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ABSTRACT

MATRIX FACTORIZATIONS AND KHOVANOV HOMOLOGY
SEPTEMBER 2024
ARTHUR WANG, B.S., RUTGERS UNIVERSITY
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Alexei Oblomkov

In this thesis we develop a geometric interpretation for Rasmussen’s spectral se-
quences using a construction for Khovanov-Rozansky link homology developed by
Oblomkov and Rozansky. In the special case of Khovanov homology, we provide
a proof for the geometric construction of Rasmussen’s differentials by examining
the relationship between matrix factorizations and Soergel bimodules. Finally we
leverage the techniques developed in order to provide an alternative method for

computing the Khovanov homology of knots and links.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

One of the seminal advances in knot theory occurring when Khovanov defined
his categorification of the Jones polynomial [20]. Khovanov homology is a stronger
invariant compared to the Jones polynomial and has proven to have useful appli-
cations in topology. Most notably Khovanov homology was used by Rasmussen to
give an elementary proof of Milnor’s conjecture on slice genus. Several years later,
Khovanov and Rozansky introduced a new type of link homology theory which
categorified the the HOMFLY-PT polynomial [23][21]. The HOMFLY-PT polyno-
mial P(L) of a link L is a polynomial in two variables a and ¢ which satisfies the

following skein relation:
aP(L-) —a™'P(Ly) = (¢ — ¢~ )P(Lo) (1.1)

and has the normalization

a—a”
PO) = : 1.2
(©) = (1.2)
It has a particularly interesting specialization when a = ¢V for N > 0. Let

P.(L)(q) = P(L)(¢",q). The link polynomials Py (L) have connections with the

representation theory of U,(sly). This can be extended to all integers N as follows:



for N = 0 corresponds to U,(gl(1]1)) while N < 0 corresponds to U,(sl_y). Note
that the equations 1.1 and 1.2 are invariant when exchanging ¢ and ¢~! so it suffices

to consider the case N > 0. Let us detail some of these polynomials below:
e For N =0, Py(L) is the Alexander polynomial.
e For N =1, Pi(L) is trivial, i.e. for every oriented link L, P;(L) = 1.
e For N =2, Py(L) is the Jones polynomial.

In a similar fashion to their construction of Khovanov-Rozansky homology, Kho-
vanov and Rozansky defined a family of bi-graded link homology theories Hy (L)
known as sly homology which categorify the link polynomials Py (L) for n > 0

22].

e For N =1, Hy(L) is trivial, i.e. for every oriented link L, H;(L) = Z where

Z sits in degree (0,0).
e For N =2, Hy(L) is Khovanov homology.

Knot Floer homology categorifies the Alexander polynomial and was constructed
by Ozsvath and Szab6 and later independently by Rasmussen. The homology
theories Hy can be defined combinatorially whereas Knot Floer homology cannot.
It originates in symplectic geometry and involves counting pseudo-holomorphic
curves. Shortly after the publication of Khovanov and Rozansky’s work, Dunfeld,
Gukov, and Rasmussen put out a series of conjectures about the structure and
relationship of these link homology theories [6]. They proposed that Khovanov-
Rozansky homology should be a link homology theory which encapsulates all other

link homology theories.



Note that when categorifying, the number of gradings increases by one. The
HOMFLY-PT polynomial P(L) is a polynomial in two variables and it categori-
fied by Khovanov-Rozansky homology. Similarly the link polynomials Py (L) are
polynomials in one variable which are categorified by bi-graded homology theories
Hy(L). Since the specialization a = ¢V turns the HOMFLY-PT polynomial into
the polynomials Py (L), one should hope or expect there should be some analogous

procedure at the categorified level. This led to one of their conjectures.

Conjecture 1. Khovanov-Rozansky homology HHH (L) has a family of differen-
tials {dn}n>o such that for N > 0, the homology of (HHH*(L),dy) is isomorphic
to sly homology. For N = 0, the homology of (HHH*(L),dy) is isomorphic to
Knot Floer homology. In both cases, one must introduce a new grading on the

homology groups HH H""*(L) in order for the above statements to make sense.

Some evidence for the existence of such differentials was given in a follow-up

paper [41] by Rasmussen where he proved the following result:

Theorem 1.1 (Rasmussen). For N > 0 and a link L € S3, there is a spectral
sequence Ey(N) with Ey(N) =2 HHH(L) and Ex(N) =2 Hx(L). For all k > 0, the

isomorphism type of Ex(N) is a link invariant.

Rasmussen’s result is a weaker version of the conjecture since it is unknown
whether the spectral sequence converges after the first differential. Since the publi-
cation of Rasmussen’s work, progress on the conjecture has stalled; however recent
work has revisited Rasmussen’s spectral sequences. In [4], the authors constructed

a spectral sequence from Khovanov-Rozansky homology to knot Floer homology.

Actually Rasmussen’s result was more general. He defined spectral sequences to

link homology theories H,, where p € Q[z]. The choice of p(x) = 2V corresponds



to the sly-homologies. Motivated by these results, Oblomkov and Rozansky pro-
posed a family of differentials {dx} which conjecturally solve Rasmussen’s orig-
inal conjecture but also generalize it by defining homology theories corresponding
to the super Lie algebra gl(M|K). In their work [38], Oblomkov and Rozansky
were able to show that these gl(M|K) homologies satisfy the Markov moves and
computed these homologies for the unknot. When K = 0, the gl(M|0) invariants
were conjectured to agree with the sl;; homologies constructed by Khovanov and

Rozansky.

1.2 Summary of results

Our goal for this thesis is to study Oblomkov and Rozansky’s conjecture in
depth. We shall prove the statement in the case of M = 2 and K = 0 that the
differential dy|g recovers the Khovanov homology of a link. We prove the following

theorem:

Theorem 1.2. Given a braid 3, one can compute the Khovanov homology associ-

ated to its braid closure L(S) by the formula
Kh(L(B)) = H(F3 ® Rao).

Here Fj is some object in the derived category of two periodic coherent sheaves
on Hilb"(C?), DP(Hilb"™(C?)) associated to the braid 3. Tensoring with differential
defined by Ry is understood as the derived tensor product which in this case
amounts to taking the usual tensor product with the Koszul complex of 22 = 0.

This theorem provides a geometric interpretation of Rasmussen’s spectral se-

quences which have been conjectured to exist in [38] and [15]. In this geometric



setting, Rasmussen’s spectral sequences appear more naturally. They arise by tak-
ing an appropriate section of the tautological bundle B on Hilb™(C?). Furthermore
when Fj3 is a genuine sheaf instead of a complex of sheaves, this leads to a poten-

tially simpler computation compared to Rasmussen’s original construction.

1.3 Organization of paper

Our paper is organized in the following manner. In Section 2, we recall some
background material on knot theory and constructing link invariants. Next in
Section 3, we review the constructions of the main link invariants of interest for
this paper: the Jones polynomial, Khovanov homology, and Khovanov-Rozansky
homology. In section 4, we discuss matrix factorizations, one of the key technical
tools used by Oblomkov and Rozansky in their algebro-geometric formulation of
Khovanov-Rozansky homology. In Section 5, we explain the connections between
the Hilbert scheme of points and link homology. Section 6 contains our main result
which proves relationship between Oblomkov and Rozansky’s differentials and sls-

homology. Finally we end with some computational examples in Section 7.



CHAPTER 2

KNOT THEORY AND LINK INVARIANTS

2.1 Knot theory

We begin this section with a brief introduction of knot theory. For a more
complete overview of the theory, one can refer to the book [19]. We cover only
the necessary concepts in order to define and understand what a link invariant is,
which is one of the main objects of study in knot theory. Let us start by defining

what a knot is.
Definition 2.1. A knot is an embedding of S* into S* or R3.

Remark 2.2. More generally, one can consider embeddings into other 3-manifolds
such as the solid torus which gives rise to annular link invariants, but for the pur-
pose of this paper we will focus on knots in S® or R®. In our case, the compactness
of S3 is not strictly necessary so the reader may happily consider all knots as be-
ing embedded in R® by assuming that the knot does not pass through the point at

infinity.

A link is a finite collection of nonintersecting or disjoint knots. We consider two
links to be equivalent if there is an ambient isotopy between them. The simplest

example of a knot is the unknot which is the trivial embedding of S*, while the



simplest example of a link is the unlink which is the trivial embedding of two copies

of S'. Below we provide some more examples of simple knots and links.

QC\)@C

Figure 1. From left to right: unknot, trefoil knot, figure 8 knot,
cinquefoil knot

O W

Figure 2. From left to right: unlink, Hopf link

Although links are inherently objects that live in three dimensional space, they
are often depicted in two dimensions through the use of planar diagrams. More
precisely, a planar diagram of a knot is a projection of the link onto a plane. The
projection should be a smooth map with no self-tangencies or triple intersections.
The preimage of any point in the image of the projection should have size at most
two. The points in the planar diagram whose preimage is size two are referred to as
crossings. Without loss of generality, such a projection 7 : R* — R? is of the form
(x,y,2) = (z,y). Which part of the link is depicted as lying above the other in
planar diagram is determined by whether z; > 2z, if we have w(z,y, 21) = 7(z,y, 22).
In the drawings of Figure 1, the unknot has no crossings, the trefoil has 3 crossings,

the figure 8 knot has 4 crossings and the cinquefoil knot has 5 crossings.



In practice, one often considers a link along with additional pieces of data. In
particular, we will need to consider oriented knots and links. The orientation of a
knot is inherited from the orientation of S. For links, each connected component
of the link has an orientation given by the orientation of S*. After adding a choice
of orientation to a link, we can further differentiate crossings as being positive
crossings or negative crossings. We define X to be a positive crossing and X to be

a negative crossing.

Although planar diagrams are convenient tools for visualizing links, they are
not perfect. There are many different (actually infinitely many) planar diagrams
for the same knot or link. Two different planar diagrams can be related by an
ambient isotopy in which case they represent the same link. However not only can
two seemingly different planar diagrams be associated to the same link, but we can

also have two very similar planar diagrams correspond to different links.

Fortunately there is a way to tell whether two planar diagrams represent the
same link. There is a collection of modifications one can make to planar diagram
graphs known as Reidemeister moves which do not change what type of knot or link
the planar diagram represents. We depict the three Reidemeister moves R1, R2, R3
in figure 3.

Note that the Reidemeister moves are local procedures in that only a small part
of the planar diagram is modified which the rest of the diagram remains unchanged.
Reidemeister proved the following theorem which completely solves any ambiguity

posed by planar diagrams.

Theorem 2.3 (Reidemeister’s theorem). Two links can be continuously deformed
into one another if and only if their planar diagrams are related by a finite sequence

of Reidemeister moves.
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Figure 3. The three Reidemeister moves
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2.2 Constructing link invariants

One of the most basic yet most important questions in knot theory is: when
is a knot not the unknot? In the context of the above discussion, one could in
principle draw the planar diagram for a knot and exhaustively check sequences of
Reidemeister moves. However this is an unsatisfying answer since a priori, one does
not know what specific sequence of Reidemeister moves relate two planar diagrams

and there can be many such sequences.

An alternative approach to answering such a question is through the use of
link invariants. A link invariant is tool that helps to determine whether or not
two links are equivalent. These come in various shapes and sizes but two of the

most significant link invariants are the Jones polynomial discovered by Vaughan



Jones in 1984 and Khovanov homology developed in the late 1990s by Mikhail
Khovanov. Although knots and links are topological objects in nature, one of the
modern approaches to constructing link invariants such as the two aforementioned
invariants, is through algebra. In order to do so, one must consider braids and the

braid group.

Definition 2.4. The braid group on n strands Br, is the group with generators

O1,...,0,_1 and relations:

0,05 = 0404, |’L—j‘22

004103 = 041070441

The second relation is known as the braid relation. Note that this group is closely
related to the symmetric group on n elements S,, which has these relations plus the

additional relation of c? =1 for alli=1,...,n — 1.

Example 1. Forn =1, the braid group By is the trivial group. Forn =2, By s
an infinite cyclic group with generator o1 and no relations. For n > 3, the braid

group is more complicated. In particular, the braid group is nonabelian.

From the above presentation of the braid group, it is unclear how braids are re-
lated to knots and links, but the braid group has another diagrammatic description
which will help clarify the relationship. To be more precise, the elements of the
braid group are represented by braid diagrams where the diagrams are considered
up to ambient isotopy.

The strands of the braid diagram are labeled from 1 to n from bottom to top.
Therefore there is a natural embedding of the braid group Br, into Br,,; simply

given by adding an extra strand to the top of the braid. By convention, we assign

10



X XK

Figure 4. The diagram above depicts the braid § = 040,03 € Brs.

