without his persistent

tutoring, this dissertation would not have been possible.

I am also indebted to my previous advisor, Professor Egor Babaev, whose guidance and

tremendous support help me �nish the �rst project and show me how to open your own

research area in Physics world. I am eternally obliged to my other committee members,

ProfessorChristian D. Santangelo and Professor Ashwin Ramasubramaniam for their very

helpful feedbacks and continuously understanding through every stage of my Ph.D.

I want to thank my colleagues whose support help me for each research project were

marvelous. Thanks to our previous postdoc, Dr. Christopher N. Varney, for his helpful tu-

torial on the Linux and numerical simulation. Thanks to Luis Cajamarca, Isaac Bruss, Amir

Azadi, Yiwei Sun, Ishan Prasad, Doug Hall, Abhiram Reddy, Daria Atkinson, Christopher

Burke, Carlos M. Duque, Harshwardhan Katkar, Ning Ouyang, Kiran S. Iyer for helpful

discussions.

I would also like to thank all my friends especially Christopher Amey, Kun Chen, Wei

He, Wei Hong, Yuan Huang, Wenming Ju, Kieran Ramos, Wenlong Wang, Dan Wang, Kun

Wang, Qingze Wang, Jiayue Tong and Zhiyuan Yao who have helped and supported me

during my studies.

iv



I would like to thank my parents and my siblings for their unconditional love, support

and encouraging me towards excellence. I also want to thank my wife, Jia Zhang, for her

endless love and bringing me the happiness.

Finally, I would like to thank the support from the National Science Foundation under

grant numbers DMR 0955902, DMR 0955760 and DMR 1608862.

v



ABSTRACT

COMPLEX GROUND STATES OF VORTICES AND
FILAMENTS

MAY 2018

QINGYOU MENG

B.Sc., NANKAI UNIVERSITY, TIANJIN, CHINA

M.Sc., NANKAI UNIVERSITY, TIANJIN, CHINA

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Gregory M. Grason

This dissertation consists of two parts. In the �rst part, we studied the ground state

con�gurations of vortices with multi-scale inter-vortex interactions in layered superconduc-

tors. We found that by tuning the multi-scale interaction length, we could create vortex

lattice ground states with di�erent symmetries. It has been proposed that these structures

can trap ultra-cold atoms for use in quantum emulators. In further work, we measured the

phase diagram and discovered many new phases by changing the relative magnitude of the

interaction ranges.

In the second part, we analyzed the ground state con�gurations of con�ned �laments with

long-range repulsive interactions. We �rst studied only straight �laments, using continuum

limit analysis and numerical simulations, and we developed a new microscopic theory of

defects. We found that in our system the gradient of the nonuniform density distribution

vi



can be controlled not only by the nature of the con�nement, but also by the range of

the repulsive interactions. We also found that in this system, positive defects are much

more di�cult to create than negative defects. Furthermore, we showed that by using the

local isotropic assumption, one can derive the relationship between nonuniform density and

topological defects.

In further work, we added twist to the �lament bundles. Generally speaking, uniform

�lament bundles do not form stable twist states. However, things change when we add

defects into the center of the system. The �lament bundles with negative disclinations will

never form stable twist states, but there is a stable twisted �lament bundle when there

are positive disclinations. Furthermore, we generalized the local isotropic assumption to the

twisted �lament system and found a relationship between the nonuniform density, topological

defects, and Gaussian curvature.
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CHAPTER 1

INTRODUCTION

In condensed matter physics, one of the most important themes is to understand how a

large number of small interacting elements form structures. These elements range from zero-

dimensional particles, to one-dimensional linelike objects, to two dimensional disks. Elements

that are the same but have di�erent types of interactions will form diverse structures in many

physical systems. One-dimensional linelike objects such as macromolecules, proteins, DNA

in biological materials and vortex lines in Type II superconductors play critical roles in

many physical systems. Understanding how their structures form with di�erent types of

interactions will help us to comprehend biological material and assemble new materials.

My research focuses on the study of the structure formation of one-dimensional linelike

elements, vortex lines in Type II superconductor and �laments in polymer or biological

materials, with competing interactions.

In Type II superconductors, vortices will emerge when the magnetic �eld is higher than

a threshold. In that case, magnetic 
ux will pass through the superconductor and form

vortices. Each vortex will carry a single 
ux quantum. A vortex consists of a core and

circular supercurrents around the core. In analogy with 
uid dynamics, a vortex is created

by swirling supercurrents. Fig. 1.1(A) shows a schematic plot of a single vortex [138]. There

are two parameters, the coherence length� and magnetic penetration length� to represent

the scale of local density of superconducting electrons and magnetic �eld respectively. An

experimental image of a vortex lattice produced by a 1-T magnetic �eld inNbSe2 at 1.8 K

is shown in Fig. 1.1(B) [58]. Fig. 1.1(C) shows a schematic plot of a vortex lattice.
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Figure 1.1. (A). Schematic plot of a single vortex [138]; (B). Abrikosov vortex lattice
produced by a 1-T magnetic �eld in NbSe2 at 1.8 K. The scanning range is 6000�A. The
black is the vortex core and white is the superconductor bulk. Experimental image came
from Ref. [58]; (C). Schematic plot of vortex lattice.

In Type II superconductors, it is well known that long-range repulsive interactions be-

tween vortices will create the Abrikosov hexagonal lattice [139] as shown in Fig. 1.1(B).

Vortices can also have multi-scale interactions in layered superconductor systems. My �rst

project will focus on the possible ground states of the vortices with multi-scale interactions

and how the relative quantity of di�erent compete interactions a�ect the ground states.

Filament is an object that has contour length that is much longer than its radius. Fil-

aments exist in diverse systems, ranging from biological materials such as �brin (diameter

around 5 nm, length around 45 nm) [143], DNA (diameter around 2 nm, length around 17

� m) [60] [65] and collagen (diameter around 2 nm, length around 300 nm) [109] to arti�cial

materials such as carbon nanotubes (diameter around 1.4 nm, length around 5� m) [66] as

shown in Fig. 1.2. My second project will study the ground states of con�ned �lament

bundles with long-range repulsive interactions.

Vortices exist in very low temperature Type II superconductors which are quantum sys-

tem. However, �laments mainly exist in room temperature biological materials, which are

classical system. Although there are many di�erences between these two objects, they share

some common features such as long-range repulsive interactions and show interesting phases
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Figure 1.2. (A). Fibrin (diameter around 5 nm, length around 45 nm) [143]; (B). Cryo-
electron micrographs image of dsDNA toroids [60] (diameter around 2 nm, length around
20 � m) (arti�cially colored for better contrast [36]); (C). Collagen (diameter around 2 nm,
length around 300 nm) [109]; (D). Carbon nanotubes (diameter around 1.4 nm, length around
5 � m) [66].

when con�ned. We identify that long-range repulsive interactions and con�nement are the

key ingredients for the formation of ground states. So we will build a model based on these

common features and study the possible ground states and the property of these ground

states.

As we will show later, the competion between long-range repulsive interactions and con-

�nement will generate ground states with anon-uniform density pro�le. The regular tri-

angular lattice is a common ground state in uncon�ned long-range repulsive systems. A

regular triangular lattice has uniform density since all particles are spread evenly over the

whole system. By non-uniform density, we mean that particles are not evenly spread within

the system. For example, particles may be densely packed around the boundary and sparsely

spread at the center.

For non-uniform ground states, triangular order would be preferred locally in which

one particle is surrounded by six nearest neighbors. We denote this local property as the

isotropic property since the distance between one particle and its six nearest neighbors is the

same. However, the density of the system needs to be changed globally. The local preferred
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Figure 1.3. (A). Five-fold(red) and (B). Seven-fold(blue) disclinations in a hexagonal lat-
tice. (C). A dislocation consists of a pair of disclinations with opposite charge. Figure came
from Ref. [131].

triangular order will be obstructed by the global non-uniform property in the long range. In

this situation, topological defectswill be generated which exist in the ground states of many

frustrated systems in condensed matter physics [102].

There are two types of topological defects in this study: disclinations and dislocations.

Disclinations can be characterized by a topological charge, which is determined by the num-

ber of neighboring �laments the defect has. The most common disclinations are the �ve-fold

and seven-fold, which are shown in Fig. 1.3(A, B) [131]. The topological charge per �lament

is calculated by counting its nearest neighbors number after Delaunay triangulation [131]:

qs =

8
>><

>>:

4 � n; if particle is on the edge

6 � n; otherwise
(1.1)

where n is the number of neighbors. The topological charge of a particle with �ve, six

and seven nearest neighbors will be +1, 0, -1 respectively. A dislocation consists of two

disclinations with opposite charge as shown in Fig. 1.3(C).
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Figure 1.4. (A). A circular triangular lattice in the X � Y plane, where the angle between
adjacent red line is�= 3; (B). Conformal lattice after w = z1=2 conformal transformation.
Images came from Ref. [97].

On the other hand, the property of non-uniform density can be analyzed from the the-

oretical aspect. There is an analytical implementation of a non-uniform density lattice in

which the local isotropic property will be kept and the global non-uniformity will also be

maintained. Non-uniform lattices can be constructed by conformal mappingw = f (z) a

uniform regular triangular lattice [125] [97] [98]. Consider a lattice in the two dimensional

X � Y plane which contains a set of points, after conformal mapping all points to the image

U � V plane, a new lattice, calledconformal lattice, will be generated in the image plane. In

a physical system, if the arrangement of particles approximates a conformal lattice, it will be

called aconformal crystal [126]. Usually, the density pro�le in the conformal lattice is non-

uniform, so we use non-uniform density and conformal density as the same meaning in this

dissertation. Fig. 1.4 shows the triangular lattice on theX � Y plane and its corresponding

conformal lattice in the imageU � V plane underw = z1=2 conformal transformation.

In the following section, I will introduce the general motivation for vortex and �lament

systems separately and give the outline of the whole dissertation.
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Figure 1.5. (A). Dimmer [87]; (B). Stripe [87]; (C). Clusters of clusters [141]; (D).
Concentric rings [141].

1.1 Vortex matter

Many systems with interactions over multiple length scales have been shown to have in-

teresting new phases. For instance, the two dimensional electron gas in a metal-oxide-

semiconductor �eld-e�ect transistor (MOSFET) [136] with short-range tension and long-

range dipolar repulsive interactions can generate Fermi liquids, Wigner crystals and several

intermediate microemulsion phases, including stripe-related analogues of classical smectic

and nematic liquid crystals. Competing short-ranged attractive interactions and long-ranged

dipolar repulsions [137] will generate the stripe and bubble phases in many di�erent systems,

including Langmuir monolayers [100], magnetic �lms [130], adsorbed monolayers [68], liquid

crystals [86] and polymer �lms [57]. In colloidal systems [87], two short-ranged repulsive

interactions can also generate dimer and stripe patterns as shown in Fig. 1.5(A, B).

The possible phases of a vortex system with multi-scale inter-vortex interactions was �rst

researched in Ref. [141]. Under short-range attractive interactions, short-range repulsive

interactions and long-range repulsive interactions, lots of di�erent clusters states such as

clusters of clusters, concentric rings and stripes were found as shown in Fig. 1.5(C, D).
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Multi-scale inter-vortex interactions have been proposed to implement in the type-1.5

superconductor [9,11,29,133]. In layered superconductors, made of a combination of type-I,

type-II superconductors and insulators with di�erent interlayer distances, the magnetic �eld

penetration length � varies in di�erent layers. Since the repulsive inter-vortex force is set by

� in the type-II superconductor, di�erent layers' � should introduce several repulsive length

scales. The attractive scale can be introduced by the type-I layers. Also the thickness of

the insulating layers can be used to control the repulsive length scale of the inter-vortex

interaction. Therefore, multi-scale interactions should exist between the vortices in which

their vortex stacks pierce several superconducting and insulating layers. Fig. 1.6(A) shows

a schematic plot of vortex cores in a layered superconductor.

My research starts by continuing the exploration of possible vortex phases with multi-

scale inter-vortex interactions. Why should we continue to explore many new possible vortex

phases with multi-scale inter-vortex interactions? The direct motivation came from the

possible applications of vortex lattices with tunable symmetries. Romero-Isartet al. [123]

proposed that ultra-cold atoms could be trapped near the surface in a lattice potential

generated by a magnetic �eld of superconducting vortices in type-II superconductors. These

trapped ultra-cold atoms could be used to build quantum simulators for Hubbard models.

Fig. 1.6(B) shows a schematic plot of this process. In order to trap the ultra-cold atoms,

the vortex positions should be accurate, within an error of 2% in the distance between them.

The vortex lattices with symmetries, such as the square lattice, have been created in the

nanofabrication of regular antidot lattices. However, the requirement of accuracy brings

a serious challenge to the fabrication process. Symmetric vortex lattices spontaneously

formed without arti�cial pinning would be the other possible better way. Our purpose is to

choose the appropriate multi-scale inter-vortex interaction to create the vortex lattices with

symmetries.
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Figure 1.6. (A). Schematic plot of vortex cores in layered superconductor; (B). Schematic
plot of trapping cold atoms in a magnetic �eld generated by a square vortex lattice [84].

In the vortex system, magnetic and current-current interactions would generate short-

range repulsion [141], soft core overlaps would generate short-range attraction [141] and the

stray �eld would generate long-range repulsion [111]. According to di�erent physical sources,

we could choose the potentials with one short-range repulsion, one short-range attraction,

and one long-range repulsion.

In chapter II, as we will show in depth later, by tuning the relative quantity of di�erent

interaction range, we can get vortex lattices with di�erent symmetries, such as, honeycomb,

hexagonal, square, and kagome.

In chapter III, we also explored the possible phases when changing the interaction ranges

of attraction and repulsion between vortices. Two phase diagrams have been generated.

Many new phases have been discovered including several new symmetric phases (dimer

hexagonal lattice, linear trimer lattice, polarized triangular trimer lattice and aligned trian-

gular trimer lattice), and �ve di�erent types of stripe phases.
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1.2 Filament bundles

Con�ned �lament bundle structures with long-range repulsive interactions exist in many

systems, ranging from biological materials such as DNA to vortices in type II superconduc-

tors. In this project, we analyze the complex dependence of non-uniform �lament density,

topological defects, and geometric curvature on the structure of ground states of con�ned,

repulsive �laments. We �rst describe two physical examples of these systems: bacterio-

phage DNA and vortices on superconducting islands. We then introduce a minimal model

to capture salient features of these diverse systems.

1.2.1 DNA bundles

Double-stranded (ds) DNA bundles have been observed with electron cryo-microscopy

and image reconstruction [65] in several bacteriophages, T4 [45], T7 [2],� 15 [64], P22 [33]

and � 29 [36, 148]. DNA was packed hexagonally in concentric layers and non-uniformly

distributed within a capsid [71]. Within the bacteriophages, negatively charged DNA will

have long-range repulsive electrostatic interactions. The distance between DNA is around

25 to 30�A for di�erent viruses. Virus capsids are made of a positively charged protein coat.

Most have the shape of icosahedrons and the radii of capsids range from 20 to 100 nm [71].

According to experimental observation [71], DNA packing is more dense near the capsid

wall than the center. This can be explained by the attractive interactions between negatively

charged DNA and the positively charged capsid, and repulsive interactions between DNA.

There are many other interactions which a�ect DNA packings in bacteriophages, such as

the in
uence of the physiological salt concentration, osmotic pressure, the bending energy,

conformational entropy, capsid pressure and the initial ejection force and so on. Among all

of the interactions, which of them is dominant is still not very clear in di�erent situations.

Several authors have done the theoretical analysis and tried to solve the above question.

Riemer et al. [120] analyzed the contributions of bending energy, conformational entropy
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and electrostatic repulsion in the phage T4, and found that electrostatic repulsions were

two orders of magnitude larger than the other two terms. Odijk [105,106] argued that high

osmotic pressures and loading forces will cause the DNA to be densely packed within the

capsids. In addition, numerical simulations [6,36,81,85,112,113,135] showed that the DNA

ordering was highest in the outer layers. Di�erent models by considering the contributions of

di�erent energy costs have been simulated to explain the DNA packaging in the viral capsid.

Unlike the previous research, in this dissertation, by only considering the long-range

repulsive interactions and con�nement, we will explore the possible ground states of straight

and 
exible DNA bundles.

1.2.2 Vortex bundles

Nonuniform vortex bundles are observed in type II superconductors when the sample size

is larger than the coherence length [47]. Buzdinet al. [27] calculated the vortex structures

in a small superconducting disk (the radius of the diskR < � 2=d, where � is the London

penetration length and d is the thickness of superconductor) in a low magnetic �eld using the

method of image charges. Krasilnikovet al. [78] did a theoretical and experimental study of

the initial vortex 
ux line structure formation when the sample size was comparable to the

penetration length � . Schweigertet al. [129] numerically solved the 3D nonlinear Ginzburg-

Landau (GL) equations in a very thin sample disk (d < �; � , where� is the coherence length)

and gave the phase diagram of vortices when the sample radiusR = 4� and R = 4:8� . The

above research showed that when the superconductor sample size D was in the regime where

� < D � � , non-uniform vortex con�gurations will be generated by considering the vortex-

vortex interaction and the vortex-surface interactions [47]. The vortex-surface interaction

can be viewed as a surface barrier [14] or geometrical barrier [151].

The competition between vortex attraction to the sample walls by its mirror image and

repulsion by screening currents resulted in this surface barrier [14]. Later, this model was
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developed in di�erent geometries, including thin disks [44] and strips [72, 79]. In thin 
at

samples, a geometrical barrier [127,151] appears due to Meissner screening currents 
owing

on the the top and bottom surfaces. Research on hollow cylinders [110] and discs [104,140]

shows that the spatial con�nement changes the superconducting state of samples. By solving

the time-dependent Ginzburg-Landau model, theoretical [3,23,39,128] and numerical studies

[20,41,142] con�rmed the existence of barriers in type II superconductors.

All of the above studies on vortex line bundles are on the straight vortex case. Nonuniform

vortex line bundles in three dimensional, cylindrically con�ned systems were studied in

Ref. [76,77]. Therefore, the vortex-vortex repulsive interaction and the con�nement barrier

together generated the non-uniform vortex lines in the straight and 
exible cases.

1.2.3 Common features

DNA and vortex bundles share some prominent features with important consequences

for their ground state structures. They each have repulsive interactions and are under some

type of con�nement which causes them to form non-uniform bundles.

1.3 Model

We extract our model from the common features of DNA and vortex bundles. The

examples of DNA and vortex lines are shown in Fig. 1.1 and 1.2.

First, let's consider the form of the long-range repulsive interactions. Rauet al. [114{

116] �rst measured the DNA-DNA interactions directly as a function of salt concentration.

Using the mean-�eld Poisson-Boltzmann(PB) theory [22,146,147] and the Debye-H•uckel(DH)

approximation, the PB equation can be reduced to the well-known Debye-H•uckel equation:

r 2	 = z2� 2	 (1.2)

11



where � � 1 is the Debye screening length and 	 is the electrostatic potential. The e�ective

interaction computed using above equation [114] is

V(r ) =
�

2��� 0
K 0(�r ) (1.3)

where � is proportional to the density of charge on the molecule,K 0(x) is the zero-order

modi�ed Bessel function of the second kind, r is the distance from the cylinder axis and� is

the dielectric constant. Rauet al. [114] [116] �rst directly measured the value of the Debye

screening length� � 1.

In type II superconductors, the vortex-vortex interaction [102] in the London approxi-

mation has the form

V(r ij ) =
� 2

0

8� 2� 2
K 0(

r ij

�
); (1.4)

where� 0 is the magnetic 
ux quantum and � is the penetration length.

Based on the above discussion about the DNA-DNA and vortex-vortex interactions, in

our model we chose the Yukawa(screened Coulomb) interaction as the segment repulsive

interaction between �laments. If the �laments are straight, the Yukawa interaction will

reduce to the zero-order modi�ed Bessel function of the second kindK 0(�r ). The interaction

between �lament i and j takes the form:

E int (i; j ) = U0

Z
dsi

Z
dsj

e� �r ij

r ij
(1.5)

wherer ij is the distance between segmentdsi in �lament i and dsj in �lament j and � � 1 is

the screening length as shown in Fig. 1.7(a).

Second, how does one quantify the con�nement? In simulations, con�nement, i.e. the

interaction between the capsid wall and the DNA, can be implemented in many di�erent
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Figure 1.7. Schematic plots of (a). interaction, (b). con�nement, (c). bending energy and
(d). work done by tension.

ways [6,36,81,85,112,113,135]. Some used weak soft wall con�nement [6,81,85,112,113], e.g.

E = 0 within radius R, E = k(r � R)2 outside R, another strong soft walls [135], e.g.E = 0

within radius R, E = k(r � R)4 outside R, and quartic con�nement [36], i.e.E(r ) = r 4.

For vortices in type II superconductor, the barrier [128] took the formEcont / R2

R2 � � 2 �

1 � ln( R2

R2 � � 2 ). The rest of papers didn't give the explicit form of the con�nement. In our

model, we will useV(� ) to represent the con�nement, where� =
p

x2 + y2 is the distance

in the xy plane. Fig. 1.7(b) shows the schematic plot.

In addition to repulsive interactions and con�nement, we added bending energy and the

work done by external tension to give an energy cost of the 
exibility of the �lament. The

bending energy [102] takes the form

Eb =
Z

ds
B
2

(@st )2 (1.6)
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where B is the bending rigidity,t is the tangent unit vector along the �lament andds is the

in�nitesimal length along the �lament. Fig. 1.7(c) shows a schematic plot of the bending

energy.

The work done by tensionT [102] applied to both ends of the �lament is

E t = T� L (1.7)

where � L is the length di�erence between the non-straight �lament and the straight �lament.

Fig. 1.7(d) shows the schematic plot of the work done by tension.

Consider a system withN �laments. The total charge, total length and charge density

per �lament are q; L, and � respectively. The backbone direction of �lament bundles is along

the z direction. By combining the Eqs. (1.5,1.6,1.7), we can get the total energy per unit

length of the system

E total = U0

X

<i;j>

Z
dsi

Z
dsj

e� �r ij

r ij
+

NX

i =1

Z
V(� (s))ds

+
NX

i =1

Z
ds

B
2

(@st )2 +
NX

i =1

T� L; (1.8)

where the �rst term is the pair interaction term, the second term is the con�nement term,

the third term is bending energy and the forth term is the work done by tensionT applied

to both ends of the �lament.

1.3.1 Straight case

For the in�nitely long straight �lament bundle case, ds = dz. There is no bending energy

and no work done by tension. The con�nement energy per unit length of the whole system

will be
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Figure 1.8. Schematic plots of reducing straight �lament bundles to 2D discrete and con-
tinuous problem.

Econ = q
NX

i =1

V(� i ) (1.9)

whereq =
R

�dz .

Therefore the total interaction energy reduces to

E int =
X

<i;j>

Z

si

�dz i
�

2�" 0
K 0(�� ): (1.10)

We can think of this as a 2D system by treating each straight �lament as a single particle

on a plane. The �rst two panels of Fig. 1.8 show schematic plots that reduce straight

�lament bundles to particles on a plane. The third panel shows the further reduction to a

continuous system. Our purpose is to �nd the optimized density distribution of the �laments

with interactions K 0(�r ) given one con�nement potentialV(r ).

We can rewrite the energy for straight �lament as a 2D interaction and con�nement

energy in the following form:
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Figure 1.9. Schematic plots of �lament textures with positive and negative curvatures,
whose equivalent surface geometry is shown in below. Figure came from Ref. [52].

E total =
X

<i;j>

U0K 0(� jr i � r j j) +
NX

i =1

V(� i ) (1.11)

where U0 absorbs the prefactor in Eq. (1.10) andq in Eq. (1.9) has been absorbed into

V(� ).

Given the above interaction energy and con�nement, we will use variational analysis to

solve for the optimal density distribution in the continuum limit and we will numerically

search for 2D �lament ground state con�gurations.

In chapter IV, we consider the ground states of straight and parallel bundles and develop

a physical model of the formation of topological defects driven by non-uniform areal density

in the preferred ground state order.

1.3.2 Twist case

In chapter V, we discuss the stability of twist �lament bundles in the system with long-

range repulsive interactions and con�nement.
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Figure 1.10. (A). K G = 0; (B). K G > 0; (C). K G < 0.

Except for the straight case, the other two simple, nontrivial �lament textures are twist

and splay �lament bundles as shown in the top panel in Fig. 1.9. Grasonet al. [7,8,24,25,

49, 50, 52] found the relationship between textures of �lament orientation and dual-surface

geometry. A double-twist texture corresponds to a positive e�ective curvature. In contrast,

a radial splay texture corresponds to negative e�ective curvature. They also found [24, 25]

that the stress generated by a �ve-fold disclination in the center of a �lament bundle can be

screened by its twist texture. The relationship between topological defects and the e�ective

Gaussian curvature generated by the �lament texture can be described by the Gauss-Bonnet

theorem [67]. A schematic plot of �lament textures with positive and negative e�ective

curvatures is shown in Fig. 1.9.

The Gaussian curvatureK G of a surface at a point is the product of the two principle

curvatures, i.e. K G = � 1� 2. Fig. 1.10 shows the three examples of surfaces with zero,

positive and negative Gaussian curvature.

Then considering the twist �lament bundles, we generalize our previous theory from Eu-

clidian (straight case) to non-Euclidian geometry. The interplay between the metric geometry

and conformal packing has also been discussed.

It turns out that there is no stable twist state from uniform straight �lament bundles.

