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INTERSECTION COHOMOLOGY OF DRINFELD’S
COMPACTIFICATIONS

A. BRAVERMAN, M. FINKELBERG, D. GAITSGORY AND I. MIRKOVIC

INTRODUCTION

0.1. This paper resulted by merging several points of view on a remarkable geometric
object introduced by V. Drinfeld. In the incarnation studied here, this is a relative
compactification of the moduli stack of principal bundles with respect to a parabolic
subgroup (of a given reductive group) over a curve.

Since its discovery several years ago, Drinfeld’s compactification has found several
remarkable applications in the geometric representation theory, some of which are dis-
cussed in this Introduction. These applications include the construction of the “correct”
geometric Eisenstein series functor (cf. [BG]); the geometric study of quantum groups
at a root of unity and representatlons of Lie algebras in positive characteristic; a realiza-
tion of the combinatorial pattern introduced by Lusztig in [Lul] in terms of intersection
cohomology. In particular, one obtains an interesting and unexpected relation between
Eisenstein series and semi-infinite cohomology of quantum groups at a root of unity
(cf. [FEKM)).

The main result of this paper is the description of the intersection cohomology sheaf
of Drinfeld’s compactification.

0.2. The space ]/3—1\1/1113. Let X be a smooth complete curve, G a reductive group and
P C G a parabolic subgroup. Let us denote by Bung the moduli stack of principal
G-bundles on X and by Bunp the moduli stack of P-bundles.

The inclusion of P in G gives rise to a representable morphism p : Bunp — Bung,
and it is a question that appears most naturally in geometric representation theory to
look for a relative compactification of Bunp along the fibers of this map.

A construction of such a compactification was suggested by Drinfeld. In this way we
obtain a new algebraic stack, denoted Bunp endowed with a map p: Bunp — Bung
such that p is now proper, and Bunp is contained inside Bun p as an open substack.
~_The main complication, as well as the source of interest, is the fact that the stack
Bunp is singular. Basically, the present paper is devoted to study of singularities of
Bunp.

0.3. Eisenstein series. The authors of [BG] considered the following problem: For
X, G and P as before, let M be the Levi factor of P and Bunj; the corresponding
moduli stack. Using Bunp one can introduce a naive Eisenstein series functor, which
maps the derived category D?(Bunj;) to D’(Bung), and which is an analogue of the
usual Eisenstein series operator in the theory of automorphic forms.
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However, since the map p is not proper, this functor is “not quite the right one” from
the geometric point if view. For example, it does not commute with the Verdier duality
and does not preserve purity, etc. It turns out that using the compactified stack Bunp,
one can introduce another functor Eis{; between the same categories, which will have
much better properties. The authors of loc.cit. called it the geometric Fisenstein series
functor.

One of the results announced (but not proved) in [BG] was Theorem 2.2.12, which
compared the naive Fisenstein series functor with the corrected one. Very roughly, the
new functor Eis§; is the product of the old functor and a (geometric version of) the
appropriate L-function.

The proof of this theorem essentially amounts to an explicit description of the in-
tersection cohomology sheaf on Bunp, in terms of the combinatorics of the Langlands
dual Lie algebra g, or more precisely in terms of the symmetric algebra Sym®(ii(P))
(here u(P) is the Lie algebra of the unipotent radical of the corresponding parabolic in
G), viewed as an M-module.

In the present paper we establish the required explicit description of ICEan‘

0.4. Semi-infinite flag variety and quantum groups. Let us now explain another
perspective on the behavior of the above IC-sheaf. Consider the semi-infinite flag
“variety” G((t))/B((t)), where B is the Borel subgroup of G. Since the pioneering
work of Feigin and Frenkel [FH], people were trying to develop the theory of perverse
sheaves (constructible with respect to a given stratification) on G((¢))/B((t)) and, in
particular, to compute the IC-sheaf on it.

The problem is that G((¢t))/B((t)) is very essentially infinite-dimensional, so that
the conventional theory of perverse sheaves, defined for schemes of finite type, was not
applicable. Since it was (and still is) not clear whether there exists a direct definition
of perverse sheaves on G((t))/B((t)), the authors of [FFKM)] proposed the following
solution.

They introduced certain finite-dimensional varieties, called the Zastava spaces Z* in
terms of maps of a projective line into the flag variety (the parameter p is the degree
of the map, i.e. it is an element in the coroot lattice of G). They argued that the these
spaces provided “models” for G((t))/B((t)) from the point of view of singularities of
various strata.

Moreover, it was shown in [FFKM] that the stalks of certain perverse sheaves on
ZF were given by the periodic Kazhdan-Lusztig polynomials of [Lull], and this agrees
with the anticipated answer for G((t))/B((t)). Therefore, the Zastava spaces provide
a geometric interpretation for Lusztig’s combinatorics. This, combined with the earlier
work of Feigin and Frenkel allowed the authors of [FEKM] to come up with a conjecture
that ties a certain category of perverse sheaves on G((t))/B((t)), thought of as sheaves
on Z*, with the category of representations of the small quantum group.

Now, the key fact for us is that the Zastava spaces Z*, appropriately generalized in
the case of an arbitrary parabolic P, provide “local models” for the singularities of the
stack Baap as well. More precisely, we show that the parabolic Zastava spaces and the
stack BTﬂlp are, locally in the smooth topology, isomorphic to one another.
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Here we are dealing with the following remarkable phenomenon: the stack Bun P
is defined via the global curve X and it classifies P-bundles on our curve which have
degenerations at finitely many points. Therefore, one may wonder whether the sin-
gularities of Bunp near a point corresponding to such a degenerate P-bundle would
depend only on what is happening at the points of degeneration, and this is what our
comparison with the Zastava spaces actually proves.

0.5. Intersection cohomology on parabolic Zastava spaces. Thus, our remaining
goal is to compute explicitly the IC sheaf on the parabolic Zastava spaces Z¢ ( now is
an element of a certain quotient lattice).

To carry out the computation we employ an inductive procedure on the parameter
6. (We should note that the present argument is quite different and is in fact simpler
that the one used in [FFKM]| to treat the case of P = B.)

The basic characteristic of the Zastava spaces, discovered in [FFKM], is that they are
local in nature, which expresses itself in the Factorization property. Namely, Each Z9
is fibered over the configuration space X?, equal to the product of the corresponding
symmetric powers of X, i.e. X? =11 X () If § = 6; + Oy there is an isomorphism

1

79 ~ 79 x 7% after both sides are restricted to the subspace (X% x ng)disj of
X0 % X% corresponding to non-intersecting configurations.

Moreover, the fiber of Z% over a given point of X? is a product of intersections of
semi-infinite orbits in the affine Grassmannian Grg corresponding to GG. The whole
space Z% can be thought of as a subspace of the corresponding version of the Beilinson-
Drinfeld affine Grassmannian.

This interpretation via the affine Grassmannian explains the link between the stalks
of IC4¢ and the dual Lie algebra g: It is provided by the Drinfeld-Ginzburg-Lusztig-
Mirkovié-Vilonen theory of spherical perverse sheaves on Grg and their connection to

Rep(G), cf. [MV].