0; to positive crossings and o; ' to negative crossings. Multiplication of elements

in the braid group is given by horizontal concatenation of braid diagrams.

Now the relation between braids and links is given by the following two theo-

rems.

Theorem 2.5 (Alexander’s theorem). Any link is the closure of a braid.

Figure 5. Taking the closure of the braid a where the corresponding
left and right ends of the braid are connected in a non-
intersecting fashion.

DO G O G d

Figure 6. On the left, the braid ¢? € Br, closes up to the Hopf link.
On the right, the braid o} € Bry closes up to the trefoil
knot.

Theorem 2.6 (Markov’s theorem). The closure of two different braid diagrams
represent equivalent links if and only if the braids are related by a finite sequence

of moves known as Markov mowves.

11



MI1: o — B o gt

Figure 7. The first Markov move sends a braid o € Br, to fa~! € Br,
for any € Br,.

D >

M2: — o —>

Figure 8. The second Markov move sends a braid a € Br, to act! €
Brn—‘rl-

Note that the first Markov move (M1) means that the closure of a braid a € Br,
does not change under conjugation. If one considers the braids 3, 57! and « in the
above diagram as beads on a necklace, then taking the braid closure allows one to
slide the bead 3 to the other side of 37! which allows them to cancel out. The
second Markov move (M2) relates a braid o € Br,, to another braid ac*! € Br,,,
which can be thought of as extending the topmost strand of the braid o and then

twisting it one of two ways back on itself before closing up the braid.

Since Markov’s theorem provides necessary and sufficient conditions for two
braid closures giving the same link, we now have all the ingredients for constructing

a link invariant.

1. Assign objects to the generators az-ﬂ € Br, for all 7 and n.
2. Check that objects satisfy the relations in the braid group.

12



3. Construct some operation that mimics taking the closure of a braid.

4. Check that the construction is invariant under the two Markov moves.

Remark 2.7. There are variations on the above procedure. For instance one might

1

only want to consider positive braids in which case the generators o; = are ignored.

It is also common to only impose invariance under the first Markov move (M1)

which gives rise to annular link invariants.

For a more topological approach to constructing link invariants, one can replace

the first step in the above procedure by the following two steps.

1. Assign objects to a planar diagram representing a link.

2. Check that objects are invariant under Reidemeister moves.

Although there are many other link invariants, the main invariants we will focus
on (Jones polynomial, Khovanov homology and Khovanov-Rozansky homology) all

follow the above recipe. This will be detailed in the subsequent section.

13



CHAPTER 3

FROM THE JONES POLYNOMIAL TO LINK

HOMOLOGY

In this section we will review the main link invariants of interest: the Jones
polynomial, Khovanov homology and triply-graded homology. Although these in-
variants can be defined more generally with Z-coefficients, we stick to working over
C due to ease of exposition and the fact that our main results cannot be extended

from C to Z. We start by explaining the Jones polynomial.

3.1 Jones polynomial

There are two main ways to construct the Jones polynomial: through the Kauff-
man bracket polynomial or through the Hecke algebra. Both methods are relevant
for us, but we will first focus on the latter approach before returning to the first
approach as a segue to Khovanov homology. Our discussion summarizes the con-

struction given in [19]. Let us begin by defining the Hecke algebra.

Definition 3.1. The Hecke algebra H, is the unital associative C(Q, Z)-algebra

14



generated by 11,15, ..., T,,_1 with the relations

T, =1,1; for|i—j|>2 (3.1)
TToiT; = T Tl (3.2)
T} =ZT,+ Q (3.3)

The first two relations should be familiar since they are identical to the relations
found in the braid group or symmetric while the third relation is known as the

quadratic relation.

Remark 3.2. The Hecke algebra is commonly presented using a single parameter
Q@ instead of two parameters (Q and Z as above. After possibly extending scalars
and setting Z = () — 1, these algebras are isomorphic. For the sake of constructing
the Ocneanu-Jones trace, we shall stick to the two-parameter version. In the one-
parameter version, the quadratic relation is often written as T? = (Q — Q1)T; + 1
or T? = (QY? — Q™Y2)T; + 1 depending on the convention. Furthermore this single
parameter () is often written in lower case, but we use upper case to distinguish it

from another q we will use later on.

Remark 3.3. There are two ways to interpret the Hecke algebra. On one hand, the
Hecke algebra can be regarded as a quotient of the group algebra of the braid group by
the quadratic relation. On the other hand, the Hecke algebra is a deformation of the
group algebra of the symmetric group with a formal parameter QQ. After specializing
to Q@ =1 and Z = 0, the group algebra of the symmetric group is recovered. What
makes the Hecke algebra a well-suited object for link invariants is precisely that
it in some sense interpolates between the braid group and the symmetric group.
The Hecke algebra retains the topological properties of braid group while being as

well-understood as the symmetric group in terms of representation theory.

15



For w € S,,, define T, =T}, - - - T} where s;, - - - 5;,is a reduced expression for w.
Note that by the above relations, T, is unique. Then multiplication in the Hecke

algebra is defined as

Lemma 3.4. For any w € S,, and simple transposition s;,

T if [(s;w) > l(w)
ETw =
QT + 2T, if I(s;w) < l(w).

We need the following results on the structure of the Hecke algebra H,,. We

shall omit the proofs since these are standard results.

Lemma 3.5. As a left C(Q, Z)-module H,, is free of rank n! with basis {T,|w €
Sn}.

There is a natural inclusion ¢ : H,, — H,,1 given by sending each generator 7;
of H, to the corresponding generator in H, ;. This turns H,,; into both a left

and right H,-module.

Lemma 3.6. The homomorphism v : H, — H,. is injective. As a left H,,-module,

H, 1 s free of rank n + 1 with basis
{L,T,,, T, T, 1,..., T, T - ToT1 }

Proposition 3.7. For n > 2, there is an isomorphism of C(Q, Z)-modules
¢: H,® (H, ®u,_, Hy) = Hpia

given by
© (a + Z b; ® ci> = (a) + Z (b)) The(c;)

for a,b;, c; € H, where the summation above is finite.

16



Now we construct the Ocneanu-Jones trace 7, : H, — C(Q, %) for n > 1.
These traces are defined inductively. For n = 1,7y : H; = C(Q,Z) — C(Q, %) is

the identity map. For n = 2,75 : Hy — C(Q, Z) is defined on the basis {1,T}} by

(1) = % () = 1.

Then for n > 2, we can construct 7,1 from 7,, using the isomorphism in Propo-
sition 3.7. For a,b,c € H,, set

Pt (@) =+ (@) Tua(p(b® ) = 7 (be)

One can check 7, is linear and satisfies the following properties.
Proposition 3.8. For alln > 1 and a,b € H,, we have

1. 1p(ab) = 7,(ba)

2. Tpi1(Tha) = 11 (T ta) = 7.(a)

Notice that two properties above are the algebraic analogs of the Markov moves

defined earlier. Therefore we get the following result.

Theorem 3.9. Let w, : Br, — H, be the group homomorphism defined by o; — T;
fori=1,...,n—1. Let L be an oriented link in R®> and B € Br, a braid whose

braid closure is isotopic to L. Then 7,(w,(B)) is a link invariant.

If welet Q = t* and Z = —t'/2 + t1/2, then the link invariant constructed
above is exactly the Jones polynomial of the link J(L). Let (L., L_, Ly) denote
a Conway skein triple. These are three oriented link diagrams that are the same

outside of a small ball where the tangles look like the images below.

Then the Jones polynomial satisfies the following skein relation which is useful

for computations.

17
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Figure 9. Diagrams for the Conway triple (L., L_, Ly).

Corollary 3.10. The Jones polynomial of the unknot is 1 and given a Conway

skein triple (L, L_, Ly), the Jones polynomial satisfies the relation
ST (L) T (L) = (2 = 712) 7 (L)

Example 2. We can use the above corollary along with the diagrams from the

previous section to compute the Jones polynomial of the Hopf link and the trefoil.
J (Hopf link) = t1/2 + 32 F(trefoil) = t 4+ > — ¢4,

Remark 3.11. Note that the version of the Jones polynomial constructed above is
actually the normalized Jones polynomial since the Jones polynomial of the unknot

is trivial. Since the Jones polynomial is a function of t'/? and t=1/?

, 1t 18 common
to introduce a change of variables ¢ = t'/2. We can then define the unnormalized
Jones polynomial J (L) (also known as the sly polynomial) which is given by J (L) =

(¢+q )T (L). Then
J(Hopf link) = 1+ ¢* +¢* + ¢°,  J(trefoilknot) = ¢+ ¢* +¢° —¢”.  (3.4)

Our q here is less natural than the (Q parameter used for defining the Hecke algebra,
but this q is more closely related to the quantum group U,(slz) and as we shall see

later on, this has geometric connections.

18



3.2 Khovanov homology

In this section, we will review the basics of Khovanov homology. We will para-
phrase the presentation given in the papers of Bar-Natan [2][1]. The reader should

look through those papers for a more detailed account.

First we need to discuss the Kauffman bracket polynomial. Let L be an oriented
link in R®. Let y denote the set of crossings of L. Let n = || and let n, denote
the number of positive (right-handed) crossings > and let n_ denote the number

of negative (left-handed) crossings .

Definition 3.12. The Kauffman bracket (L) of a link L is a Laurent polynomial

in Z|q,q" '] defined by the following axioms

H=1 QUL =(+aHLx X ={)-a00.
Definition 3.13. The (unnormalized) Jones polynomial for an oriented link L is
given by J(L) = (—1)" ¢+~ (L).

Let us review how compute these polynomials using a cube of resolutions. Let
= be the “0”-smoothing of X and > ( be the “1”-smoothing. Fix some labeling of
the crossing in the link. Then we can form an n-dimensional cube {0, 1}X such
that each vertex a € {0, 1}X corresponds to a complete smoothing S,, i.e. all the
crossings are resolved by either a “0”-smoothing or “1”-smoothing until the result
is a union of a finite number of circles. What this means is that in each link, a
crossing is replaced by a “0”-smoothing or “1”-smoothing, until the link no longer
possess any crossings at all. At this point, the link has been “resolved” into a finite

union of circles.

To compute the Jones polynomial, if S, consists of k circles, then we associate

to S, the term (—1)"¢"(¢+ ¢~ 1)* where r is the number of “1”-smoothings used to
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obtain S,, which one can think of as the height of a smoothing. Then we sum over

all terms for all @ and multiply by (—1)"-¢™*+ 2"~ to obtain the Jones polynomial.

Example 3. Using this procedure for the right-handed trefoil knot (ny,n_) = (3,0),

one compute its Jones polynomial as J(Q) = q+ ¢+ ¢® — ¢°.

To obtain Khovanov homology, we essentially have to categorify the whole pro-
cedure described in the previous section. Khovanov’s key insight was to replace
polynomials by graded vector spaces with the appropriate grading shifts. This can
be thought of as the graded analog of replacing Betti numbers by vector spaces of
the corresponding dimension. Before we dive in, let us take a brief digression to

set some notation.

Definition 3.14. Let W = @ W,, be a graded module with homogeneous compo-
nents {W,,}. The graded dimension of W is given by dim, W =" ¢™ dim W,,.

Definition 3.15. Let -{l} be a degree shift operation on graded modules. If W =
@ W, is a graded vector space, then W{l},, = Wy,—. Thus dim, W{l} = ¢ -
c;rilmq W. Note that -{l} extends to chain complezes of graded modules by applying
the operation to each degree. One can think of -{l} as a “vertical shift” on chain

complexes.

Definition 3.16. Let -[s| be a degree shift operation on chain complexes. If D* =
C*[s] for the chain complex C* = --- — C" — C"™* — -+ then D" = C"%. One

can think of -[s] as a “horizontal shift” on chain complexes.

Khovanov’s construction replaces the Kauffman bracket (L) of a link L by [[L]],
a chain complex of graded free Z-modules. This new bracket satisfies the following

axioms, which are analogous to the Kauffman bracket axioms:
[0 =0->2Z—0; [QUL]=V&[L]; [X]=F0-[=<)]-[PJ{1} - 0).

20



Here V is a graded module of graded dimension ¢ + ¢~!. One can choose to
think of V' as generated by the basis elements v, and v_ where v, has degree +1
and v_ has degree —1. The operation F flattens a bicomplex into a single complex
by taking direct sums along diagonals. The degree shift operation {1} is the analog

of multiplying by q.