The conformal packing reduces the energy as expected. However, twist geometry will bring
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�laments closer and will change the curvature of the �lament. The energy cost increased

due to these changes is larger than the energy reduction from conformal packing.

Then the �lament bundles with centered disclination have been researched. With negative

disclinations, there is no stable twist state. However, with positive disclinations, there will

be a stable twist state.

Finally, in chapter VI, the conclusion and outlook will be discussed.
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CHAPTER 2

SYMMETRY VORTEX LATTICE IN SUPERCONDUCTING
SYSTEM WITH MULTI-SCALE INTER-VORTEX

INTERACTION

2.1 Introduction

To circumvent the limitations on classical computation, a growing e�ort to manipulate

and control the behavior of ultracold atomic gases has led to these systems being used as

quantum simulators for a host of phenomena in condensed matter physics [26,35]. A focus

of quantum simulator investigations has been on building Hubbard models by loading a gas

of neutral atoms into optical lattices and tuning the interaction between the atoms [18,19].

At present, great strides have been made in cooling protocols [90, 144, 145]. But the main

question, to assess in such experiments whether the Hubbard model can explain high-Tc

superconductivity, remains unanswered.

In order to address this question, better cooling schemes which reduce the entropy of

the quantum simulator are necessary [18]. Very recently, Romero-Isartet al. [123] proposed

placing ultracold atoms in a lattice potential generated by magnetic �eld of superconduct-

ing vortices in type-2 superconductors and trapping the atoms near the surface. This new

approach aims to decrease the inter-lattice site distance, making the required regimes exper-

imentally feasible [55, 123]. This possibility of a crucially important application raises the

need to create and control vortex lattices of di�erent symmetries. Although in some exotic

cases a square vortex lattice has been observed [1,121], the overwhelming majority of vortex

lattices in superconductors have hexagonal symmetry. In order to create a vortex lattice of
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various symmetries for quantum emulators, Romero-Isartet al. [123] proposed pinning the

vortices in arrays of etched holes/anti-dots [94]. While such vortex systems have been ex-

tensively investigated in superconductivity both theoretically and experimentally for various

pinning array geometries [12,16,28,53,54,82,93,95,119,124], Romeroet al. [123] note that

the anticipated challenges to implementing the approach are high requirements for perfection

of the vortex lattice and possible variations and �eld inhomogeneities in the anti-dot arrays.

In fact, the interest in self-assembly of kagom�e and honeycomb structures goes beyond the

recent interest in vortex matter and is intensively studied in soft matter [32,34,89,122].

2.2 Model

Here we propose an alternative approach involving multi-component superconducting

systems. Recently there has been interest in superconductivity with several scales of repulsive

and attractive interaction. In two-band superconductors it is possible to have a vortex

system where the short-range interactions are repulsive while the long-range interactions

are attractive in regimes where one coherence length is shorter than the magnetic �eld

penetration length while the second coherence length is larger, i.e.� 1 < � < � 2 [11, 46,

133,134]. The regime which was recently termed type-1.5 superconductivity in experimental

works on MgB2 [37,56,96] and Sr2RuO4 [59,117]. The non-monotonic inter-vortex interaction

is also possible in electromagnetically or proximity-e�ect coupled bilayers [11].

In the two-band superconductor the long-range inter-vortex interaction energy is given

by [11,29,133]

E int = C2
B K 0

� r
�

�
� C2

12�K 0

�
r
� 1

�
� C2

2K 0

�
r
� 2

�
: (2.1)
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The �rst term describes inter-vortex repulsion which comes from magnetic and current-

current interaction. The second and third terms describes attractive interactions from cores

overlaps. The two contributions are due to to coherence lengths.

In Ref. [141] it was proposed that in layered systems multiple repulsive length scales are

possible when di�erent layers have di�erent� i . For a straight and rigid vortex line, the

long-range interaction is then

E int =
X

i

CB
2
i K 0

�
r
� i

�
�

X

j

C2
j 2�K 0

�
r
� j

�
: (2.2)

Such a system can have various cluster phases due to multi-scale repulsive interactions [141].

Subsequently some of the phases obtained in simulations where the vortices are treated

as a point-particle [141] were also obtained in simulations of a layered Ginzburg-Landau

model [73].

Here we point out that layered systems proposed in Ref. [141], i.e. structures made of

a combination of type-1 and type-2 superconductors with variable interlayer distances (see

Fig. 2.1), could be used to create vortex lattice of di�erent symmetries. In what follows, we

utilize Langevin dynamics to study various states of vortex matter in superconductors [40,42,

43,149]. Often in systems with multiple repulsive length scales various phases are quite robust

with respect to potential changes as long as the potential preserves the distinct repulsive

length scales [48, 88]. Thus we use a phenomenological pairwise potential with multiple

length scales which has characteristic features of the analytically known asymptotic form

Eq. (2.2) as well as included e�ect of demagnetization �eld in the form of analytically known

long-range power-law repulsive inter-vortex force [111]. We demonstrate that layered systems

where such a potential can be realized can be used to generate the four two-dimensional

lattices: hexagonal, square, honeycomb, and kagom�e.
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Figure 2.1. Schematic picture of the magnetic �eld lines of a vortex in a layered supercon-
ductor. Shaded (white) areas are superconductor (insulator) layers with di�erent thickness.
The 
ux spreads in the non-superconducting regions.

In Fig. 2.2, we illustrate two potentials that arise from a phenomenological form

E int = c1e� r=� � c2e� r=� + c3
� f tanh[� (r � � )] + 1 g

r + �
(2.3)

that captures the essential multi-scale features of the inter-vortex forces in a layered su-

perconducting structure [99, 141], when the interaction can be approximated by pairwise

forces between straight vortex lines. The model features a short-range exponential repulsion,

intermediate-ranged exponential attraction, and a long-range power-law repulsive behavior.

The interplay between these di�erent interactions results in a rich phase diagram which

go beyond the scope of this paper; we defer a full discussion of its properties in the next

chapter [92].
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Figure 2.2. Phenomenological potential that describes the multi-scale inter-vortex interac-
tion for straight rigid vortex lines in layered system with di�erent layer's parameters. The
solid red curve gives rise to a honeycomb lattice at density [38]� = 1:50, a hexagonal lattice
at � = 2:25, and a square lattice at� = 2:50, while for the dashed green line a kagom�e lattice
is the ground state at a density of� = 2:50 [99].

2.3 Result

In Fig. 2.3, we illustrate some of the ground state vortex phases of the potentials shown in

Fig. 2.2. The phases were obtained using Langevin dynamics [42] simulations ofNv = 2958

vortices where the temperature was slowly reduced toT = 0 (see Refs. [141] and [92] for

additional details). For the solid red line of Fig. 2.2, we obtain honeycomb, hexagonal, and

square lattices at density [38]� = 1:50, 2:25, and 2:50, respectively. For the dashed green

curve, we obtain a hexagonal lattice for small densities (not shown), and �nd a kagom�e

lattice for � = 2:50.

In order to characterize the degree of perfection for each phase, we �rst consider the

radial distribution function (RDF),

g(r ) =
1

2�r � r�N v

N vX

i =1

ni (r; � r ); (2.4)
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Figure 2.3. The �nal vortex con�guration at the zero temperature for (a) � = 1:50 (hon-
eycomb lattice), (b) � = 2:25 (hexagonal lattice), (c) � = 2:50 (square lattice), and (d)
� = 2:50 (kagom�e lattice). Panels (a)-(c) correspond to the solid red curve of Fig. 2.2, while
panel (d) corresponds to the dashed green curve. In case of panels (a) and (d) one can see
multiple grain boundaries.

where ni (r; � r ) is the number of particles in the shell surrounding thei -th particle with

radius r and thickness � r . For phases that form regular lattice structures, we can o�er a

direct comparison with an ideal lattice, which we illustrate in Fig. 2.4.

From g(r ) we can de�ne thei -th nearest neighbor (coordination numbers) as

ni = 2��
Z r i

r i � 1

g(r )dr; (2.5)

wherer i � 1 and r i are the minima surrounding thei th peak in g(r ). In Fig. 2.5, we show the

coordination number up to the 5th nearest neighbor for each of the lattices shown above.

Next, we de�ne the degree of perfectiond = 1
N v

P
dj for a lattice as

dj =
1
n1

�
�
�
�
�

n1X

i =1

�
1 �

� �
� perfect

� �
�
�
�
�

� � = j� i � � perfect j (2.6)

where dj is the degree of perfection for thej th vortex, n1 is the number of the nearest

neighbors (i.e. the number of the vortices within a circle of radiusr c with the j th vortex

at its center and r c the �rst minimum of the RDF), � i is the angle between the two nearest
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Figure 2.4. Comparison of the radial distribution functiong(r ) of the vortex con�gurations
shown in Fig. 2.3 with those of the ideal geometry for (a) honeycomb, (b) hexagonal, (c)
square, and (d) kagom�e lattices. The dashed blue line is the zero temperature result after
simulated annealing, and the solid red line is the ideal result.

neighbours, and� perfect is the angle between the two nearest neighbours in the perfect lattice.

Note that by de�nition, d = 1 if there are no defects in the lattice. For the square, hexagonal,

and honeycomb lattices� perfect = �= 2, �= 3, and 2�= 3, respectively, while the kagom�e lattice

has two possible angles:�= 3 and 2�= 3.

For the honeycomb lattice (panel (a) of Figs. 2.3, 2.4, and 2.5), we �nd that the ordering

of the vortices matches the ideal result reasonably well, with a degree of perfectiond = 0:961

for a simulation of Nv = 986 and d = 0:953 for a simulation ofNv = 2958 vortices. The

peaks of the radial distribution function closely match the ideal case, with broadening of the

peaks due to defects that increases as the separation between the vortices increases. The
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Figure 2.5. Number of nearest neighborsni up to the �fth-nearest-neighbor for the
(a) honeycomb, (b) hexagonal, (c) square, and (d) kagom�e lattices of Fig. 2.3 (Nv = 2958
vortices). For comparison, we also show the result forNv = 986 vortices (squares). Here,ni

is normalized to the number of neighbors in a perfect lattice.

coordination number is within 1% for all butn3, which is correlated with a larger broadening

of g(r ).

For the hexagonal lattice [panel (b)], the ordering is nearly perfect, withd � 1 and

the radial distribution function featuring nearly delta function peaks that match with the

ideal result. The coordination number calculation also remains within 1% of the ideal result

up to n5 for simulations of Nv = 2958 and for all coordination numbers we calculated for

simulations ofNv = 986 vortices. For the square lattice [panel (c)], the ordering is extremely

good, with 0:988 andd = 0:989 forNv = 986 andNv = 2958 vortices. The radial distribution

function features delta function peaks for the �rst seven peaks before broadening begins to
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occur. In addition, the number of nearest neighbors calculated is within 1% of the ideal

result for the �rst �ve neighbors.

For the kagom�e lattice [panel (d)], we �nd a deviation from the perfect lattice as a conse-

quence of domain formation, withd = 0:945 and 0:943 forNv = 986 and 2958, respectively.

Near grain boundaries the number of nearest neighbors will vary signi�cantly, resulting in up

to a 5% deviation for the calculation of the coordination numbers up ton4. As a result, there

is signi�cant broadening of the radial distribution function and for intermediate distances

g(r ) ! 1, as one would expect for larger .

2.4 Conclusion

In summary, the recent proposal [123] of realizing quantum emulators by trapping ultra-

cold atoms in the magnetic �eld of superconducting vortex lattice raises the need to develop

methods to create vortex lattices of various symmetries. Here we propose layered systems

where vortex interaction is multi-scale (in particular the type-1.5 systems) as the systems

where in principle various vortex lattice symmetries can be realized. The upper layer may in

particular be used to tune localization of the �eld while lower layers and interlayer distances

are used to control lattice symmetry. Di�erent temperature dependencies of components in

di�erent layers can also be used to manipulate the vortex lattice by controlling the temper-

ature. We support that proposal by simulation of point-particle objects with phenomeno-

logical two-body forces similar to long-range forces between straight and rigid vortex lines.

Next we plan to investigate it in the layered Ginzburg-Landau model which also include

the e�ects of vortex bending and non-pairwise inter-vortex forces (which can be especially

important in type-1.5 regime [29]).
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CHAPTER 3

PHASE DIAGRAMS OF VORTEX MATTER WITH
MULTI-SCALE INTER-VORTEX INTERACTIONS IN

LAYERED SUPERCONDUCTORS

3.1 Introduction

Recently much interest was generated by the proposal of quantum systems built by

placing ultracold atoms in a lattice potential generated via stray magnetic �elds of super-

conducting vortices [123]. This gives rise to a possibility of creating quantum emulators.

To this end, better control of vortex lattices in superconductors is required. Predominantly

vortex lattices in superconductors have hexagonal symmetry, the square lattices are possible

but rare [1,117,121].

One route for creating more complicated vortex lattices is through pinning the vortices by

arti�cial pinning centers [12,16,53,54,94,95,124]. This approach, demonstrated by Romeroet

al. in Ref. [123], appears technically challenging to achieve the requirements for perfections

of the vortex lattice due to possible variations and �eld inhomogeneities in the anti-dot

arrays.

In Ref. [91], an alternative approach was proposed that involves multi-component super-

conducting type-1.5 superconducting systems. In such systems, there are several coherence

lengths that can be smaller and/or larger than the penetration length:� 1; � 2; : : : < � <

� i ; : : : ; � N [10,11,30,31,46,133,134]. This behavior was originally observed in experimental

works on MgB2 [37, 56, 96] and recent experimental evidence was reported that this regime

28



has been realized in Sr2RuO4 [59, 117]. The non-monotonic inter-vortex interaction is also

possible in electromagnetically or proximity-e�ect-coupled bilayers [11].

In case of two-component superconductors, the long-range inter-vortex interaction energy

is given by [11,29,133]

E int = C2
B K 0

� r
�

�
� C2

12�K 0

�
r
� 1

�
� C2

2K 0

�
r
� 2

�
: (3.1)

Here, the �rst term describes inter-vortex repulsion which comes from magnetic and current-

current interaction and has the length scale of magnetic �eld penetration length. The second

and third terms describes attractive interactions from cores overlaps with ranges set by

coherence lengths. In Ref. [141], a further generalization was discussed where the interaction

has multiple repulsive length scales due to di�erent penetration lengths� i in di�erent layers.

For a straight and rigid vortex line, the asymptotical long-range interaction is then

E int =
X

i

CB
2
i K 0

�
r
� i

�
�

X

j

C2
j 2�K 0

�
r
� j

�
: (3.2)

In such systems, a variety of cluster phases are possible due to the combination of multi-scale

repulsive interactions with attractive ranges [141]. Some of the phases obtained in Ref. [141]

were also reproduced in simulations of a layered Ginzburg-Landau model [73]. In Ref. [91], it

was discussed that these models also allow vortex lattices with di�erent symmetries. However

a phase diagram of these models has not been investigated previously.

In what follows, we will discuss the phenomenological model used in this study in Sec. 4.2.

In Sec. 3.3, the details of the simulation method and measurements used to characterize each

phase are described. In Sec. 3.4, we present two phase diagrams featuring 10 and 17 phases,

respectively, and characterize each phase. Discussion of the especially interesting phases in

both phase diagrams is in Sec. 3.5. Finally, the impact of the results are discussed in Sec. 3.6.
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3.2 Model

Here we study a phase diagram of a prototypical system withNv vortices exhibiting

multi-scale inter-vortex interactions. The e�ective model for a vortex under these conditions

can be described by using a hard-core radius� h, an inner soft-core radius� 1, and an outer

soft-core radius� 2. In addition, we can account for the e�ect of stray �elds, which have an

e�ective power-law interaction. To generate such potentials, we de�ne the potential energy

using a phenomenological model [91,141]

V(r )
V0

= e� r=� � c2e� r=� + c3
� f tanh[a(r � b)] + 1 g

r + �
; (3.3)

where V0 de�nes arbitrary unit of energy and � and � are the penetration and coherence

lengths. We set� = 1 to set the unit of length and refer to all distances in terms of� .

The constantsc2; c3; a; b, and � are phenomenological coe�cients. In order to get a potential

qualitatively similar to Eq. (3.2) with the addition of a long-range interaction caused by

stray �elds, we set c2 = 0:2, c3 = 0:1, and � = 0:1. In order to control the short-range

repulsive length scale of the inter-vortex potential, we tunea, b and the ratio �=� .

The three terms in Eq. (3.3) are a short-range repulsive interaction, an intermediate

attractive interaction, and a long-range repulsive interaction caused by stray �elds. [111] In

the denominator of the third term, the parameter� removes the hard core of the vortex, i.e.

� h = 0, and reduces the impact of the short-range repulsive interaction caused by power-law

term.

In this work, we consider two series of potentials. In the �rst, shown in Fig. 3.1(a),

a = 2:5, b = 0:5, and �=� ranges from 0:2 to 10:0. In the second, shown in Fig. 3.1(b),

a = 3:0, b = 1:5, and �=� varies from 0:1 to 10:0. In both Figs. 3.1(a) and 3.1(b), we show

three typical potentials by changing the ratio of the length scales�=� . Note that as �=�

increases, the attractive region of the potentials are enhanced.
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(a) a = 2 :5, b = 0 :5 (b) a = 3 :0, b = 1 :5

Figure 3.1. (Color online) Inter-vortex pair potentials at �=� = 0:3, 3:4, and 7:0 with (a).
a = 2:5, b= 0:5 and (b) a = 3:0, b= 1:5. When 0:5 � � � 3:4, there is only purely repulsive
interactions in the potential. When 3:4 < � � 10:0, the potential has the attractive well
around r=� � 5:2.

The solid red lines in Figs. 3.1(a) and 3.1(b) represent a typical potential form at small

� values(�=� = 0:3), which contains three short-range repulsive length scales and one long-

range repulsive length scale. The dashed blue lines in Figs. 3.1(a) and 3.1(b) are for a

potential at �=� = 3:4, which has a minimumV(r )=V0 = 0 at r=� � 5:2. From �=� = 3:4

to 10.0, there is one attractive well in the potential and the attractive short length increases

as the � increases. The dotted green line in Figs. 3.1(a) and 3.1(b) represent a potential at

�=� = 7:0, which has an attractive well.

3.3 Simulation method

We utilize Langevin dynamics [42] with simulated annealing to calculate the ground state

of this vortex system. The overdamped Langevin equation of motion for a vortex atr i is

F i =
N vX

j 6= i

Fvv(r i � r j ) + FT
i = �

dr i

dt
(3.4)
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whereF i is the total force on vortexi , Fvv(r i � r j ) = �r Vij is the inter-vortex force between

vortices i and j , Nv is the number of vortices,FT
i is the stochastic thermal force,� is the

Bardeen-Stephen friction coe�cient.

We do our simulation within a nearly squareL x � L y box and employ the periodic bound-

ary conditions. We used random initial con�gurations for each simulation and compared with

a perfect hexagonal lattice. In order to get the perfect initial hexagonal lattice,L x and L y

are chosen to alleviate the e�ects of frustration [42] and keepL x=Ly � 1. In the phase

diagrams shown, the number of vortices wereNv = 780 and 986 at low and high density,

respectively. In addition, the existence of each phase was veri�ed with simulations of at least

Nv = 2958 vortices.

In order to characterize each phase, we �rst considered the radial distribution func-

tion (RDF)

g(r ) =
1

2�r � r�N v

N vX

i =1

ni (r; � r ); (3.5)

whereni (r; � r ) is the number of particles in the shell surrounding thei th vortex with radius

r and thickness � r . The RDF is used to characterize the structure of a con�guration. For

small separations,g(r ) = 0 and as r ! 1 g(r ) ! 1. In the RDF, sharp peaks are a clear

signature of ordering into shells of nearest neighbors while peak broadening is an indication

of a breakdown in long-range order. An absence of well-de�ned peaks is a clear signature of

local structure only.

Next, we considered the static structure factor [61]

S(k) =
1
N

* 
NX

i

cos(k � r i )

! 2

+

 
NX

i

sin(k � r i )

! 2+

(3.6)
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to characterize the intermediate and large scale structure of the vortex con�gurations. Here

k � (kx ; ky), kx(y) = nx(y)k0x(0y) and k0x(0y) = 2�=L x(y) . In our simulations, L x � L y, so

k0x � k0y and we usek0x as the unit of scale.

The �nal measures we use to de�ne the structure is the number of nearest neighborsn1

and the nearest-neighbor distancer1. The number of nearest neighborsn1 is determined by

counting the average number of vortices within circle of radiusrmin wherermin is the distance

corresponding to the minimum value between the �rst and second peak in the RDF. The

nearest neighbor distancer1 is de�ned by the location of the �rst maximum in g(r ).

While ordered phases will have clear signatures ing(r ), S(k), and n1, disordered phases

will not exhibit long-range order and are characterized by a uniform ring structure inS(k)

and lack of symmetry breaking. Phases that have these characteristics in the structure factor

will be referred to as a glassy phase.

3.4 Results

3.4.1 Phase Diagram I

The ground state phase diagram in the density� and coherence length�=� plane cor-

responding to Fig. 3.1(a) is shown in Fig. 3.2. Here, we seta = 2:5, b = 0:5. The density

is varied from � = 0:05 to 2:50 and �=� ranges from 0:2 to 10:0. The phase diagram ex-

hibits 10 di�erent phases and representatives of each phase are illustrated in Fig. 3.3, where

each phase is represented by a di�erent symbol. Phase I is a hexagonal lattice (solid red

up-pointing triangle), Phase III is a dimer lattice (green circle), and Phase IV is a stripe

phase (solid black circle). Phase V is a honeycomb lattice (solid cyan pentagon), Phase VII

is a polarized triangular trimer (solid orange square), Phase VIII is a tetramer lattice (solid

purple square), and Phase IV is a kagom�e lattice (solid blue rhombus). Phase X is a cluster

phase featuring multiple clusters (solid violet circle) for smaller densities and�=� and single

giant clusters (solid pink circle) for larger densities and�=� . Phases II and VI are glassy
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Figure 3.2. (Color online) Phase diagram of the �nal vortex con�guration at zero temper-
ature in the �=� -� plane for the potential shown in Fig. 3.1(a). For each point,Nv = 780
was used in the simulation with the exception of phases I and IV, which usedNv = 986 and
Nv = 4012, respectively. Representative vortex con�gurations for each phase are shown in
Fig. 3.3.

states (solid dark gray down-pointing and up-pointing triangles, respectively). Phase II sep-

arates the hexagonal lattice and stripe phases while Phase VI is bordered by the honeycomb

and kagome lattice phases. Consequently, we shall distinguish these two states as GHeS and

GHoK, which is an combination of the phases that border the glassy phases.

Figure 3.3 shows a snapshot of a representative state for every phase in Fig. 3.2. The

corresponding radial distribution functionsg(r ) and static structure factorsS(k) are shown

in Figs. 3.4 and 3.5, respectively. The number of the nearest neighborsn1 in each phase and

the nearest neighbor distance are shown in Fig. 3.6 and Fig. 3.7, respectively, for various�=�

to show how each quantity changes along all of the phase transitions Fig. 3.2. In Figs. 3.6

and 3.7, the background colors correspond to di�erent phases: white (hexagonal lattice),

gray (glassy phases), green (dimer lattice), black (stripe), cyan (honeycomb lattice), orange

(trimer lattice), purple (tetramer lattice) and blue (kagome lattice). Note that the gray

regions corresponding to both glassy phases, with the GHeS phase at� � 1:00 and GHoK
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Figure 3.3. (Color online) Snapshot of a representative vortex con�guration for each phase
(indicated by Roman numerals) in Fig. 3.2. The coordinate of the phase diagram (�; �=� ) is
indicated on each panel.

at � � 2:00. Here we show then1 for � = 0:3, 0:7, 1:0, 1:3, and 3:0, which is su�cient to

show all of the phase transitions in Fig. 3.2.

Let us �rst consider the phases that exhibit long-range order. For�=� < 3:5 and� = 0:05

to � � 1:00, the ground state of the system is a hexagonal lattice (Phase I in Fig. 3.2). A

typical ground state con�guration is shown in Fig. 3.3(a) and corresponds to� = 0:50 and

�=� = 1:0. This phase is characterized by sharp peaks ing(r ) located at distances corre-

sponding to the neighbor distances of a hexagonal lattice and a sharply de�ned hexagonal

structure in S(k), which are shown in Fig. 3.4(a) and Fig. 3.5(a), respectively. Another con-

�rmation of the structure can be found in Fig. 3.6, where the hexagonal lattice is indicated

by a white background and hasn1 = 6. The prevalence of this phase at low densities is

largely driven by the long-range repulsive interaction caused by stray-�elds.

Next, for small �=� and densities ranging from� = 1:0 to � = 1:5, vortices continue to

form a hexagonal lattice but individual vortices pair to form dimers (Phase III). A typical

snapshot of a dimer lattice (� = 1:18 and�=� = 0:3) is shown in Fig. 3.3(c), where there is

some alignment of the dimers but domains form for smaller� and �=� . This phase is similar
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Figure 3.4. (Color online) Radial distribution functions g(r ) corresponding to the phases
illustrated in Fig. 3.3.

to the dimer phase observed in potentials with two repulsive length scales [48,88,107,108].