0.6. The naive compactification. To conclude, let us mention that in addition to
]/371/1113, the stack Bunp of parabolic bundles admits another, in a certain sense more
naive, relative compactification, which we denote Bunp. This second compactification
can be though of as a blow-down of Bunp; in particular, we have a proper representable
map t: BH;] P — mp.

By the Decomposition theorem, t (ICEHnP) contains ICg,  as a direct summand.

In the last section we give an explicit description of both tl(ICﬁﬁ P) and ICmP. The

answer for the stalks of ICg  is formulated in terms of Sym®(ii(P)’) where f € Lie M
is a principal nilpotent.

Note that the latter vector space is exactly the one appearing in [Lud]. Therefore,
the stack Bunp provides a geometric object whose singularities reproduce the parabolic
version of the periodic Kazhdan-Lusztig polynomials of [Lud).

0.7. Notation. In this paper we will work over the ground field F,. However, the
reader will readily check that all our results can be automatically carried over to the
characteristic 0 situation.
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Throughout the paper, G will be a connected reductive group over F,, assumed split.
Moreover, we will assume that its derived group G’ = [G, G| is simply connected.

We will fix a Borel subgroup B C G and let T be the “abstract” Cartan, i.e.,
T = B/U, where U is the unipotent radical of B. We will denote by A the coweight
lattice of T' and by A-its dual, i.e. the weight lattice; (-,-) is the canonical pairing
between the two.

The semi—group of dominant coweights (resp., weights) will be denoted by Ag (resp.,
by Ag) The set of vertices of the Dynkin diagram of G will be denoted by J; for each
i € J there corresponds a simple coroot a; and a simple root ¢&;. The set of positive
coroots will be denoted by A and their positive span inside A, by A%”. (Note that,
since G is not semi-simple, A is not necessarily contained in A%*.) By p € A we will
denote the half sum of positive roots of G and by wq the longest element in the Weyl
group of G. For A\, A2 € A we will write that Ay > Ao if A; — Xy € AL, and similarly
for AJ(S'

Let P be a standard proper parabolic of G, i.e. P D B; let U(P) be its unipotent
radical and M := P/U(P)-the Levi factor. To M there corresponds a sub-diagram
Iy in J. We will denote by AJJ\F/] D Ag, AYS C AT, pu € A, wil e W, ]\2/[ etc. the

corresponding objects for M. )

To a dominant coweight A € A one attaches the Weyl G-module, denoted VA, with
a fixed highest weight vector vt e VA, For a pair of weights A1, A2, there is a canonical
map VM2 — VA @ VA2 that sends vM 12 to oM @ v?2.

Similarly, for v € AL, we will denote by U” the corresponding M-module. There is a
natural functor V — VW) from the category of G-modules to that of AM-modules and
we have a canonical morphism U* — (V)‘)U(P ), which sends the corresponding highest
weight vectors to one another.

Unless specified otherwise, we will work with the perverse t-structure on the category
of constructible complexes over various schemes and stacks. If § is a constructible com-
plex, h*(8) will denote its i-th perverse cohomology sheaf. The intersection cohomology
sheaves are normalized so that they are pure of weight 0. In other words, for a smooth
variety Y of dimension n, ICy ~ (Q¢(3)[1])®", where Q/(3) corresponds to a chosen

once and for all square root of ¢ in Q.

0.8. Acknowledgments. The first and fourth author acknowledge partial support
from the NSF. A part of the work was completed while all authors were visiting the
Institute for Advanced Study in Princeton. In the course of writing this paper, the
second author enjoyed the hospitality and support of the Institut de Mathématiques
de Luminy. In addition, he is grateful to A. Kuznetsov for discussions of Bunp. The
third author was supported by the Clay Mathematics Institute and by a grant from
the NSF.

1. DRINFELD’S COMPACTIFICATIONS

1.1. Let P be a parabolic subgroup of G and let H C P be either the unipotent radical
U(P) or [P, P]. Consider the following functor Schemes — Categories:
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To a scheme S we associate the category of triples (Fg, F P/H: k), where Fg (resp.,
Fp/w) is a principal G-bundle (resp., a principal P/H-bundle) on X x S and & is a
collection of maps of coherent sheaves

kY (V)

Fpyu = Vo

defined for every G-module V, such that for every geometric point s € S, k. is injective,
and such that the Pliicker relations hold. This means that for V being the trivial
representation, £ is the identity map Oxxg — Oxxg and for a morphism V; ®Vy — Vs,

the diagram

K)V HV
(V{{)?p/H ® (Vév{)ffp/H Lz} (Vl & /VZ)S:G

! |

Pl
(Vi g0, —  (V3)g,
commutes.

Note that the data of x can be reformulated differently, using Frobenius reciprocity:
for a P/H-module U, let Ind(U) denote the corresponding induced G-module, i.e.
Homp, 7(W, V) ~ Homg(Ind(U), V) for a G-module V, functorially in V. Then the

data of x is the same as a collection of maps « defined for every M-module U:
K Ugy,,y — (Ind(UW)) g,

which satisfy the Pliicker relations in the sense that this map is again the identity for
the trivial representation and for U3 — Uy ® Us the diagram

Us)gp,y, ——  (Ind(Us))sg

! l

(U @ Uz)gp,,, —— (Ind(Us @ Uz)) g,

commutes.
In particular, for H = [P, P], it is sufficient to specify the value of x on 1-dimensional
representations of P/H, since this group is commutative.

For a fixed S, it is clear that triples (¢, Fp,g, x) form a groupoid, and for a map
S1 — Sy there is a natural (pull-back) functor between the corresponding groupoids.
In addition, there is a natural forgetful morphism from this functor to the functor
represented by the stack Bung: out of (F¢,Fp, g, k) we "remember” only F¢, which
is a G-bundle on X x S.

The following facts are proven in [BG]:

Theorem 1.2. For both choices of H the above functor S +— (?G,?p/H,/{) s repre-
sentable by an algebraic stack, such that its map to Bung is representable and proper.

We denote the corresponding stacks by Bunp (when H = U(P)) and by Bunp (when
H = [P, P]). Their projections to Bung will be denoted by p and p, respectively.

Note that we have a natural map from the stack Bunp to both BTI;IP and Bunp.

Indeed, in both cases, a P-bundle on X x S is the same as a triple (Fg,Fp g, k), for

v

which the maps k" are injective bundle maps.
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Since the condition for a map between vector bundles to be mazimal (maximal
means to be an injective bundle map) is open, the above maps Bunp — Bunp and
Bunp — Bunp are open embeddings. The following is also established in loc. cit:

Theorem 1.3. Bunp s dense in both ]/371/1119 and Bunp.

Finally, note that since U(P) is contained in [P, P] we have a natural map t : Bunp —
Bunp, which is proper and whose restriction to Bunp is the identity map.

1.4. By construction, a point of Bunp (with values in a field) defines a P-bundle over
an open subset X of the curve X (in fact XY is precisely the locus, where the maps kY
are maximal embeddings). We will now describe the partition of these stacks according
to the behavior of (Fg,Fp g, k) on X — X0, First, we will treat the case of Bunp.