Let us proceed with the actual construction. For every vertex a € {0, 1}X,
we form the graded module V,(L) = V®*{r} where k is the number of circles
corresponding to the smoothing for v and r is the height of the smoothing, r =
af = 3~ o; where a; is the ith entry in the tuple a. We define the 7" chain group
[[L]]" tZ) be the direct sum of all V(L) such that |« = r. Then define C(L) =
[[L]][=n-]{n+ — 2n_}. Note the degree shifts are the analog of multiplying by
(—1)"=¢"+~2"= when we compute the Jones polynomial. Technically C(L) is not yet

a chain complex since we have not described the differentials between chain groups.

Before doing so, the following theorem is already clear based on our construction.

Definition 3.17. Let x,(C) denote the graded Euler characteristic of a chain com-
plex C, so x4(C) = > (—1)"dim,C".

Theorem 3.18. The graded Euler characteristic of C(L) is the unnormalized Jones

polynomial J(L):

Now let us discuss how to form the differentials. As you travel along an edge
of the cube {0, 1}* from C" to C"™!, one of two possibilities will occur: either two

circles will merge into one circle or one circle will split into two circles. These
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correspond to two linear maps

m:VeV-=V AV =>VRV
Uy @ Uy > U4 Vy = Uy QU +v_ ®@uy
Vp @ U_ — v Vo= V- Q@ U_

Vo @ U4y > U

v ®u_+0

Note that with our choices of m and A, all the faces of our cube are commuta-
tive squares so we need to decorate the edges of the cube with some signs so our
differential actually squares to zero. Signs are added according to the following
rule: if we have a directed edge of the cube connecting a vertex « to the vertex f3,
there is some ¢ € [1,n] such that «; # ; and all other entries of « and /3 are equal.
Let n = ) a;. Then our edge of the cube is the map m or A and we multiply this

j<i

by the sign (—1)".

Now that we have equipped C(L) with the appropriate differentials, we have a

genuine chain complex so we can make the following definition.

Definition 3.19. Let H"(L) denote the r™ homology of C(L). Then let Kh(L) be
the graded Poincaré polynomial of the complex C(L) in the variable t so

Kh(L) =) " dim, H"(L)
Theorem 3.20 (Khovanov). The poly;;omml Kh(L) is a link invariant which spe-

cializes to the unnormalized Jones polynomial at t = —1.

The proof of this theorem is accomplished by checking that the chain complex
C(L) is invariant under Reidemeister moves. This uses standard homological alge-
bra techniques which we shall omit, but the interested reader can check the papers

of Bar-Natan [2][1] for further details.
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There is an extremely useful technique for simplifying the unwieldy complexes
that often occur in link homology. Note that the size of the chain complex in Kho-
vanov homology (and also Khovanov-Rozansky homology) depends exponentially
on the number of crossings n in the link. It is often convenient to simplify the
complex as much as possible before attempting any computations. The main tool

is a homological algebra technique known as Gaussian elimination.

Lemma 3.21 (Gaussian elimination). Suppose that C is an additive category and

we have a chain complex of the form

such that ¢ : by — by is an isomorphism. Then this complex is isomorphic to

the complex

0 ) 0

B bl 0 e—vo 15 b2 (0 1/>
= dnmdl

D E

Both of the above complexes are homotopy equivalent to the complex

)= O

Proof. Note that one obtains the second complex from the first complex by a series

of suitable invertible column and row operations. The second complex has the

contractible subcomplex




since by assumption ¢ is an isomorphism. Therefore the result follows. O

Example 4. We can compute the Khovanov homology of the Hopf link and trefoil
knot using the above technique. We keep track of the homological degree with the

variable t.
Kh(Hopf link) = 1 + ¢® + ¢t + ¢*t> Kh(trefoil knot) = q + ¢* + ¢°t* + ¢°*

We take the Euler characteristic by setting t = —1. Compare the results with the

computation found in equation 3.4.

Note that the version of Khovanov homology presented above is a weaker version
of the theory since it is not fully functorial. Topologically, one can construct maps
between different links through cobordisms which one should hope induces a map on
Khovanov homology. To obtain a version of Khovanov homology which is functorial,
one must work with a category of cobordisms [1] or more generally with the Clark-

Morrison-Walker category of sly-foams [5].

3.3 Khovanov-Rozansky homology

We now will discuss Khovanov-Rozansky homology. Our presentation here fol-
lows notes from the AIM link homology research community [14]. One can also

consult the following sources [12] [26] [21] for a more detailed account.

Let us revisit the (one-parameter) Hecke algebra. Kazhdan and Lusztig fa-
mously constructed a basis {b, }wes, for the Hecke algebra which has deep connec-
tions to combinatorics and representation theory. Let us write b; instead of by,.

Then the Hecke algebra is generated as an algebra by b;,7 = 1,...,n — 1 and the
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usual relations become

b = (¢+q " (3.5)
bibi+1bi —+ bi+1 - bi+lbibi+1 + bl (37)

Soergel introduced the category of Soergel bimodules which categorifies the
Hecke algebra [42]. Let us now define Soergel bimodules before explaining his

categorification.

Let R = C|xy,...,x,] be the polynomial ring equipped with the action of the
symmetric group S,, which permutes the variables x;. We will consider the subrings
R% which are the rings of invariants of polynomials which are invariant under the
transposition s; which swaps the variables x; and z;,,. We will work with R — R

bimodules.

Remark 3.22. Since R— R bimodules are equivalent to R® R°P-left modules which
are the same as R® R-left modules since R is commutative, it is often convenient to

think instead of modules over the ring Clxq, ..., x,, 2} ..., x| where the left action

of R corresponds to the action of x; and the right action of R corresponds to the
action of x;. Given two R — R bimodules M and N, we can form their tensor
product M @r N. The left action of R on M and N will be denoted by x; and x|
respectively while the right action of R on M and N will be denoted by x, and x

respectively.

The ring R is a graded ring with deg(z;) = 2 for i = 1,...,n. All our bimodules
will then be graded R-bimodules, so we have a decomposition M = @j <7, M; with
o M;, Mz; € M;io. We will use (1) to denote a grading shift down by 1, i.e.
M(l)Z = Mi+1.
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Remark 3.23. We keep track of the grading with the variable Q. With these
conventions for grading shifts, if the graded dimension of M is given by gdim(M) =
S"Q'dim M; then gdim(M (1)) = Q 'gdim(M).

One of the basic bimodules we will consider is

Clxy, ..., xp, 2, . 2]

(@i + Tip1 = @) + @y, T = T, 15 = 2 F 10+ 1)

B;:= R®pgs R(1) =

Note the grading shift in the definition of B; which means that the degree of z; in

B; is 1 for all j and the degree of 1 in B; is —1.

Definition 3.24. The Bott-Samelson bimodule corresponding to an expression w =

(S1,...,8n), denoted by B, is the graded R — R bimodule given by

By, := By, By, -+ - By

nt

Definition 3.25. The category SBim,, of Soergel bimodules is the smallest full
subcategory of the category of graded R — R bimodules containing R and B; which
1s closed under direct sums, grading shifts, tensor products and most importantly
direct summands. In other words, a Soergel bimodule is a direct summand of a

finite direct sum of grading shifts of Bott-Samelson bimodules.
Lemma 3.26. We have the R — R bimodule isomorphism
B; ®gr B; ~ B;(1) & B;(—1)
Proof. By definition, we have that
B;®r B; = (R®ps R(1)) ®r (R @ps R(1)) = R®ps R ®@psi R(2)

Note that we can decompose the ring R into its s;-invariant part and its s;-invariant
part so R ~ R* @ R%(—2). Given f € R, the desired isomorphism follows from

the map

f+si-f f—sif
U ( 2 (o _%H)Q(ﬂ?i —$i+1)) '
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Therefore we have

R ®psi R®psi R(2) = R®pgsi (R* @& R (—2)) Qps R(2)
= (R®pgsi R(2)) ® (R ®gsi R)
= Bi(1) ® Bi(-1) 0
Lemma 3.27. We have the R — R bimodule isomorphism
B;®@r Bj~ B;®@r B; |i—j|>2
Proof. This is straightforward. O

Lemma 3.28. We have the R — R bimodule isomorphism
(Bi ®r Biy1 ®r Bi) ® Biy1 >~ (Biy1 ®r B @r Biy1) © B;

Proof. Let R*-*+1 be the ring of invariants under the actions of s; and s;y; and

define B; ;11 = R ®psisir1 R(3). We need to show the isomorphisms

B; ®r Biy1 Qr B; ~ B; j11 ® B;
Biy1 ®g Bi ®r Biy1 ~ Biiy1 © Biy
which imply the desired result. The isomorphisms above follow easily above from a
diagrammatic description of the Soergel bimodule category and the corresponding

Jones-Wenzl projectors. However showing the isomorphism explicitly can be quite

tricky and technical. One can find the explicit details in [12]. O

The lemmas 3.26, 3.27, 3.28 are parallel to the relations 3.5, 3.6, 3.7 and help to

illustrate Soergel’s remarkable result on the categorification of the Hecke algebra.

Let us denote B, = B;, ®p ---®r B;, for w =s;, ---s;.. Then any s € S,,, we

can define the indecomposable Soergel bimodule B, as the unique indecomposable
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bimodule which appears as a direct summand of B,, where w is a reduced expression

for s and By does not appear as a direct summand for any B, where [(v) < l(w).

Theorem 3.29 (Soergel). The Hecke algebra H,, is categorified by the category of

Soergel bimodules SBim,, in the following sense:

o There is a bijection between S, and the set of all indecomposable objects of

SBim,, up to shift and isomorphism:

wE S, < By,.

e The Hecke algebra is isomorphic to the Grothendieck group Ko(SBim,). The
1somorphism is given by

bs <> [Bs].

o Multiplication by Q corresponds to a grading shift: [M(d)] = QI[M]. Multi-
plication in the Hecke algebra corresponds to the tensor product of bimodules:

[M] - [N]:= [M ®g N|.

Remark 3.30. The work done above is enough to classify all indecomposable So-

ergel bimodules for S3 and verify Soergel’s categorification theorem.

In order to define Khovanov-Rozansky homology, we will need to work in the
homotopy category of (bounded) complexes of Soergel bimodules, which we denote

as K, := K®(SBim,,).

Remark 3.31. One natural question one might ask is why should we work with the
homotopy category instead of the derived category. There are a couple of reasons
for this. Firstly the category of Soergel bimodules is additive but not abelian. This

means that the homotopy category IC,, makes sense, but one cannot naively define
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a derived category of Soergel bimodules. In principle, one can try working with
a subcategory of the derived category of all R — R bimodules generated by Soergel
bimodules, but this category does not have the desired properties and loses a lot of
information. Notably, Rouquier complexes defined in equation (3.8) below become

isomorphic up to a grading shift.

Proposition 3.32. We have the following well-defined morphisms of graded bi-

modules:

1. the map m; : B;(—1) — R which sends 1 to 1.

2. the map A; : R — B;(1) which sends 1 to x; — x,,.

Proof. First note that the shifts are added to ensure that we have a genuine map
of graded bimodules. Checking that m is a morphism is clear so let us only present

the case of A.
Let %(xZ — x;11) = a;. Then we have
1 / /
uRX1+1®a; = §xi—xi+1+xi—xi+1

1 1
=T; — 5(% + Tiq1) + 5(35; + 5’5;+1) - $;+1

/
=T T Tigg

We must check that
fla;1+1®a) = (; @1+ 1@ ;) f
for any f € R. By the isomorphism R ~ R% & R*(—2), we can write f = g + a;h
where g, h € R*. Then we compute
fai @1+ f@ai=(9+aih)o; @1+ (9 + ah) @ a
=q;®qg+1Qaha; +1® ;9 + a; @ hay

= f+1Qaf. -
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Using these maps, we can define Rouquier complexes for braid generators as

T,:=[ Bi(=1) == R], T;':=[ R —== By(1) ] (3.8)

Remark 3.33. To be more precise, we should consider B;(—1) and R as one-term
complexes and then T; and T, are the cones of the maps m; and A; respectively.

The underline denotes the terms living in homological degree zero.

Rouquier used these complexes to construct a categorification of the braid group.

We present a weaker version of his fundamental result.

Theorem 3.34 (Rouquier). The compleves Ty and T, " satisfy the braid relations

up to homotopy.
Let us check one of the relations that go into this theorem.

Lemma 3.35. The complexes T; ®p Ti_1 and TZ-_1 ®gr T; are homotopy equivalent
to R.

Proof. We prove the first homotopy equivalence since the second case is similar.