In g(r ), see Fig. 3.4(c), the location of the �rst peak is atr=� = 0:44 while the �rst peak of

the hexagonal lattice is atr=� = 0:99 [83]. Moreover, Fig. 3.6 clearly indicates that a sharp

transition as n1 ! 1 upon entering the dimer lattice phase. The static structure factor shown

in Fig. 3.5(c) displays a six-fold rotational symmetry. However, at largek the intensity of

the peaks is diminished and the peaks are broadened due to the ordering of the dimers into

domains of alignment. As the density and the coherence length are increased, the dimers

in Phase III begin to align. At �xed �=� , increasing the density results in a decrease inr1

(see. Fig. 3.7) while increasing�=� at �xed � results in an increases inr1 (see Fig. 3.8). An

example con�guration of aligned dimers is shown in Fig. 3.9(a).

Further increasing the density and/or�=� results in the formation of stripes in the ground

state (Phase IV). A representative con�guration is shown in Fig. 3.3(d) and corresponding

g(r ) and S(k) are plotted in Fig. 3.4(d) and Fig. 3.5(d), respectively. From the RDF for

� = 1:60 and �=� = 0:3, we observe the �rst peak atr1 = 0:546 and subsequent peaks at

r2 = 1:093,r3 = 1:171, andr4 = 1:624. The second and fourth peaks are correlated with the
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Figure 3.5. (Color online) Static structure factor S(k) corresponding to the phases illus-
trated in Fig. 3.3.

line of vortices in a stripe with r2 = 2r1 and r4 � 3r1. The third peak, however, describes

the distance between neighboring stripes. In the structure factor, we observe a dispersed

two-fold symmetry corresponding to the stripe directions. The distance between nearest

neighbor r1 will also decrease as the density increases which was shown in the black section

of Fig. 3.7.

As the density � continues to grow, the stripe phase will transform to honeycomb lattice

for �=� > 1:5, a glassy phase for 1:0 < �=� < 1:5, and a trimer lattice for �=� < 1:0.

The representative snapshot (� = 2:02 and�=� = 3:9) for the honeycomb lattice (Phase V)

is shown in Fig. 3.3(e). The radial distribution function [Fig. 3.4(e)], the structure factor

[Fig. 3.5(e)], and nearest neighbor numbern1 = 3 are consistent with what is expected for

a honeycomb lattice but the phase contains a number of defects that result in a broadening

in the peaks ofg(r ) and S(k).

From 0:2 � � < 1:0, the stripe will transform to a polarized triangle trimer lattice,

which was denoted as Phase VII in the phase diagram in Fig. 3.2. (The reason why it's

called polarized triangle trimer lattice will be discussed later in Fig. 3.19.) A representative
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Figure 3.6. (Color online) Nearest neighbor numbern1 at: (a). � = 0:3; (b). � = 0:7; (c).
� = 1:0; (d). � = 1:3; (e). � = 3:0. The background color corresponds to di�erent phases:
white (hexagonal), gray (glassy), green (dimer lattice), black (stripe), cyan (honeycomb
lattice), orange (trimer lattice), purple (tetramer lattice), and blue (kagome lattice). There
are two separate glassy phases, GHeS and GHoK, at� � 1:00 and � � 2:00, respectively.
The insets show typical con�gurations for each phase.

snapshot and the corresponding RDF and static structure factorS(k) for this phase at

� = 2:12, �=� = 0:3 are shown in Fig. 3.3(g), 3.4(g) and 3.5(g), respectively. Similar to a

stripe phase, one vortex in a trimer lattice has two nearest neighbors located at a distancer1

and form an equilateral triangle. Each trimer then forms a hexagonal lattice. Consequently,

the RDF has a sharp �rst peak and subsequent peaks correspond to the distance between

vortices in di�erent trimers. The static structure factor S(k) pattern shown in Fig. 3.5(g)

shows a hexagonal lattice with six voids around one hexagon which is same as the result of

perfect trimer lattice created by arti�cially pinning the vortices [118]. The micro-structure
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Figure 3.7. (Color online) The distance between the nearest neighbor of the vortexr1 as
a function of density � . The background colors correspond to the same phases as described
in Fig. 3.6 and r1 was determined by the position of the �rst peak ofg(r ).

of the polarized triangle trimer lattice is shown in the pinned panel in the orange section in

Fig. 3.6(a). The nearest neighbor numbern1 changes at di�erent �=� . For 0:2 � � < 0:6, n1

will always be 2 which is shown in the orange section in Fig. 3.6(a). For 0:6 � � < 1:2, n1 will

increase from 2 to 3 which is shown in the orange section in Fig. 3.6(b,c). The reason will

be discussed later at the transformation from trimer lattice to kagome lattice. The distance

between nearest neighborr1 is not always decrease as the density� increases which is shown

in the orange section in Fig. 3.7(a,b,c).

As the density continues to grow, the trimer lattice at 0:2 � � < 0:6 transforms to a

tetramer lattice (Phase VIII). The representative snapshot, RDF, and static structure factor

S(k) for this phase at � = 2:45 and�=� = 0:3 are shown in Figs. 3.3(h), 3.4(h) and 3.5(h),
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Figure 3.8. (Color online) The distance between the nearest neighbor of the vortexr1 as
a function of coherence length�=� = 0:3 to 2.7 at �xed � = 1:25.

Figure 3.9. (Color online) (a) Dimer lattice lined up at � = 1:50 with �=� = 0:3. (b) A
small fraction of trimer lattice at � = 2:26, �=� = 0:8, Nv = 780. r1 is the distance between
vortices within one trimer and r2 is the distance between di�erent trimers.r1 and r2 is used
to explain the transformation from trimer lattice to kagome lattice.

respectively. In this phase, four vortices will form a rhombus group due to the short-range

interaction and the long-range interaction forces the tetramers to order into a hexagonal

lattice. In a tetramer, half the vortices have 2 nearest neighbors and half have 3 nearest

neighbors, resulting inn1 = 2:5, which can be clearly seen in Fig. 3.6(a). The micro-structure

of the tetramer lattice is shown in the pinned panel in the purple section in Fig. 3.6(a). The

distance between nearest neighborr1 decreases as the density increases which is shown in

the purple section in Fig. 3.7(a).

For 0:6 � � < 1:2 the trimer lattice transforms to a kagome lattice (Phase IX). The

representative snapshot, RDF, and static structure factor for the kagome lattice at� =

2:50; �=� = 1:0 are shown in Fig. 3.3(i), 3.4(i), and 3.5(i), respectively. In this phase each
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Figure 3.10. (Color online) The (a) vortex con�guration, (b) static structure factor, and
(c) RDF of a single cluster with� = 2:37, �=� = 9:0, and Nv = 2958.

vortex has 4 nearest neighbors andg(r ) features a sharp peak corresponding to the nearest

neighbor distance, with subsequent peaks being related to the distances between the second,

third, and fourth nearest neighbors.

The transition between the trimer and kagome lattice phases can be understood more

clearly by carefully examining the trimer lattice phase. In Fig. 3.9(b), we illustrate an

individual trimer and its neighbors at � = 2:26, � = 0:8, Nv = 780. Here, r1 is the distance

between vortices within one trimer andr2 is the distance between neighboring trimers. As

the density increases, the di�erence betweenr1 and r2 continues to decrease. Oncer1 = r2,

the system forms a kagome lattice since each trimer has the same alignment.

The transition from the honeycomb lattice (Phase V) to the kagome lattice (Phase IX)

is separated by a glassy region with characteristics of both the honeycomb and kagome

lattices, which will be referred to as GHoK (Phase VI). A representative snapshot of this

phase at� = 2:08 and �=� = 2:5 is shown in Fig. 3.3(f). Here, the system forms domains

of honeycomb and kagome lattices with the size of the kagome domains increasing as the

density increases and the number of nearest neighbors smoothly increasing fromn1 = 3 to
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Figure 3.11. (Color online) The (a) vortex con�guration, (b) static structure factor and
(c) RDF of the non-uniform stripe phase at� = 2:37, �=� = 4:75, and Nv = 2958. When
the vortices number increases toNv = 4012, the whole system will form a circular cluster.

n1 = 4 (see Fig. 3.6). The RDF and static structure factor corresponding to this snapshot are

illustrated in Figs. 3.4(f) and 3.5(f). There are no sharp peaks ing(r ), shown in Fig. 3.4(f),

and there are only broad peaks and plateaus with no clear minima. The static structure

factor in Fig. 3.5(f) shows four uniform rings which suggests that this phase has no broken

symmetries and is a disordered glassy phase.

In addition to the glassy phase separating the honeycomb and kagome lattices, there

exists a glassy phase separating the hexagonal lattice (Phase I), dimer lattice (Phase III),

and stripe (Phase IV) phases, which we will refer to as GHeS (Phase II). The transition

occurs directly from the hexagonal lattice for� > 0:6. As the density increases further, the

glassy phase transitions to the dimer lattice for� < 2:75 and the stripe phase for� > 2:75.

A representative snapshot of the GHeS phase at� = 1:12, �=� = 3:5 is shown in Fig. 3.3(b)

and the correspondingg(r ) and S(k) are shown in Fig. 3.4(b) and 3.5(b), respectively. From

the g(r ), we can see that the position of the �rst peak of GHeS phases,r=� = 0:97, is closer

than the position of the �rst peak in hexagonal lattice,r=� = 1:02 [83]. Note that the peaks
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Figure 3.12. (Color online) The (a) vortex con�guration, (b) static structure factor, and
(c) RDF of the void phase at� = 0:05, �=� = 3:4, and Nv = 780.

in g(r ) are much broader than the hexagonal lattice result and that there are plateaus and

no single clear minimum between peaks. All of these features suggest that it has no clear

local structure. In the static structure factor, there are several rings and no symmetry is

broken. The combination of the features in the RDF and the static structure factor indicate

that Phase II is a frustrated glass phase. From the representative snapshots in Fig. 3.3(b),

we note that the hexagonal order has been destroyed and that the system is attempting to

form a linear order but there is too much competition for it to occur. In this phase, the

number of nearest neighbors varies wildly, either increasing to around 7 or decreasing to

around 4 (see Fig. 3.6).

Generally, in the phase diagram in Fig. 3.2, the long range power law interaction will

force the vortices to form a hexagonal lattice at the low density. As the density increases,

the short-range repulsive and attractive interactions will dominate with the long-range term,

forcing the system to form di�erent phases as the short-range repulsive and attractive terms

compete. But there exists a general rule: under the pair interaction in Fig. 3.1(a), the short

range interaction will force the system to form a higher nearest neighbor numbern1 phase
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as the density� increases. Moreover, the presence of the long-range power law term causes

enhances long-range ordering of the local patterns. When the density increases signi�cantly,

the short-range repulsive term becomes the most dominant, resulting in a highly frustrated

kagome lattice.

However, when the attractive term is enhanced by increasing� above a critical � c, it

dominates the other interactions resulting in a cluster phase (Phase X). The cluster phase

is denoted as Phase X in the phase diagram in Fig. 3.2. Note that the power long-range

repulsion caused by stray �elds still plays an important role in causing clusters to order into

a hexagonal lattice, which is illustrated in Fig. 3.3(j) for� = 0:25, �=� = 5:0 andNv = 2958.

The value of � c is dependent on the density, increasing from� c = 3:3 at very small densities

to � c = 4:3 at � � 0:62.

For 4:3 � �=� � 10:0 in the all densities area (� = 0:05 to 2.5) in Fig. 3.2, the ground

state of the vortex system is the cluster. For 3:4 < � < 4:3, the potentials have the attractive

well, but the �nal con�guration of vortex is not the cluster in the large density(� � 0:62).

The system structure is strongly a�ected by multiple repulsive length scales. For low density

0:05 < � � 0:12, the weak attractive interaction is important and the vortex can form

the cluster. When the density increases, the distance between vortices decreases, and the

short strong repulsive interaction will dominate and force vortices to form the normal vortex

lattice.

The cluster phase exhibits a nontrivial dependence on the system size. If number of

vortices in the simulation is small, then the ground state of the system will be a single

cluster, shown in Fig. 3.10 for� = 2:37 and �=� = 9:0. Note that the RDF for a ground

state with multiple clusters [Fig. 3.4(j)] and structure factor [Fig. 3.5(j)] is the same as the

structure for a single cluster (Fig. 3.10). If number of vortices in the simulation is large

enough, multiple clusters will be the ground state, i.e. there is a maximum size of one
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cluster. For example, at� = 0:25; �=� = 5:0, the system with 780 vortices will form one

cluster phase, but the system with 2958 vortices will form multiple clusters phase.

Here the interior of each cluster is densely packed into a hexagonal lattice with the density

decreasing as one moves outward toward the edge of the cluster, which is a single ring of

vortices equally spaced. However, the interior structure of the cluster can exhibit voids,

stripes, and other complex structures [141].

Near the � c boundary, if the system size is too small, the system will instead feature a

large, non-uniform stripe phase. Here we illustrate a typical vortex con�guration, RDF, and

structure factor in Fig. 3.11 for � = 2:37, �=� = 4:75 andNv = 2958. The RDF of middle

phase is the same as the RDF of cluster phase in Fig. 3.4(j). AndS(k) pattern is similar to

the multiphase cluster phase in Fig. 3.5(j). The interesting result is that when the vortices

number increases toNv = 4012, the whole system will form a big single cluster. If the

vortices number is too small, such asNv = 986; 2016, the ground state of the whole system

will be the same as the low� case. For example, at� = 2:37; �=� = 4:75, if Nv = 2016, the

ground state of system is kagome lattice(snapshot is shown in Fig. 3.3(i)) which is the same

as � < � c case. WhenNv = 2958, it forms the cluster middle phase in Fig. 3.11(a). Once

the system size reachesNv = 4012, the ground state of the system becomes a single cluster

shown in Fig. 3.10(a) and increasing the system size further results in multiple clusters.

There is additional area of the phase diagram where behavior for the very small density

� = 0:05 is not reproducible for larger densities. At� = 0:05, as�=� increases, the system

transforms from a hexagonal lattice to a void phase at�=� = 3:3 to 3.4, illustrated in

Fig. 3.12. When the number of vortices is increased, the system instead forms the cluster

middle phase and cluster phase described above.
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Figure 3.13. (Color online) Phase diagram of the �nal vortex con�guration at zero
temperature in the coherence length�=� and density � plane for the potentials shown in
Fig. 3.1(b). There are seventeen phases in this phase diagram. The Roman numerals in
every section denote the every phase. The snapshot, RDF, and static structure factor of
a representative �nal con�guration for each phases is shown in Figs. 3.14, 3.15, and 3.16,
respectively.

3.4.2 Phase Diagram II

The ground state phase diagram in the� -�=� plane corresponding to Fig. 3.1(b) is shown

in Fig. 3.13. The main di�erence with the potential of Fig. 3.1(a) is the presence of a small

plateau located betweenr=� = 1:0 and 2:0, resulting in a complex phase diagram with 17

phases overall. As in our discussion on the previous phase diagram, we represent each phase

with a colored symbol. Phase I is the hexagonal lattice (solid red up-pointing triangle), Phase

II is an unaligned dimer lattice (sky blue empty circle), and Phase III is a stripe (cadet blue

solid circle). Phase IV is a void state (purple solid rhombus) and Phase V is a hexagonal

lattice with voids (solid blue rhombus). Phases VI and VIII are a square lattice (solid green

square) and an aligned dimer lattice (magenta solid square), respectively, while Phase VII
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is a glassy phase separating the two (solid gray down-pointing triangle). Phase IX is a

honeycomb lattice (solid cyan rhombus) and Phase X is an intermediate phase between the

honeycomb and hexagonal lattice phases (solid gray pentagon). Phase XI is a dimer stripe

(solid dark green circle), Phase XII is a linear trimer hexagonal lattice (solid violet down-

pointing triangle), and Phase XIII is a trimer lattice (solid cyan down-pointing triangle).

Phases XIV, XV, and XVI are the zig-zag stripe (solid coral pentagon), trimer stripe (solid

turqoise diamond), and tetramer stripe (solid fuschia diamond) phases, respectively. Finally,

Phase XVII is a cluster phase (solid pink circle).

We show the snapshot of a representative �nal con�guration for each phase in Fig. 3.14,

the corresponding RDF in Fig. 3.15, and the corresponding static structure factorS(k)

pattern in Fig. 3.16. The number of the nearest neighborsn1 in the di�erent phases are shown

in Fig. 3.17. With the exception of the hexagonal lattice phase, note that the background

color in Fig. 3.17 corresponds to the color of the point used in Fig. 3.13. Here we show the

n1 for � = 0:4, 0:6, 1:0, and 3:0, which is su�cient to show all of the phase transitions in

Fig. 3.13.

First, similar to Phase Diagram I in Fig. 3.2, this system features a critical� c. When

� > � c, the system forms giant clusters since the attractive interaction becomes dominant,

with the long-range power law repulsion resulting in individual clusters forming a hexagonal

lattice. Here, � c will increase from � c = 3:4 at � = 0:05 to � c = 3:75 at � = 0:46, then

stabilizes to � c = 4:2 for � � 0:7. The cluster phase is denoted as Phase XVII in the phase

diagram in Fig. 3.13. The snapshot, RDF, and static structure factor of a typical cluster

phase are shown in Fig. 3.14(p), 3.15(p) and 3.16(p), respectively. As with the previous

phase diagram, if the number of vortices is small at �xed� and �=� , the system will form a

single giant cluster which will become a lattice of clusters asNv is increased. Similar to the

Phase Diagram I, there is also the cluster middle and void phase near the boundary� c.
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Figure 3.14. (Color online) Snapshots of a representative vortex con�guration for each
phase (indicated by Roman numerals) in Fig. 3.13.

Below � c, there are sixteen vortex phases in the phase diagram. At very low density,

0:05 � � < 0:16, from � = 0:1 to 3:4, the ground state will be a hexagonal lattice (Phase I).

For this phase, the dominant interaction is the long-range repulsive power law term. Here,
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Figure 3.15. (Color online) Radial distribution function g(r ) for phases illustrated in
Fig. 3.14.

the snapshot, RDF, and static structure factor of a typical con�guration are no di�erent

from the results shown previously in Fig. 3.3(a), 3.4(a) and 3.5(a), respectively. Also, we

can con�rm that the number of nearest neighbors in this phase is 6 (see Fig. 3.17).

As the density increases, the competition between di�erent length scales will form an

dimer lattice (Phase II) at � = 0:17 to 0:23. The snapshot of a typical con�guration is shown

for � = 0:2 and �=� = 1:0 in Fig. 3.14(a). Here we note that although the vortices pair and

form a lattice, the orientation of each dimer varies throughout the system. Consequently,

the number of nearest neighbors decreases to 1 in this phase and there is a very sharp beak

in g(r ) [see Fig. 3.15(a)]. Due to the random orientation of the dimers,S(k) has a uniform

ring [see Fig. 3.16(a)], reminiscent of the glassy phases of Fig. 3.2.

As the density continues to increase, the dimers will line up and forming stripes (Phase

III). In Fig. 3.14(b), we show a typical stripe con�guration for at� = 0:3 and �=� = 1:0.

Because the stripes do not order uniformly, the RDF and static structure factor do not
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Figure 3.16. (Color online) Static structure factor S(k) corresponding to the phases illus-
trated in Fig. 3.14.

show strong signatures of Phase IV of Fig. 3.13. In the RDF, the peaks in Fig. 3.15(b) are

broadened in comparison to Fig. 3.4(d). Moreover, the static structure factor in Fig. 3.16(b)

has a uniform ring structure instead of the strong signal in Fig. 3.5(d).
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Figure 3.17. (Color online) Nearest neighbor numbern1 at (a). � = 0:4, (b). � = 0:6, (c).
� = 1:0, and (d). � = 3:0. The background color corresponds to the color used for the phase
in Fig. 3.13 and each phase is labeled by the appropriate Roman numerals as well.

Next, the system transitions to a void phase (Phase IV) as a result of a competition

between the repulsive and attractive interactions. A typical con�guration for this phase is

shown in Fig. 3.14(c) for� = 0:37 and �=� = 1:0. Here, the system is attempting to form

dimers, trimers, and tetramers but the system is too densely packed to for it to be possible

with n1 varying between 3 and 4 (see Fig. 3.17). Consequently, the only features visible in

the RDF in Fig. 3.15(c) are due to short range pairing and the static structure factor in

Fig. 3.15(c) has a uniform ring structure.
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As density � increases from 0.46 to 0.59, the system will form a hexagonal lattice with

voids (HLV) which is denoted as Phase V in Fig. 3.13. Correspondingly,n1 will increase

from 4 to 6 which is shown in Fig. 3.17. Especially, the nearest neighbor numbern1 will

be 5 around density� = 0:55. The snapshot of the HLV phase is shown in Fig. 3.14(d).

From the snapshot, we can see that the vortices forms a hexagonal lattice, but number of

vortices is insu�cient to produce a full hexagonal lattice. As the density increases, the

number of the empty sites will decrease until the system transforms to a hexagonal lattice.

The corresponding RDF and static structure factorS(k) of HLV is shown in Fig. 3.15(d)

and 3.16(d). Note that g(r ) for this phase is consistent with the hexagonal lattice shown in

Fig. 3.4(a) and there is a six-fold symmetry inS(k).

From Fig. 3.17, we can �nd that there is not a very sharp di�erence inn1 between dimer,

stripe, voids, and HLV phases. Their nearest neighbor numbern1 increases continuously

from 1 to 6 and the order of the phases in this part of the phase diagram is consistent with

what is expected for a system exhibiting a purely repulsive interaction [87].

Increasing the density further results in a transition from the hexagonal lattice to a

square lattice (Phase VI), wheren1 = 4. A typical con�guration is shown in Fig. 3.14(e). The

corresponding RDF and static structure factor for the square lattice are shown in Fig. 3.15(e)

and 3.16(e), respectively. In bothg(r ) and S(k), the peaks are very sharp, indicating that

there is very little disorder in the system.

Next, the system transitions to a glassy phase (Phase VII) from� = 1:10 to � = 1:25

due to the competing interactions. Since this phase separates the square lattice and a

dimer hexagonal lattice, we shall refer to this phase as GSDH. A typical snapshot and

corresponding RDF andS(k) are shown in Fig. 3.14(b), 3.15(f) and 3.16(f), respectively.

As with the previous glassy phases, the features ing(r ) are very broad, indicating a lack of

local structure, and the structure factor has a uniform ring with no broken symmetries.
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From � = 1:25 to 1.43, the ground state of system will form a dimer hexagonal lattice

(Phase VIII). The snapshot, RDF and static structure factorS(k) for this phase at� = 1:48

and �=� = 0:3 are shown in Fig. 3.14(g), 3.15(g), and Fig. 3.16(g). Unlike Phase II, the

dimers lattice in Phase VIII have a universal polarization, resulting in sharper peaks ing(r ).

Contrasting with Fig. 3.5(c), which has a six-fold symmetry inS(k), the static structure

factor of Phase VIII features a broken symmetry along thekx direction.

As the density � continues to increase, the ground state of system depends on�=� and

can be split into two regions. The �rst region has both large and small� while the second

has intermediate� from � � 0:2 to � � 0:5. For convenience, we will denote these as Regions

I and II, respectively.

Let us �rst consider the transitions in Region I. As the density is increased while in the

dimer hexagonal lattice phase (Phase VIII), the distance between dimers gradually decreases

until the dimer-dimer distance is equal to the distance between vortices inside a dimer,

resulting in a honeycomb lattice (Phase IX). The snapshot, RDF and static structure factor

S(k) of this phase for � = 1:50, �=� = 1:0 is shown in Fig. 3.14(h), 3.15(h) and 3.16(h),

respectively. The nearest neighbor numbern1 for Region I is shown in panels (b), (c), and

(d) of Fig. 3.17 and is consistent with the expected value ofn1 = 3.

Increasing the density further results in an intermediate phase separating the honeycomb

lattice with a reemergent hexagonal lattice phase. This intermediate phase (IHH for short) is

denoted as Phase X in Fig. 3.13. A typical con�guration is shown in Fig. 3.14(i) for� = 1:82

and �=� = 2:6. It is immediately clear that there is no local structure, which is con�rmed

by the lack of sharp peaks in the RDF [see Fig. 3.15(i)]. However, the phase does retain a

six-fold symmetry in S(k) instead of the ring structure one would expect for a glassy phase.

As the density in this phase is increased, the number of nearest neighbors increases from

n1 = 3 to n1 = 5.

53



Figure 3.18. (Color online) The enlarged dash box in: (a) Phase XI in Fig. 3.14(j); (b)
Phase XIV in Fig. 3.14(m); (c) Phase XV in Fig. 3.14(n); (d) Phase XVI in Fig. 3.14(o). We
use the black line to link the vortices to show the micro-structure of the phase.

As mentioned previously, Phase X transitions to a hexagonal lattice (Phase I) as the

density is increased. At this point, the vortices are so tightly packed that the dominant form

of the interaction is the short-range repulsive term. Increasing the density further results

once again in a transition to a square lattice (Phase VI).

In Region II, the dimer hexagonal lattice (Phase VIII) transitions to a dimer stripe (Phase

XI) phase, which is depicted in Fig. 3.14(j) for� = 1:85 and�=� = 0:6. In this phase,n1 = 2

and the orientation of the dimers is not consistent. This can be clearly seen in Fig. 3.18(a),

which is an enlargement of the dashed box in the con�guration of Fig. 3.14(j). The RDF for

this con�guration is shown in Fig. 3.15(j) and features a sharp peak in connection with the

pairing, while subsequent peaks are broadened due to the varying orientation of the dimers.

The static structure factor [Fig. 3.16(j)] exhibits a two-fold symmetry.

Next, the system transitions to a linear trimer lattice (Phase XII). A typical con�guration

is shown in Fig. 3.14(k) for� = 2:14 and �=� = 0:25. Unlike the dimer lattice phase, each

linear trimer is aligned with its neighbors. Consequently, the features in the RDF and static

structure factor are much sharper, as can be seen in Figs. 3.15(k) and 3.16(k), respectively.