Let M be the Levi factor of P. We choose a splitting M < P; in particular we have
a well-defined opposite parabolic P~ such that P N P~ = M. We will denote by Jys
the corresponding Dynkin sub-diagram of J.

Let us denote by Ag p the lattice of cocharacters of the torus P/H ~ M/[M, M].
We have the natural projection A — Ag p, whose kernel is the span of o, i € Jp7. We
will denote by ApG(?; the sub-semigroup of Ag p spanned by the images of o, j € J—Jy.

Given 0 € ApG(?;, we will denote by 2(6) the elements of the set of decompositions of

pos

6 as a sum of non-zero elements of A, . In other words, each (f) is a way to write
0= %nk - 01, where 6;’s belong to ApG(?; — 0 and are pairwise distinct.

For 2(0) we will denote by X A(0) the corresponding partially symmetrized power
of the curve, i.e. X% —= II;IX (k) We will denote by X% the complement of the
diagonal divisor in X2,

o
Proposition 1.5. There exists a locally closed embedding jyg) : X0 % Bunp —
Bunp. Fvery field-valued point of Bunp belongs to the image a unique jo(g)-

Although the proof is given in [B{], let us indicate the construction of jy(g).

Proof. Let Fp be a point of Bunp and 2%? be a point of )O(Q‘(‘g), ie. 229 consists

of a collection of pairwise distinct points x1, ..., z, of X, to each of which there is an

assigned element 0 € Ag;,. We define the corresponding point of Bunp as follows:
In the triple (?G,S"M/[MM},F;), F¢ is the G-bundle induced from Fp. Let now

Ty Jim,) De the M /[M, M]-bundle induced from Fp. For each G-dominant weight X
orthogonal to Span(«;), i € Iy, let us denote by LA, the corresponding associated
M /[M,M]

line bundle. By construction, we have the injective bundle maps

A A A
KL —V
}\/I/[I\/I,M] Ja

(here VX is the Weyl module corresponding to 5\), which satisfy Plicker relations.
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We set Fry/iar,01) -= ‘T;\/I/[M,M}(_E Or-x). The corresponding line bundles LA

. Fnay v, M)
are then L2, (=X (0k, A) - xx). Thus, by composing we obtain the maps
M/[M,M)]
A.pA A
k }:’?M/[M,M] - V?G’

which are easily seen to satisfy the Pliicker relations, as required.
O

Let us denote the image of jg(g) in Bunp by m(g)mp. It is easy to see that the
union of g)Bunp is also a locally closed sub-stack of Bunp, which we will denote by
gBun P

If 6 is the projection of ¥ n;i-ai set X? = I X™). By definition, X? is

i€I—In i€d—Jnr
stratified by the spaces X A0) for all possible 20(0). As in Proposition [l.J, we have a
locally closed embedding X % x Bunp — Bunp, whose i image is our gBunp.

Let us denote by gl(g)Bunp C Bun p the preimage of g(p)Bunp under the map r. Our

next goal is to give a more explicit description of each Q[(g)]é;;lp.

1.6. Let x € X be a point. Recall that the affine Grassmannian Grg is the ind-
scheme representing the functor Schemes — Sets that attaches to a scheme S the set
of pairs (Fg, 3), where F¢ is a principal G-bundle on X x S and 3 is an isomorphism
Faol(x—2)xs = E%I(X—x)x& where ff% is the trivial G-bundle. Sometimes, in order to
emphasize the dependence on the point z, we will write Grg . Note that by letting
x move along the curve, we obtain a relative version of Grg, which will be denoted
GrI“G7 X-

In the same way one defines the affine Grassmannians for the groups M, P, P~.

For every G-dominant coweight one defines a (finite-dimensional) closed sub-scheme

GrG C GrG by the condition that (Fg, ) € @2‘; if for every GG-module whose weights
are < A, the meromorphic map GV : Vg, — Vgo ~ V ® Oxxs has a pole of order

< (A, —wo(N)) along = x S.

Now let ¢ be an element of Af,. We define the element b(f) € A as follows: if §

is the projection under A — Ag p of 0 e Span(a;), j € 3 — Iy, then b(6) = wd (),
where wéw is the longest element in the Weyl group of M. Note that by construction,
b(6)

b() is M-dominant; in particular, it makes sense to consider Gry; . One of the key
observations is the relation of @5\2@) to the fact that M is a Levi subgroup of G:

Consider the functor that attaches to a scheme S the set of pairs (T, 3Y), where
BV is an embedding of coherent sheaves defined for every G-module V:

up) ., pyu(p)
B : Vg, Vg?w

such that

1) The Pliicker relations hold in the same sense as before.
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2) If VU (P) is 1-dimensional corresponding to the character  of M, then 6}\7/1 identifies

Vg](f) = LZfM with L’;O (—=(0,7) - x) ~ Oxxs(—(0,7) - ). (In the last formula we have
M

used the fact that o and 6 belong to mutually dual lattices.)

The following proposition is proved in [B{J], but we will sketch the argument due to
its importance:

Proposition 1.7. The above functor is representable by a finite dimensional closed

0 . . ——(0 0 .
sub-scheme, denoted Gr;\z,’ , of Grys. We have an inclusion Gr]\(/ — Grj\'/[’ , which
induces an isomorphism on the corresponding reduced schemes.

Proof. Let (Fay, ﬁ}\?/[) be an S-point of Grj\'/[’e. To construct a map of functors, Grj\'f —
Grjys we must exhibit the maps ﬁ}é Uy, — UgoM for all M-modules U and not just
for those of the form VV(¥). However, we can do that because any U can be tensored

with a 1-dimensional representation of M corresponding to a G-dominant weight o, so
that the new representation will be of the form VU®F),

By construction, the above map Grj\r/[’e — Gr)yy is a closed embedding. The fact that
Grj\r/[’e is a scheme (and not an ind-scheme) follows from the fact that we can choose V
such that VW) ig faithful as a representation of M.

Let (Far, Bar) be an S-point of @%ﬁ). Then if V is a G-module (whose weights, we

can suppose, are < \ for some G-dominant weight 5\), the maps ﬂXIU(P) : Vgép) — Vg{gp)
G

are regular, since (p(9), —w)! (\)) < 0, by the definition of b(f).
Hence, @Ij\(j) is contained in Grj\;[’@. To show that this inclusion is an isomorphism on

the level of reduced schemes, one has to check that the fact that G?\\/j C Gr;\rf implies

that b(f#) — X is a sum of positive coroots of M, which is obvious.
U

1.8. Now let us consider the following relative version of the above situation. Let 6
o
be as above and given an element 2A(6) let us consider the space Gr;[’m(e) over X 0),
o
whose fiber of 22 = 20, - 1, € X4 equals 1};[ Gr;\r/l’efk.