We have

[ B(-1) " R }@R{ R —2% Bi(—1) ] - B )

R
/ \
(1) B(1
\ /
B ® B;

Now use the isomorphism B; ® B; = B;(1) @ B;(—1) and Gaussian elimination to

simplify the complex. In more detail, there is a subcomplex

which can be contracted. Therefore the complex simplifies to
T,@prT;'=[0—R—0 =R O
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Using Rouquier’s result, one can now associate a well-defined complex of Soergel

€k
[

bimodules to any braid 3. Suppose that 3 = o3 - - 0;", where o; are generators in

the braid group and € = 4+1. Then the corresponding Rouquier complex is given
by

2

Example 5. For = o7, we have that

Ts =T, T, = | Bi(—1) LE]@)R [ Bi(-1) LE]

Then again using the isomorphism B; ® B; = B;(1) @& B;(—1) and Gaussian elimi-

nation one can simplify the above complex to arrive at
In general, one can use recursion along with the techniques above to show that

TF [Bi(=2k+1) > Bi(=2k+3) = - > Bi(-1) - B

-~

k

The operation that corresponds to taking the closure of a braid is taking the
Hochschild cohomology. Note that R itself is an R— R bimodule where the bimodule
structure is given by left and right multiplication. Then for an R — R bimodule M,

we define its Hochschild cohomology as
HH'(M) := Extj_pimoq(R: M)

For R — R bimodules M and N, we have that HH (M ®pr N) = HH'(N ®r M)
which is one motivation for why Hochschild cohomology should be though of as the

braid closure.

Given a complex M, = (M, d) of Soergel bimodules, we can define the com-

plexes

HH'(M,) = (HH'(My), d).
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where d; is the induced differential. More concretely, we apply the functor HH' to
each term in the complex M, so we end up with a collection of complexes, one for

each Hochschild degree.

Example 6. For i =0, we have HH (M) = Hom(R, M) for a bimodule M. Then
for a complex M,,

HH'(M,) = Hom(R, M,)

Definition 3.36. The Khovanov-Rozansky homology of a braid 3 is defined as the

homology of the Hochschild cohomology of the Rouquier complex Tp:
HHH(p) = H(HH(Ts))

Let us elaborate on the gradings for Khovanov-Rozansky homology. It is a

triply-graded homology theory:

e The ()-grading is the internal grading of the Soergel bimodules where all x;

have degree 2.
e The T-grading is the homological grading of the Rouquier complex.
e The A-grading is the Hochschild degree.

Theorem 3.37 (Khovanov-Rozansky). The Khovanov-Rozansky homology HH H ([3)

18 a link invariant.

Example 7. Let us compute the A = 0 piece of the Khovanov-Rozansky homology
of the trefoil knot. As a braid on two strands, the trefoil knot is the closure of the
braid B = o}. From 5, we apply HH'(—) = Hom(R, —) term-wise to arrive at the

complex:
Hom(R, T3) = [ R(—6) 23 R(—4) —%» R(-2) ““*3 R ]
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We compute the homology of the complex to get the graded Poincaré polynomial

B 14+ 0472
HHHA=Y(T(2,3)) = 1?—622

Computing Khovanov-Rozansky homology is incredibly difficult outside of the
case of two strands. The Rouquier complex grows exponentially with the number
of crossings and computing Hochschild cohomology is not easy either. Researchers
were at an impasse until Elias, Hogancamp and Mellit developed techniques to
compute all positive torus links 7'(m,n) [10][28][18]. Relatively recently, Nakagane

and Sano developed a computer program to compute the Khovanov-Rozansky ho-

mology of knots up to 11 crossings [30].
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CHAPTER 4

MATRIX FACTORIZATIONS

4.1 Matrix factorizations in homological algebra

We now explain one of the main technical tools used in Oblomkov and Rozan-
sky’s geometric construction of link homology: matrix factorizations. Matrix fac-
torizations were first studied by Eisenbud in his work on the homological algebra
of complete intersections [§]. In an unpublished manuscript, Buschweitz used ma-
trix factorizations when developing the notion of a stable derived category of a

hypersurface ring, a result that was later rediscovered by Orlov [40].

Matrix factorizations have several important applications in mathematics and
physics. As shown in Eisenbud’s work, they are an important tool for studying
hypersurface singularities. In geometry, it was shown by Orlov that the category of
matrix factorizations measures the failure of coherent sheaves on a hypersurface to
have a finite locally free resolution. Finally matrix factorizations were one of the
key ingredients used in Khovanov and Rozansky’s original formulation of Khovanov-
Rozansky homology [23] and later on used in a more geometric setting by Oblomkov

and Rozansky for an equivalent construction of Khovanov-Rozansky homology [37].

We begin by first defining matrix factorizations as they first appeared through

Eisenbud’s work before redefining matrix factorizations in a slightly more general
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context and stating some useful results and notations. One can consult [7] for a

more complete account of the theory of matrix factorizations.

Let (R,m) be a regular local ring of finite Krull dimension and fix a non-zero
element W € m. The category of matrix factorizations MF (R, W) of W over R is

defined to be a differential Z/2-graded category with the following data:

1. the objects of MF (R, W) are pairs (M, d) where M = My & M, is a free Z/2-
graded R-module of finite rank with an R-linear map d of degree 1 which
satisfies d®> = W -idy,

2. the morphism complexes MF (M, M’) are given by the Z/2-graded module of

R-linear maps from M to M’ along with the differential given by
d(f) = dur o f — (=D f o dy

Note that after choosing bases for My and M;, we have a pair of matrices (dy, d;)
do
My —— M,
di

such that dgody = dy odyg = W -id. This immediately implies that My and M;

have the same rank so ¢ and 1 are square matrices.

Remark 4.1. Matrix factorizations also appear in the literature as Z-graded objects

do

> M, > M, > M,

where the underlined term denotes homological degree zero. For the most part,
whether one chooses to work with Z/2-grading or Z-grading is up to preference
but there is some subtlety when defining a homotopy equivalence in the latter case.
Matrix factorizations are sometimes called “curved complexes” since they satisfy

d*> = W instead of the usual d*> =0 for (co)chain complezes.
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Example 8. Let R = C[[z]] and W = 2™. Then we have a matriz factorization

For k = 1,2,...,n — 1, it was shown by Orlov that these matrix factorizations

correspond to indecomposable objects in the triangulated category of singularities

for Spec(Clz]/(z™)).

Example 9. For a more interesting example, consider R = C[[z,y,z]] and W =

xy +yz + zx. Then we have a matrix factorization

do
R —— R

dy
z Y r+y y
where dy = and dy =
r —r—y x —z

4.2 Matrix factorizations in algebraic geometry

We now recall some definitions and results from commutative algebra. Let

(R, m) be a regular local ring and let M be a finitely generated R-module.

Definition 4.2. We say a sequence of elements x1,...,x, € m is an M -regular
sequence if each x; is not a zero divisor on M /(ry,...,ri1) fori=1,...,r. When
M = R, we simply say that (x1,...,x,) is a reqular sequence.

Let S = R/w be the ring of a hypersurface singularity where w is singular at
the maximal ideal. Let M be a maximal Cohen-Macaulay module over S. We will
show that such a module M corresponds to a matrix factorization; this was how

these objects were originally encountered by Eisenbud.
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We can consider M as an R module which is annihilated by w. Then by the
Auslander-Buchsbaum formula, one can deduce that M has a free resolution of

R-modules of length 1.

Since multiplication by w annihilates M, there exists a homotopy v which
completes the following commutative diagram.

XlLXO

[ L

X1 —_— Xo
Therefore we have a matrix factorization

¢
X1$X0

and M is isomorphic to coker(¢). In Eisenbud’s work, he went further by consid-

ering free resolutions of S-modules from which he proved the following surprising

theorem.

Theorem 4.3. Every finitely generated S-module admits a free resolution that will

eventually become 2-periodic.

For our purposes, we will use a slightly different definition of matrix factoriza-
tions. Let Z be an affine algebraic variety and F' a polynomial in C[Z]. Then we
can define the category of matrix factorizations MF(Z, F') similar to the previous
definition with R replaced by C[Z] and W replaced by F. Note that F' is often

referred to as the potential.

Definition 4.4. The triangulated category MF(Z, F) is defined as H*(MF(Z, F)).
In order words, MF(Z, F) has the same objects as MF(Z,F) but the morphism
space MF(M, M") between two matriz factorizations M, M’ is given by applying

H°(=) to the morphism complex MF(M, M’).
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Let us describe what the shift functor and cone of a map looks like in MF(Z, F).

We refer the reader to Orlov’s paper for further details [40].

The shift of a matrix factorization (M, d) is given by
(M, d)[1] == ( M, # M >
Given ¢ = (¢o, 1) € MF((M,d), (M’,d')), the cone of ¢ is defined as
C(¢) = ( M{© My =2 My© My )

where

dy o B dy ¢

Definition 4.5. Given potentials F, F' € C[Z], we can define the tensor product
bifunctor:

® : MF(Z,F) x MF(Z, F') — MF(Z, F + F')

as (M,d)o(M',d') = (M @z M, de 14+ (=)' ®d"). The additional minus signs

are used to ensure that potential of the tensor product is the sum of the potentials.

If the potential F' can be written as F' = figy + -+ + fmgm for f;, g; € C[Z],
then we can use the tensor product to define a class of matrix factorizations known

as Koszul matrix factorizations. These are matrix factorizations of the form
& ( Clz) == C[z] ) .
i=1

This is oftentimes represented simply by the Koszul matrix

fi o
fo 92
| fm Gm ]
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Koszul matrix factorizations have the following nice properties. Suppose we use
a change of basis which replaces the standard basis element e; of C[Z]|™ by e; + ce;.
The resulting Koszul matrix factorization is clearly isomorphic to the original one.

This operation changes the i*® and j*® rows of the Koszul matrix

fi i fit+cf; 9i
|_>
fi g fi 95— cyi
and leaves all other rows unchanged. Now let us suppose that Z is now also smooth.
We will only ever work with smooth varieties so this additional assumption is never

violated.

Proposition 4.6. Suppose that (f1,..., fm) forms a reqular sequence in C[Z].

Then if we have g1, ..., gm, 1, ..., hy € C[Z] such that

flgl++fmgm:f1hl++fmhm:F

then the two Koszul matriz factorizations are isomorphic.

i o fi
fo g2 fa ho

I

fm  9m fm P

As a result, we can use the notation K (f,..., f,) to represent Koszul matrix
factorizations corresponding to regular sequences. These Koszul matrix factoriza-

tions have another special property.

Proposition 4.7. Suppose that (fi,..., fm) forms a reqular sequence in C[Z].

Given a Koszul matriz factorization K¥(f1,..., fn), we have that

Hi(KF(fla'-wfm)):Q 17&0

HY (K" (f1,-., fm)) = CI2]/(fr, - fon).
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In the work of Oblomkov and Rozansky, they primarily work with matrix fac-
torizations with extra equivariant conditions, but we omit these details since these
constructions are much more technical. The interested reader can consult their

papers for the details.
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CHAPTER 5

LINK HOMOLOGY AND HILBERT SCHEME OF

POINTS

5.1 Algebraic geometry and link homology

We begin by explaining some of the connections between algebraic geometry
and knot theory. Let f(x,y) be a polynomial with an isolated singularity at the
origin and let C' denote the curve {f(z,y) = 0} C C>. Consider the intersection
L = CnNS3 of the curve C with a small sphere centered at the origin with radius e.
By a well-known result of Milnor [29], for € small enough L is a smooth link in S®
and the topological type of L does not depend on €. Links that arise in this fashion

are known as algebraic links.

Example 10. The curve {xy = 0} corresponds to the Hopf link while the curve

{y? = 23} corresponds to the trefoil knot.

In [33], Oblomkov, Rasmussen and Shende conjectured the following relation
between the Hilbert scheme of n points on a singular curve C' and Khovanov-

Rozansky homology of the corresponding link L.

Conjecture 2. Let Hilb*(C,0) denote the Hilbert scheme of k points on C sup-

ported at the origin. The A = 0 part of Khovanov-Rozansky homology of L can be
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computed by
HHH®(L) = € H*(Hilb*(C,0))

k=0

A version of this conjecture was proven by Maulik in [27] where the right-hand
side of the conjecture is replaced by the generating function for the Euler charac-
teristics of the Hilbert schemes. Furthermore there is a version of this conjecture

that generalizes to higher A-degrees of Khovanov-Rozansky homology.

A few years later, Gorsky realized that Haiman’s work [16][17] on the Hilbert
scheme of points on a plane related to link homology. He conjectured that the
q,t-Catalan numbers were the same as the A = 0 piece of Khovanov-Rozansky
homology for the T'(n,n + 1) torus knot [13]. This led to the idea that in order
to study the class of all links instead of just algebraic links, one should work with
the Hilbert scheme of points on a plane and other related spaces. The general idea
was that to each link, one should be able to associate a sheaf from which one can
recover Khovanov-Rozansky homology. These ideas were conjectured in the paper
[15] using the flag Hilbert scheme and later proved by Oblomkov-Rozansky in a

series of papers [37][36][34][35][39].