Additionally, the vortices in each trimer do not have the same number of nearest neighbors,
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Figure 3.19. (Color online) Comparison of the trimer lattices in found in (a) Fig. 3.2
(Phase VII) with � = 2:12 and�=� = 0:3 and (b) Fig. 3.13 (Phase XIII) with � = 2:35 and
�=� = 0:4. The size of this box is 3� � 3� . We illustrate individual trimers with a solid
black line and indicate the orientation of each trimer. In panel (a),� = �

6 , the trimers are
aligned to the midpoint between neighboring trimers while in panel (b),� = 0, the dimers
are aligned to neighboring trimers.

with the vortex in the center having 2 neighbors while the vortices on the ends only having

one, resulting inn1 � 4=3 [see Fig. 3.17(a)].

The next transition is to aligned triangular trimer lattice (Phase XIII). A representative

con�guration is shown in Fig. 3.14(l). Here, we contrast this phase with the triangle trimer

lattice of Phase Diagram I (Phase VII in Fig. 3.2), showing a close up view of Fig. 3.3(g)

in Fig. 3.19(a) and a close up view of Fig. 3.14(l) in Fig. 3.19(b). The size of dashed box

in Fig. 3.3(g) and Fig. 3.14(l) is 3� � 3� . The main di�erence between the two phases is

the alignment of the trimers, which is illustrated with a solid black line (there are three

equivalent ways to de�ne the orientation axis for a trimer). The trimer of Phase Diagram

I is aligned to the midpoint between neighboring trimers while the trimer of Phase XIII in

Phase Diagram II is aligned to neighboring trimers. Since there is a� = �= 6 angle between

the orientation of trimer with the alignment direction of trimers in Fig. 3.19(a), we called

this phase polarized triangle trimer lattice. Note that the RDF and static structure factor of

both phases are similar and the number of nearest neighbors isn1 = 2. This aligned triangle

trimer lattice is reported in the particle system with Yukawa repulsive pairwise interaction
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and under pinned triangular substrate. [118] Another interesting phenomenon is that the

linear trimer and aligned triangle trimer lattice are extremely close in energy and are nearly

degenerate. In the region with 2:40 < � < 2:45 and 0:25 < �=� < 0:40, the linear trimer has

an energy that is less than 0:01% smaller than the triangular trimer lattice.

This phenomenon, di�erent initial con�guration can get di�erent ground state at the

same condition, happens at several other places. For example, at� = 2:75, �=� = 0:25 and

0.30, the tetramer stripe(Phase XVI in Fig. 3.13) and trimer stripe(Phase XV in Fig. 3.13)

can both be the ground state based on di�erent initial con�guration. At �=� = 0:25, the

energy of trimer stripe is 0:00103% smaller than the tetramer stripe.

Next, the system transitions to a zig-zag stripe phase (Phase XIV). A typical con�gura-

tion is shown in Fig. 3.14(m) for� = 2:40 and �=� = 0:4. In this zig-zag phase, there are

two vortices between each bend and the number of nearest neighbors isn1 = 2. A close up

view of this phase is shown in Fig. 3.18(b) and the angle between nearest neighbours was

calculated to be� � 116� . The RDF and static structure factor for this phase are shown in

Fig. 3.15(m) and 3.16(m).

Increasing the density further results in a transformation to a trimer stripe phase (Phase

XV). The snapshot, RDF, and static structure factorS(k) for this phase at � = 2:65 and

�=� = 0:3 are shown in Fig. 3.14(n), 3.15(n) and 3.16(n), respectively. The nearest neighbor

number n1 = 2 in Fig. 3.17 and we illustrate a section of the phase in Fig. 3.18(c). Here,

each stripe is comprised of both dimers and linear trimers to form zig-zags of varying depth.

The structure factor of this phase also features a two-fold symmetry like the dimer stripe

case in Fig. 3.16(j).

The �nal phase in Region II is a tetramer stripe (Phase XVI). The snapshot, RDF, and

static structure factor for the the tetramer stripe at � = 2:70 and �=� = 0:35 are shown

in Fig. 3.14(o), 3.15(o), and 3.16(o), respectively. Here, each stripe is mostly comprised of

tetramers with the occasional triangular trimer. The RDF for this phase features two peaks
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that are very close in distance andS(k) features a two-fold symmetry since it's a stripe

phase in the large scale.

In order to clarify the distance between the nearest neighbor in this phase, we marked

six vortices as A, B, C, D, E and F. Vortices B,C,D,E form a tetramer in Fig. 3.18(d). For

example, vortex C as the center, the distance CE is equal to CD and a little bit smaller

than CB. This slightly di�erence between CE(CD) and CB cause the �rst peak of its RDF

in Fig. 3.15(o) forks two very close peaks. We recognize the �rst two very close peaks as the

�rst peak and count the vortices within it as its nearest neighbors. The nearest neighbor can

be recognized as the following: Vortex B's nearest neighbors are A, C, and E; Vortex C's

nearest neighbors are B, D, and E; Vortex D's nearest neighbors are C, E, and F. Therefore,

every vortex has three nearest neighbors, which we illustrate in Fig. 3.17(a).

3.5 Discussion

There are fruitful new phases in the vortex system with multi-scale length interac-

tion. Firstly, many symmetric vortex lattices exist in this system. Some of them such as

hexagonal, square, honeycomb and kagome lattice have been reported [91]. Here we found

other new symmetric phases: dimer hexagonal lattice in Fig. 3.14(g), line trimer lattice in

Fig. 3.14(k), polarized triangle trimer lattice in Fig. 3.3(g) and aligned triangle trimer lattice

in Fig. 3.14(l). Based on the proposal in Ref. [123], all of the above symmetric phases can

be used to trap the ultracold atom.

Secondly, several glassy phases were found in this vortex system. Some of glass phases,

GHeS in Fig. 3.3(b), GHoK in Fig. 3.3(f) and GSDH in Fig. 3.14(f), are not only disordered

in the mediate and long range scale, but also have no clear local structures. On the other

hand, some of glassy phases, dimer glassy phase in Fig. 3.14(a), stripe in Fig. 3.14(b) and

voids in Fig. 3.14(c), are disordered in the mediate and long range scale, but have local

structures.
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Thirdly, there are four new stripes which have di�erent unit element. They are dimer

stripe in Fig. 3.14(j), zigzag stripe in Fig. 3.14(m), trimer stripe in Fig. 3.14(n) and tetramer

stripe in Fig. 3.14(o).

Fourthly, hexagonal lattice of voids phase in Fig. 3.14(d) has �ve nearest neighbors per

vortex.

Fifthly, with the same local structure, di�erent arrangement of local structure can form

di�erent phases which will a�ect the property in the mediate and large scale. For example,

there are several types of dimer lattice in this system based on di�erent dimer arrangement.

Dimers can locally form hexagonal lattice in a domain in the Phase III in Fig. 3.3(c). Dimers

can also be totally disordered in the Phase II in Fig. 3.14(a). All of dimers can have a

universal orientation and form hexagonal lattice in the whole system scale in the Phase VIII

in Fig. 3.14(g). Dimers can also line up to form a stripe in Fig. 3.9(a). The di�erence in the

mediate and large scale can be seen from the structure factorS(k) pattern in Fig. 3.5(c),

3.16(a) and 3.16(g).

Lastly, there are three types of trimer lattice with di�erent arrangement of trimers in this

system. Three vortices can form two types of trimer: linear trimer(shown in Fig. 3.14(k))

and triangle trimer(shown in Fig. 3.3(g) and 3.14(l)). The angle� between the orientation

of triangle trimer and the alignment direction of triangle trimers can be di�erent in various

arrangements. In the Phase VII in Fig. 3.3(g)(close up view in Fig. 3.19(a)),� = �= 6, it

formed a polarized triangular trimer. In the Phase XIII in Fig. 3.14(l)(close up view in

Fig. 3.19(b)), � = 0, it formed an aligned triangle trimer lattice.

3.6 Summary

In conclusion, quantum vortices in superconductors may o�er a unique route for en-

gineering magnetic �eld con�gurations required for quantum emulators. This application
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demands creation of various geometries of vortex matter which is not possible in type-2

superconductors in the absence of pinning center.

Here we propose to utilize type-1.5 superconductors which possess several attractive

and repulsive length scales in the intervortex interaction potential. Several repulsive lengths

scales can be engineered in layered structures, where di�erence layers have di�erent magnetic

penetration lengths or in superconductor-insulator multilayers where magnetic �eld lines can

spread in the insulating layers due to suppression of the Meissner e�ect.

We modeled this situation by a model of e�ective particles with e�ective interaction

potential that is consistent with asymptotic intervortex forces in such system. This model

neglects non-pairwise intervortex forces, which in fact are small under certain conditions [31].

In case of the realization in layered system the applicability of the point-particle model

assumes high vortex line tension which makes the system translationally invariant inz-

direction. We demonstrated that in such systems it is possible to realize vortex lattices of

di�erent symmetries, stripe phases (i.e. quasi-one-dimensional systems), and as disordered

glassy states.
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CHAPTER 4

NONUNIFORM FLEXIBLE FILAMENT BUNDLES

4.1 Introduction

Two dimensional classical charges with repulsive interaction form Wigner crystal. However,

when the repulsive charges are under con�nement, they will have nonuniform density distri-

bution [15, 74, 75, 80, 97, 150]. This is one type ofgeometrical frustration problem. Locally,

the ground states want to have the symmetric triangular order in which one particle is sur-

rounded by six nearest neighbors. Globally, the system wants to change its density. The

global nonuniform property will obstruct the local preferred triangular order in the long-

range. What's the principle that govern the ground states of nonuniform density? On the

other hand, topological defects exist in the ground states of many frustrated systems in

condensed matter physics [102]. How the topological defects a�ect the nonuniform density?

That's the questions we want to solve.

To address these problems, we useK 0(�r ) as the repulsive interaction, whereK 0(x) is

the zero-order modi�ed Bessel function of the second kind and� � 1 is the screening length.

At the �rst order approximation, DNA-DNA carry this interaction [114,116]. Vortex-vortex

interaction in the London approximation also takes this form [102]. As for the con�nement,

we run the simulation with parabolic and quartic con�nement.

Lots of researchers have worked on the classical 2D charges with nonuniform density.

The ground states of particles with pure Coulomb potential under parabolic or hard-wall

con�nement have been calculated by Bedanov and Peeters [15] for small number of system

(N � 230) and Mughal and Moore [97] for large number of system (N � 5000). Konget.
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Figure 4.1. Schematic plot of the model. Two types of con�nement potentialsV(r ) were
shown on top panel. In the bottom panel, the basic con�guration ofN = 194 charges is
shown. The black triangle is the Delaney triangulation. The gray color represents the topo-
logical charge is 0. Red(blue) represents the one positive (negative) topological charge. Green
cylinder represents the con�nement and the opacity represents the strength of con�nement.
At center, con�nement is very weak, so the opacity is near 0.

al [74] run the simulation for the Coulomb, dipole and Yukawa repulsive interaction under

hard wall con�nement. Lai and I [80] studied many systems with di�erent interactions and

con�nements. Generally, when the con�nement switches from hard wall to parabolic, the

nonuniform density distribution changes from monotonically increasing (positive gradient)

to decreasing (negative gradient). Correspondingly, the topological defects in the system

also switch from negative to positive as the nonuniform density gradient changed from pos-
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itive (monotonically increasing) to negative (monotonically decreasing). There is certain

symmetry between positive and negative defects in these systems.

In our system, we will show that not only the nature of the con�nement potential but also

the range of repulsive interaction can be used to control the gradient of nonuniform density

distribution. Under the same con�nement, changing the range of repulsive interaction, the

gradient of nonuniform density will change from negative (monotonically decreasing) to

positive (monotonically increasing).

The second new result we want to show is that there is no symmetry between positive

and negative defects in our system. It's very easy to generate negative defects when the

nonuniform density distribution gradient is positive (monotonically increasing). However,

when the nonuniform density gradient changing from positive to negative under the same

con�nement, it's very hard to generate positive defects. The unsymmetry between positive

and negative defects come from two origins: 1. they emerge at di�erent positions: positive

(negative) defect is always emerges in the boundary (center) of the system; 2. energy cost

to add one defects into a uniform system is di�erent. Adding one positive defects into a

uniform system costs much more energy than adding one negative defects.

On the other hand, in order to �nd the ground states of system, we �rst analytically

solved the solution in the continuum limit, performed the numerical simulation to �nd the

ground states. To overcome the counting problems of topological defects in the numerical

simulation, we developed the microscopic theory of defects to �nd the number of disclinations

in the system which gives the lowest energy.

The rest of the paper is organized as follows. In Sec. 4.2, we present the model. Three

methods to solve its ground states are shown in Sec. 4.3. In Sec. 4.4, the relationship

between nonuniform density and topological defects in conformal lattice has been developed.

Numerical results are in Sec. 4.6. In Sec. 4.7, we developed the microscopic theory of defects.

The density distribution which satis�ed the geometrical constraints are analytically solved.
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Topological defects staying at the center or splitting around the system have been calculated.

The discussion is present in Sec. 4.8. Appendix A shows the derivation process of solving

the density distribution which minimizes the energy in the continuum limit. The methods

of count inner topological defects in a planar system have been discussed in Appendix B.

4.2 Model

In this section, we de�ne the speci�c form of repulsive interaction and con�nement poten-

tial in our system. The unit length is also de�ned according to the repulsive and con�nement

parameters.

The general energy of N classical 2D charges with interaction and con�nement is

E =
NX

i<j

Uint (jr i � r j j) +
NX

i

V(r i ) (4.1)

where r i is the coordination of i th charges in 2D disk,r i � (r i ; � i ), Uint (jr i � r j j) is the

interaction energy between chargesi and j and V(r i ) is the con�nement of particle at r i .

As we discussed in Sec. 4.1, the interaction form is:

Uint (jr i � r j j) = U0K 0(� jr i � r j j) (4.2)

The con�nement can be any functions. Here we only simulate the parabolic and quartic

con�nement.

V(r ) = arn ; n = 2; 4 (4.3)

where r is the distance between chargei and center. Therefore, the total energy of system

is:
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E = U0

NX

i<j

K 0(� jr i � r j j) + a
NX

i

r n
i (4.4)

In this system, the length scale is de�ned as follows:

[L ] � (
U0

a
)1=n (4.5)

where U0 is the interaction parameter and carry the energy scale,a is the con�nement

parameter, � � 1 is the screening length to indicate the interaction range.

Fig. 4.1 shows the schematic plot of this model. Two types of con�nement potentials

V(r ) were shown on top panel. In the bottom panel, the basic con�guration ofN = 194

charges is shown. The black triangle is the Delaney triangulation. The gray color represents

the topological charge is 0. Red(blue) represents the one positive (negative) topological

charge. Green cylinder represents the con�nement and the opacity represent the strength of

con�nement. At center, con�nement is very weak, so the opacity is near 0.

As discussed in the Sec. 4.1, the repulsive interaction came from the �rst approximation

of DNA-DNA, vortex-vortex interaction, which is corresponding to the straight �lament case.

That's why our system can be solved in two dimensions. This is the �rst part of the whole

research which only consider the straight �lament case. The future research direction will

consider the 
exible �lament case.

4.3 Three methods to solve the model

Three methods were used to solve the above model: numerical simulation, continuum

limit analysis and microscopic theory of defects as shown in Fig. 4.2.

In the numerical simulation, we treat each particles as a distinct particle and they form

discrete topological defects as shown in Fig. 4.2(A). We used conjugate gradient, �re [17] and
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Figure 4.2. Schematic plot of three methods with N = 100 particles. Red points represent
the positive disclination and black points represent the common particles with six neighbors.
(A). numerical simulation with discrete particles and discrete defects; (B). the density pro�le
of microscopic theory of defects with continuum particles and discrete defects; (C). the
distribution of discrete positive disclination; (D). the density pro�le of continuum limit
analysis with continuum particles and continuum defects; (E). the disclination density of
continuum limit analysis.

quickmin [132] algorithms with random initial con�gurations to �nd the minimum energy

state.

If there are many particles, we can see it as the continuum 
uid. On the other hand, the

defects can be treated in two di�erent types: either they smeared out but conserve the total

number shown in Fig. 4.2(D, E), or they are discrete shown in Fig. 4.2(B, C).

The theory of continuous defects has been �rst researched by Nye [70,103]. The micro-

scopic theory of quantized disclinations has been �rst studied by Friedel and Kleman [69,70],

in which they applied this theory in liquid crystal. Later, Seung and Nelson [131] developed

the microscopic theory of defects in the thin membrane.
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Numerical simulation [15, 74, 75, 80, 97] and continuum limit analysis [75, 97] have been

widely used previously. There is di�culty to count the number of topological defects in

2D numerical simulation (see detail in Appendix B). For this system, we �rst developed

the microscopic theory of defects to solve the di�culty of counting topological defects in

numerical simulation. It's an analogy theory in our system of microscopic theory of defects

in the thin membrane developed by Seung and Nelson [131].

In contrast to the elasticity theory in [131], there is no elasticity in our system. The start

point of microscopic theory of defects in our system is the relationship between non-uniform

density and topological defects. In the following, we will �rst introduce the relationship

between non-uniform density and topological defects, then present the result of continuum

limit analysis, numerical simulation and microscopic theory of defects.

4.4 Relation between topological defects and nonuniform density

In this section, we demonstrate that the topological defects will emergent in the system

with nonuniform density. We develop a new proof of the relation between nonuniform den-

sity distribution and topological charge density. The proof is based on thelocal isotropic

assumption. Next, we show the topological charge density in the continuum limit based on

previous nonuniform density distribution.

In a 2D lattice, a fundamental topological defect isdisclination [102] which can be created

in a hexagonal lattice by removing or inserting a 60� wedge and then relaxing it to close the

gap. Disclinations can be identi�ed by the number of the nearest neighbor of particles. In

a perfect lattice, one particle has six nearest neighbors. However, the core of one positive

(negative) disclination is associated with the particles with �ve (seven) nearest neighbors

which are one fewer (more) than the normal particle in the perfect lattice. The other type

of topological defects isdislocation [102] which can be viewed as a composite defect, a pair

of positive and negative disclinations forming a dipole.
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The relationship between topological defects and nonuniform density has been researched

by other authors [97,101]. However, the assumptions of these derivations are unclear. Here

we developed a new derivation based on a very simplelocal isotropic assumption.

The assumption is that the structure is locally triangular with equal lateral in a 2D

conformal lattice. The underlying physics behind this assumption is still unclear for us.

However, we can argue it in the following way: the repulsive interaction in Eq. (4.2) decayed

very quickly with distance. If one particle has nearest neighbors that are distributed and

surround it with some nearby distance, near �eld forces need to be balanced, i.e. the distance

in one side is the same as the distance on the other side. Otherwise, the structure will be

unstable. So, around one particle, the nearest neighbor particles are more sensitive than

long distance particles. The local force balance that requires the local symmetric packing

but it has a density gradient globally. That's the con
ict. The frustration comes from that

con
ict and introduces the topological defects.

The relation between disclination density and nonuniform density is:

Z

S
(�

1
2

r 2 ln � (r ))dA =
Z

S
s(r )dA (4.6)

�
1
2

r 2 ln � (r ) = s(r ) (4.7)

where� (r ) is the particle density ands(r ) = q
pP

i =1
� (r � r i ) is the disclination defects density.

The deviation process is in the Appendix C.

From Eq. (4.7), when the density is nonuniform, its Laplacian is not zero, so there must

be topological defects in the system. Intuitively, there is a con
ict between local isotropic

arrangement and global nonuniform density, which can be solved by the emergent topological

defects.
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4.5 Continuum limit

In this section, we develop the continuum model of systems and analytically solve the

density distribution in the continuum limit with the similar variational approach used in Ref.

[97]. Next, we use the simple force balance analysis and Gauss's law to show that in the long-

range repulsion limit (2D Coulomb repulsion), density distribution will beuniform under

parabolic con�nement and monotonicallyincrease under quartic con�nement. However, in

the short-range repulsion limit (� (r ) repulsion), density distribution will be monotonically

decreaseunder parabolic and quartic con�nement.

Finally, for the system with parabolic con�nement, the exact solution was given to show

how the density changes from monotonicallydecreaseto uniform as the repulsive interaction

range changes from short to long. For the system with quartic con�nement, the exact solution

was given to show how the density changes from monotonicallydecreaseto increase as the

repulsive interaction range changes from short to long.

In the continuum limit, the density distribution � (r ) will be a smooth function rather

than the sum of discrete delta function

� (r ) =
NX

i =1

� (r � r i ) (4.8)

The total energy of N classical 2D continuous charges is:

E =
1
2

Z Z
� (r )� (r 0)Uint (jr � r 0j)drdr 0+

Z
� (r )V(r )dr (4.9)

Using the variational approach, one can get the smooth density distribution� (r ) which

minimizes the total energy in Eq. (4.9) with constraint that the total number of charges

N =
Z

� (r )dr (4.10)
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is a constant.

Introducing the Lagrange multiplier � , the constrained equation is:

E =
Z

� (r )[
1
2

Z
� (r 0)Uint (jr � r 0j)dr 0+ V(r ) � � ]dr (4.11)

A variation in the energy is given by

�E = E[� (r ) + �� (r )] � E [� (r )] (4.12)

where�� (r ) is the small change of density. Keep only the �rst order term,

�E =
Z

�� (r )[
Z

� (r 0)Uint (jr � r 0j)dr 0 � � + V(r )]dr (4.13)

In order to make the functional derivative stationary, it requires �E
�� (r ) = 0, i.e.

Z
� (r 0)Uint (jr � r 0j)dr 0 � � + V(r ) = 0 (4.14)

Plugging the interaction form in Eq. (4.2) and solving integral Eq. (4.14), we can get the

density distribution � (r ).

The solving process is in Appendix A. The density distribution for the arbitrary con�ne-

ment is

� (r ) =
1

2�U 0
[� 2� � � 2V(r ) +

V
0
(r )
r

+ V
00
(r )] (4.15)

� =
2RI 0(�R )K 0(�R )V

0
(R)

1 � �R [I 1K 0 � I 0K 1]
+ V(R) (4.16)

whereR is the maximum radius of the system,I i � I i (�R ); K i � K i (�R ); i = 0; 1 is the i th

modi�ed Bessel function of �rst and second kind.
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The number of particles within a distance r from the center of the disk is given by

integrating Eq. (4.15) over the regionr 0 � r :

N (r ) = 2 �
Z r

0
� (r 0)r 0dr0 (4.17)

R is determined by the total number of chargesN by plugging Eq. (4.15) into Eq. (4.10).

Plug Eq. (4.3) into Eq. (4.15), we can get the density distribution for the speci�c

con�nement V(r ) = arn :

� (r ) = � 0[f (�R ) + n2(�r )n� 2 � (�r )n ] (4.18)

where

� 0 =
� 2

2�U 0

a
� n

(4.19)

f (x) = [
2nI 0(x)K 0(x)

1 � x[I 1(x)K 0(x) � I 0(x)K 1(x)]
+ 1]xn (4.20)

Plug the Eq. (4.18) into Eq. (4.17), the total number of charges within a distance r is

N (r ) =
a

U0� n
g(�r ) (4.21)

where

g(x) =
1
2

x2f (�R ) +
�

n �
x2

n + 2

�
xn (4.22)

and f (�R ) is in Eq. (4.20).
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So the total numberN = N (R) has the following form:

N =
1

U0

a
� n

g(�R ) (4.23)

Given total number of chargesN , we can getR by solving the Eq. (4.23).

In the continuum limit, if we consider the density distribution is the conformal lattice,

we can use the relation in Eq. (4.7) to calculate the disclination density for the continuous

density distribution in Eq. (4.18). We call this density disclination sideal . There are two

means for the "ideal": one is that the particles are 
uid and the topological defects are

continuous. Plug Eq. (4.18) into (4.7), we can get

sideal (x) =
� 2n2xn (� f (n � 2)2 + f � 2r 2 + 4xn )

2 (fx 2 + ( n + x)(n � x)xn )2 (4.24)

wherex � �r; f � f (�R ) and f (x) is in Eq. (4.20).

The total disclination charge within a radius r is

�( r ) = 2 �
Z r

0
r 0s(r 0)dr0 (4.25)

And the total number of disclination within radius r Ndis (r ) is

Ndis (r ) =
�( r )
�= 3

(4.26)

where one disclination with charge�
3 .

We also can de�neQideal � Ndis (R) as the total disclination number in the whole system:

Qideal = 6
Z R

0
r 0s(r 0)dr0 (4.27)

where R is the maximum radius of the system.
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Figure 4.3. Illustrative plot of the force balance between repulsive force and attractive
con�nement force.

4.5.1 Long range interaction limit

When � ! 0, the interaction range will increase to in�nity. The interaction in Eq. (4.2)

will reduce to 2D Coulomb repulsion,� ln(r ). The force balance between the Coulomb

repulsion and con�nement can be easily analyzed by using the Gauss's law.

The repulsive interaction will generate a repulsive force(along the outward radical direc-

tion) on the particle. And the con�nement will generate an inward radical force. Both forces

will be balanced at the ground state.

The force generated by the Coulomb interaction in 2D isFint = 1
r . Assume the particle

stay at point A in Fig. 4.3, and all of the inner circle particles has a contribution to this

particle. And the corresponding forces is

Fint (r ) =
Z 0

r
dr0r 0� (r 0)

1
r 0

/ r � +1 (4.28)

where we assume the density distribution� (r ) / r � .