In addition, we can generalize this further, by replacing the trivial M-bundle in the
definition of Grys by an arbitrary background M-bundle 3"?\/[. By letting 3"5’\/[ vary along
the universal family, i.e. Bunjs, we obtain the relative version Hjys of Grys x, which
is fibered over X x Bunj,; and is known in the literature as the Hecke stack. The

relative version of Gr;\r/l’m(e) will be denoted by f]{;\r/[’gl(e) and it is by definition fibered

o
over X0 x Bunj,.
Proposition 1.9. There exists a canonical isomorphism

m(g)ﬁl\l/np ~ Bunp X %14\-/[,2[(9)’

Bunj,
such that the projection v onto o) Bunp on the LHS corresponds to the natural map of

the RHS to Bunp « XU0)
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The proof is given in ] and is, in fact, an easy consequence of Proposition
above.

1.10. Finally, we are able to state Theorem [l.19, which is the main result of this
paper.

First, let us recall the category of spherical perverse sheaves on Grg, which by
definition consists of direct sums of perverse sheaves ICﬁx, as A ranges over the set
G

of G-dominant coweights. It is known that this category possesses a tensor structure,
given by the convolution product, and as a tensor category it is equivalent to the
category Rep(é’) of finite-dimensional representations of the Langlands dual group G.
In particular, we have the functor Loc : Rep(G) — Prev(Grg), such that the irreducible
representation of G with h.w. A goes over under this functor to IC—A

We will use the above definitions for M, rather than for G Recall that Ag p can
be canonically identified with the lattice of characters of Z(M); for § € Ag p and an
M-representation V, we will denote by Vj the direct summand of V' on which Z (M)
acts according to 6.

Recall that the nilpotent radical of the dual parabolic it(P) is naturally a representa-

pos

tion of the group M and let us observe that for 6 € AZp, the sub-representation i(P)g
is irreducible.

Lemma 1.11. For 6 € AL, the perverse sheaf Loc(Sym(ii(P))g) is supported on

any.

Now, let us fix the notation for the relative versions of the functor Loc. First,
we will denote by Locy the corresponding functor Loc : Rep(M) — Perv(Grps x).
Secondly, given 6 and an element 2A(f), corresponding to 0 = Enk -0, and a M-

representation V', we will denote by Loc?((e)(V) the perverse sheaf on Gr+ A(0)

o
fiber over %9 = 20, - 2, € X%O je. over II;I GrEifk, is

, whose

2 Loc(Vh,) ® (@il1](5)) ),

where [20(0)| = %nk

We will use the symbol Locgun,,,x (V) (resp., LOCBI(JGH)M +(V)) to denote the corre-
(© ))

sponding perverse sheaves on Hjys (resp., }C+ 2Oy, Furthermore, by considering the

tensor product Bunp x s we can define a perverse sheaf Locgun,, x (V') on it, which
Bunjy,

is ICBun, “along the base” (i.e. Bunp) and Locgun,,,x (V') “along the fiber” (i.e. Has),

and similarly for the perverse sheaf Loc%fﬁfp’ (V) on Bunp x J{j\'/[’m(e).

Bunjy,
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)

Theorem 1.12. The x-restriction of IC%P to m(g)éaap ~ Bunp X ﬂ{?\[/[(e is 1s0-

Bunj,
morphic to

2A(0)

Locpy,, x (@ Sym'(5(P)) ® Q¢(i)[2i]) ® (@[1](%)@—@(9»7

(i>0

where ® Sym®(i(P)) ® Qq(4)[2i] is viewed as a cohomologically graded M-module.
i>0

2. ZASTAVA SPACES

Let 6 be an element of AY,. In this section we will introduce the Zastava spaces

7%, which will be local models for BTl;lp.

2.1. Let us recall the space X% if 0 = ¥ ni-ap X0 = MO X" One may
ISNES)Y ieJ=In

alternatively view X? as the space classifying the following data: (F; /M, M]> B[ ))

where Fpr/a, is @ principal bundle with respect to the group M/[M, M] on X of

degree —0, and Byr/ar,n is a system of embeddings defined for every G-dominant

weight A orthogonal to Span(w), i € Iy,

X - 5\ X ~o
ﬁM/[M,M] 'L?M/[M,MJ - Lg:(l)w/[M,M] =~ Ox,

such that gM @ gr2 = ghitiz,

Note that in the product X x X there is a natural incidence divisor, which we will
denote by I'?.

Now, let us define the scheme Mod;\rf. By definition, its S-points are pairs (Fas, Bur),
where F)s is an M-bundle on X x S such that the induced M /[M, M]-bundle is of degree
—0, and By is a system of embeddings of coherent sheaves defined for every G-module

A%
Vo, U(P) U(P)
5M : (V )?M — (V )30M7
such that for a pair of G-modules V; and Vo we have a commutative diagram

U(P) U(P) B @B U(P) U(P)
(V1 )?M ® (V2 )?M — (V1 )35{1 ® (Vz )39\1
U(P) e U(P)
(Vl X V2)3~M —_— (Vl (039 Vg)g(l)w .

It is easy to see, as in Proposition [, that Mod;\r/[’o is indeed representable by a
scheme of finite type.

By construction, we have a natural map mp; : Mod;\rf — X% which corresponds
to taking for V all possible 1-dimensional M-modules. If (Fy7, Sar) is an S-point of
Modj\'f, it follows as in Proposition [[.7 that By defines a trivialization of Fj; on
X xS5— F%, where F% is the preimage of T'? under X x S — X x Mod;\rf — X x XY,
Moreover, we have:

)‘}2{(9) X Mod;\rf ~ Grj\f“@) .
X0
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In particular, Mod ;% |a, ~ Gr}%, where Ax C X is the main di 1
n particular, (0} M lAx = rM,X’ wnere X 1S € mailn dlagonal.

2.2. Finally, we are ready to define Z?. An S-point of Z? is a quadruple
(:}'Gag'M)ﬁMvﬁ))

where F is a G-bundle on X xS, (Fps, Bar) is a point of Mod;\;[’e and [ is a trivialization
of Fgon X x5 — F%, where Fg is as above, such that the following two conditions are
satisfied:
1. For every G-module V, the natural map V — Vy;(p-) extends to a regular surjec-
tive map of vector bundles

B
Vae — stg - (VU(P*))ggw ~Vyp-) @ Oxxs-

2. For every G-module V, the natural map VW) — V extends by means of 3 and
By to a regular embedding of coherent sheaves

(VU(P))?M - V?G .

;From the above definition, it follows that Z¢ is representable by an ind-scheme.
However, we will see later on that Z? is in fact a scheme, cf. Proposition B.9.

We will denote by 7p the natural map Z¢ — Mod;\r/[’e; by mg we will denote the
composition mps o mp : Z¢ — XP.

By definition, Z% contains as a sub-scheme the locus of those (Fg, Far, Bar, 3), for
which the maps (VU(P ))gM — Vg are mazimal embeddings, i.e. are bundle maps. We
will denote this sub-scheme by Z? .

Observe now that there is a natural closed embedding: s’ : Mod;\'/[’e — 7% In-

deed, to (Far, Bur) € Mod;\r/[’o we attach (3%, Far, Bur, 8°), where 3° is the tautological
trivialization of the trivial bundle.