5.2 Oblomkov-Rozansky theory

Let us now recall some basic facts about the Hilbert scheme of points on a plane.

For an in-depth description, one should refer to the book [31].

Definition 5.1. The Hilbert scheme of n points on C* is defined as

Hilb"(C?) := {I C C[x,y] : dim Clxz,y]/I = n}.
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Theorem 5.2 (Fogarty). The Hilbert scheme Hilb™(C?) of n points on C? is a
smooth irreducible variety. This variety comes with a Hilbert-Chow morphism
7 : Hilb"(C?) — Sym™(C?) := (C*)"/S,
which s a resolution of singularities.
Example 11. Forn = 2, Hilb?*(C?) is the blow-up of Sym?(C?) along the diagonal.

There are two C*-actions on C? by scaling the coordinates which lift to an
action of (C*)? on the Hilbert scheme. We denote the two copies of C* in (C*)? by
writing C; x C to emphasize the gradings coming from each factor. There are two
distinguished tori in (C*)?:

e There is a Hamiltonian torus H = {(h,h) : h € C*} which acts via (x,y) —

(hz,h~1y) and preserves the symplectic form.

e There is the scaling torus S = {(s,s) : s € C*} which acts via (z,y) —

(sz, sy). This torus scales the symplectic form by s%.

Remark 5.3. With some minor abuse of notation, let h and s also denote the
gradings induced by the actions of tori H and S respectively. Then these gradings

are related to the q- and t-gradings by h = qt~* and s = qt.

There a rank n tautological bundle B on the Hilbert scheme whose fiber over

an ideal [ is given by C[z,y]/I. From this, we construct the line bundle
det B=A"B=:0(1)
There are two important subsets of the Hilbert scheme which are worth men-
tioning.
Hilb™(C?,0) = 7 ({(0,0)})

Hilb"(C%,C) = 7' ({y = 0})
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These are subsets of the Hilbert scheme whose ideals are either supported at
the origin or on the line y = 0 respectively (by support, we mean the set-theoretic

support as opposed to the scheme-theoretic support).
Example 12. For n = 2, one can easily compute that Hilb*(C? 0) = P' and
Hilb*(C?,C) = (P' UC) x C.
We need the following change of variables:
¢=Q% t=T°Q% a=AQ"? (5.1)

Theorem 5.4 (Oblomkov-Rozansky). To a braid § on n strands we can associate

a C* x C*-equivariant coherent sheaf Fg on Hilb™(C?) with the following properties:

1. The Khovanov-Rozansky homology for the braid closure of B is given by
HHH(8) ~ Hp o+ (Hilb"(C?,C), F3 @ A°BY)

where the isomorphism above holds as triply-graded vector spaces. The q-
grading and t-grading on the right-hand side come from the C* x C*-action
while the a-grading comes from N*BY. We go from the (A, Q,T)-grading on
the left-hand side to the (a,q,t)-grading on the right-hand side via equations
5.1.

2. For a braid 8 which closes up to a knot, the sheaf Fp is supported on Hilb™(C?,0) x
C C Hilb"(C?,C).

3. Adding a full twist F'T = (01 0,-1)" to the braid B corresponds to twisting
the sheaf Fz by O(1). In other words Fppr = Fz ® O(1).

Example 13. The torus braid f = T'(n,kn + 1) corresponds to the line bundle
O(k) on Hilb™(C?,0). In particular, the trefoil knot T'(2,3) corresponds to O(1) on
Hilb*(C?,0) = P'.
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For general torus braids § = T'(m,n), the situation is much more complicated.
One must first work with a slightly larger space known as the flag Hilbert scheme

[15].

Definition 5.5. The flag Hilbert scheme parameterizes full flags of ideals
FHilb"(C?) := {C[z,y] D I, D --- D I,}

where dim I; /1,41 =1 fori=1,...,n— 1.

One can similarly define FHilb"(C? 0) and FHilb"(C? C) as in the case of the

usual Hilbert scheme. The flag Hilbert scheme has a projection map
p: FHilb"(C?) — Hilb™(C?), (Iy,...,1,) = I,
and a collection of line bundles £y, = I;_1/I; where I is understood to be C|x, y].

Theorem 5.6. Suppose that ged(m,n) = 1. Then the sheaf F,,, corresponding to

the braid 8 whose closure is T'(m,n) is given by

Fomn = (LY - L3)

km _ (=lmy

n

where ar, = |

Strictly speaking p is the restriction of the projection map to p : FHilb™(C?,0) —

Hilb"(C?,0) and is the derived pushforward for a morphism of dg schemes.

Remark 5.7. More generally one can attempt to consider sheaves p,(L{* - L)

for arbitrary exponents ay,...,a,. These sheaves correspond to braids of the form
Blay,...,a,) =08 ---dpmoy---op

where

57: =0;,.1"""0101"""0;_1
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are Jucys-Murphy braids. The class of braids described above are called Cozeter
braids and were studied by Oblomkov and Rozansky in their paper on Coxeter links

[36]. This is a large class of links that in particular includes torus links T (m,n).

Example 14. Let us illustrate an example of Oblomkov and Rozansky’s construc-
tion by computing the Khovanov-Rozansky homology of the trefoil using their tech-
niques. Recall that Hilb?>(C? 0) = P'. Then the sheaf on P' x C corresponding to
T(2,3) is Op1 (1) ® O where x is the coordinate on the C. The tautological bundle

is given by (Op1(—1) ® Op1) ® O¢. We compute the space

Fs@ANB=- (a0 a'O(1)®a'O®a’O(1)) @ O

~| 0

Then the link homology is given
Clz] @ (H*(P',0(1)) & aH*(P',0) ® aH"(P',0(1)) ® a*H*(P',0))

which is shifted by §. We can recover the Q-,T-gradings from the line bundles by

the formulas

n

dimgr H'(P', O(n)) = Y Q*(T/Q)*"
=0

—n—2

dimgr H'(P',0(n)) = Y Q*(T/Q)™>" >,

=0
Putting everything together, we get that the Khovanov-Rozansky homology for the
trefoil is
2

2 2
#-%<Q2+%+a+aQ2+a%+a2) = 11_+52~2<Q2+%+a).

~

Next we apply the change of variables in equation 5.1 to obtain

1
ﬁatflﬂq*l/z(q +t+a).
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Notice that the term q +t + a is reduced homology of the trefoil. The term q +t

s symmetric in the variables ¢ and t and corresponds to the q,t-Catalan number

Oz(q,t).

The theorem 5.4 is proven over a series of papers [37][36][34][35][39]. One can
find an overview of their theory and construction in the notes [32]. Let us broadly
summarize how each paper fits into proving this remarkable theorem. Their con-
struction utilizes the category of matrix factorizations on an algebraic variety which
is closely related to the flag Hilbert scheme FHilb™(C?). The big picture perspective
for motivating the work of Oblomkov and Rozansky is that they wish to categorify

the Ocneanu-Jones trace in a suitable way to recover Khovanov-Rozansky homol-
ogy.

In their first paper [37], they define a homomorphism from the braid group to a
particular category of matrix factorizations. They prove that their map satisfies the
braid relations along with the Markov moves so they have a genuine link invariant.
In a subsequence paper [39], they relate their category of matrix factorizations
to the category of Soergel bimodules by constructing an explicit functor between
these two categories. This shows that their link invariant agrees with the Khovanov-
Rozansky homology originally defined by Khovanov and Rozansky. Finally, in order
to associate a sheaf on Hilb"(C?) to any braid they construct a pair of adjoint
functors between their category of matrix factorizations and some version of the

derived category on Hilb"(C?) [35].
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CHAPTER 6

MAIN THEOREM

6.1 Differentials on matrix factorizations and Soergel bi-

modules

In [38], Oblomkov and Rozansky constructed a family of differentials {dpsx }
which they used to define gl(M|K) link homology. For a braid /3, we denote its
gl(M|K) link homology as H sk (5).They conjectured that their construction gen-

eralizes the original conjectures of Rasmussen in the following sense:

Conjecture 3. For M > 2, we have for any 5 € Br,

HM\0(5> = H;f(hﬂf/})(L(ﬁ))

Remark 6.1. Recall that in the introduction, we defined sl(N) link homology,
however the right-hand side of conjecture involves gl(M) link homology. This is
the same as sl(N) homology but the change in naming convention is related to
reduced vs. unreduced link homology which we elect not to discuss. Although it is
somewhat confusing, we choose to stick with the original names to better align with

the listed references.

Remark 6.2. In order to avoid confusion wherever possible, we use capital letters

M, N, K to refer to the type of homology (sly-homology, gl(M|K)-homology) and
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use lower-case letters n, k for other parameters like the number of strands in the

braid group Br, or the number of points on the Hilbert scheme Hilb".

We provide a proof of Conjecture 3 in the special case M = 2. However before

we do so, let us review their construction.

Oblomkov and Rozansky work over the following space:
X, =g, xG, xn, xG, xn,

where G,, = GL, and g, = gl,. Define coordinates on the space &, x C" as

(X, g1,Y1, g2, Yo,v). Then we can define a potential on &, by
W (X, g1,Y1, 92, Ya) = Tr(X (Ady, Y1 — Ad,,Y3))

Let B, C G, denote the Borel subgroup. Then X, has an action of G,, x B> given
by

<h7 bla b2) : (Xa g1, }/17 g2, Yé) = (Adth hglbl_la Adln}/la h92b2_17 Ade}/g)

Observe that the potential W is invariant with respect to this G, x B2-action, so
we can consider G,, x B2-equivariant matrix factorizations on X, with potential

W. We let MF,, := MFq, g2 (X,, W).

Now consider the stable sub-variety of &,, x C" given by
(X, x C")* = {(X, g1, Y1, g2, Yo,v)|C(X, Ad,,Y;)v = C",i = 1,2}.
Then the main category of interest is given by
MES = MF, (X, x T W).

Oblomkov and Rozansky define a functor Ry which equips an object in MF3

with an extra differential dy;x. Given a matrix factorization F, the functor is
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defined as

n

Rug(F) =F @ (N°C" duyk),  dux = Z(XMAdgl(YI)KU)

=1

. 0
" 00
where 6; for i = 1,...,n are the coordinates on C".

Let us compare the differentials of Oblomkov and Rozansky with the differentials
constructed by Rasmussen. Although there is no direct relation between the two
constructions, there are still some similarities and it is hoped that one day the two
constructions can be related to each other in a more concrete manner. We need to
briefly recall the an alternative way to define Khovanov-Rozansky homology using
matrix factorizations. We shall ignore keeping track of gradings in order to simplify

the exposition.

In Rasmussen’s approach, he associates a complex of matrix factorizations to an
oriented planar tangle. Consider an oriented planar tangle where all the edges are
labeled distinctly. When encountering a positive or negative crossing, the incoming
and outgoing edges should be given different labels as depicted below:

k [ k [

N /
NN

Figure 10. From left to right: the positive crossing and the negative
crossing

Now consider the ring
R = Clzi, xj, g, v1) /(2 + 21 — 2 — 1) = Clay, xj, xy]
along with the potential
Wy = p(xx) + plar) — p(xi) — p(;)
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where p(x) is an arbitrary polynomial (to be specialized later) in C[z]. Note that the
potential W), is divisible by the term (zy — z;)(zx — ;) (equivalent to xyx; — z;x;
in the ring R) since if one substitutes z; = z; or zy = z; into W, the result
vanishes. Now to the positive and negative crossings, we can associate the complex
of matrix factorizations C,,  and C), _ respectively. Then as usual, one can associate
a gigantic complex of matrix factorizations to the complete tangle by taking the

tensor product of all the various complexes C),  and C), _.

Tp—T;

R 7 > R

—(zp—x;) (v —;)

=y
:U

Pij

—(zp—x;i) (xR —j)

R ; s
C _ = 1 Tj—Tk
p7
R ;

T —Tq

where p; = W,/(x, — x;) and p;; = W,/(xr — x;)(xp — ;). At first glance the
above construction seems somewhat complicated and unmotivated but in actuality,
it is very similar to the construction of Khovanov-Rozansky homology presented
in Section 3. For the moment, let us just focus on the complex C, . Let us just
consider the two matrix factorizations defined by the horizontal maps but for the
moment ignore the maps p; and p;;. Note that after an appropriate relabeling of

variables, we have the isomorphism

o1



Similarly the complex | R ——— R |is isomorphic to trivial Soergel bimod-
ule. From this the parallel between these complexes and Rouquier complexes be-
comes more apparent. The backwards differentials p; and p;; should be thought of

as equipping Soergel bimodules with an “internal” differential.