The forces generated by the con�nementV(r ) = arn is

Fcon(r ) / r n� 1 (4.29)
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The above two forces should be compatible, so we can get the relation between density

distribution exponential factor � and the con�nement form exponentn. Compared the Eq.

(4.28) and (4.29), we can get

� = n � 2 (4.30)

Therefore, the density distribution will have the form:

� (r ) / r n� 2 (4.31)

So, for the parabolic con�nement, i.e. n = 2, as the � ! 0, the density distribution will

approach to a uniform density, i.e.� ! 0.

However, for the quartic con�nement, n = 4, the density distribution will be increas-

ing and have a parabolic form, i.e. � (r ) / r 2, with very long-range interaction. For the

completeness, from the exact solution, the coe�cient in the density Eq. (4.31) isan2

2�U 0
.

When � ! 0, plug the density distribution into Eq. (4.23, 4.24, 4.26, 4.27),

R = (
NU0

an
)1=n (4.32)

sideal (r ) = �
n � 2

2r
� (r ) (4.33)

Ndis (r ) = � 3(n � 2) (4.34)

Qideal = � 3(n � 2) (4.35)

As Eq. (4.35) shows, whenn = 2; Qideal = 0 which is consistent with the uniform density

distribution. From the above Eq. (4.33, 4.34, 4.35), we can see that the disclination is always

negative and stay at the center. When n increases from 2 to in�nity, the total number of

disclination decreases from 0 to negative in�nity.
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4.5.2 Short range interaction limit

When � ! 1 , the interaction range will be very short. The repulsion in Eq. (4.2) will

reduce to delta function,Uint = U0� (r � r 0). Using the balance equation in the variational

approach in Eq. (4.14), the density distribution is

� (r ) =
1

U0
(� � V (r )) =

1
U0

(� � arn ) (4.36)

� = aRn (4.37)

where � is the chemical potential of a particle and can be calculated with Eq. (4.16) by

plugging � ! 1 .

From Eq. (4.36), the density distribution will always be decreasing when the interaction

range is very short. When� ! 1 , plug the density distribution into Eq. (4.23, 4.24, 4.26,

4.27),

R = (
NU0(n + 2)

a�n
)

1
n +2 (4.38)

sideal (r ) =
n2r n� 2Rn

2 (Rn � r n )2 (4.39)

Ndis (r ) =
3n

�
R
r

� n
� 1

(4.40)

Qideal ! 1 (4.41)

From the above Eq. (4.39, 4.40, 4.41), we can see that the disclinations are always positive

and stay around the boundary. When n increases from 1 to in�nity, the total number of

disclination is always approach positive in�nity.

4.5.3 Parabolic con�nement

For the parabolic con�nement, i.e. n = 2, the density distribution in Eq. (4.15) will be:

� (r ) = � 0[f (�R ) + 4 � (�r )2] (4.42)
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Figure 4.4. The total disclination number versus�R under parabolic con�nement in a
system. The red line is the continuum limit result in Eq. (4.46). The blue line is the
results in Section 4.7.1 which satisfy the geometrical constraints. The colorful dots are the
simulation results for di�erent system sizeN from 100 up to 5000.

where� 0; f are in Eq. (4.19, 4.20) withn = 2. The gradient of density distribution is:

d� (r )
dr

= � 2� 0� 2r (4.43)

From above Eq. (4.42, 4.43), we can see that the gradient of� (r ) under the parabolic

con�nement is always negative, i.e. the density distribution is monotonically decreasing

from center to the boundary.

As the interaction range� � 1 increases, i.e.� decreases,d� (r )
dr will be smaller and� (r ) will

become more and more 
at. In the limit, when� = 0, as above Sec. 4.5.1 described, with

n = 2, the density distribution is constant and the system will form uniform Wigner crystal.

For the parabolic con�nement,n = 2, sideal (r ), Ndis (r ), Qideal are:
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sideal (r ) =
2(f (�R ) + 4) � 2

(f (�R ) � (�r )2 + 4) 2 (4.44)

Ndis (r ) =
6(�r )2

f (�R ) � (�r )2 + 4
(4.45)

Qideal =
3
2

1
1

(�R )2 + I 0K 0
1� �R (I 1K 0 � I 0K 1 )

(4.46)

where f (�R ) is de�ned in Eq. (4.20) with n = 2, I i � I i (�R ); K i � K i (�R ); i = 0; 1 is the

i th modi�ed Bessel function of �rst and second kind.

Qideal is only a function of �R which is shown as the red line in Fig. 4.4. As we can see

from the red line in Fig. 4.4, theQideal under parabolic con�nement is always larger than

0 and increases very fast as�R increases. Using the property of Bessel functions [5], when

�R � 1, the asymptotic form ofQideal in Eq. (4.46) is: Qideal (�R ) � 3�R .

4.5.4 Quartic con�nement

For the quartic con�nement, i.e. n = 4, the density distribution in Eq. (4.15) will be:

� (r ) = � 0[f (�R ) + 16( �r )2 � (�r )4] (4.47)

where� 0; f are in Eq. (4.19, 4.20) withn = 4.

d� (r )
dr

= 4� 0� 2r (8 � � 2r 2) (4.48)

From above Eq. (4.47, 4.48), we can see that the density distribution under the quartic

con�nement will change as the interaction range� � 1 changes. In a disk with radius R, when

r <
p

8=� 2, d� (r )
dr > 0; r >

p
8=� 2, d� (r )

dr < 0.

When � is small, 8=� 2 is a very large number, for most of system size N,R <
p

8=� 2.

So d� (r )
dr > 0 and � (r ) will be monotonically increasing. In the limit, when� = 0, as above
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Figure 4.5. The density distribution under quartic con�nement for very long and short
interaction range. The red solid (blue dashed) line represents the density distribution in
the short (long) interaction range case.� � 1 represents the interaction range andR is the
maximum radius of the system.

Sec. 4.5.1 described, withn = 4, � (r ) / r 2. When � is large, 8=� 2 is a very small number,

for most of radius,r >
p

8=� 2. So d� (r )
dr < 0 and � (r ) will be decreasing.

The illustration of the above two cases is shown in Fig. 4.5 with the same number

of charges, i.e. N = 20000. The interaction and con�nement parameter are chosen as

U0 = 1; a = 1. In order to show it clearly, we choose� max as the maximum point of � (r )

from 0 to R; L is the unit in Eq. (4.5) and � � 1 represents the interaction range. The red

solid line (blue dashed) line represents the density distribution in the short (long) interaction

range case.

Therefore, the above results show that under quartic con�nement, the range of repulsive

interaction can be used to control the gradient of nonuniform density distribution.

For the quartic con�nement, n = 4, sideal (r ), Ndis (r ), Qideal are:

sideal (r ) =
8� 2f f (�R ) [( �r )2 � 4] + 4(�r )4g

[f (�R ) � (�r )4 + 16(�r )2]2
(4.49)

Ndis (r ) =
12(�r )2 (( �r )2 � 8)

f (�R ) � (�r )4 + 16(�r )2
(4.50)

Qideal =
3
2

� 8 + ( �R )2

2 + ( �R )2 I 0K 0
1� �R (I 1K 0 � I 0K 1 )

(4.51)
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Figure 4.6. The total disclination number versus�R under quartic con�nement in a system.
The red line is the continuum limit result in Eq. (4.51). The blue line is the results in Section
4.7.1 which satisfy the geometrical constraints and all disclinations are in the center. The
green line is the results in Section 4.7.2 in which several positive disclinations are spread
around in a circle. The colorful dots are the simulation results for di�erent system sizeN
from 100 up to 5000.
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where f (�R ) is de�ned in Eq. (4.20) with n = 4, I i � I i (�R ); K i � K i (�R ); i = 0; 1 is the

i th modi�ed Bessel function of �rst and second kind.

Under quartic con�nement, Qideal is also only a function of�R which is shown as the

red line in Fig. 4.6. As we can see from the red line in Fig. 4.6,Qideal from negative to

positive as�R increases. Speci�cally, when�R = 2
p

2; Q = 0; �R 2 [0; 2
p

2], Q increases

from -6 to 0; �R > 2
p

2; Q > 0. When� ! 0, Q = � 6 which agrees the prediction in the 2D

Coulomb case in Eq. (4.35) withn = 4 for quartic con�nement. Using the property of Bessel

functions [5], when�R � 1, the asymptotic form ofQideal in Eq. (4.51) is: Qideal (�R ) � 3�R ,

which is the same as the asymptotic form ofQideal under parabolic con�nement.

4.6 Numerical results

In this section, we present our simulation results and the comparison with the continuum

model in Sec. 4.5. From Eq. (4.46, 4.51), we can see that the total disclination in the system

is only related with �R . We used conjugate gradient, �re [17] and quickmin [132] algorithms

with random initial con�gurations to �nd the minimum energy state. For convenience, we

choose the interaction parameterU0 in Eq. (4.2) and con�nement parametera in Eq. (4.3)

as the following: U0 = 1, a = 1 in the simulation.

For each�R , using Eq. (4.23), given a speci�c total system numberN , one can get the

corresponding system sizeR and then get the interaction range� . We run the simulation for

�R = 0:1 to 30.0 with N = 100; 200; 500; 1000; 2000; 5000. At each�R and N , we run 600

random initial con�gurations and �nd the lowest energy con�guration. The stopping criteria

is that the total force residual at the whole system is less than 10� 5 U0
L for N = 100; 200; 500

and 10� 4 U0
L for N = 1000; 2000; 5000 whereL is the length unit in Eq. (4.5).

For each case, the con�guration with minimum energy was triangulated with Delaunay

triangulation package Qhull [13]. The �nal con�guration was plotted with Python matplotlib

package and the disclination defects are emphasized as twice size of neutral topological
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charge particles. The topological charges are colored in the following way:qs = -3 (purple),

-2 (green), -1 (blue), 0 (black), +1 (red), +2 (orange). qs is the topological charge of each

particle, which can be calculated with the nearest neighbor number:

qs =

8
>><

>>:

4 � n; if particle is on the edge

6 � n; otherwise
(4.52)

wheren is the number of nearest neighbors, s in the subscript represents the single particle.

The total number of disclinations in the system is predicted by Eq. (4.46, 4.51) for

parabolic and quartic con�nement. In a 2D system, it's well known that the total number of

disclination Q is determined by Euler's theorem (see the proof in Ref. [75]) which is always

6 and cannot be changed. However, in a planar con�guration, we can classify topological

defects as two types: inner topological defectsQinner and boundary defectsQbdy. Qinner

represents the total topological charge of the system.Qbdy was used to satisfy the Euler's

theorem and resolve the con
ict between the locally triangular arrangement of particles and

the circular symmetry of the con�nement.

How to determine theboundary in a system? For example, the boundary of the system

should be the last layer, last two layers, lastxth layer or 90% of the outer layers or something

else. We discussed the di�erent choices and the principles behind them in detail in Appendix

B.

On the other hand, we also analyze the density di�erences to denote the di�erence be-

tween the continuum and numerical result.

< (�� )2 > =
1

N in � 0

N inX

i =1

A i [� discrete (r i ) � � ideal (r i )]2

(4.53)
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Figure 4.7. < (�� )2 > versus�R for the parabolic con�nement.

where A i is the area of the Voronoi cell ofi th particle, N in is the inside particles number

whose Voronoi cell is well de�ned,� discrete (r i ) = 1
A i

is the discrete density atr i , � ideal (r i ) is

the analytical continuum density at r i and � 0 � N in
N inP

i =1
A i

are the average density in the whole

well-de�ned region.

4.6.1 System with parabolic con�nement

For the parabolic con�nement, we calculate�R = 0:1, 0.25, 0.5, 0.75, 1.0, 2.0, 3.0, 4.0,

5.0, 7.5, 10.0, 15.0, 20.0, 25.0 and 30.0. At the lowest energy con�guration at each simulation,

we count its total topological defectsQinner and shown it in Fig. 4.4.

For the continuum result, using Eq. (4.46) to solve equationQideal (�R ) = 6, we can get

the �R � 3:05. As we can see from Fig. 4.4, when�R < 3:05, some of the simulations

�t with the continuum prediction. However, as �R > 3:05, there is a big di�erent between

simulation result and continuum prediction. None of simulation results can �t with the

continuum prediction. When �R � 3:05, the continuum calculation in Eq. (4.46) predicts

very high positive defects in the system. However, the simulation result only reach 6 at most

for up to N = 5000 system. For example, at�R = 10:0, Qideal � 26, but Qinner = 6 for

simulation.
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Figure 4.8. Under parabolic con�nement, the typical snapshot forN = 500 with interaction
range from� � 1 = (A). 10.0R, (B). 1.0R, (C). 0.1R.

Figure 4.9. < (�� )2 > versus�R for the quartic con�nement.

Fig. 4.7 shows the density di�erence between numerical and continuum result.< (�� )2 >

have a big di�erence at large�R and small system size case.

Fig. 4.8 shows the snapshots of the minimum energy con�gurations for di�erent interac-

tion range from � � 1 = 10:0R; 1:0R; 0:1R with same total system numberN = 500.
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Figure 4.10. Density distribution for numerical and continuum result for quartic con�ne-
ment with long-range repulsion with� � 1 = 10:0R (which is �R = 0:1).

4.6.2 System with quartic con�nement

For the quartic con�nement, we �rst calculate the critical value of �R at Qideal = -6 up

to 6 with Eq. (4.51) and then simulate around each critical�R . So we simulate�R = 0.1,

0.15, 0.2, 0.3, 0.35, 0.42, 0.5, 0.65, 0.75, 0.85, 1.0, 1.25, 1.5, 1.75, 2.0, 2.5, 3.0, 4.0, 5.0, 7.5,

10.0, 12.5, 15.0, 17.5, 20.0, 22.5, 25.0, 27.5 and 30.0. At the lowest energy con�guration at

each�; N simulation, we count its total topological defectsQinner and shown it in Fig. 4.6.

For the continuum result, using Eq. (4.51) to solve equationQideal (�R ) = 6, we can get

the �R � 5:02. As we can see from Fig. 4.6, when�R < 5:02, the simulation �ts well

with the continuum prediction. However, as�R > 5:02, there is a big di�erent between

simulation result and continuum prediction. None of simulation results can �t with the

continuum prediction. When �R � 5:02, the continuum calculation in Eq. (4.51) predicts

very high positive defects in the system. However, the simulation result only reach 6 at most

for up to N = 5000 system. For example, at�R = 30:0, Qideal � 80, but Qinner = 7 for

simulation.

Fig. 4.9 shows the density di�erence between numerical and continuum result. Similar to

parabolic con�nement, when the system size increases fromN = 100 to 5000, the di�erence
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Figure 4.11. Density distribution for numerical and continuum result for quartic con�ne-
ment with short-range repulsion with� � 1 = 0:03R (which is �R = 30:0).

becomes smaller. However, under the quartic con�nement case, when the�R < 3:19, the

density di�erence is very small which is corresponding to the negative topological defects

con�gurations. But when �R � 3:19, the density di�erence is much larger than the smaller

�R case. As discussed above, when�R � 3:19, there is a big di�erence between numerical

results and continuum prediction. The density di�erence is also very large in this region.

Let's analyze this in detail. Fig. 4.10 and 4.11 show the numerical and continuum density

distribution under quartic con�nement with di�erent interaction range (small or larger �R ).

First, as we can see here, it will generate increasing density pro�le under long-range repulsion

as shown in Fig. 4.10 and decreasing density pro�le under short-range repulsion in Fig. 4.11.

Second, for long-range interaction, fromN = 100 to 1000, the numerical con�gurations

matched very well with the ideal density which will generate small value in the density

di�erence in the left part of Fig. 4.9. Remember from Fig. 4.6, there are negative defects in

the system at �R = 0:1. This suggests that even at the small system size, negative defects

can be easily generated.

However, for the short-range interaction, there is a big di�erence between the numerical

result and ideal density whenN is small such asN = 100; 200. Remember from Fig. 4.6,
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Figure 4.12. Under quartic con�nement, the typical snapshot forN = 500; 1000; 2000 with
interaction range � � 1 and �R , i.e. (� � 1, �R ) = (A). (10.0R, 0.1), (B). (2.9R, 0.35), (C).
(1.5R,0.65), (D). (1.0R, 1.0), (E). (0.6R, 1.75), (F). (0.4R, 2.5), (G). (0.2R, 5.0), (H). (0.1R,
10.0), (I). (0.03R, 30). From (A) to (F), the net center disclination charge number are -6, -5,
-4, -3, -2, -1. The red (blue) dots represent positive (negative) 1 topological charge. Green
dots represent the -2 topological charge.

85



there are positive defects in the system at�R = 30:0. This suggests that at the small system

size, it's very hard to generate positive disclination. This is the �rst evidence that positive

disclination is much harder to generate than negative disclination. Or positive and negative

are not similar as they are supposed to be.

Fig. 4.12 shows the typical the snapshots forN = 1000 with interaction range from � � 1

= 10.0R, 2.9R, 1.5R, 1.0R, 0.7R, 0.4R, 0.2R, 0.1R, 0.03R, which is corresponding to�R =

0.1, 0.35, 0.65, 1.0, 1.5, 2.5, 5.0, 10.0 and 30.0. From Fig. 4.12(a) to Fig. 4.12(f), the net

center disclination charge number are -6, -5, -4, -3, -2, -1. The red (blue) dots represent

positive (negative) 1 topological charge. Green dots represent the -2 topological charge.

4.6.3 Why is there a big di�erence between simulation and continuum predic-

tion?

There is a big di�erence between simulation and continuum prediction in both parabolic

and quartic con�nement. We want to know the reason. There are two assumptions in the

continuum prediction: continuous particlesand continuous topological defects. However, in

the simulation, the particle and topological defects are all discrete. In order to �gure out

which assumption a�ect the total topological defects of the system, we will abandon the

continuous topological defectsassumption.

In the next section, we will consider thediscrete topological defects which satisfy the

geometrical constraints relation between nonuniform density and topological defects in Eq.

(4.7).

4.7 Microscopic theory of defects

In this section, we develop a microscopic theory of defects to solve the best density

distribution for the system with continuous particle and discrete topological defects which

satisfy the geometrical constraints in Eq. (4.7).
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The basic idea is: (1). given the topological defects, solve the density distribution satis�ed

the geometrical constraints in Eq. (4.7) for a di�erent number of topological defects; (2).

Plug the solved density distribution into the total energy of the system in Eq. (4.9), compare

and �nd the best density distribution which gives the lowest energy. The topological defects

which given the best density distribution is the total topological defects in the system.

Geometrical constraints Eq. (4.7) can be simpli�ed into Poisson's equation as the follow-

ing form:

r 2u(r ) = � (r ) (4.54)

u(r ) = �
1
2

ln � (r ) (4.55)

� (r ) = s(r ) � K G (4.56)

According to Chebyshev's principle [17], the boundary condition should be Dirichlet type

which states that the density at boundaryr = R should be a constant. It takes the following

form:

u(R) = f (4.57)

wheref � � 1
2 ln � (R) is a constant on the boundaryr = R.

Firstly, we have to �nd the density distribution satis�ed the geometrical constraints.

Using the method of image [62], we can calculate the Green's function which satis�ed the

Poisson's equation with Dirichlet boundary condition in the 2D disk:

G(r ; � ) =
1

4�
ln(

R2 + r 2P2=R2 � 2rP cos(� � � )
r 2 + P2 � 2rP cos(� � � )

) (4.58)

wherer = f r; � g is the position vector and� = f P; � g is the point source position.
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Therefore, the general solution of the Poisson equation with Dirichlet condition is [62] :

u(r ) = �
Z

V
G(r ; r 0)� (r 0)dV0 �

Z

S
f (r 0)

@G(r ; r 0)
@n0

dS0 (4.59)

Plug Eq. (4.58) into (4.59), the second term of general solution will bef as far as it's a

constant. So, the general solution reduces to:

u(r ) = �
Z

V
G(r ; r 0)� (r 0)dV0+ f (4.60)

Assume there arep disclinations in the system, the total disclination density will be:

� (r ) =
pX

i =1

qi � (r � r i ) (4.61)

where r i is the disclination position in the plane andqi = � �
3 is the topological charge per

disclination.

Plug the density Eq. (4.61) into Eq. (4.60), the �rst term in the general solution in Eq.

(4.59) is

�
Z

V
G(r ; r 0)� (r 0)dV0 = �

pX

i =1

qi G(r ; r i ) (4.62)

Therefore, the general solution forp topological charges is:

u(r ) = �
pX

i =1

qi G(r ; r i ) + f (4.63)

Then we can use Eq. (4.55) to get the corresponding density distribution.f can be repre-

sented as the system sizeN by using the conservation of N in the system in Eq. (4.10).
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Then the density distribution is

� (r ) = e� 2f exp(2
pX

i =1

qi G(r ; r i )) (4.64)

f can be calculated with the conservation of system total number.

N =

RZ

0

2�Z

0

� (r; � )rdrd� = e� 2f g(r i ) (4.65)

where

g(r i ) =

RZ

0

rdr

2�Z

0

exp(2
pX

i =1

qi G(r ; r i ))d� (4.66)

We can get

e� 2f =
N

g(r i )
(4.67)

Secondly, we can calculate the con�nement and interaction energy with density distribu-

tion of eachqi charge by plugging Eq. (4.64) into Eq. (4.9).

The total con�nement energy is

Econ =
aN

g(r i )

RZ

0

r n+1 dr

2�Z

0

exp(2
pX

i =1

qi G(r ; r i ))d� (4.68)

The total interaction energy is

E int =
U0

2

Z Z
drdr 0� (r )� (r 0)K 0(� jr � r 0j) (4.69)

Given the total energy, then we minimize it as a function of the maximum radius of

systemR.
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Figure 4.13. The total disclination number Qgc versus�R under parabolic con�nement in
a system. The interaction range� � 1 ranges from 0.1L to 10.0L. The phase transition line is
at �R � 2:23.

4.7.1 Disclinations at the center

We �rst calculate the simplest case in which the disclinations are all at the center, i.e.

r 0 = 0. Using the general solution in Eq. (4.63),u(r ) would be:

u(r ) =
q

2�
ln(

r
R

) + f (4.70)

where q is the total net topological charge in the system. Therefore, using Eq. (4.55), the

density distribution is

� (r ) = � 0(
r
R

)� q
� (4.71)

where� 0 � exp(� 2f ).

Then we use the conservation of total number N in Eq. (4.10) to calculate f:

N =
�R 2

1 � q=2�
exp(� 2f ) (4.72)

) f =
1
2

ln(
�R 2

N (1 � q=2� )
) (4.73)
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Therefore,

� 0 =
N (1 � q=2� )

�R 2
(4.74)

Given the density distribution, the total interaction energy of system is:

E int =
4� 2U0

� 4

yRZ

0

ydy� (y)K 0(y)

yZ

0

I 0(x)� (x)xdx (4.75)

where

y � �r (4.76)

yR � �R (4.77)

We used the Eq. (A.6) and

yRZ

0

ydy� (y)K 0(y)

yZ

0

I 0(x)� (x)xdx =

yRZ

0

ydy� (y)I 0(y)

yRZ

y

K 0(x)� (x)xdx (4.78)

to simplify. The total con�nement energy is:

Econ =
2�a �

� 2

yRZ

0

� (y)yn+1 dy (4.79)

where

a� �
a
� n

(4.80)

V(r ) � arn = a� yn (4.81)
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The total energy of the system is:

E tot = E int + Econ (4.82)

Given the interaction range� � 1, the total number of particles in the systemN , we can get

the maximum radiusR by minimizing the total energy E tot in Eq. (4.82) with R.

Finally, we compare the minimum energy of eachq charge system to �nd the best topo-

logical charges.

Plug the density in Eq. (4.71, 4.74) into Eq. (4.82, 4.75, 4.79), the total energy of system

is:

E tot = 4U0N 2(1 � q=2� )2 f g(�R )
(�R )2(2� q=� )

+
2a� N (1 � q=2� )

n + 2 � q=�
(�R )n (4.83)

where

f g(yR) �

yRZ

0

dyy1� q=� K 0(y)

yZ

0

I 0(x)x1� q=� dx (4.84)

wherey � �r; y R � �R .

Given a speci�ed� , N and q, minimize the total energy, we can get theyR , i.e. �R .

Speci�cally, for the uniform density case,q = 0, we can solve the total energy analytically.

E tot =
U0N 2

y2
R

[1 � 2I 1(yR)K 1(yR)] +
2Na

� n (n + 2)
yn

R (4.85)

whereyR � �R . Minimize the energy with @Etot
@R = 0, we can get:

byn+2
R + 2( I 1K 0 � I 0K 1)yR + 8I 1K 1 � 2 = 0 (4.86)
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Figure 4.14. The total disclination number Qgc versus�R under quartic con�nement in
a system. The interaction range� � 1 ranges from 0.1L to 10.0L. The phase transition line
is at �R � 0:23 from Qgc = � 6 to -5, �R � 0:52 from Qgc = � 5 to -4, �R � 0:82 from
Qgc = � 4 to -3, �R � 1:24 from Qgc = � 3 to -2, �R � 1:87 from Qgc = � 2 to -1, �R � 3:19
from Qgc = � 1 to 0, �R � 11:36 from Qgc = 0 to +1. The brown diamond points represent
the result of split positive disclination con�guration as shown in the inside panel. Around
�R � 7:0, the split con�guration will give lower energy than the uniform and center positive
disclination system.

whereb � a
� n

n
n+2

2
U0N , I i � I i (�R ); K i � K i (�R ); i = 0; 1 is the i th modi�ed Bessel function

of �rst and second kind. After solving Eq. (4.86), we can get the criticalRc which minimize

the total energy and then plugRc to get the total energy.