Remark. Note that for the definition of the Zastava space Z?, the curve X need not be
complete. Indeed, the only modification is the following:

In the definition of Mod;\r/l’e, instead of having pairs (Far, Sar) we can consider triples
(Far, Bar, S — X9) where By is such that for every 1-dimensional M-module VA (such
A is automatically orthogonal to aj, i € J M), By induces an isomorphism Vé‘rM ~
Oxxs(—(0,A) - T%).

2.3. Factorization property. The fundamental property of the spaces Z% is their
local behavior with respect to the base X?.

Let 6 = 61 + 65 with 6; € Agﬁg and let us denote by (X% x Xez)disj the open subset
of the direct product X% x X% which corresponds to /1 € X% 292 ¢ X% such that
the supports of 21 and 292 are disjoint.

We have a natural étale map (Xel X X92)di5j — X,

Proposition 2.4. There is a natural isomorphism:

(X0 x X02) g5 x 20 = (X0 x X92) 450, x (2% x 2%2).
X0 X9 x X 02
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Proof. Let z%t x 2% be an S-point of (X% x X92)disj. By definition, this means that
the divisors I‘gl and I‘g? in X x S do not intersect. Let (Fg, Far, Bar, B) be an S-point
of Z% which projects under 7 to the corresponding point of X?.

Set (X x8) = XxS5—T% (Xx5)2=Xx5-T% (Xx9)°=(Xx8N(XxS)2
By assumption, (X x $)'U(X x S)? = X x S. We define a new G-bundle F, as follows:
over (X x S)1, FL is by definition the trivial bundle F; over (X x S)?, F, is identified
with Fg; the data of 3, being a trivialization of Fg over (X x S)? defines a patching
data for 97};. By construction, 3'%; is trivialized off 2%, let us denote this trivialization
by 5.

We introduce the second G-bundle F% in a similar fashion: Fal(xxs)2 = Fal(xxs)
and 9-"2]( Xx§) 3%]( xxs)t- (From the construction, 3% acquires a trivialization 32 :
Tl xxsy2 = Tl xxsy2-

In a similar way, from (Fa, By) we obtain two pairs (F1,,01,) € Mod;\r/[’@1 and
(F%,,3,) € Modj\r/[’ez, which project under s to 21 and z%2, respectively.

Thus, from the S-point (Fg, Far, Bur, 3) we obtain two S-points (F5, FL,, 6, 8)
and (F%,52,, B%J, 32) of Z% and Z%, respectively. The map in the opposite direction

is constructed in the same way.
O

In the course of the proof we have shown that the space Mod;\r/[’o factorizes as well,
i.e. we have a natural isomorphism
) ) +0 v 0y +,0 +,0
(X7 % X)) giss ;9 Mod,;” >~ (X" x X"2)g;s; X91>X<X92 Mod,;”* x Mod ™,

compatible with the factorization of Z?. In addition, it is clear that the section s’ is
compatible with the factorizations in a natural way.

2.5. The central fiber. Consider the main diagonal Ay : X — X%, For a fixed point
x € X let us consider the corresponding composition A, : pt — X — X,

The central fiber SY of Z? is by definition the preimage of the above point under
e : Z% — X9 We will denote by ¢S? the intersection S N Z¢

For 6 € Ag.p, let Gr?; be the pre-image under Grp — Gr /0] 0f the corresponding
point-scheme in Gryy/(a7,07). Both Gr?g and Gry(p-) are locally closed sub-schemes of

Grg and let us consider their intersection Gr% N Gry(p-).-

Proposition 2.6. There is a natural identification GrGPﬁGrU(P—) ~ ¢S, The map
oS? I8 Gr;\rf — Grpy corresponds to Gr?g NGryp-y = Grp — Gry.

Proof. By construction, an S-point of ¢S? is a data of a G-bundle F; on X x S, with
given reductions Fp and Fp- to P and P~, respectively, such that these reductions are
mutually transversal on (X — z) x S, the M-bundle induced from Fp- is trivialized,
and the maps

o — Oxxs(—(X,0))

Fnryim,

are isomorphisms for G-dominant characters A of M/[M, M].
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Therefore, over (X — z) x S all the three principal bundles Fg, Fp and Fp- are
trivialized in a compatible way, and the M /[M, M]-bundle induced from Fp is exactly
?OM/[MM}(—H -z). Thus, (Fp,Fp-) indeed defines a point of Grf N Gry(p-y.-

The map in the opposite direction, i.e. Gr?gﬂGrU(pf) — 0SY, is constructed in
exactly the same way. The second assertion of the proposition, i.e. the fact that wp
becomes identified with Gr?; N GrU( p-) < Grp — Gr)s is obvious from the construc-
tion.

O

As a consequence, we obtain that since Z? is a scheme of finite type (which will be
proven shortly) the intersection Gr?p N Gry(p-) is also a scheme of finite type.

3. RELATION OF THE ZASTAVA SPACES WITH Bunp

Our goal now is to show that the space Z? models the stack Baap from the point of
view of singularities.

3.1. First, we have to introduce the following relative version of Z¢.

Let 3"?\4 be a fixed M-bundle on X and let 3'% be the induced G-bundle under our
fixed embedding M — G. The space Zgl],w is defined as follows: it classifies quadruples
(Fa, T, B, B) as in the case of Z with the only difference that the trivial AM-bundle
H:OM is replaced by 3’"?\/[ and the trivial G-bundle ?OG is replaced by 3"%.

Since every M-bundle is locally trivial (cf. [DY]), and due to the Factorization
property, the spaces Z? and Zgrb are étale-locally isomorphic.

Similarly, if S is a scheme (oi‘l a stack) mapping to Bunjys, we can define the space
Zg. When S is smooth, then using [DY] we obtain that Zg is locally in the smooth
topology equivalent to Z?. In practice, we will take S to be Bunj,.

Along the same lines, we define the relative version Modj\fs of Modj\'f. When

S = Bunyy, we will denote it by ModgiM.
Recall that the stack Buny,s splits into connected components numbered by the ele-
ments of Ag p. By definition, a point Fs belongs to the connected component Bun?\/[

if the associated M /[M, M]-bundle is of degree —f. We will use the superscript 6 to
designate the corresponding connected component of the stack Bunp or Bunp-.

Proposition 3.2. For every 0 € A}, and §' € Ag p there is a canonical isomorphism

!

— 0+ ’
between Z and an open sub-stack of Bun x Bun%_.
Bun), P Bin P
G

i From this proposition it follows, in particular, that ZgunM is a stack of finite type,
and hence Z% is a scheme of finite type (and not just an ind-scheme).

Proof. Let us analyze what it means to have an S-point of the Cartesian product

—— 9—1—9/ /
Bunp X Bun?D, .
Bung
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By definition, we have a G-bundle, a pair of M-bundles F; and F), and two systems
of maps x and k™~ for every G-module V:

K (VU(P))?M - ijtG
£V, = Vo)),

which satisfy the Pliicker relations, with the condition that the k™ ’s are surjective, and
the k’s are injective over every geometric point of S.

!