Denote the differentials going from left to right by d. and the differentials going
from right to left by d_. Now let p(z) = 2V !. When we have a closed tangle, the
potential W), vanishes and the total differential d; +d_ turns the matrix factoriza-
tions into genuine chain complexes. The homology computed with respect to the
total differential is isomorphic to the gly-homologies. Furthermore Rasmussen’s
spectral sequences from Khovanov-Rozansky homology to gl homology is induced

by the differential d_.

The construction of Oblomkov and Rozansky has many similarities with that
of Rasmussen’s but one key difference is that although matrix factorizations are
utilized in both cases, Oblomkov and Rozansky connect matrix factorizations to
geometry while Rasmussen uses matrix factorizations purely as a homological al-
gebra tool. In the rest of these section, we develop the tools in order to relate the
differentials of Oblomkov and Rozansky to Soergel bimodules in the way we were

able to sketch out in Rasmussen’s story.

Next we need to better understand how the functor R, x behaves in terms
of Soergel bimodules. Let SBim, denote the category of Soergel bimodules for
Sy. The category related to Khovanov-Rozansky gl(M)-invariants is a quotient of

SBim,, by objects of the form
B2 .— R ® RS(lry,ra) 1
where R = Clzy,...,x,] and S([r1,r2]) C S, is the Young subgroup that fixes
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the elements 1,...,ry — 1l and 794+ 2,...,n — 1,n and 7o — r; = M. By quotient,
we mean that objects are sent to the zero object and any morphism which factors
through the object B""2) becomes zero as well. Let us denote this quotient by

SBim,, /M and let gqy; be the quotient map SBim,, — SBim,,/M.

Remark 6.3. The objects B"™) can be thought of as living in the 2-category
of singular Soergel bimodules SSBim, but recall that the category Homgspim (0, ()
1s equal to the category SBim when we regard both categories as subcategories of
(R, R)-bimodules. Therefore we can identify the objects BT"2) with ordinary So-

ergel bimodules.

Note that the objects B2 are in fact indecomposable Soergel bimodules by

the following useful lemma.

Lemma 6.4. Suppose that M is a graded R-bimodule which is generated as an

R-bimodule by a homogenous element m € M. Then M 1is indecomposable.

Proof. Suppose that m has degree d. Then because M is generated by m we have
that M9, the degree d piece of M is given by Cm. Now suppose that M = N @ P.
In particular, M = N% @ P¢. Without loss of generality, assume that m € N¢.

Then M = R-m-R C N so P =0 and thus M must be indecomposable. n
In the case above, B"72) is generated by the homogeneous element 1 ® 1.

Remark 6.5. Using the previous result, one might hope to give a nicer description
for the bimodules B2, Note that when ry = r1 + 1, we have that B+ g
isomorphic (up to grading shift) to the indecomposable Soergel bimodule B;, where
Sr, 15 the simple reflection that exchanges r1 and r1+1. Similarly when ro =11 +2,
we have that B2 s isomorphic (up to grading shift) to the indecomposable

Soergel bimodule B

Srl S<T1 +1) Srl .
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The author would like to thank Nicolas Libedinsky for informing the author
that this is actually a well-known result to experts in Soergel bimodules and can be

found in Geordie Williamson’s Ph.D. thesis on singular Soergel bimodules [Wil10].

Proposition 6.6. The Soergel bimodule B is isomorphic (up to a grading
shift) to the indecomposable Soergel bimodule By, r,)) where w([ry,rs]) is the

longest word in the Young subgroup S([ry,m2]).

In previous work [39] by Oblomkov and Rozansky, they constructed a functor
from a subcategory MF';L C MFS' of matrix factorizations to the category of Soergel
bimodules.

B : MF® — SBim,

Let us describe what matrix factorizations correspond to the bimodules B(:2)
under this functor B. Consider the space X** = (g x G x b x G x b x C")* with
coordinates (X, g1, Y1, g2, Y2,v). There is a category of matrix factorizations on this

space given by
MF® = MF gy p2((g X G x b x G x b x V)™, W),

where the potential W is given by Tr(X(Ad,, (Y1) — Ad,,(Y2))) and the stability

condition is given by C(X,Ad,,(Y;))v =C",i=1,2.

First we consider the special case of 1 = 1 and 7y = M. We claim that the
matrix factorizations C{'™) € MF®' map to the Soergel bimodules B!™) under the
functor B. These matrix factorizations are defined as Koszul matrix factorizations.
Let S = C[(g x G x b x G x b x Vg)*] and define Z;; = (Ad, Y1 — Ad,,Ys),; for

1 <i,5 <n. Then ¢ is the Koszul matrix factorization given by

0

k
(S®N @) D.0.0, D=3 Xuzs-

4,7=1
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The case of M =1 (i.e. B(CYW) = BW) was proved by Oblomkov and Rozansky
through a direct computation [39]. For the sake of completeness, we reproduce their

proof below.

Lemma 6.7. Forn = 2,

Proof. The action of Gy on X® is free so we can actually consider matrix factor-

izations on the Gy-quotient space with the following potential:
XM CgaxbxGExbxV, W(X,Y1, g1, Ye,v) = Tr(X(Ad,, (Y1) — Y2)),

and stability conditions (X, Yy)v = C?, (X, Ad,,,Y1)v = C* and B%-action given by

g12
(bh bz)'U = by, (bh bz)'Y% = Adbi(Y;)a (517 bz)'X = Adbg (X), (51, bz)'gu = bQlebfl

Let us set some notation to help distinguish between the two different B-actions
solet B2 = BM x B®) . Note that the stability condition implies that if v = (vg, v1),

then v; # 0. Therefore we can use the B®-action to assume that v is of the form

0
Vo =
1
Let G’ C G be an open BW-equivariant locus inside the group:
a b
G = ca#0
c d

We claim that the pull-back along the inclusion map
J g xbXx G xbxuvy—goxbxGxbxu

induces an equivalence of categories of BM-equivariant matrix factorizations. Sup-

pose that g € G\ G'. Then for any Y; € b, we have that
(Adgl2 (5/1))12 = 0.
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However on the critical locus of W°, we have that
Adglz(yl) =Yy, X=0,

which means that Y5 is diagonal and the regular stability condition (X,Y;) = C?
turns into the strong stability condition C[Yz]v = C*. However if v = g, then it is

not possible for C[Y]v to be C? which is a contradiction.

Next we can use the BM) and B®-actions to move a point in the critical locus

to the following standard position:

apn 0 y%i) 1
gi2 = ’ }/; = () ; U = vp.
921 1 0 y212

Let us elaborate a bit. As shown above, we can use the B®-action to turn v
into vy. We can simultaneously use the B®-action to put Y» into the desired form.
Next note that the strong stability condition of C[Ad,,,(Y1)Jv = C? implies that
yg) # 0. Then we can use the BW_action to put Y; and g12 into standard position.

We can compute

(1)

Y11 — Q21 aiy
Ad912 (Yi} -

((1) (1)

Yiw — ?Jzé — ag)agi/an  as + yé?

Recall that the potential is given by W*° = Tr(X (Ad,,, (Y1) — Y2)) so we can use

the above computation to obtain

(2)

o 2
We = xll(yﬁ)_yn )

—a21)+l’21(011_1)+3722(?/2; S

— s gy )+ r10a (Y1) — Sy —as) Jar

Then we obtain the Koszul matrix factorization

CEw(Co)™ = [211, 48y — 417 — a21] © [221, 411 — 1]

(1) (1)

® [222, 4S5 — YSy) + a0] @ [219, a0 (4} — yby — az1)/ani]
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Next note that the functor B sends X to zero and the closed locus has a trivial

stabilizer inside B?, so B(C,) is a Koszul complex for the regular sequence

1 1
an (Y — s — as)/an,  y — oy —as, an—1, yky —yy +am

This sequence is equivalent to the following sequence
2 2 1 2 1 1 2
WS — v —u8), o - ol -8, e, w0 +am

Then using the first two equations, we see that the variety defined by the regular
sequence is the union of twisted diagonals {(z,z) : * € C*} c C* x C* and
{(s-2,2): 2 € C*} C C* x C? where the first copy of C* has coordinates given by

y%l), yéQ) and the second copy of C* has coordinates given by y§1), yéQ The action

of s is given by s - yif y22 and s - ygz) = (Z)

Now recall that for a regular sequence (f1, f2,..., fm) C R. The associated

Koszul complex K(f1,..., fn) has the properties

HU(K (i fn) =0, 0> 0 HK(fi,-.., f) = R/ (frr- - fun)

However this is precisely Soergel’s geometric formulation for the Soergel bimod-

ule BM and hence the result is proven. O

Next we shall prove the case of M = 2 using an alternative geometric approach
developed by the Oblomkov and Rozansky in [39]. This method should hopefully
generalize though we only need the result for M = 2 in order to prove the original

conjecture regarding sly-homology. There is a functor
iy : DR (§%) — ME,

given by composition of the folding functor and the pushforward.
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Proposition 6.8. The functor i, is monoidal:
i.(B) xi.(B) = i.(BxB).
Let us define Koszul complexes which map to the generators ¢t under Tyt

BY e DYl (§2), i.(BY) =cl.

G,prop

These objects B are Koszul complexes for the subvariety St® C g;, x g, which is a

B2-quotient of the subvariety St. This variety St consists of tuples (Y1, 91, Y2, 92)

satisfying the equations:
G12=91'92 € B, Ady, (V1) = Ad, (Y2)

where we define P; C G, for I C {1,...,n — 1} to be the parabolic subgroup with

the Lie algebra generated by b and E,,, for i € I.

Similarly we can define St < §2 as the variety of tuples (Y1, g1, Ya, g2)

satisfying the equations:
912 =91 92 € Piiy1,  Adg, (Y1) = Ady, (Y2).
We have the matrix factorization

cliatl) _ i*(B(i,iJrl)).

Then we claim that B(C1?) = B{"*?. However before we can prove this claim,
we need to better understand the categories MF,, and DéTq (g%). Both of these

categories have a duality functor:
F = FY :=Hom(F,O).

We have an analog of the subcategory MFE1 C MF, for DgTq (g%). Let D’ C

DgTq (g%) be the additive subcategory that is spanned by all products of elements
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B and by the products of the direct summands of these products. Our goal is to

prove the following proposition.

Proposition 6.9. For any A in either MFE1 or D", we have

First let us show the following proposition.

Proposition 6.10. For any A, Ay in MF'; or D”, we have
(A x Ag)Y = A x A

Proof. Since g, is holomorphic symplectic, it has a trivial canonical class. Therefore

the statement follows from Serre duality:
Al x Ay = iz (M5 (A1) @ m35(A2)Y) = Tige (175 (A1) © 735(As)) 7 O

Then it suffices to show that the generating objects B and C% are self-dual
in order to prove Proposition 6.9. Let us set some notation for the twisting of the

B2-action.

Given two characters A\, 4 € TV and a module M with a B2-action
(bl,bg,m)r—>(b1,b2)-m, bl,bQEB,mGM,

we can define the module M (\, 1) as the module M with B?-action twisted by A
and u:
(b1, b2, m) = A(b1)p(ba) (b1, ba) - m,  b1,by € B,m € M.

Proposition 6.11. For any A in MF,, or D* and X\, u € TV, we have

1o Ax (A p) = A0, A+ p)
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2. T\ u) x A= A\ + p,0)

3. LA u) = T+ 1,0y = 1(0, N+ p)

4.1V =1
Proof. The first three parts of this proposition were proven in an earlier work [37]
of Oblomkov and Rozansky so we only present a proof of the fourth part. Fix

coordinates (g1, Y1, g2, Y2) on (G x b)? and let p denote the half sum of the positive

roots of G,,. Then the element 1 is a Koszul complex for the equations:
g1 € B, (Adg1, (Y1) = (Ya)ijy 12

For the first equation since (by,bs) - g5 g1 = bagy *g1b7 ", the sum of the B2
weights is (—p, —p). For the second set of equations since (by,by) - Yo = Ady, (Ya),
the weights are (0,2p). Therefore the total sum of the B? weight is given by
(—p,p). To compute the dual of 1, we need to invert the Borel weights in the

Koszul complex. Then using part 3 of the proposition, we have
1Y =1(p,—p) =1 O

Now we can finally show that B and C are self-dual ob jects. We only show
the result for B since the argument for C® is similar.
We begin by computing the dual of B{" in D’. The corresponding variety svt(l)

is described by the two equivalent system of equations. The first system is

9o € P, (Adg;glm)kj = (Vo) k27, (Adg;glm)m’i ~0.
The second system of equations is given by

00 € P (AdpayYa) = (M, k20 (AdpyYs) =0

i1,
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The sum of the weights of the first system of equations is (—p + €;41,p — €;11)
and the sum of the weights of the second system of equations is (p—€; 11, —p+€;41).
Hence the Koszul complexes of these two systems are dual to each other. Since

these two Koszul complexes are two presentations of the element Bsi), we obtain

(BY) = BY.