We calculated the total energy of systems withq = � 7�
3 , � 2� , � 5�

3 , � 4�
3 , � � , � 2�

3 , � 1�
3 ,

0, + �
3 , + 2�

3 , + � , + 4�
3 , + 5�

3 which are corresponding to the total disclination numberQgc =

-7, -6, -5, -4, -3, -2, -1, 0, +1, +2, +3, +4, +5 (gc represents the geometrical constraints).

At di�erent �R , we can get the correspondinglyQgc.

Fig. 4.13 shows the results for the parabolic con�nement with interaction range� � 1 =

0:1L; 0:5L; 1:0L; 10:0L, whereL is the length scale de�ned in Eq. (4.5). The phase transition

line from Qgc = 0 to 1 is at �R � 2:23. As we can see, from�R = 2:23 to 107, the positive
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one defects always gives the lowest energy compared with all others. The backbone of this

result is shown as the blue line in Fig. 4.4.

For the Quartic con�nement, Fig. 4.14 shows the results with interaction range� � 1 =

0.1L, 0.5L, 1.0L, 2.0L, 3.3L, 5.0L, 10.0L, whereL is the length scale de�ned in Eq. (4.5).

The phase transition line is at�R � 0:23 from Qgc = � 6 to -5, �R � 0:52 from Qgc = � 5

to -4, �R � 0:82 from Qgc = � 4 to -3, �R � 1:24 from Qgc = � 3 to -2, �R � 1:87 from

Qgc = � 2 to -1, �R � 3:19 from Qgc = � 1 to 0, �R � 11:36 from Qgc = 0 to +1. As we

can see, from�R = 11:36 to 105, the positive one defects always gives the lowest energy

compared with all others. The backbone of this result is shown as the blue line in Fig. 4.6.

Why does the total topological number of both parabolic and quartic con�nement stuck at

positive one at bigger�R ? Before answering this question, let's take a look at the density

distribution for positive and negative disclination from Eq. (4.71). When q is negative,

� (r ) / r jq=� j . � (r ) = 0 at r = 0. However, when q is positive,� (r ) / r �j q=� j . � (r ) will diverge

at r = 0. This divergence may be one of the reason.

The other possible reason is that the assumption that all disclinations are in the center

is not appropriate for positive defects. Under the quartic con�nement, we can getQgc = � 6,

so the interaction between negative defects are weak. However, we cannot get two positive

disclinations at the center up to 107, it indicates that the interaction between positive defects

is very strong.

In order to overcome this possible reason, we consider the spread disclinations case in

which positive disclination symmetrically distributed around the planar.

4.7.2 Spread disclinations

If there are M positive topological defects in the system, the disclination density will be

� (r ) = q
MX

i =1

� (r � r i ) (4.87)
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Figure 4.15. Density pro�le for Q = 13 split disclinations at �R = 10:0; N = 50000. (A).
the basic con�guration; (B). counter line of density pro�le.

whereq = �
3 is the topological charge per disclination, ,r i = f r i ; � i g represents the position

of i -th disclination.

Plugging the disclination density into Eq. (4.54), the general solution for M spread

topological charges is:

u(r; � ) = �
q

4�

MX

i =1

ln(
R2 + r 2r 2

i =R2 � 2rr i cos(� � � i )
r 2 + r 2

i � 2rr i cos(� � � i )
) + f (4.88)

where we have used the Green's function in Eq. (4.58).

Then, the density � (r ) = exp( � 2u(r; � )) can be calculated as:

� (r; � ) = e� 2f h(r; � ) (4.89)

h(r; � ) =
MY

i =1

[
R2 + r 2r 2

i =R2 � 2rr i cos(� � � i )
r 2 + r 2

i � 2rr i cos(� � � i )
]1=6 (4.90)

where� (r; � ) will has singularity around the position of positive disclination.

For simplicity, we assume all topological defects are uniformly located along a circle

r = r i = r1 as shown in Fig. 4.15(A). The conservation of system total number is

N =

RZ

0

2�Z

0

� (r; � )rdrd� = e� 2f g(r1) (4.91)
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where

g(r1) =

RZ

0

rdr

2�Z

0

h(r; � )d� (4.92)

We can get

e� 2f =
N

g(r1)
(4.93)

The total con�nement energy is

Econ =
aN

g(r1)

RZ

0

r n+1 dr

2�Z

0

h(r; � )d� (4.94)

The total interaction energy is

E int =
U0N 2

2g2(r1)

RZ

0

rdr

2�Z

0

d�h (r; � )

RZ

0

r 0dr0

2�Z

0

d�
0
h(r 0; � 0)K 0(� jr � r 0j) (4.95)

wherejr � r 0j =
p

r 2 + r 02 � 2rr 0cos(� � � 0).

Given M disclinations, the total system sizeN , the interaction range � , after choosing

system sizeR and disclination positionr1, using Eq. (4.94, 4.95), we can calculate the total

energy of the system. Then, we scan on the map of possible system sizeR around the

continuum limit result got from Eq. (4.23) and disclination positionr1 (0 < r 1 < R ), we can

get the best system sizeR and disclination position r1.

For the calculation, g(r1) in Eq. (4.92) and Econ in Eq. (4.94) can be directly calculated

from Mathematica. As for E int in Eq. (4.95), uniform sampling Monte Carlo method in

scikit-monaco packages was used to calculate its value. We sample 1 billion points at each

R; r 1 pair which gives 10� 4 relative error.
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Figure 4.16. For system N = 50000; � � 1 = 0:5L, �R around 10.0, the energy di�erence
between di�erent split disclinations and uniform. The right y axis shows the corresponding
disclination position relative to the system size, i.e.r1=R �nal con�guration for di�erent Q.
Red line with error-bar represents the energy di�erence; blue line with star point represents
the relative position of disclinations.

Then we calculateQ = 2; 3; 4 and up to 40 positive defects symmetrically spread on the

plane. For quartic con�nement, we basically calculated three points at�R around 7.5, 10.0,

15, the corresponding best disclinations are Q = 12, 13, 15 as shown as the green dashed

line in Fig. 4.6 and brown line in Fig. 4.14. Fig. 4.16 shows the energy di�erence between

di�erent split disclinations and uniform for system N = 50000; � � 1 = 0:5L, �R around 10.0.

The right y axis shows the corresponding disclination position relative to the system size, i.e.

r1=R �nal con�guration for di�erent Q. As we can seen from the Fig. 4.16, as the disclination

number increases, the relative positionr1=R also increases.

First, let's take a look at the density pro�le. Fig. 4.15 shows the density pro�le forQ = 13

split disclinations at �R = 10:0 which is the best disclination number (N = 50000; � = 2:0).

The side view of density� (r; � ) is shown in Fig. 4.15(B) and its contour line is shown in

Fig. 4.15(C). As we can see, the density has singularities at the position of disclination. The

second observation is that the center density is almost uniform.

Second, let's compare the energy of split disclination with the centered disclination sys-

tem. Fig. 4.17 shows the lowest energy con�gurationE(Q) plot scaled by the uniform energy
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Figure 4.17. Energy con�guration E(Q) vs �R plot scaled by the uniform energyE(Q = 0).
The red star represents the best split disclination con�guration as shown on the inside panel.
The rest are all the results for the system with di�erent disclinations at the center.

E(Q = 0) at di�erent �R . The red star represents the best split disclination con�guration

as shown on the inside panel. The rest are all the results for the system with di�erent

disclinations at the center. As we can see that the energy in the split con�guration is much

lower than the lowest center disclination case (Q = +1). From this �gure, we can see that

the energy ofQ = +2 at the center is much higher than Q = +1 at the center or split

disclination case. This is the second evidence to suggest that the repulsion between positive

disclinations is much higher than negative disclinations.

Why split disclinations are much better than the centered disclination case? In order

to understand this, let's �rst compare the density pro�le. In order to compare with center

disclination and continuum limit result � (r ), we need to calculate the average density for the

split case:
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Figure 4.18. Density comparison among continuum limit, centered disclination and split
disclination.

�� (r ) =
1

2�

2�Z

0

� (r; � )d� (4.96)

Fig. 4.18 shows the density comparison between continuum limit, centered disclination

and split disclination. From Eq. (4.71), when the positive disclination is at the center, the

density has one singularity at ther = 0 (see the blue dashed line in Fig. 4.18). As we can

see that there is a big di�erence between center disclination density and continuum limit

density pro�le (red line in 4.18). However, although there is still a singularity around the

position of disclination in the split case, the density will close to the ideal density at most

of r .

Third, as we can see that the best split disclination result isQ = 13 which is still smaller

than the continuum limit result Q � 20. Why this split case still cannot implement the ideal

case? One possible reason is that the distance between two nearest positive disclinations is

too close which will increase the total energy. Maybe the other pattern of positive discli-

nations will work well. Fig. 4.19 shows the two possible patterns which may continue to

reduce the energy and �nally have disclinations which are the same as the continuum limit
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Figure 4.19. Other possible patterns which may continue to reduce the energy and �nally
have disclinations which are the same as the continuum limit result. (A). multiple layers;
(B). positive disclinations spread uniformly in the system.

result. Currently, we don't have a good way to quickly measure the arbitrary con�guration

of positive disclinations and �nd the minimum position.

The other possible reason is that we only consider the disclination densitys(r ) and has

not considered the possible contribution from dislocation, i.e.� � ik r kbi [8]. Fig. 4.20 shows

the examples of scar in the system.

4.8 Discussion

In summary, we have shown that there is no symmetry between positive and negative

topological defects in our system. Positive defects are fundamentally di�erent from negative

defects. Negative defects are very easy to generate when the nonuniform density distribution

gradient is positive (monotonically increasing). For the negative defects, the predictions from

the continuum theory analysis, microscopic theory of defects, and the numerical simulation

are matched very well as shown in Fig. 4.6.

However, positive defects are very hard to generate when the nonuniform density gra-

dient is negative (monotonically decreasing). For the positive defects, the predictions from

continuum theory analysis, microscopic theory of defects and the numerical simulation are

very di�erent as shown in Fig. 4.4 and 4.6.
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Figure 4.20. Examples of scar in the system.

In order to clearly explain the di�erence between positive and negative defects, we identify

two origins. First, they emerge at di�erent locations. Negative defects show up around the

center with the long-range repulsive interaction. However, positive defects emerge around

the boundary with the short-range interaction.

Second, the energy cost by introducing the positive or negative defects into the center of

the uniform system is di�erent. When the repulsive interaction is 2D Coulomb,� ln(r ), and

parabolic con�nement, the density distribution is uniform as shown in Sec. 4.5.1, Eq. (4.31)

and (4.35). We will use this as the uniform system and calculate the energy di�erences by

introducing centered positive and negative defects. Fig. 4.21 shows the calculation result. As

we can see, the energy cost to introduce two centered positive defects is compatible with four

negative defects. The energy cost to introduce three positive defects at the center is larger

than the energy to introduce 20 negative defects at the center of the system. The energy

cost to generate negative defects increases slower. However, the energy cost to introduce the

positive defects exponentially increases from +1 to +5.
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Figure 4.21. Energy di�erence to add defects into the uniform con�guration.

Therefore, the positive defect is totally di�erent from negative defects. There is no

symmetry between them. When the gradient of density distribution is positive, negative

defects are easy to generate in the system. However, when the gradient of density distribution

is negative, it's very hard to generate positive defects in the system. When the system sizeN

is small, all positive defects are around the boundary. Only when the system size increases

to a very large number,N > 6000 in our system, the positive defects will emerge in the

center of the disk as a scar form.

Fig. 4.10 and 4.11 also con�rm the above conclusion. For the negative defects case,

i.e. long-range repulsion, as shown in Fig. 4.10, the density pro�le is consistent with the

continuum prediction even at very small system size (N � 100). However, for the positive

defects case, i.e. short-range repulsion case, as shown in Fig. 4.11, the density pro�le

is totally di�erent with the continuum prediction when the system size is small. As the

system size N increases, the density pro�le will be gradually approximate to the continuum

prediction.

The di�erence between positive and negative defects may come from the interaction

strength between them. We propose that the interaction between negative-negative defects

is very weak which makes them can be easily generated at the center of the system. However,
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the interaction between positive-positive defects is very strong which makes them very hard

to stay together. If a con�guration contains several positive defects, they will spread to lower

the total energy. These con�gurations can be calculated by using the microscopic theory of

defects. This also explains the big energy di�erence by introducing negative or positive

defects into the center of the uniform system as shown in Fig. 4.21. No matter where is

the uniform state came from, the energy by adding the negative defects at the center of the

system is much smaller than positive defects.

Next, the unsymmetry between positive and negative defects is true when� change from

0 to 1 , which corresponds to the long-range 2D Coulomb interaction and short-range delta

interaction in the two limits. For the arn con�nement, as the con�nement changes from soft

to hard, i.e. n change from small to large, the unsymmetry between negative and positive

defects doesn't change. Only the total number of disclination will change.

If we change the interaction and con�nement together to some interactions with multiple

interaction lengths (must contain the attractive interaction to keep the particles together),

the method we discussed in this paper to handle the di�culty of counting boundary defects

is still valid.

On the other hand, the defects emerge as �nite grain boundaries in the ground state of

Thomson problem [21]. The �nite grain boundaries are energetically favorable than the pure

disclinations. The next possible research direction is to compare the energy of con�guration

with �nite grain boundaries other than pure disclinations by using the microscopic theory of

defects. Grain boundaries can be formed with a series of dislocations and also called scar [8].

We also can consider scars, a line of positive and negative defects, with the microscopic

theory of defects.
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CHAPTER 5

TWISTED FILAMENT BUNDLES IN THE SYSTEMS WITH
LONG-RANGE REPULSIVE INTERACTION AND

CONFINEMENT

5.1 Introduction

In a system with long-range repulsion and con�nement, the ground states are conformal

ground states, where topological defects can implement non-uniform density with a locally

isotropic structure and globally non-uniform density, as shown in chapter 4. In that case,

positive topological defects always give a singular density pro�le, which makes it very hard

to match the continuum result.

On the other hand, there is a relationship between topological defects and geometry.

As Bruss and Grason have shown [24,25], the non-Euclidean geometry can be implemented

by changing the orientational pattern of �laments. For the �lament bundles system, the

question arises of whether or not a lower energy solution with non-Euclidean geometry to

the conformal packing ground state problem exists, such as twist �lament bundles.

We �rst research the possibilities of transformation from uniform straight bundles to

twist bundles. After the research is done, the answer is probably not. If we only consider

the energy term due to the change of density, introducing twist does reduce the total energy.

From this perspective, non-Euclidean geometry is energetically favorable.

However, changing from straight bundles to a twisted texture doesn't just change the local

distances, but also changesglobal distances. Two energetic costs emerge. One is that the

distance between �laments is closer in this non-euclidean surface [25]. Even though you can
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better match a perfectly triangular lattice and the area pro�le of a conformal lattice, doing

so shrinks the inter-�lament spacing. The repulsive interaction energy between �laments

will increase due to the shorter distance. The other energetic cost due to the curvature of

the twisted �laments [25]. For �laments which are bending towards (away), the energy will

increase (decrease). Generally speaking, this increases the energy cost.

In general, the reduced energy from a better conformal match is not enough to compensate

for the energy cost introduced by the closer distance and curvature of the twisted �laments.

Uniform straight �lament bundles have lower energy than uniform twist bundles.

Second, we consider the possibilities of transformation from straight �lament bundles with

centered disclinations to twist bundles with centered disclinations. In the case of crystalline

bundles with short-range attractive interaction [25], when one puts one �ve-fold defects in

the center, the �laments will always twist. There is no threshold in that case. So a question

about the instability of twist in the system with long-range repulsion and con�nement aries.

If there are defects in the twisted �lament bundles, is the instability of twist state in the

system with long-range interaction the same as in the systems with short-range interactions?

In the long-range repulsion and con�nement system, the situation is di�erent from short-

range interaction case. Twist �lament bundles with centered negative defects always have

higher energy than the straight �lament bundles with the same negative defects. For the twist

�lament bundles with centered positive defects, there is a threshold. Above the threshold,

twist bundles will have lower energy than the straight case.

In the following, we will �rst show the relationship among density, disclination density

and Gaussian curvature, and then use some �gures to illustrate the idea.

As shown in the chapter 4, based on a very simplelocal isotropic assumption, the structure

is locally a 2D conformal lattice of equilateral triangles, and we can derive the relation

between disclination density and non-uniform particle density:
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Figure 5.1. (A). Twist �lament bundles, the red line represents the closest distance of
two �laments; (B). The disk packing on the metric-equivalent surface. The geodesic distance
between two mapping points is the same as the closest distance in twist bundles.

�
1
2

r 2 ln n(r ) = s(r ) (5.1)

wheren(r ) is the density pro�le, s(r ) = q
pP

i =1
� (r � r i ) is the disclination density.

We can generalize the above relationship to three dimensions by introducing a curved

geometry represented by Gaussian curvatureK G. The relation among the non-uniform

density, disclination density and Gaussian curvature is:

�
1
2

r 2 ln n(r ) = s(r ) � K G (5.2)

In three dimensions, the coordinatef r; � g is not on the cross-section as in the 2D 
at case,

but on the metric-equivalent surface. A pointf r; � g on the dual surface is exactly equivalent

to the image of the point f r; � g on the cross section under some function U, which has the

entire cross section as its domain and the entire dual surface as its range. A brief proof is

given in the Appendix C.

As Bruss and Grason [24,25] have shown, there is a metric equivalence between �lament

packing in twisted bundles and disk packing on a "domelike" surface carrying the same
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Figure 5.2. Hexagonal straight �lament bundles. (A). the uniform straight �lament
bundles; (B). the cross-section of special bundles; (C). the metric-equivalent surface con�g-
uration.

geometry as the twisted bundle. The closest distance between two twist �laments is the same

as the geodesic distance between corresponding points on the metric-equivalent surface, as

shown in Fig. 5.1.

Fig. 5.2 shows a hexagonal uniform straight �lament bundles. Fig. 5.2(A) shows the

hexagonal uniform straight �lament bundles. The top is the Delaunay triangulation of the

bundles. We choose a seven special �laments, which are colored orange and shown in the

cross-section in Fig. 5.2(B). Fig. 5.2(C) shows the metric-equivalent surface con�guration

of the system. The metric-equivalent surface of the straight bundles is just a 
at surface.

The closest distance for the straight �laments is equal to the cross-section distance between

�laments, so it will still form a perfect hexagon for the orange special �laments.

Fig. 5.3 shows the non-conformal twisted �lament bundles when we add a small twist and

don't change the cross-sections �lament packing in Fig. 5.2. Fig. 5.3(A) shows the hexagonal

twist �lament bundles. The top is the Delaunay triangulation of the bundles. Fig. 5.3(B)

shows the cross-section of the seven special �laments. As we can see, its shape has been

changed to "ellipse-like" due to the twist. The blue line on each �lament represents its twist

direction. Fig. 5.3(C) shows the disk packing on the metric-equivalent surface. Since the
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Figure 5.3. Non-conformal twist �lament bundles. (A). the hexagonal twist �lament
bundles; (B). the cross-section of special bundles; (C). the metric-equivalent surface con�g-
uration.

Figure 5.4. Conformal twist �lament bundles. (A). the conformal twist �lament bundles;
(B). the cross-section of special bundles; (C). the metric-equivalent surface con�guration.

closest distance between twist �laments is smaller than the distance on the cross-section, the

hexagon in the metric-equivalent surface is not perfect and has been compressed.

Fig. 5.4 shows a conformal non-uniform twist �lament bundle. Since the cross-section

does not give the true distance between �laments, we use the geodesic distance on the metric-

equivalent surface. According to Eq. (5.2), in the twist case,K G > 0, for uniform defect

densities (s(r ) = 0), the density of �laments should be non-uniform. Fig. 5.4(A) shows a

conformal non-uniform twisted �lament bundle after moving the �lament positions from the

perfect hexagonal lattice. The top is the Delaunay triangulation of the bundles. Fig. 5.4(B)
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shows the cross-section of the seven special �laments. The hexagon formed by the special

seven �laments is compressed on the cross-section. Fig. 5.4(C) shows the disk packing on the

metric-equivalent surface. After using conformal density on the twisted case, the hexagon in

the metric-equivalent surface is not compressed unlike Fig. 5.3(C).

The rest of the chapter is organized as follows. In Sec. 5.2, we will describe our model

and analyze the energy term by term. We will �rst analytically solve conformal density.

Then a �rst order approximation of di�erent energy term introduced by changing the closest

distance and the curvature of the �laments will be calculated. In Sec. 5.3, the conformal

density distributions which satisfy the geometrical constraints in Eq. (5.2) with disclination

and twist are analytically solved. In Sec. 5.4, every energy term is calculated for twist

introduced to hexagonal uniform straight �lament bundles. The energy analysis of a centered

disclination in a twisted bundle is given in Sec. 5.5. The energy considering the total bending

energy is discussed in Sec. 5.6. In Sec. 5.7, the twisted/straight bundle energy is calculated

after adding tension in di�erent con�nements. In Sec. ??, we present the conclusion and

outlook.

5.2 Model

In this section, we build the basic energy model for our system, and qualitatively analyze

the possible energy terms due to changes in the conformal density. We also brie
y describe

the calculation of each term in the energy, and derive a �rst order approximation to the ener-

getic cost of long-range repulsive interaction due to closest distance between twist �laments

and �lament curvature in a twisted bundle.

The total energy of the system per unit length can be split into two terms: con�nement

and repulsive interaction. The con�nement an external potential V of the form is

V(r ) = arn (5.3)
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The interaction between two �laments is Yukawa potential in 3D. However, to the �rst order,

we can approximate this by the 2D case, which is a modi�ed Bessel function of the second

kind K 0(�r ), where � � 1 is the interaction range.

The continuum form of the total energy of the system per unit length is

E tot =
Z

dAn(r )V(r ) +
1
2

Z
dAn(r )

Z
n(r 0)Uint dA0 (5.4)

wheren(r ) is the density distribution and Uint � U0K 0(jr � r 0j) is the repulsive interaction

betweenr and r 0.

In order to research whether the twisted state exist in long-range repulsion and con�ne-

ment system. The idea is to reduce the 3D twist �lament system into a 2D system by using

the fact that the cross-section arrangement is the same along the �lament up to rotation.

Then we want to know how the twist will change the density distribution which must satisfy

the geometrical (or conformal) constraints.

Assuming the initial density distribution is uniform, after adding a slight twist, how

does the cross-sectional density change? Will it be increasing or decreasing? Twist �lament

bundles have positive e�ective Gaussian curvature [24]. The e�ective Gaussian curvature of

twist �lament bundles to the �rst order approximation in the rotation rate 
 2 is

K G = 3
 2: (5.5)

According to the geometrical constraints in Eq. (5.2), positive Gaussian curvature has

the same e�ect on the density distribution as a negative disclination. According to the

results in the chapter 4, negative disclinations will generate positive density gradient. So,

the conformal density will increase due to the introduction of twist.

When the �lament density changes, four terms in the energy will change: the con�nement

energy � Econ, the repulsive interaction energy �E int 1 due to the change in �lament density,
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the repulsive interaction energy �E int 2 due to the reduction in the shortest distance between

the �laments, and repulsive interaction term � E int 3 due to the curvature of twist �laments.

Since the conformal density changes from uniform to non-uniform with positive gradient,

the con�nement energy will increase, i.e. �Econ > 0. Since the inter-�lament interactions

are long-range repulsive, the �laments resist this change in distance. So if we move from

uniform to non-uniform with positive gradient, the repulsive interaction will decrease, i.e.

� E int 1 < 0. Twist will make the �laments much closer, so the repulsive interaction �E int 2

will increase, i.e. � E int 2 > 0. As to the energy � E int 3 due to the curvature of twist �laments,

there is no clear evidence to show whether it will increase or decrease before calculating.

Therefore, total energy change will contain four terms:

� E tot = � Econ + � E int 1 + � E int 2 + � E int 3 (5.6)

If � E tot < 0, the twisted state is stable. Otherwise, the twisted state is not stable.

In the following section, we solve the �lament density which satisfy the geometrical

constraints.

5.2.1 Bundle equivalent surface

In this subsection, we will describe the metric-equivalent surface of a twisted �lament

bundle and derive a �rst order approximation in the small twist 
.

In a twisted bundle, the �rst order approximation to the interaction energy is a function

of the closest distance �? . The metric of two �laments in a small twist case, i.e. 
R � 1,

can be approximated as a sphere [51]:

ds2 = ( d� )2 + R2
s sin2 � (d� )2 (5.7)
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Figure 5.5. (A) Twist �lament; (B) Metric-equivalent sphere.

whereRs = 1p
3


and � is the twist angle,

tan � = 
 � (5.8)

and P is the pitch of the twisted �lament given by 
 = 2�
P .

Fig. 5.5 shows a twisted �lament bundle and its metric-equivalent surface.� is the radial

distance in the bundle cross-section and is equal to the geodesic distance from the north pole

to the �lament's equivalent point on the sphere.