—— 940 /
We define the open sub-stack (Bunp X Bun‘?g,)0 by the following condition: for
Bung

every geometric point s € S, the P- and P~ -structures defined on F¢|s by means of &
and Kk~ at the generic point of X are mutually transversal.
Let (Fa, Fur, Fyy, Oar, B) be an S-point of ZgunM. It is clear that the maps

(VU(P))?M — Vg, and Vg, — (VU(Pf))StM’

— 040 )
as in the definition of ZgunM indeed define an S-point of (Bunp x  Bunf ).

Bung
!

. . — 0+ ’ X
Conversely, given an S-point of (Bunp X Bun?y )0, we define an S-point of
Bung

ZgunM as follows:

Firstly, we set the “background” M-bundle to be F),. Let F, denote the induced
G-bundle under M <— G. Secondly, by construction, there exists an open dense subset
(X x 8)? € X xS, such that F|xxs)p admits reductions simultaneously to P and
P~, which are, moreover, transversal. Hence, over (X x S)°, we have identifications
B:Fq ~ Fy and By - Fyr ~ F);. Therefore, it remains to show that Fps is such that
the maps ﬂ}é Ugy, — U%{, which are defined on (X x S)°, extend as regular maps
to the entire X x S, provided that U is of the form VW) for a G-module V.

However, note that for U of the above form the composition

U — Ind(U)Y®) — Ind(U) — Ind(U)y(p-

is an isomorphism. (As a remark, let us observe that in char 0, the maps V(¥ —
Vi (p-) are isomorphisms for any G-module V, which is not necessarily the case over

[F,.) Hence, by composing x and £~ we do obtain a regular map
Usy, — (Ind(WY g, — Vi — (IdWypo), = Usy,,

which is what we had to show.
O

3.3. Observe that under the isomorphism of the above proposition, the open sub-
stack Z¢

mazBun,, coincides with the preimage of Bunp C Bunp. Let us now analyze the

behavior of other strata of Bunp under the isomorphism of Proposition B.9.
Recall that for § € A7, we introduced a locally closed sub-stack yBunp C Bunp, as
the image of the natural map

X0 x Bunp — Bunp.
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Let 9]/3—1\1/1113 - ]/3—1\1/1119 denote the preimage of yBunp under ¢ : ]/3—1\1/1119 — Bunp. Asin
Proposition [[.g one shows that

+,0

gBunp ~ Bunp x ModBunM .

Bunj,

/ /

—— O+0 ’ . —— 040 .
Let (¢ Bunp X Bun?),)0 be the preimage of ¢/ Bunp  under the natural projec-
Bung

tion.

NG—I—@/ ’ .
Lemma 3.4. The stack (¢Bunp Bj; Bunf,_)® is empty unless 6 — 0 € Ag?;-
G

For 0" = 0, the above sub-stack identifies with the image of Mod%?  under s¥ :

Bunjs
+7€ 0
MOdBun]\/[ - ZBuH]\/[ :

Proof. Note that an S-point of Bunp belongs to ¢/Bunp if and only if the following
condition holds: for every G-dominant weight A, orthogonal to Span(«;) for i € Ty,
the corresponding map

AopX

A FYVIRYRYS

- V3
is such that there exists a short exact sequence
0—M; — coker(/ij‘) — My — 0,

such that My is a vector bundle on X x S, the support of M; is X-finite and over any
geometric point s € S, the length of M, | is exactly (0', ).

. . — 0+ ’ .
Given an S-point of (¢Bunp X Bun?g,)o, we can compose the above embedding
Bung

of sheaves with
AR od b
Ve — o)z, = Lo 0
and we obtain a map between line bundles, such that over every geometric point s € S
its total amount of zeroes is (6, \). This readily implies the first assertion of the lemma.

To prove the second assertion, observe that

— 9+9/ , , ,
(pBunp x Bunf_)’ ~ (Bunf_ x Bun%)? x Mod? .
P P Bunjs
Bung Bung Bunjy,

However, the condition on the degree forces that

/ /
(Bunf_ X Bun%)® ~ Buny, .
ung

Hence,
o 0+ 0 0 +.0
(pBunp BI;ZG Bunp- )" ~ Modg,, -
and the fact that its embedding into Z]%unM coincides with s? follows from the con-
struction.

O
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3.5. For an element 6’ with § — 6 € A%}, let us denote by ¢/Z% the corresponding

locally closed subvariety of Z%, which is the trace of g Baap under the isomorphism of
Proposition B.3. In particular, OZO Zgwx
As in Proposition [[.g above, we obtain:

! /
020 ~ 700 Modl;”,
Bunj,

where the map Z%-% — Bunj, used in the definition of the fiber product is (Far, Bur) €

) mazx
Z0-0" Fur € Buny,.

Let us denote by ¢S? the intersection of ¢ Z? with the central fiber S’. We obtain
the following description of ¢S?:

Let Conv)s denote the convolution diagram of the affine Grassmannian of the group
M. By definition, Conv,; classifies quadruples (Fy, M,ﬁM,ﬁM) where ﬁM is an
isomorphism S"M\X_x ~ F),|x—z and B3}, is an isomorphism F,|x_, ~ F9,|x_,. We
have a natural projection pr’ : Convy; — Grys, which sends (?M,S"M,EM,ﬁM) —
(F B) and the projection pr : Convy — Gry, which sends (S"M,FM,BVM,BM) —
(Fnmt, By o Bur)-

Projection pr’ makes Convy; a fibration over Gry; with the typical fiber isomorphic
to Grys and we will denote by Convj\r/[’e the closed sub-scheme of Conv, which is a
fibration over Grj; with the typical fiber Grj\r/[’e

Using Proposition P.g we obtain:

S ~ (Gr?;el NGryp-y) X Conv;\rf/,
Gryy

where Grys + COHVMG is the map pr’.

3.6. Smoothness issues. Above we have constructed the map
—— 6+0 — 946
Z]%unM ~ (Bunp X BunP )® — Bunp
Bung
We do not a priori know whether this map is smooth, since Bunp- — Bung is not
smooth. We will now construct an open sub-stack in Z]93unM7 which will map smoothly
—— 0-+0¢’

onto Bunp

Let u(P) be the Lie algebra of U (P) viewed as an M-module. We define the open sub-
stack Bun’y; C Buny; to consist of those M-bundles Fy;, for which H*(X,U) = 0, for
all M-modules U, which appear as sub-quotients of u(P). Let Bun,_ be the preimage
of Buny, under the natural projection q : Bunp- — Bunj,.

Lemma 3.7. The restriction of the natural map Bunp- — Bung to Bun',_ is smooth.

Proof. Since both Bunp- and Bung are smooth, it is enough to check the surjectivity
on the level of tangent spaces. Thus, let Fp- be a P~-bundle and let F& be the induced
G-bundle. We must show that

Hl(vag“Pf) - Hl(ngffg)
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is surjective if q(Fp-) € Buny,.

In general, the cokernel of this map is H*(X, (g/p~) 5, ). However, the irreducible
subquotients of g/p~ as a P~-module are all M-modules, which appear in the Jordan-
Holder series of u(P). Hence, the assertion of the proposition follows from the definition
of Bun),.