It follows that all objects in the categories MEF* and D are self-dual since these
categories are Karoubi envelopes of the categories generated monoidally by B and

C®. Tt is a general fact that Karoubi envelopes are Krull-Schmidt categories.

Let us denote the unit object in both categories MF,, and Dg, (§2) by 1:
1=CjeMF,, 1=Bj¢€ Dg,(3).
Corollary 6.12. For any Ay, Ay in either ME® or D”, we have
Ext’(A;, Ay) = Tor;(A; « Ay, 1)

Proof. The proof of this corollary follows from the self-duality of objects in M F®
and D’ and the simpler case where A;, As are modules over some ring R. Then
the result follows using the self-duality of objects in the respective categories along

with tensor-hom adjunction. Let P, be a projective resolution for A,.
Ext'(A;, Ay) = H (Hom(Ay, P.))
= H'(Hom(A;, Hom(P,, R)))
= H'(Hom(A;, ® P., R))

= TOI'Z' (./4.1 & ./42, R) ]

Now we can return to the proof of our claim that B(C1?) = B{"? . Since B is

an additive, monoidal functor, the claim follows from the following proposition.
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Proposition 6.13. For Cfl),C@,CEM) € MF3, we have that
CV%C@ xcV) =cM @2,
The proof of this proposition relies on the lemma.
Lemma 6.14. There is a short exact sequence of sheaves on g°:
0—— BY — 5 BY«BP«BY —— B 0

If we can show that this sequence splits after applying the pushforward functor,
then this implies the desired result. To prove the lemma, we need to give an

alternative geometric description of the convolution product of BY and BY.

b,T,

G props W€ have that

Lemma 6.15. For Bﬁl), B¥ e D
B «BP) = Oy,
where Zy5 C g2 is a complete intersection defined by the equations

(97'g2)31 =0, Ad 1, (Y1); =0, ij=3221,31

gy g1

(Y3)i; = Adg;g1 (Y1)ij, 47 =11,22,33,12,23,13
Proof. Note that the projection map
13 - szl(St(l)) N 7T2731(St(2)) — Z12

is an isomorphism since the defining system of equations on both the left-hand side

and the right-hand side are the same. O

Next let us give a geometric description of Z15. It is a part of the Steinberg

5 (1,2 . . ~ . .
variety St( ). The Steinberg variety St g2 has six irreducible components.

St(h2) = U Ty.

wES3
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A generic point of I, consists of the triple (F,, G4, X) where X € g3 and F,, G,
are two flags in relative position w. The smaller Steinberg varieties have a similar

description as a union of irreducible components:
st =1, ur,,, St®=r,uUT,,
Then the previous lemma implies that
Zipo=T1UTg UL, UTgs,.
Next we need to compute some convolution products.

Lemma 6.16. For le),le’Q), we have
BSl) *851,2) _ B£1’2) *BSl) _ BSLZ) D qQBSLZ)-

Proof. We shall prove the second inequality since the other case is analogous. The
convolution space Xeony C (G x b)3 has coordinates (g1, Y1, g2, Y2, g3, Y3) with the
constraint g, 'gs € P,. In these coordinates, the pull-back WTQ(BSLQ)) is a Koszul

complex with generators given by

Adgl (YD = Adgz (}/2)

For the Koszul complex 734 (BSI)), we can choose a system of generators as:

(Ady-1,,Y3)21 =0,  (Ad1y (Y3))i; = (Ya)ij, i<

—1
9o 93

Then combining the above two systems of equations yields the following:

Ady1,, (Y1) = Ad1y (Y), (At (Y3)y = (Ya)y, i =11,22,12,

1
9o 91

(Ad-1,,(Y3))21 =0

95 93
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We can use the above equations to eliminate the variable Y;. Furthermore the

leftmost equation on the first line can be rewritten as
Ady, (V1) = Ady, (¥3).
Then the convolution of interest is given by

CEa(K[(Ady; g, (Y3)21])" @ B,

92_193(

Now write g, 'g3 = (a;;). Then we can express the element Adg2_1 o (Y3)21 as

Ad92—193(Y3)21 = azi(az2(y22 — y11) + a21y12)

This element has weight (2,0) with respect to the 7" = C* x C* action since
the elements a;; have weight ¢;. Now since P;/B = P!, it remains to compute the

push-forward along the projection of the two-step complex
([0 = ?O(=2)]), m :P'xbx G —bxG.

Note that 7p1 (O) = O and 7p1 (O(—2)) = OJ1] where [1] denotes a homological

shift. The desired statement follows from this computation. O
Now let us proceed with the proof of Lemma 6.14.
Proof. We need to compute the convolution product
Oz, *x B = (BY x B) » BLY.
In geometric terms, the convolution is the push-forward:
Ti3:(Ozss)s Zras = 1y (Z12) N (StY) C 65
We can describe the variety Zi93 as Zyg3 = Zipy U Z%,; where
21123 = 771_21(F1 UTs,)n 7T2_31(F81)

Z1223 - (77-1_21(212) N 7T2_31(F1)) U (77-1_21 (FS2 U F5182) N 7T2_31 (FS1))
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The intersection of the graph closures I',,, ',/ is sent by the projection
pr: (G xb)?—b
to the locus defined by the equations:
w-AY)=w" - \Y).

Hence the intersection Z],, N Z%,; is a divisor inside Z{,; with defining equation
given by (Y3, — VL) (Y3 —Y33). The vanishing locus of the first factor of the defining
equation is the intersection 7, (I'y UT,) N7y (I, UT,,) and the second factor
defines the intersection w5, (') N 7oy (['s,). Therefore we have the short exact

sequence:
4
0 > q OZ%% 7 OZ123 5 OZf% > 0

Next we need to compute the push-forward m3, of the short exact sequence.
Note that

7T13*(OZ1 ) = le) * (9{*Sl .

123

Then by an analogous argument as the one found in Lemma 6.16, one can

compute that

BW & Op = q—2B(1)
o s o

Finally we use the following general fact about the graph closure I',,. Suppose
that w,w’ € S, satisfy [(ww') = [(w) + [(w). Then the projection m3 : §° — g°
yields an isomorphism

1o (D) N 753 (Dor) = T

Applying this to the situation above means that 73, restricts to an isomorphism:
Z%, — St. Thus since we have shown that T134(Oz,,) = B and T13:(Op2 ) =

123

Ost, the desired statement follows. O
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Since the pushforward i, is exact, the short exact sequence in Lemma 6.14 is
sent to an exact triangle in MF3 (not necessarily another short exact sequence).
Therefore to complete the proof of the proposition, we need to compute the relevant

extension groups.

Proposition 6.17. For Cfl),Cﬁl’Q) € MF;, we have that

EXt>O(C£172)a C(1)> - 07 EXtO(CEIQ)a C(l)) - (C[ylu Y2, y3]€92’ EXt>O(C£1’2)7 C||) =0.
Proof. Recall that St C (G x b)? is defined by
Ady, (V1) = Ady, (Y2),

where (g1, Y1, g2, Y2) are coordinates on (G x b)?. Note that this system of equations

is B%-invariant so the corresponding Koszul matrix factorization
¢t = KW [Adsh (}/1) - Adg2 (Y2)]
is self-dual. It follows from using Corollary 6.12 that

Ext* (M, c{M) = Tor, (C"? * C{V, ) = Tor,(C{M), C))**

where the second equality follows from Lemma 6.16. Therefore it remains to com-
pute the groups on the right-hand side of the above equation. We compute these

directly:
Ext*(Cfl’Q), C) = Tor, (Cfm), o)

= CE(KV[Ady, (Y1) — Ady, (Y2)] @ K~V [g195 ' € B, Y; — Y3])T" %€,
where we used the coordinates (X, g1, Y1, go, Y2) for the space gx (G xb)?. Oblomkov
and Rozansky showed in their previous work that the last group is equal to the

pull-back
CEa (5 (K" [Ady, (Y1) — Ady, (Y2)]))",
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where j.: g x b — g x (G x b)? is the B-equivariant embedding:
Je(X,Y) = (X,e,Y,e,Y).

Since the pull-back j* turns the system of equations Ady, (Y;) = Ad,,(Y>2) into an

empty condition, we have that
CEa(ji (K" [Ady, (Y1) — Ady, (Y2)]))" = CEW(K[X])" = Hf(n, C[b])".

Since X forms a regular sequence, the Koszul complex K[X] only has homology
in degree zero. Then computing the second-to-last term via a spectral sequence,
we obtain the last equality. The rightmost term is the homology of the dg-algebra
A = C[b ® A*(6;;)i<;] with differential
D =Y 0;E;
i<j

where E;;- is the action of E;; on A. The element E;; acts on C[b] by taking the
derivative along the corresponding vector field generated by the adjoint action of
non b and it acts on A*(6;;) by the Lie bracket. Hence the elements 6;; have T-
weight €; —¢; and as a result, all elements in the algebra A have positive T-grading.
Therefore the T-invariant part of the complex is simply C[yy, y2, y3] and the desired

results follow. N
To recap, the long geometric argument above proves that B(C(*?) = B(1:2),

Next we need to prove the following statement:

Corollary 6.18. For clrm) ¢ ME® with ry —r = M — 1:

Bo RM\O(CETLT?)) =0

Proof. Note that using the induction functors constructed in previous work by

i) - Ginee

Oblomkov and Rozansky, one can obtain the matrix factorizations

67



the functor B commutes with the induction functors, it suffices to consider the case

of ¢

Recall that the functor B is constructed as follows:
B(C) = m.(j;o(C)* )

where j,—¢ is the embedding of ((G x b)? x V3)** into (g x (G x b)? x Vg)** and

7 is the projection from ((G x b)? x V)™ to b2

Note that if we pull back citm along j,—o, we obtain a Koszul complex:

Fio(CM) = K[0, Zy))
Next we need to compute the G x B? invariant part of
iz ((AN"V, dupo))

where i, : {Z;; = 0} = ((G x b)? x V)™ is the inclusion map.

Remark 6.19. Recall that the action of G x B% on g x (G x b)? is given by
(ga bla b?) ' (X7 g1, }/17 g2, }/2> = (Ang’ gglbl_la Adbl}/la 992[72_1, Ade}/Q)
Then the G x B?*-action on the subspace defined by the equations Z;; = 0 is free.

A slice to this action has the parameterization:

_ - 1 O --- 0

1 0 --- 0 0

0y
0o . R
g1 =g2 = Yi=Yo= |1 0 0 0 0|,v=

. . . 0 0
0 0 1 1
i i 0 0 Yn
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On this slice, the complex (A*Vp, darjo) becomes a Koszul complex for the complete
intersection variety defined by the equation Y;"v = 0. Note that n — M, n entry of
Y M is 1 so the equation YMv = 0 cuts out the empty set on the slice.

Therefore the contractible complex i%_,((A*V3, dasjo)) is homotopic to j;‘:O(CEl’n))(X)

(A*Vg,dp). It follows that

Bo RM\O(CETI’W)) =0 H

6.2 Proof of main theorem

Let us now return to the proof of the original conjecture.

Proof. Elias and Khovanov constructed an equivalence of categories between the
category of Soergel bimodules SBim,, and their diagrammatic Soergel category (in
type A) DC,, with n colors in [11]. Let D : SBim,, — DC,, denote this equivalence
(originally F in their paper). Pedro Vaz constructed a functor Fg, ,, from DC,, to

the category of sly foams Foam, [43]. Let us consider the composition of functors:
st B . D fslg,n
MF}" —— SBim —— DC —— Foam,

The reader should refer to Vaz’ original paper for the description of his functor
as well as a review of the categories DC,, and Foam,, however want to highlight

that the key part of the functor Fg, , is that the 6-valent vertex is sent to zero.

X oo
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The theorem 6.18 above implies that

since the diagram on the left-hand side represents projection from the bimodule

B; ®r Bis1 ®g B; onto the indecomposable B&#*1) It can be shown that the

are equivalent to each other by direct computation (they define the same ideal

relations

in the category DC). It is clear that the doubled 6-valent vertex in contained in
the ideal generated by the 6-valent vertex. The other inclusion follows from the

relations in the diagrammatic category and is detailed in Claim 3.1 in [9].