There are two surfaces: the cross-section and the metric-equivalent surface (sphere in

Fig. 5.5(B)). On the cross-section, the coordinates are (x; y) and (�; � ), i.e. x = � cos� and

y = � sin� . On the metric-equivalent surface, the coordinates are (�; � ), where � is the tilt

angle and

� =
�

Rs
(5.9)

as shown in Fig. 5.5(B).
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The geodesic distance between two points, ^r1 � (sin � 1 cos� 1; sin� 1 sin� 1; cos� 1) and

r̂2 � (sin � 2 cos� 2; sin� 2 sin� 2; cos� 2), on this sphere is:

� ? = Rs arccos(^r1 � r̂2) (5.10)

r̂1 � r̂2 = cos(� 12) sin
p

3
 � 1 sin
p

3
 � 2 + cos
p

3
 � 1 cos
p

3
 � 2 (5.11)

where� 12 � � 1 � � 2. In the �rst order approximation of 
 2,

arccos(^r1 � r̂2) �
p

3
 d(1 �
sin2(� 12)� 2

1� 2
2
 2

2d2
) (5.12)

d �
q

� 2
1 + � 2

2 � 2� 1� 2 cos(� 1 � � 2) (5.13)

where d is the distance in the cross-section.

The geodesic distance between two points on the metric-equivalent surface, which is also

the closest distance between two twisted �laments, is

� ? � d(1 �
sin2(� 12)� 2

1� 2
2
 2

2d2
) (5.14)

The interaction between two closest �lament is

K 0(� � ? ) � K 0(�d ) +
� sin2(� 12)� 2

1� 2
2K 1(�d )

2d

 2 (5.15)

where the second term is the �rst order correction from the smaller closest distance in the

twist �lament bundles compared with the parallel �lament bundles as shown in Fig. 5.1.
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5.2.2 Corrections from curvature of twist �lament

In this subsection, we obtain the �rst order correction to the repulsive interaction energy

at small twist due to the curvature of the �laments.

From [25], there is a correction term from the curvature of �laments in a twisted bundle.

K 0(� � ? ) !
K 0(� � ? )

p
1 + � j � ij � N j

(5.16)

where� ij = X j (s�
j ) � X i (si ) is the displacement of closest contactfrom �lament i to �lament

j; N j is the normal vector of �lament j. N j � � cos(� j + 
 zj )x̂ � sin(� j + 
 zj )ŷ, and the

shape of �lament backbone is a helical curveX i = � i cos(� i + 
 zi )x̂ + � i sin(� i + 
 zi )ŷ + zi ẑ.

To the �rst order of 
 2, the repulsive interaction is:

K 0(� � ? )
p

1 + � j � ij � N j
� K 0(�d ) +

� sin2(� i � � j )� 2
i � 2

j K 1(�d )

2d

 2

+
1
4


 2
�
d2 � j � 2

i � � 2
j j

�
K 0(�d ) (5.17)

where the third term is the �rst order approximation due to the curvature of each �lament.

5.3 Conformal density

In this section, we solve Eq. (5.2) for a twisted �lament bundles to get the conformal

density distribution in the cross-sectional surface. In order to solve Eq. (5.2), we �rst use

a conformal transformation to transform it to isothermal coordinates, then solve it in the

isothermal coordinates. We then transform the density back to the cross-sectional surface.

The system should satisfy the geometric constraints

�
1
2

r 2
? ln n(r ) = s(r ) � K G (5.18)
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where

r 2
? =

1
R2

s sin�
@
@�

(sin �
@
@�

) +
1

R2
s sin2 �

@2

@�2
(5.19)

and r = f RS; �; � g are the coordinates on the metric-equivalent sphere.

5.3.1 Isothermal coordinates

Eq. (5.18) is very hard to solve, but we can use a conformal transformation to transform

it to a Poisson equation in the isothermal coordinates, (~�; � ):

ds2 = ( d� )2 + R2
s sin2 � (d� )2 (5.20)

= ! 2((d~� )2 + ~� 2(d� )2) (5.21)

From Eq. (5.21), we can get

!d ~� = d� (5.22)

! ~� = Rs sin� (5.23)

Then, after some calculations, we can get

~� = tan
�

2Rs
(5.24)

� = 2Rs arctan ~� (5.25)

! =
2Rs

1 + ~� 2
(5.26)

Therefore, after taking this conformal transformation, Eq. (5.18) can be written

�
1
2

~r 2 ln n(~� ) = ! 2(s(~� ) � K G) (5.27)
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5.3.2 Solution in isothermal coordinates

Once we �nd the Green's function which satis�es Dirichlet boundary condition, we can

use the following formula to directly calculate the solution of the Poisson equation,r 2u = � .

u(r ) = �
Z

V
G(r ; r 0)� (r 0)dV0+ f (5.28)

wheref is the boundary value atr = R, u(R) = f .

The Green's function is [4]

G(r ; � ) =
1

4�
ln(

R2 + r 2� 2=R2 � 2r� cos(� � � )
r 2 + � 2 � 2r� cos(� � � )

) (5.29)

In the cross-section, if there are M positive topological defects in the system, the discli-

nation density will be

s2D (� ) =
MX

i =1

qi
1
�

� (� � � i )� (� � � i ) (5.30)

where qi = � �
3 is the topological charge ofi -th disclination, the position of the i-th discli-

nation is � i = ( � i ; � i ), and the delta function in 2D polar coordinates is� (~� � ~� 0) =

1
� � (� � � 0)� (� � � 0).

The disclination number within the same area should be the same,

dNdis = ssdAs = s2D dA2D (5.31)

So, on the metric-equivalent sphere, the disclination density will be

ss(�; � ) =
MX

i =1

qi
1

Rs sin�
� (� � � i )� (� � � i ) (5.32)
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where the �xed radiusRs the delta function on the sphere's surface is� (r̂ � r̂0) = 1
Rs sin � � (� �

� 0)� (� � � 0), and � = �
Rs

.

Similarly, in isothermal coordinates, the disclination density is

si (~�; � ) =
MX

i =1

qi
1

! 2~�
� (~� � ~� i )� (� � � i ) (5.33)

and the total disclination density in isothermal coordinates will be

! 2si (~�; � ) =
MX

i =1

qi
1
~�
� (~� � ~� i )� (� � � i ) (5.34)

So plugging Eq. (5.34) into Eq. (5.28), we can get:

�
Z

V
G(r ; r 0)! 2si (~� )dV0 = �

MX

i =1

qi G(~�; ~� i ) (5.35)

Using the Green's function in Eq. (5.29), after some calculation, we get:

Z

V
G(r ; r 0)! 2K GdV0 = ln

1 + ~R2

1 + ~� 2
(5.36)

whereK G = 3
 2 = 1
R2

s
[51] was used. Therefore, the general solution to Poisson's equation

on the isothermal surface is:

u(~� ) = �
MX

i =1

qi G(~�; ~� i ) + ln
1 + ~R2

1 + ~� 2
+ f (5.37)

Using u = � 1
2 ln n, the density distribution on the isothermal surface will be:

ni (~� ) = e� 2f

�
1 + ~� 2

1 + ~R2

� 2

e
� 2

MP

i =1
qi G(~�; ~� i )

(5.38)

Then using the conformal transformation in Eq. (5.24, 5.25, 5.26), we can get the density

pro�le on the metric-equivalent surface, denotedns(� ). Then, density distribution on the
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cross-sectional surface can be found from the density on the metric-equivalent surface. From

2D cross-section to metric-equivalent surface, the number of �laments in a small area should

be the same,

dN = nsdAs = ncdAc (5.39)

wheredAs = Rs sin �
Rs

d�d� and dAc = �d�d� . So,

nc(� ) = ns(� )
Rs sin �

Rs

�
(5.40)

Finally, the parameter f can be got from the constraints of �xed total system size N.

N = 2�

RZ

0

n(� )�d� (5.41)

5.3.3 Without disclination

If there are no disclination defects, using Eq. (5.38), the conformal density distribution

will be:

ni (~� ) = e� 2f

�
1 + ~� 2

1 + ~R2

� 2

(5.42)

Transforming back to metric-equivalent surface coordinates:

ns(� ) =
n0

cos4 �
2Rs

(5.43)

wheren0 � e� 2f cos4 R
2Rs

.
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Therefore, the density distribution on the cross-section surface is:

nc(� ) = n0
sin

� p
3r 


�

� p
3r 


�
cos4

�
1
2

p
3r 


� (5.44)

To the �rst orders in our approximation:

nc(� ) � n0(1 + 
 2� 2) (5.45)

Using the constraints on the total number of �laments N, we get

n0 =
N

�R 2(1 + 1
2 
 2R2)

(5.46)

5.3.4 Centered disclination

When disclinations are in the center, i.e.~~� i = ~0,

G(~�; ~� i ) =
1

4�
ln(R2=� 2) (5.47)

Plugging the above equation into Eq. (5.38), the density on the isothermal surface is

ni (~� ) = e� 2f (
~�
~R

)� q
�

�
1 + ~� 2

1 + ~R2

� 2

(5.48)

The density on the metric-equivalent surface is

ns(� ) = e� 2f (
tan( �

2Rs
)

tan( R
2Rs

)
)� q

�
cos4 R

2Rs

cos4 �
2Rs

(5.49)

The density on the cross-sectional surface is

nc(� ) = n0
sin

� p
3r 


�
tan� q

�
�

1
2

p
3r 


�

� p
3r 


�
cos4

�
1
2

p
3r 


� (5.50)
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To �rst order, nc(� ) is:

nc(� ) � n0

 p
3

2

 �

! � q
� h

1 + (1 �
q

4�
)
 2� 2

i
(5.51)

Using the constraints on the total number of �laments N, we can get

n0 �
N

�R 2

 p
3

2

 R

! q
�

(1 �
q

2�
)
�

1 �
1
2

(1 �
q

2�
)R2
 2

�
(5.52)

Therefore the density will be

nc(� ) =
N

�R 2
R

q
� (1 �

q
2�

)
�

1 �
1
2

(1 �
q

2�
)R2
 2

�
� � q

�

h
1 + (1 �

q
4�

)
 2� 2
i

(5.53)

5.4 Energy di�erence from uniform straight �lament bundles to

twist bundles

After calculating the conformal density pro�le with the geometrical constraints, we will

use the density to calculate the con�nement and repulsive interaction. In this section, we

will use the conformal density in Eq. (5.45) without disclinations to calculate the total

con�nement and repulsive interaction energies in our �rst order approximation.

The total con�nement is:

Econ �
2NaRn

n + 2
+

nNaRn

(n + 2)( n + 4)

 2R2 (5.54)

The di�erence in the con�nement between twisted bundle and straight uniform �lament

bundles is:

� Econ =
nNaRn

(n + 2)( n + 4)

 2R2 (5.55)
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Therefore, the di�erence in con�nement energy �Econ is always larger than 0 which agrees

with our qualitative analyze in Sec. 5.2.

The total interaction energy is:

E int �
U0N 2

2� 2R4
[I1 + 
 2(I2 + I3 � R2I1) + 
 2I4 +

1
4


 2I5 �
1
4


 2I6] (5.56)

where

I1 �
Z Z

dAdA0K 0(�d ) (5.57)

I2 �
Z Z

dAdA0r 2K 0(�d ) (5.58)

I3 �
Z Z

dAdA0r 02K 0(�d ) (5.59)

I4 �
Z Z

dAdA0� sin2(� 12)r 2r 02K 1(�d )
2d

(5.60)

I5 �
Z Z

dAdA0d2K 0(�d ) (5.61)

I6 �
Z Z

dAdA0jr 2 � r 02jK 0(�d ) (5.62)

5.4.1 Zero-th order interactions

To zeroth order,

I1 =
1

R2

4� 2

� 6
[
z4

2
� z4I 1(z)K 1(z)] (5.63)

wherez � �R .

Therefore, the 0-th order formula for the interaction energy is:

E int 0 =
U0N 2

z2
[1 � 2I 1(z)K 1(z)] (5.64)
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Figure 5.6. All of the interaction terms due to twist � E int
U0N 2 
 2R2 .

5.4.2 Interaction di�erence due to conformal density

I2 =
4� 2

� 6
[
z4

4
� z4K 1I 1 + 2z3K 1I 2] (5.65)

where x � �r 0; y � �r; z � �R and we use the Modi�ed Bessel function relation in the

Appendix D.

I3 �
Z Z

dAdA0r 02K 0(�d ) = I2 (5.66)

due to the symmetry betweenr and r 0.

I2 + I3 � R2I1 =
4� 2

� 6
[� z4I 1K 1 + 4z3K 1I 2] (5.67)

Therefore, the repulsive interaction due to the density change will be:

� E int 1 =
2U0N 2
 2R2

z3
[� zI1K 1 + 4K 1I 2] (5.68)
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whereK i � K i (�R ), I i � I i (�R ), i = 1; 2;

This term is always negative because as more particles moving outside, the total repulsion

will decrease. The blue line in Fig. 5.6 shows its plot.

5.4.3 Interaction di�erence due to close distance between �laments in twisted

�lament bundles

I4 =
2� 2z4

� 6
[
1
4

� K 2(z)I 2(z)] (5.69)

wherex � �r 0, y � �r .

Therefore, the change in the repulsive interaction energy from shortening the distance in

the twisted bundle is:

� E int 2 =
U0N 2
 2R2

z2
[
1
4

� K 2(z)I 2(z)] (5.70)

This term is larger than 0 since it makes the �laments closer. The green line in Fig. 5.6

shows the plot of this term.

5.4.4 Interaction di�erence due to the curvature of twist �lament

I5 = 4�

RZ

0

rdr

RZ

0

r 0dr0

�Z

0

d2K 0(�d )d� (5.71)

We can de�ne

F (� ) �
Z Z

dAdA0K 0(�d ) (5.72)
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This is just I1 in Eq. 5.63.

@F(� )
@�

= � 4�

RZ

0

rdr

RZ

0

r 0dr0

�Z

0

dK 1(�d )d� (5.73)

@2F (� )
@�2

= I5 +
1
�

@F(� )
@�

(5.74)

I5 =
8� 2z2

� 6

�
z2I 0K 0 � z2I 1K 1 � 3zI1K 0 + 3zI0K 1 � 8I 1K 1 + 1

�
(5.75)

I6 =
4� 2

� 6

2
3

z2

�
z2I 0K 0 + z2I 1K 1 � 2zI0K 1 + 8I 1K 1 � 2

�
(5.76)

Therefore, the change in the repulsive interaction energy from curvature is

� E int 3 =
U0N 2
 2R2

z4

�
2
3

z2I 0K 0 �
4
3

z2I 1K 1 +
11
3

zI0K 1 � 3zI1K 0 �
32
3

I 1K 1 +
5
3

�
(5.77)

This term is positive at small z but negative at larger z. The black line in Fig. 5.6 shows

a plot of this term. All of the integrals from I1 to I6 have been numerically calculated in

Mathematica and match our analytical calculations.
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5.4.5 Total interaction energy di�erence

Therefore, the total interaction energy di�erence by combining Eq. (5.68, 5.70, 5.77) is

� E int =
U0N 2
 2R2

z4

�
5
3

�
68I 1K 1

3
+ z

�
29I 0K 1

3
� I 1K 0

�

+ z2

�
�

1
3

I 0K 0 �
10I 1K 1

3
+

1
4

��
(5.78)

The red line in Fig. 5.6 shows the change in the interaction energy. Note that � E int
U0N 2 
 2R2

is always larger than 0. Therefore, the change of interaction energy is always larger than 0.

5.4.6 Total energy di�erence

According to the total di�erence in the con�nement in Eq. (5.55) and interaction in Eq.

(5.78), the total energy di�erence between twist and straight �lament bundles is

� E tot =
nNaRn 
 2R2

(n + 2)( n + 4)
+ U0N 2
 2R2G(z) (5.79)

where

G(z) �
1
z4

�
5
3

�
68I 1K 1

3
+ z

�
29I 0K 1

3
� I 1K 0

�
+ z2

�
�

1
3

I 0K 0 �
10I 1K 1

3
+

1
4

��
(5.80)

wherez � �R .

In the above calculation, system sizeR is a free parameter. It has been calculated by

using the value which minimize the total energy in the straight case. So in the following,

we will approximate the total energy in a twisted �lament bundle by expanding around the

lowest energy�R in the straight case.

E tot = E tot 0 + � E tot (5.81)

E tot 0 =
2Na� zn

n + 2
+

U0N 2

z2

�
1 � 2I 1(z)K 1(z)

�
(5.82)
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where � E tot is in Eq. (5.79), a � a
� n .

The z� which minimizesE tot in the straight case is:

@Etot 0

@z
= 0 (5.83)

So, the total energy change aroundz� will be

� E tot = U0N 2
 2R2G1(z) (5.84)

where

G1(z) � �
1

z2(n + 4)

�
� zI0K 1 + I 1(zK 0 + 4K 1) � 1

�
+ G(z) (5.85)

As shown in Fig. 5.6,G(z) is always larger than 0. The �rst term in the bracket is always

negative for z > 0, so the �rst term in G1(z) is always larger than 0. Therefore, the total

energy di�erence between twisted and straight �lament bundles is always larger than 0.

Therefore, there are no stable twist states with uniform density.

5.5 Energy di�erence from straight �lament bundles to twist bun-

dles with centered disclinations

According to the above calculation, no twist states form from uniform straight �lament

bundles. In this section, we will explore whether stable twist states form from �lament bun-

dles with centered disclinations. Using the conformal density pro�le for a center disclination

�lament in Eq. (5.53), we calculate the con�nement and interaction energy di�erences be-

tween twist �laments and straight �lament bundles and compared with 0. If the energy

di�erence is smaller than 0, a stable twisted state exists. Otherwise, there is no such state.
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The con�nement energy is:

Econ = Econ0 + � Econ (5.86)

where

Econ0 =
2aN(1 � q=(2� ))Rn

n + 2 � q=�
(5.87)

The di�erence between the con�nement energy for twisted bundles and straight uniform

�lament bundles is:

� Econ =
anN (1 � q=(2� ))
 2Rn+2

(n + 2 � q=� )(n + 4 � q=� )
: (5.88)

When q = 0, the above equation reduces to Eq. (5.54).

The repulsive interaction energy is:

E int � E0

�
I7 + (1 �

q
4�

)
 2(I8 + I9) � (1 �
q

2�
)
 2R2I7 + 
 2I10 +

1
4


 2I11 �
1
4


 2I12

�
(5.89)

whereE0 � U0N 2

2� 2R4 R
2q
� (1 � q

2� )2 and

I7 �
Z Z

dAdA0r � q
� (r 0)� q

� K 0(�d ) (5.90)

I8 �
Z Z

dAdA0r � q
� (r 0)� q

� r 2K 0(�d ) (5.91)

I9 �
Z Z

dAdA0r � q
� (r 0)� q

� r 02K 0(�d ) (5.92)

I10 �
Z Z

dAdA0r � q
� (r 0)� q

�
� sin2(� 12)r 2r 02K 1(�d )

2d
(5.93)

I11 �
Z Z

dAdA0r � q
� (r 0)� q

� d2K 0(�d ) (5.94)

I12 �
Z Z

dAdA0r � q
� (r 0)� q

� jr 2 � r 02jK 0(�d ) (5.95)
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In the following, we de�ne x � �r 0, y � �r , z � �R and h �
p

x2 + y2 � 2xy cos� ,

I7 =
4�

� 4� 2q=�
f 1(z) (5.96)

f 1(z) =

zZ

0

zZ

0

�Z

0

y1� q=� x1� q=� K 0(h)dydxd� (5.97)

I8 =
4�

� 6� 2q=�
f 2(z) (5.98)

f 2(z) =

zZ

0

zZ

0

�Z

0

y3� q=� x1� q=� K 0(h)dydxd� (5.99)

I10 =
4�

2� 6� 2q=�
f 3(z) (5.100)

f 3(z) =

zZ

0

zZ

0

�Z

0

y3� q=� x3� q=� sin2 �
K 1(h)

h
dydxd� (5.101)

I11 =
4�

� 6� 2q=�
f 4(z) (5.102)

f 4(z) =

zZ

0

zZ

0

�Z

0

y1� q=� x1� q=� h2K 0(h)dydxd� (5.103)

I12 =
4�

� 6� 2q=�
f 5(z) (5.104)

f 5(z) =

zZ

0

zZ

0

�Z

0

y1� q=� x1� q=� jy2 � x2jK 0(h)dydxd�

(5.105)
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Therefore,

E int =
2U0N 2(1 � q

2� )2

�
z2q=� � 4

�
f 1(z) + 
 2R2

�
2(1 �

q
4�

)
f 2(z)

z2
� (1 �

q
2�

)f 1(z)

+
f 3(z)
2z2

+
1
4

f 4(z)
z2

�
1
4

f 5(z)
z2

��
(5.106)

We need to �rst check whether the di�erence of interaction energies between straight and

twist �lament bundles will be negative or not. So,

� E int

U0N 2
 2R2
= z2q=� � 4� Eb(z)

� Eb(z) =
2
�

(1 �
q

2�
)2

�
2(1 �

q
4�

)
f 2(z)

z2
+

f 3(z)
2z2

� (1 �
q

2�
)f 1(z) +

1
4

f 4(z)
z2

�
1
4

f 5(z)
z2

�
(5.107)

where � Eb(z) represents the back bone of �E int (z) which will determine the sign of the

� E int .

In the following section, I will numerically calculate f i (z) for i = 1; 2; 3; 4; 5 and plot

� E int and � Eb(z).

5.5.1 Centered negative disclination result

Fig. 5.7 and 5.8 show the plot of the backbone of �E intbare and � E int for Q = � 1

to -6, where Q represents the total number of disclinations in the system. As we can see,

the interaction energy di�erence increases when the disclination number increases from 1 to

6. All the energy changes are positive. Therefore, there are no stable twisted states when

negative disclinations are in the center.
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Figure 5.7. Plot of � Eb for Q = � 1 to -6.

Figure 5.8. Plot of � E int
U0N 2 
 2R2 for Q = � 1 to -6.

5.5.2 Centered positive disclination result

Fig. 5.9 and 5.10 show the plot of the backbone of �E intbare and � E int for Q = +1

to +5 centered disclination result. As we can see, �E intbare will determine the sign of the

interaction energy di�erence, and � E int will determine the size of this di�erence. From Fig.

5.9, for Q = +2 ; +3; +4; +5, � E intbare < 0, so twist states may exist in these cases. As for

Q = +1, � E intbare < 0 at a very small region, as shown in the inside panel in Fig. 5.9. Since

the di�erence in con�nement energy is always positive, we need to add the con�nement and

interaction energies together to determine whether there is a stable twisted state.
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Figure 5.9. Plot of � Eb for Q = +1 to +5.

Figure 5.10. Plot of � E int
U0N 2 
 2R2 for Q = +1 to +5.

In the following subsection, we will combine the con�nement and interaction energies and

check whether stable twisted states exist or not for di�erent con�nements.

5.5.3 Total energy with centered disclination

Combining the con�nement and interaction energies in a centered disclination system,

the total energy will be:

E tot = E tot 0 + � E tot (5.108)
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whereE tot 0 is the total energy without twist and � E tot is the �rst order approximation with

twist.

E tot 0 =
2a� N (1 � q=(2� ))zn

n + 2 � q=�
+ 2U0N 2(1 �

q
2�

)2 1
�

z2q=� � 4f 1(z) (5.109)

wherea� � a
� n , f 1(z) is in Eq. (5.97) and

� E tot = N (1 �
q

2�
)
 2R2

�
a� nzn

(n + 2 � q=� )(n + 4 � q=� )
+ 2U0N (1 �

q
2�

)
1
�

g(z)
�

(5.110)

where

g(z) � z2q=� � 4

�
2(1 �

q
4�

)
f 2(z)

z2
� (1 �

q
2�

)f 1(z) +
f 3(z)
2z2

+
1
4

f 4(z)
z2

�
1
4

f 5(z)
z2

�
; (5.111)

and wheref i (z); i = 1; 2; 3; 4; 5 is de�ned in Eq. (5.97,5.99,5.101,5.103,5.105).

We can replacea� by a function of U0 by calculating the minimum z and using that

relationship.

@Etot 0

@z
= 0 (5.112)

After some calculations, we can get:

� E tot = U0N 2
 2R2(1 �
q

2�
)2 1

�
g2(z) (5.113)

where

g2(z) � � z2q=� � 4 zF1(z) + (2 q=� � 4)f 1(z)
n + 4 � q=�

+ 2g(z)

F1(z) �
@f1(z)

@z
= 2�

y1� q
� K 0(y)

2� � q

�
�y 2� q

� 1F2

�
1 �

q
2�

; 1; 2 �
q

2�
;
y2

4

��
(5.114)
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Figure 5.11. Plot of � E tot
U0N 2 
 2R2 for quartic con�nement from Q = +1 to +5.

Figure 5.12. Plot of � E int
U0N 2 
 2R2 for con�nement r 6 from Q = +1 to +5.

The total energy without twist is:

E tot 0 = 2U0N 2(1 �
q

2�
)2 1

�
g3(z) (5.115)

where

g3(z) � z2q=� � 4

�
�

1
n

�
zF1(z) + (2

q
�

� 4)f 1(z)
�

+ f 1(z)
�

(5.116)

Fig. 5.11, 5.12 and 5.13 shows the total energy di�erence of centered disclination from

Q = +1 to +5 for quartic r 4, r 6 and r 61 con�nement. At con�nement r 61, the total energy

di�erence for Q = +1 just begin to be negative.
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Figure 5.13. Plot of � E int
U0N 2 
 2R2 for con�nement r 61 from Q = +1 to +5.

For r 4 con�nement, shown in Fig. 5.11, whenQ = +1 ; +2, the total energy di�erence is

always larger than 0, which means that the energies of twisted state is always higher than

those of straight bundles. WhenQ = +3 ; +4; +5, if �R is larger than a threshold, the total

energy di�erence will be negative. In that case, there is a stable twisted state.