O
Let Zgung/[ denote the corresponding open sub-stack of ZgunM. From Proposition .9
. . . —~— 0+6’ /
we obtain an isomorphism Zgunr (Bunp X Bun?Df ) and from the above lemma,
Bung
— 0+0'

we see that the resulting map Z]%ung/[ — Bunp is smooth. In particular, since the
stack Bunp is smooth, we obtain the following corollary:

Corollary 3.8. The open sub-scheme Z of Z% is smooth.

ma:(:
It is well-known (cf. - that every open sub-stack of Bung of finite type belongs

to the image of some Bun?,”, when —#’ is large enough. Similarly, it is easy to see that

P—

— 9
every open sub-stack of finite type of Bunp eventually belongs to the image of Zgug

Hence, in order to understand the singularities of Bun p, it is sufficient to analyze the
singularities of Z9.

4. COMPUTATION OF ICzo: STATEMENTS

4.1. For 6 € AZYp =~ Span™ (a, i € T —Tpy), let P(6) denote an element of the set of
partitions of # as a sum 6 = %Hk, where each 6}, is a projection under A — Ag p of a
coroot of G belonging to Span™ (ay, i € I — Jpy).

We emphasize the difference between () and 2((#): in the latter case we decompose
0 as a sum of arbitrary non-zero elements of Agp.

For a fixed (0), let X F®) denote the corresponding partially symmetrized power
of the curve. In other words, if § = %nk -0, where 0)’s are pairwise distinct, X ¥ =

11 X ()
k
Now we need to introduce a version of the Beilinson-Drinfeld affine Grassmannian

Grj\(ﬁ(e). First, consider the ind-scheme Grj\(ﬁ(g) , which classifies triples (a;"13 I, Bur),
where 2% ¢ X m(@)’ Far is an M-bundle on X and B is the trivialization of Fr away
from the support of 2%, (We leave it to the reader to formulate the above definition
in terms of S-points, in the spirit of what we have done before.)
Consider the open subset )0( BO) of XFO) equal to the complement of all the diagonals.
Inside Gr(]\l}(@)’OO | o we define the closed subset Grzﬁ(e) | o as follows: For z%() =
XF() X%

¥ 0y, - x;, with all the x;’s distinct, the fiber of Gr;ﬁ(e)’oo over it is just the product of

the affine Grassmannians 1];[ G110, and the fiber of Grzﬁ( ) is set to be H Gr?& xi’ where

b(6) is as in Proposition [.7. The entire Grﬁ(e) is defined as a closure of Gr M(e)

inside Gr}\‘ﬁ(@) o0

| XF©)
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By construction, if (:Eq3 ,Far, Bar) belongs to Gr;ﬁ,(o), then among the rest, the

trivialization (as has the following property: for every G-module V the map
(P)
B (Vg — (W )gq =V @ 0,

which is defined a priori on X — 2¥® extends to a regular map on X. Therefore, we

obtain a map iy : Gr;ﬁ,(e) — Modj\'f, which covers the natural map X%*® — X? It
is easy to see that the above map i) is finite.

4.2. Let us denote by IC*®) the intersection cohomology sheaf on Grﬂfﬁw). We need
to understand more explicitly the behavior of IC*®) over the diagonals in X%,

Thus, let Ax ¢ XP® be the main diagonal. By construction, Gr}\‘ﬁ(@) Ay 1s a
sub-scheme of the relative affine Grassmannian Grjs x. Recall that Locy denotes the
localization functor from Rep(M) to the category of perverse sheaves on Gryy x.

Lemma 4.3. If P(0) corresponds to 6 = %nk - 01, then the *-restriction of ICFO) ¢

Gr;ﬁ,(e) Iax C Gra,x can be canonically identified with

Locx (& Sym™ (i(P)g,)) @ (@(%)[1])@%(0»1
where [(0)] = S

Proof. Consider the corresponding non-symmetrized power of the curve II;IX ™k Over

b( k))

it we can consider the scheme H (Gr ™k and we have a natural proper map

sym : H (Gr b(gk)) Gl‘?\if(e)7

which covers the usual symmetrization map H X — XPO) Let us denote temporarily

by 8 the direct image sym!(ICH e b(ek))nk)

The fact that the map Wthh defines convolution of perverse sheaves on the usual
affine Grassmannian Grjp; is semi-small implies that the above map sym is small.
Hence, § is the Goresky-MacPherson extension of its restriction to the open sub-scheme
Grm(e) | In particular, it carries a canonical action of the product of symmetric

H S’!Lk
groups HS”k because this is obviously so over Grm(g) ] % () and ICFO) ~ (8)x " "

By construction, the *-restriction of 8 to Gri i \ Ay can be identified with

XEO)

Yng—1
®knk .

Locx(%(ﬁ(P) 0,)") ® (Qé( )[1])

Therefore, it remains to see that the 1};[ S™:-action on 8|a . corresponds to the natural

action of the group on ® (i(P)g, )®™ . We prove the latter fact as follows:
k
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Since taking the global cohomology is a fiber functor for the category of spherical
perverse sheaves on Gryy, it suffices to analyze the 11;[ S™:-action on the direct image of

8 under Grﬁ[w) — X% in which case the assertion becomes obvious.
O

4.4. The main theorem. Our main technical result is the following theorem:

Theorem 4.5. The -restriction of 1C,e under s° : Mod;\r/[’o — 79 can be identified
with )
@ i)« (IC*?) @ (@i(5)[1)) PO,
B(0) 2
Remark. Let us explain to what extent the isomorphism stated in this theorem is
canonical. (In fact, it is not!) The LHS carries the cohomological filtration (filtration
canonique), which corresponds to the filtration on the RHS according to |B(6)| under
whichever isomorphism between the RHS and the LHS that we choose. Unfortunately,
our proof does not give a canonical identification even for the associated graded quo-
tients: each z'gp(g)*(ICgme)) appears up to tensoring with a 1-dimensional vector space.
To prove this theorem, we will proceed by induction on |6] := jEj n; if 6 =
weJ—Jp

¥ ni- ;. First, we will derive from it various facts about IC5— . since we will use
i€T—Tn

them to perform the induction step.

4.6. Observe that since ICys is Verdier self-dual, from Theorem [l.§ we obtain the

description of s7*(IC4s) as well. By translating this description to Bunp using Propo-
sition B.4, we obtain the following corollary:

Corollary 4.7. The *-restriction of ICB-uvnP to 9]/371/1113 ~ Bunp X Mod?  can be

Bun Bun,
identified with

« 33®)® (@(%)[1])\‘43(9)\7

Bun)s

@ (id x 1 «(IC
(6) (i i)+ (ICpy,

PB(0)

0) . . . .
where Hy, is the corresponding relative version of Gr

(]\434(6) over Bunjy.

;From this corollary one easily deduces Theorem [[.12:

Proof. (of Theorem [1.12)
To simplify the notation, we will take the element () = A°() corresponding to
the decomposition which consists of one element: 6§ = 6. We need to calculate the

*_restriction of ICg— to
unp

B b ~ A°(0) +.0
20(p)Bunp ~ Bunp Bu>r<lMﬂ'CM ~ Bunp Bu>r<lMﬂ'CM’X.

+,0

Bun s =~ gBunp.