The quotient of the category DC by either of these relations gives the diagram-
matic category T L which is a categorification of the Temperley-Lieb algebra [9].
Elias showed the functor Fy,, descends to a faithful functor between 7L and
Foam, (see Remark 3.29), i.e. it is injective on hom-sets. We can summarize our

construction in the following commutative diagram:

O st Roajo st
Br, —2% s MF® — 20, \[ps

lB B
SBim, —2— SBim,, /2

l]D) D

DC, —= T,

Kh
-7:5[2,71
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The image of B o Ry lands in SBim/2 which is equivalent to 7L, under the
functor D. In other words, after complexes in MF®" are equipped with the differen-
tial coming for Ry|o, the resulting complex can regarded as a complex living in the

category Foam,. Let Cy; denote the composition of functors

Co = ~7:512,n oDoBo R2|0-

The next step in the proof is to show that the following diagram commutes:

Br, —=— MF

N e

Foam,

We want to show that the chain complexes obtained through our construction
are equivalent to the usual construction used for computing the Khovanov homology
of a braid. The map ®,, is the homomorphism constructed in [37] which associates
a complex of matrix factorizations to any braid. The map Kh is the construction
detailed in Section 3 which associates a chain complex to a braid using Khovanov’s
cube of resolutions. Since the functors defining Cy are all monoidal, it suffices to
check this on generators. Note that in the category Foams,, the tensor product

should be interpreted in the sense of planar algebras.

The generating matrix factorizations are Cgf) and C% for i = 1,...,n. Under the
functor B, CE:) and C'” are sent to the Rouquier complexes T; and T, respectively.
In the language of diagrammatics, these Rouquier complexes are represented by the
StartDot and EndDot morphisms. Then it suffices to check where these morphisms

go to under the functor Fg, ,. Indeed we have that

I
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Therefore the diagram above commutes. Finally we need to check that taking
the braid closure (i.e. taking the homology) of the complexes in MFS' and Foam,

yield the desired result.

On the side of Foam,, the homology of the complex is computed by closing up
the strands of the braid and applying a functor F which lands in the category of

graded abelian groups. Then F(()) = A has the structure of a Frobenius algebra.

Recall that a Frobenius algebra is a tuple (A, €, u,n,0) where A is a C-vector
space with linear maps €, yi, 7,0 such that (A, e, i) has the structure of an algebra
and (A, n,0) has the structure of a coalgebra along with a compatibility condition
known as Frobenius associativity. The maps €, 4,7, 0 are known as the unit, multi-
plication, counit, and comultiplication maps respectively. See Chapter 8 of [12] for

more details.

We can identify the functor by direct computation on the MF® side. One
can check that the homology of the unknot is two-dimensional, so it suffices to

understand the classification of all two-dimensional Frobenius algebras.

Next recall that the category Foams has the Bar-Natan relation

— 0.

This imposes restrictions on the type of Frobenius algebra one can have. The maps
€,1m, i, 0 are the images of the cup, cap, pants, and upside-down pants cobodisms
under the functor F respectively. Since we consider coborisms up to ambient

isotopy, the sphere is equivalent to the capped pair of pants.
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i

o 7.

Therefore the relation above implies that

nopo (e(l),e(1)) =0.

Denote 0 = n o p as the Frobenius form and let e = ¢(1) so the above condition

becomes o (e, e) = 0. We shall prove the following classification result:

Proposition 6.20. Two-dimensional Frobenius algebras A over C with o(e,e) =0

are classified as Clz|/(z* — a) for some parameter a € C.

Proof. First note that since A is two-dimensional, A must be commutative. Let v
denote an element of A which lies outside the span of e. Then e is a unit for p if
and only if

ple@e)=e, pleev)=v, plee) =mu.

Then since e ® e,e ® v,v ® e,v ® v form a basis for A ® A, it follows that A is
commutative. Furthermore this implies that the Frobenius form o is symmetric.
Next we need the following key observation. Since ¢ is nondegenerate, we can find
an element x € A such that z is not in the span of e and o(z,z) = 0. Without loss
of generality, we can further assume that o(e,z) = 1. The elements e and z form

a basis for A and we compute:

n(e) =noule®e) =olee) =0

n(@) =noue®r)=ole,r)=1
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Now write pu(r ® ) = ae + fx. We have that

o(r®@z)=mnopure )
= an(e) + fn(z)

= A.

However by construction, o(z,z) = 0 so § = 0. Note that commutativity implies
co-commutativity for Frobenius algebras so we can express d(e) and d(z) as linear

combinations

dle)=ae®e+ame®@r+r®e)+azr @

dz)=lfre@e+fole@r+r®e)+ Pz @ .
Then the condition that 7 is a counit for ¢ is satisfied if and only if
as=1, a3=0, p[3=0, pz=1.
Similarly by checking the Frobenius identity, one concludes that
ap =0, [r=a

Finally one can verify that for any choice of «, the maps p and ¢ are associative
and co-associative respectively so A has the structure of a Frobenius algebra where

the maps (¢, 1,1, 9) are defined by

de)=eRkr+r®e, 0(r)=ae®@e+a® .
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When « = 0, the homology computed is Khovanov homology while when o #
0, the homology computed is Lee homology which is a pertubation of Khovanov

homology. Recall the following theorem about Lee homology [24]:

Theorem 6.21 (Lee). For any link L,
HLee(L) ~ 3,.C

where ¢ is the number of connected components of L.

Therefore we can check which homology theory arises from our construction
by computing the homology of a nontrivial knot. Indeed we can check (see next
section for details) that the homology of the trefoil knot is 4-dimensional. Hence

the proof is completed. m

We should note that computing the homology on the matrix factorization side
is done using a spectral sequence which converges to Khovanov homology at the
Esy-page. Therefore although we prove a part of Oblomkov and Rozansky’s conjec-
ture, we are unable to answer Rasmussen’s original conjecture on the existence of
differentials. However our proof above provides additional evidence for the geomet-
ric version of the differentials used for the sly spectral sequences. This geometric
formulation has computational benefits due to the action of the full twist braid

which we exhibit in the next section.

Furthermore the above constructions transforms Khovanov homology compu-
tations from a difficult homological algebra problem into a geometry/commutative
algebra problem where one can compute Khovanov homology after understanding
the sheaf Sp associated to a braid 8. Computing Khovanov homology for general
torus knots is still an open problem and above methodology represents a potential

avenue for tackling it.
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CHAPTER 7

EXAMPLES OF COMPUTATION

7.1 Two strand torus knots

We will use the results of the main theorem to compute sl,-homology for two

strand torus knots. Define the space Hilbi’r’%e to be the space
Hilbys = {(X,Y,v) € bx n x C*: C(X,Y)v = C*}/B

where B C G L, is the Borel subgroup acting on X and Y by conjugation and C? is

the fundamental representation. Let us fix notation for an element (X,Y’) € b x n.

11 T12 0 Y12
X — Yy —

Y

0 9 0 O
The stability condition on the Hilbert scheme implies that x5 and ;2 cannot
be simultaneously zero. Since they scale the same under a change of basis, x15 and
Y12 define a copy of P!. Because torus knots are Coxeter links, we can work in the
locus where x1; = x99 so denote these by a new variable z. Then geometrically we

are working a space that looks like P! and C intersecting at a point.

The gradings are given by

degxio = degyo = 1,degx =0

deg%tl‘lg - degllﬂfx - q27 degq,tym = tz/q2
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Remark 7.1. The q and t used here should actually be () and T used earlier in the
paper, but we stick with q¢ and t since these were originally used by Oblomkov and
Rozansky and these variables also match up with the conventions used for Khovanov

homology.

Let 8 = o where o is the positive crossing that generates the braid group on two
strands. Recall that in order to compute the triply-graded homology of 3, we need
to associate a sheaf (or complex of sheaves) Fz on Hilbfﬁ‘;e to the braid 8. Then

the Khovanov-Rozansky homology is obtained by computed the hypercohomology

H*(5) := H(Fsz ® A\°B)

free

where B is the tautological bundle on Hilb;y".

We are focused on the case of torus knots 7% 9,41 in which case Fg = Op1(n) ®

Oc- The tautological bundle B is given by (Op1(—1) ® Op1) ® Clz].

0
The stability vector is v = so the sly differential is given by contraction
1
. 233’.’1712 9 .
with the vector X?v = . Let V = C* have basis vectors eq, e5. Then the
2
x

sly homology chain complex is given by

32C€1 VAN
—x2
2xx19
al (C61 al Ceg

12
2xx19
a’C

Notice the additional shift in a on each horizontal level of the complex. We
shall compute sl; homology for torus links 75 9,11 when n > 0. Then adding these

differentials to the complex Fz @ A®*B, we have
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a?HO(O(n — 1)

) ® Cla]
% \1,2;

al H'(O(n)) ® Clz] a'H(O(n — 1)) ® C[x]

%
® Clz]

shifted by (a/t)". Consider the decomposition of the ring C[z] as C & Czx & 2*C|[z].

a’H%(O(n))

We can perform Gaussian elimination to the top right differential in our complex.

This leads to the following simplification:

al H(O(n)) ® Cla] alH'(O(n — 1)) ® C al H'(O(n — 1)) ® Ca

2
\ lQ.’L‘xlz /
2xx12

a’H"(O(n)) ® Cla].

Now let us explicitly compute H°(P!, O(n)) for n > 0. Recall that our coordi-
nates on P! are given by 19, ¥12. Then H°(P', O(n)) is the vector space spanned by
the the degree n monomials 27, 275 'y12, . . ., Y. When n = 0, HO(P*, O(—1)) = 0.
Then the sl, homology of T5; or the unknot can be computed from the complex

H%(0(0)) ® Cla]

2

H°(0(0)) ® Cl[z]
This complex has no kernel and the cokernel is spanned by the elements 1 ® 1
and 1 ® z. Adding in the ¢, ¢ gradings, we have the sl, homology is given by 1+ ¢°.

This is off by a shift of ¢! from the expected answer of ¢ 4+ ¢ *.

Next let us compute the case of n = 1 or T5 3 which is the trefoil knot. We have

the complex

al HY(O(1)) ® Clz] al HO(0(0)) ® C a HO(0(0)) @ Cx

2
\ l2wx12 /
2xx19

a’H(0(1)) ® Clz]
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with a shift by a/t. The kernel is spanned by the element a(1 ® x — 2z, ® 1) and
the cokernel is spanned by the elements z1o ® 1,912 ® 1,912 ® x. Adding in the
q, t-grading and setting a = ¢*/t, we have that the kernel is given by ¢'°¢~3 and the
cokernel is given by ¢%72 + ¢* + ¢*. After shifting again by ¢~!, we see that this
computation agrees with the Khovanov homology for the trefoil (¢+¢*+ ¢°t>+ ¢°t3)

when ¢ is exchanged with ¢!,

We summarize the results of our computation method in the following table for

n=0,1,2:

Khovanov homology for 75 9,11

Toq q+qt

Ty 5 Pt3+Pt P+ P +g

T2’5 q15t_5 + qllt_4 + qllt—?; + q7t_2 + q5 + q3

By performing a similar computation as above one can recover exactly the sly-
homology (N > 2) for the torus knots T5 9,,+1. We produce the results for N = 3,4,5

and n = 0,1, 2 in the following tables:

sl3-homology for T5 9p,41

15, ¢ +1+q2

q22t_5+q20t_5+q16t_4+q14t_4+q18t_3+

q16t73 +(]12t72 + q10t72 +q10q8 +q6
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sly-homology for 75 9,41

Ty, C+q+qat+q

q7t72_’_q9+q7+q5+q3

q29t75_’_q27t75+q25t75+q21t74+q19t74+
7‘72’5 q17t_4+(]25t_3—|—q23t_3+q17t_2—|—q15t_2—|—

5[5—homology for T2,2n+1

Ty, ¢+ + 1+ +q

)

T273 q24t73_‘_q22t73+q20t73+q18t73+q14t72+

q36t_4—|—q34t_5+q32t_5+q30t_5—|—q26t_4—|—
T2,5 q24t_4+q22t_4+q20t_4+q30t_3+q28t_3+
q26t73+q22t72+q20t72+q18t72+q16t72+

q20 +q18 _'_q16 + q14 + q12

In this case, one can check that our computations above agree with Lewark’s
computation for sl3-homology using foams [25]. One can check that for all N > 3,
the two different methods of computation match up. However unlike the case of
N = 2, a formal proof for why this geometric construction should compute sly-

homology for arbitrary knots and links is still out of reach.
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