For r 6 con�nement, there are still no stable twisted states forQ = +1. When Q =

+2; +3; +4; +5, there is a stable twisted state, as shown in the inside panel in Fig. 5.12.

For n = 61, i.e. r 61 con�nement, there is one small section to have a stable twisted state

for Q = +1, as shown in the right inside panel in Fig. 5.13. The rest of the cases are similar

to n = 6 con�nement.

5.5.4 Twist/Straight phase diagram for Q and �R with di�erent con�nement

Fig. 5.14 shows the twist/straight phase diagram for total disclination numberQ v.s.

�R with di�erent con�nements from soft to hard, n = 1; 2; 3; 4; 5; 6; 61 and 1 . It shows

the stability plot for Q = +1 to +5 under di�erent con�nement. When �R is small, i.e.

long-range interaction, there is no stable twist state. When�R is large, fromQ = +2 to +5,

there is always stable twist states. However, forQ = +1, stable twist states are exist only

in a small region.
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Figure 5.14. Twist/Straight phase diagram for Q v.s. �R with n = 1; 2; 3; 4; 5; 6; 61 and
1 .

5.6 Use bending sti�ness to determine the best twist angle

In the above section, we showed that there is a stable twisted state for a centered discli-

nation system. In this section, we will introduce a bending sti�nessB to determine the

lowest energy rotation rate 
 � given B.

The �rst order approximation of the total bending energy [25] is

Ebend �
B 
 4�

� 4

zZ

0

n(y)y3dy (5.117)

wherey � �r; z � �R .

So, we can rewrite the total energy as a function of 
2 as:

E tot = E tot 0 � c2
 2 +
c4

2

 4 (5.118)

wherec2 is a parameter which can be found from the total energy di�erence in Eq. (5.113),

and c4 come from the bending term. These parameters are given by
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c2 � � U0N 2R2(1 �
q

2�
)2 1

�
g2(z) (5.119)

c4 �
2B�
� 4

zZ

0

n(y)y3dy = BNR 2 2� � q
4� � q

(5.120)

Minimizing the total energy with respect to 
, we can get

@Etot

@

= � 2c2
 + 2 c4
 3 = 0 (5.121)

So, the best twist rate is


 2
� =

c2

c4
(5.122)

After some work, we get


 2
� = cB� 1 (5.123)

wherec � � U0N (1 � q
2� )(2 � q

2� ) 1
� g2(z). According to Eq. (5.123), ifB ! 0, 
 � ! 1 . But

the above calculation is based on the small twist assumption, i.e. 
R < 1. Therefore, as the

�rst order approximation, the rotation rate with lowest energy is not correct. In order to

get the correct result, it may need to calculate to second order approximation of 
2.

5.7 Tension stability of twisted �lament bundles

In this section, we will calculate the twisted/straight phase boundary when there is

tension in the �lament bundle. The motivation for this tension term is to punish non-

straight �laments. Tension energy in a twisted �lament is always larger than 0 and we will

calculate the twisted/straight phase boundary at the stable twisted state.
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Given a section of �lament, if it is straight, its length is L which is the smallest length.

However, if it's twisted, its length will be L= cos� , where � is the twist angle. The tension

term will be constructed from the length di�erence.

� ten = T(
L

cos�
� L) � TL

1
2


 2r 2 (5.124)

where T is the tension along the �lament,� is the twist angle and cos� = 1=
p

1 + (
 r )2.

Therefore, the total tension energy per unit length is

E ten =
T
2


 2
Z

r 2n(r )dA = NT 
 2R2 1 � q
2�

4 � q
�

(5.125)

The total energy di�erence including the tension will be:

� E tot

U0N 2
 2R2
=

T
U0N

1 � q
2�

4 � q
�

+ (1 �
q

2�
)2 1

�
g2(z) (5.126)

So, the stability condition for tension can be calculated according to the above equation,

giving:

T
U0N

= � (4 �
q
�

)(1 �
q

2�
)
1
�

g2(z) (5.127)

Fig. 5.15, 5.16 and 5.17 show a plot ofT v.s. �R for n = 4; 6; 1 . All the shaded region

is twisted state for the corresponding centered disclination system, and the rest is straight.

Twisted �lament bundles with higher centered disclinations can resist on higher tension.

5.8 Discussion

In summary, we have developed a relationship among particle density, disclination density

and Gaussian curvature, which is applicable for all systems with nonuniform density and
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Figure 5.15. T v.s. �R plot for n = 4.

Figure 5.16. T v.s. �R plot for n = 6.

independent of speci�c interaction and con�nement. Using the relationship, at the �rst order

approximation of small twist, we have shown that there is no twist ground state for uniform

straight �lament bundles in a system with long-range repulsive interaction and con�nement.

Generally speaking, the conformal density which satis�es the relationship among particle

density, disclination density and Gaussian curvature, will reduce the total interaction energy.

However, the twisted texture will reduce the distance between �laments and increase the total

interaction energy. The twisted texture will also change the curvature of each �lament and

increase the total interaction energy at long-range repulsion and reduce energy at short-range

repulsion. The net e�ect is that twist texture with conformal density will increase the total
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Figure 5.17. T v.s. �R plot for n = 1 .

interaction energy compared with straight uniform �lament bundles. Therefore, no matter

what type of con�nement, there are no stable twist states from uniform straight �lament

bundles. The above conclusion is only applicable to the small twist case. For small twist

case, it may not be helpful to calculate the second order approximation since its value is

much smaller than the �rst order approximation.

For a system with centered negative disclination, the energy of twist states is always

higher than the energy of straight �lament bundles. However, for a system with centered

positive disclinations, two situations will happen. ForQ = +2 to +5, the energy of twisted

�lament bundles is always lower than straight bundles when�R is larger than some threshold

�R 0. For Q = +1, the energy of twisted bundles is only lower than straight bundles in a

small range. On the other hand, the conformal density for a twisted state will always increase

the con�nement energy. Therefore, combining the total e�ects of repulsion and con�nement,

there are stable twisted states forQ = +2 to +5 after �R > �R 0. As for Q = +1, only at very

sharp con�nement, stable twisted �lament bundles exist within a very small range. As shown

in chapter 4, the states with centered positive disclinations are not ground states. Twisted

geometries can slightly reduce the total energy within an appropriate region. However, this
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reduction is too small. Therefore, twisted �lament bundle with centered positive disclination

is an excited state.

As shown in chapter 4, the states with several separated positive disclinations are the

ground states in the straight case. Stable twisted states may exist in a system with several

separated positive disclinations. Our next step would be to do the analysis for the states with

several separated positive disclinations and check whether ground states with twist texture

exist or not.

From the analysis of this paper, we can also see the limitation of the relationship among

particle density, disclination density and Gaussian curvature, the formula in Eq. (5.2). It

only considers the conformal density aspect for a con�guration. However, for a speci�c

structure with non-Euclidean geometry, we also need to consider the energy di�erence intro-

duced by the structure. Both of the energy di�erence came from conformal density and the

geometrical structure should be considered.
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CHAPTER 6

SUMMARY AND FUTURE CHALLENGES

In this dissertation, we have explored the ground states of vortices and �laments with

competing interactions.

In chapter I, we �rst introduced vortex lines in Type II superconductors and then dis-

cussed the proposal of vortices with multi-scale inter-vortex interactions in layered supercon-

ductors. This was followed by the discussion of building a model of �lament bundles with

long-range repulsive interactions and con�nement based on the common features of DNA

and vortex bundles.

In chapter II, we discussed the principles of multi-scale inter-vortex interactions to gener-

ate vortex lattices with di�erent symmetries. The degree of perfection has been developed to

indicate the di�erence between the numerical results and their corresponding perfect lattices.

We have found two multi-scale inter-vortex interactions to generate the perfect lattices with

di�erent symmetries. The next step is to test the stability of symmetric vortex lattices at

the �nite temperature or under driving forces.

In chapter III, we mapped two phase diagrams by changing the relative scale of short-

range repulsive and attractive interactions and vortex density. More than ten new vortices

phases have been discovered.

In chapter IV, the ground states of straight �lament bundles with long-range repulsive

interactions and con�nement were discussed. The interplay between the non-uniform density

pro�le of the ground states and topological defects has been explored. In our system, the

density gradient can be controlled not only by the nature of the con�nement but also by the
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range of the repulsive interactions. We found that there is no symmetry between positive

and negative defects in our system. Positive defects are much more di�cult to create than

negative defects. Positive defects emerge near the boundary which raises the question of

whether or not to count them as inner defects. This makes the big di�erence between

the result of continuum limit analysis and numerical simulation. In order to solve this

problem, we developed a microscopic theory of defects. By considering positive defects

evenly distributed on a ring, it can partially resolve the disagreement with the result of the

continuum limit. Further work needs to be done to minimize the number and position of the

defects. The bottleneck comes from the quadruple integral in the interaction energy. This

theory would be much better if we could develop one way to quickly evaluate the quadruple

integral, and generate an e�cient algorithm to quickly �nd the minimum energy around

di�erent positions of disclinations. Further work needs to be done to check whether the scar,

a series of dislocations, will continue to reduce the system energy.

In chapter V, we developed the relationship between nonuniform density, disclination

density and Gaussian curvature. Using the relationship, one can calculate the corresponding

conformal density. With the conformal density, the stability of twist �lament bundles in

the system with long-range repulsion and con�nement has been discussed. For the uniform

bundle, the twisted state is not stable. The energy reduction introduced by the conformal

density is smaller than the energy cost due to the closer distance and curvature in the twisted

bundle. However, if the bundle carries centered positive defects, twist state would be stable

under some interaction range. For the bundles with negative centered defects, there is no

stable twist �lament bundle. Further work needs to be done to check the existence of twist

�lament bundles in the system with several separated positive disclinations.
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APPENDIX A

CONTINUUM LIMIT CALCULATION

Here we introduce a new function� (r ) as

� (r ) �
Z

� (r 0)Uint (jr � r 0j)dr 0 (A.1)

So the stationary Eq. (4.14) becomes

� (r ) � � + V(r ) = 0 (A.2)

Plug the interaction form Eq. (4.2) into Eq. (A.1),

� (r ) = U0

Z R

0
� (r 0)dr0u(jr � r 0j) (A.3)

where

u(jr � r 0j) =
Z 2�

0
r 0d�K 0(�

p
r 2 + r 02 � 2rr 0cos� )

(A.4)

Using the existing Bessel function integral in Appendix D:

�Z

0

K 0(
p

a2 + b2 � 2abcosx)dx =

8
>><

>>:

�I 0(a)K 0(b); a < b

�I 0(b)K 0(a); a > b
(A.5)
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u(jr � r 0j) =

8
>><

>>:

2�I 0(�r 0)K 0(�r ); r 0 < r

2�K 0(�r 0)I 0(�r ); r 0 > r
(A.6)

Finally, we can get the� (r ) is

� (r ) = U0K 0(�r )
Z r

0
dr0� (r 0)A0(r 0) + U0I 0(�r )

Z R

r
dr0� (r 0)B0(r 0) (A.7)

whereA0 and B0 are

A0(r 0) = 2 �I 0(�r 0)r 0 (A.8)

B0(r 0) = 2 �K 0(�r 0)r 0 (A.9)

In order to solve Eq. (A.7), we can introduce a new function (r ),

1
2

� (r ) +  (r ) = U0K 0(�r )
Z r

0
dr0� (r 0)A0(r 0) (A.10)

1
2

� (r ) �  (r ) = U0I 0(�r )
Z R

r
dr0� (r 0)B0(r 0) (A.11)

Then we can derivative to r in both side of Eq. (A.10, A.11),

� (r )A0(r ) =
d
dr

[
1
2 � (r ) +  (r )

U0K 0(�r )
] (A.12)

� � (r )B0(r ) =
d
dr

[
1
2 � (r ) �  (r )

U0I 0(�r )
] (A.13)

The basic idea to solve the Eq. (A.12, A.13) is to eliminate� and get one �rst order derivative

equation of  , then given some boundary conditions, one can solve the . Then using the
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form of  , one can directly get the density� (r ) with Eq. (A.12, A.13). So, eliminate � , we

can get

A0(r )
d
dr

[
1
2 � (r ) �  (r )

U0I 0(�r )
] + B0(r )

d
dr

[
1
2 � (r ) +  (r )

U0K 0(�r )
] = 0

(A.14)

Calculate the Eq. (A.14) in the following form

h1(r ) 
0
(r ) + h2(r ) (r ) + h3(r ) = 0 (A.15)

After simpli�ed, we can get:

h1(r ) = 0 (A.16)

h2(r ) =
2�

I 0(�r )K 0(�r )
(A.17)

h3(r ) = A0(r )[
�
2

I 0(�r )K 1(�r ) � I 1(�r )K 0(�r )
I 0(�r )2K 0(�r )

� +
�

0
(r )

I 0(�r )
] (A.18)

whereh2(r ) is always larger than 0.

Generally, in order to �x the  (r ), we need one boundary condition. So, how to �nd an

e�ective boundary condition for  (r )? The natural boundary usually happens atr = 0 and

r = R. From Eq. (A.10, A.11), at r = 0, in the right side of Eq. (A.10), the integral is 0

but the K 0(�r ) is in�nity, so we cannot know what happened in ther = 0. At r = R in the

right side of Eq. (A.11), the integral is 0 andI 0(�R ) is �nite, therefore totally, the right side

is 0. Then we get one boundary conditions for (r ).

1
2

� (R) =  (R) (A.19)
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Therefore, from Eq. (A.15), we can directly get:

 (r ) =
r
2

f � [I 1(�r )K 0(�r ) � I 0(�r )K 1(�r )]� (r ) � 2I 0(�r )K 0(�r )�
0
(r )g (A.20)

Plug Eq. (A.20) into Eq. (A.12) or (A.13), we can get the density distribution:

� (r ) =
1

2�U 0
[� 2� (r ) �

�
0
(r )
r

� �
00
(r )] (A.21)

Plug the stationary Eq. (A.2) into Eq. (A.21), we can get the density distribution in Eq.

(4.15). Then using the constraint in Eq. (A.19), we can get the chemical potential� in Eq.

(4.16).
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APPENDIX B

HOW TO COUNT THE TOPOLOGICAL DEFECTS IN
PLANAR SYSTEM?

In this section, we de�ne one principle used to count the topological defects in a 2D

system. As discussed in Sec. 4.6, the total topological defects are always 6 due to Euler's

theorem. We separate topological defects into two types: inner topological defectsQinner

and boundary defectsQbdy. Qinner represents the total topological charge of the system.

Qbdy was used to satisfy the Euler's theorem and resolve the con
ict between the locally

triangular arrangement of particles and the circular symmetry of the con�nement.

How do we determine theboundary in a system? Should the boundary be the last layer,

the last two layers, lastxth layer, 90% of the outer layers, or something else. What's the

principle behind it?

Topological defects in the system represent the topological property of the system and it

should not depend on the counting method. So we will use the de�nition of disclination in

a 2D lattice to count.

For negative defect con�gurations, it's easy to count since the negative defects are in

the center of the system. We only need to count the number of wedges in the system, then

subtract 6 to get the negative topological number.

Fig. B.1 shows one example, which is the lowest energy state at N= 657 and�R =

0:35. The wedges are marked as the red lines. There are 11 wedges which represent �ve

negative defects according to the de�nition of a disclination. The continuum prediction is

Qideal � � 5:67, and the prediction made by the geometrical constraints isQgc = � 5 which
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Figure B.1. Illustration of how we count Qinner in the system with negative topological
defects. The con�guration is the lowest energy state at�R = 0:35. There are 11 wedges
which represent �ve negative defects according to the de�nition of disclination.

is consistent with the simulation. For all negative defect systems shown in Fig. 4.12, we can

use this method to count the topological defects.

B.0.1 Boundary layer method

There is another way to �nd the topological defect number in negative defect con�gura-

tions. From Fig. 4.12, we can see that all negative defects are in the center. If we remove the

boundary defects, we still get the correct topological number. We count the negative defects

with the wedge method �rst, and then �nd the boundaries which give the same counting

result as the wedge method. After we count all negative defects con�gurations, the best

boundaries are the last 15%, i.e. only count the defects withinr � 85%R.
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Figure B.2. Under quartic con�nement, the accumulation disclination chargesNdis (r ) vs.
r
R for N = 1000 at � � 1 = 10:0R; 0:03R (their snapshots are in Fig. 4.12(A) and (I)). The
blue line is ther=R = 85% line.

The boundary is not a single layer for all system sizes. For a di�erent system sizeN , the

boundary layer may change. AsN is increased from 100 to 5000, the size of the boundary

layer also increases from 2 to 6. So it is not a good method to use the last layer number as

the boundary.

However, for the positive defects case, it's hard to use the wedges to count the total

topological charge. As we discussed above, positive defects are very hard to generate at

the center of the system. Therefore, it's not possible to count the number of wedges in the

system as in the negative case. So we use the boundaries layer method to count. Using the

same criteria as the negative case, we recognizer � 85%R as the inner layer andr > 85%R

as the boundary layer.

B.0.2 Max-Min counting method

In this method, we sort the particles by their radius and accumulate their topological

charges from center to boundary. Fig. B.2 shows the accumulation of disclination charges

Ndis (r ) vs. r
R for N = 1000 at � � 1 = 10:0R; 0:03R (snapshots are in Fig. 4.12(A) and (I)).
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Figure B.3. Total disclination number Q vs. �R without identifying the boundary layer at
(a). parabolic and (b). quartic con�nement.

As we can see from Fig. B.2, around the boundary, the accumulation charges will have

a narrow hole or peak due to the arrangement of the boundary particles. In B.0.2.1, we

count the maximum (minimum) value as the total topological charge in the system without

identifying the boundary layer [97]. In B.0.2.2, we �rst identify the boundary layer and only

use the maximum (minimum) value within the inner layer as the total topological charge in

the system.

For parabolic con�nement, since the total topological charge Q in Eq. (4.46) in the

continuum limit is always positive, we use the maximum value as the topological charge.

For the quartic con�nement, the total topological charges Q in Eq. (4.51) in the continuum

limit are negative when�R < 2:83, so we use minimum value of the accumulative charges

number as the topological charge; otherwise, we use the maximum value.

B.0.2.1 Choose maximum and minimum value of Ndis as the topological charges

without identifying boundary layer

Fig. B.3 shows total disclination number Q vs. �R without identifying the boundary

layer at (a). parabolic and (b). quartic con�nement. From B.3(b), we can see that the
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Figure B.4. Total disclination number Q vs. �R by only counting the particles in the inner
85% region at (a). parabolic and (b). quartic con�nement. (The rest 15% outside region are
recognized as boundary layer. )

negative number decreases as N increases which is very di�erent from the continuum limit

result. So this tells us that the small 
uctuations in the boundary layer may not be a

property of the whole system.

B.0.2.2 Choose maximum and minimum value of Ndis as the topological charges

and identify boundary layer as outer 15%

Fig. B.4 shows the total disclination number Q vs.�R from only counting the particles

in the inner 85% region at (a). parabolic and (b). quartic con�nement. The remaining 15%

outside this region are recognized as the boundary layer (see the blue line in Fig. B.2). From

B.3(b), we can see that forN > 100, the simulation data matched well with the continuum

prediction. However, for larger�R , the continuum limit prediction and the simulation results

have a big di�erence which also suggests the un-symmetry between positive and negative

disclinations.
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APPENDIX C

PROOF OF RELATION BETWEEN NONUNIFORM DENSITY
AND TOPOLOGICAL CHARGE

A small patch of a conformal lattice is shown in Fig. C.1. ^r and �̂ are the unit vector of

the radial and the azimuthal direction, the unit vector of normal and tangent direction of

lattice line will be n̂ = � r̂ , t̂ = � �̂ . ẑ is the unit vector direction outside the 
at plan. � g is

the geodesic curvature. For a particle at~r, ~a1(~r) is the azimuthal space constant and~a2(~r)

is the radial lattice spacing. Based on thelocal isotropic assumption, j~a1(~r)j = j~a2(~r)j, i.e.

a1 = a2.

Locally, we can see that~r = � � 1
g r̂ , ~a2 = a2r̂ . The di�erence between the lattice space in

~r and ~r + ~a2(~r) is

j~a1(~r + ~a2)j � j ~a1(~r)j ' a2
@a1
@r

(C.1)

where the negative sign came from reversing the direction betweenn and ~a2. On the other

side, we can calculate the length of~a1(~r) using the angle � � .

j~a1(~r)j = � �� � 1
g (C.2)

j~a1(~r + ~a2)j = � � (� � 1
g + a2) = a1 + a1a2� g (C.3)

We plug Eq. (C.2) into Eq. (C.3) to get the second step of Eq. (C.3). Plugging Eq. (C.3)

into Eq. (C.1), we can get

@a1
@r

= a1� g )
@ln a1

@r
= � g (C.4)
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Figure C.1. The schematic plot for the 
at surface derivation process of relation between
topological defects and nonuniform density in conformal lattice.

Since thea1 = a2 at ~r and the density of particle is related to the lattice spacing by the

following formula:

� /
1

a1a2
/

1
a2

1
(C.5)

) ln a1 = �
1
2

ln � + c (C.6)

where� is the density.

Plugging Eq. (C.6) into Eq. (C.4), we can get

�
1
2

@ln �
@r

= � g (C.7)

We can generate the Eq. (C.7) to the ^n direction

�
1
2

r ln � = � gr̂ (C.8)
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Sincef r̂; �̂; ẑg form an orthonormal triad, we can use ^z cross both side of Eq. (C.8),

ẑ � (�
1
2

r ln � ) � �̂ = � g (C.9)

where we use ^z � r̂ = �̂ .

On the other hand, the geodesic curvature has a relation with the angular changes along

the curve l,

� g =
@�
@l

: (C.10)

Therefore, we can get

ẑ � (�
1
2

r ln � ) � �̂ =
@�
@l

(C.11)

Integral the closed loop on both side of Eq. (C.11), right side is
R

C dl @�
@l =

H
d� which is

the total disclination within a circle C.

I
d� =

X

i

si =
Z

S
s(r )dA (C.12)

wheres(r ) is the disclination density andS is the area closed by circleC.

So

Z

C
dl

@�
@l

=
Z

S
s(r )dA (C.13)

The integral of the left side of Eq. (C.11),

Z

C
ds(ẑ � (�

1
2

r ln � )) � �̂ =
Z

S
(�

1
2

r 2 ln � )dA (C.14)
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where Stokes's theorem and the identities,r � (~a� ~b) = ~a(r � ~b) � ~b(r � ~a)+( ~b�r )~a� (~a�r )~b,

r � ~z = 0; ( 1
2r ln � � r )~z = 0; (~z� r ) 1

2r ln � = r (~z� 1
2r ln � ) � ~z� r � 1

2r ln � = 0 were used

to simplify.

Comparing with Eq. (C.11), (C.13) and (C.14), we can get the relation between discli-

nation density and nonuniform density:

Z

S
(�

1
2

r 2 ln � (r ))dA =
Z

S
s(r )dA (C.15)

�
1
2

r 2 ln � (r ) = s(r ) (C.16)

C.0.1 Curved surface

In the curved surface case, the geodesic curvature contains the correction from the con-

nection. It has the following relation:

� g(s) = @s� (s) � e�
1 (s)@se�

2 (s) (C.17)


 (x) = e1(x) � r e2(x) (C.18)

where compared with Eq. (C.10), an extra connection term exists.

Based on the Eq. (C.17), we also have

� g(s) = r � � t̂ � ~
 � t̂ (C.19)

Therefore,

I

C
� g(s)ds =

I

C
(@s� (s) � ~
 � t̂)ds

=
I

C
d� �

Z

S
(r � ~
) � n̂dA

=
Z

S
s(r )dA �

Z

S
K GdA (C.20)
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Using the same relation in Eq. (C.9), we can get

Z

S
dA(�

1
2

r 2 ln � ) =
Z

S
s(r )dA �

Z

S
K GdA (C.21)

Therefore, we got the relation between the non-uniform density, curvature and disclination

density.

�
1
2

r 2 ln � = s(r ) � K G (C.22)
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APPENDIX D

MODIFIED BESSEL FUNCTION RELATION

All of the relations in this section were derived by using the basic property of modi�ed

Bessel function [4,63].

Z y

0
I 0(x)xdx = yI 1(y) (D.1)

Z y

0
I 0(x)x3dx = y2(2I 2(y) + yI 3(y)) (D.2)

Z yR

y
K 0(x)xdx = yK 1(y) � yRK 1(yR) (D.3)

Z yR

y
K 0(x)x3dx = y3K 1(y) + 2 y2K 2(y) � y3

RK 1(yR) � 2y2
RK 2(yR) (D.4)

Z y

0
I 1(x)x2dx = y2I 2(y) (D.5)

Z y

0
K 1(x)x2dx = 2 � y2K 2(y) (D.6)

Z y

0
K 1(x)x2dx = � y2K 2(y) (D.7)

K 0(y)I 1(y) + I 0(y)K 1(y) =
1
y

(D.8)
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I � +1 (y) = I � � 1(y) �
2�
y

I � (y) (D.9)

K � +1 (y) = K � � 1(y) +
2�
y

K � (y) (D.10)

K 0I 2 + K 2I 0 = 2I 0K 0 +
2
y

I 0K 1 �
2
y

K 0I 1 (D.11)

K 0I 3 + I 0K 1 =
1
y

�
4
y

K 0I 0 +
8
y2
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