By definition, our embedding jgo () factors through Bunp x  Mod

Bunjs

Note that fHIfX C Modgan is exactly the preimage of the main diagonal Ay C X°.
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Therefore, the sought-for complex is, according to Corollary 7, the direct sum over

P(0) of
« oro)lax ® @)

Bunj,

Using Lemma 1.3, we obtain that (id x igg))«(IC

(id X Z‘gp(g) )* (IC

Bunp

Bunp x &C"}\'}(‘))NAX corresponding

Bun)s

to P(6) with 6 = %nk - 0x equals

Locun (& Sym™ (i(P)g,)) @ (@(1)2)*FO) @ @i(5)1)° ",

However,

@ (® Sym™ (i(P),) @ (Q(1)[2)*FO)) ~ @ Sym! (i(P))s ® (Qe(1)[2)*,
LO) i20

which is what we had to show.
O

4.8.  The following result is an interesting byproduct of Corollary [£7. In order to
save notation, we will formulate it for 2(6) = 2°(#), although the generalization to an
arbitrary 2((0) is straightforward.

Consider the hyperbolic restriction of ICanP to a stratum go(g)Bunp. By definition,
this is the l-restriction of IC5— . to gmp followed by the further *-restriction from

QBTI;IP to Q(O(g)BTl;lp.
Corollary 4.9. The hyperbolic restriction (in the above sense) of IC]§uVr1p to

_ P .
20(9)Bunp >~ Bunp x HO s isomorphic to
Buny, M

Locsun, x (Sym(a(P)s) ® (@r(3)[1)*

Let us draw the reader’s attention to the fact that Corollary [.9 implies that the
hyperbolic restriction of ICEHnP to Q(O(Q)B;;l p is a perverse sheaf, up to a cohomological
shift.

The proof of this corollary repeats the above proof of Theorem [[.13, using the fact
that

2 ® Sym"* (u(P ~ Sym(it(P))y.
PO)=2 by b (@(L)oy) (1(P))e

Remark. We remark again that, due to the non-canonicity of the direct sum decom-
position stated in Theorem [L.H, the isomorphism of Corollary §.9 is non canonical
either. We only can claim that the LHS carries a canonical filtration, which on the
RHS coincides with the filtration by the degree. However, in the course of the proof
of Theorem [L.5, we will show that the above hyperbolic restriction can be canonically
identified with Locx (U(1(P))g) ® (Q¢(3)[1])®~". It seems natural to guess (although
our proof does not imply it) that our filtration on the LHS corresponds under this
isomorphism to the canonical filtration on U (it(P)).
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5. COMPUTATION OF ICz0: PROOFS

5.1. The goal of this section is to prove Theorem [L.H. Our strategy will be as follows:
from the induction hypothesis we will obtain an almost complete description of how
5" (IC 40) looks like away from the main diagonal. Then we will explicitly compute the
“contribution” at the main diagonal and hence prove the theorem.

The crucial idea of the proof is the following assertion:

Proposition 5.2. There is a canonical isomorphism s (IC46) ~ 7pi(IC »0).

We will deduce this proposition from the following well-known lemma:;:

Let m: Y’ — Y be a map of schemes and s : Y — Y’ be a section. Assume now that
the group G, acts on Y’ in such a way that it “contracts” Y’ onto Y. This means that
the action map G,, x Y’ — Y extends to a regular map A' x Y’ — Y, such that the
composition

0xY — Al xY' -V
coincides with so7m: Y’ —Y — Y’. Let now 8 be a G,,-equivariant complex on Y.

Lemma 5.3. Under the above circumstances, m(8) ~ 5'(8).

We apply this lemma to Y/ = Z% and Y = Modj\'f. To construct a G,,-action
we proceed as follows. Let G,, — Z(M) be a l-parameter subgroup, which acts as
contraction on U(P~). In this way G,, acts on the trivial M-bundle 9, on X and

hence on Z?. It remains to verify that G,, indeed contracts Z? onto Mod;\rf. We do
that as follows:

Let Grgloo be the Beilinson-Drinfeld affine Grassmannian over X?. In other words,
a point of Gr(éoo is a triple (27, Fg, 8), where 2/ € X% F5 is a G-bundle on X and 3
is a trivialization of F¢ off the support of 2. We have the unit section X? — Gr?;’oo

which sends 2% to (27, ?OG, %), where 3° is the tautological trivialization of the trivial
bundle.
In the same way we can consider a Beilinson-Drinfeld version of the affine Grassman-

nian for the group U(P~) (denote it Gr%?;,)
0,00 6,00
GrU(P,) — Grg .
By construction, our Z? is a closed sub-scheme inside Mod;\;[’e x Gr
Xt

), and we have a locally closed embedding;:

6,00

U(p-)" The image

of ¥ is the product of Mod;\r/l’e and the unit section of Gr(z]’(();,).

The above G,,-action on Z? comes from a natural action of this group on Gr?]"();,),
while the action on Mod;\;[’e is trivial. Therefore, to prove our assertion we have to show
that G, contracts Gr%?;,) to the unit section. However, this easily follows from the

fact that our G,,, — Z(M) contracts U(P~) to 1 € U(P™).

5.4. Having established Proposition p.9, we obtain the following corollary:

Corollary 5.5. When we pass from B, to F,, the complex 5% (IC ,0) ~ 7p)(IC;0) splits
as a direct sum of (cohomologically shifted) irreducible perverse sheaves.
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Proof. According to [BBD], mpi1(IC4¢) has weights < 0, since IC ¢ is pure of weight
0. At the same time, [BBD] implies that 57" (ICe) has weights > 0. Hence, we obtain
that s”'(IC46) =~ 7p1(IC4e) is pure of weight 0.
Hence, the assertion of the corollary follows from the decomposition theorem.
U

;From this moment until Sect. .13, we will disregard the F,-structure on s%'(IC o)
and will prove the isomorphism stated in Theorem [L.5 over F,. In Sect. we will
show that the direct sum decomposition holds over F, as well.

Now let us use the induction hypothesis, i.e. our knowledge about s?"'(IC 4o for all
0" with 0 —6' APG?;. It is easy to see that the Factorization property of Proposition 2.4

implies that locally over X? — Ax we do obtain an isomorphism
s"(IC0) = © i)« (ICFO)[—B(0)]].
PO), IB(0)|#1
However, globally we can a priori have a non-trivial monodromy: suppose that 3(0)
corresponds to § = 2 -0, where 0’ is the image of a coroot in Span(w;j, j € I — Jar).

Then the preimage of X? — Ax in X¥® is X — Ay, and we can have an order 2
monodromy. Therefore, so far we can only claim that

" (IC o) | x0_ny = (o)« (ICP?) @3 (Eq5(0)) [ IB(O) ] 30—

S
PO), [B(0)1#1
where Eqp) is an order 2 local system on the preimage of X  — Ax in XPO) which
can be non-trivial only for B(6) of the form specified above. Of course, later we will
have to show that all the Eqp)’s are necessarily trivial.

By combining this with Corollary p.§ we obtain:

(1) SHCx) = @ i) (KFO) P (O)] @ K7,
(6), 1T(6) 1

where K% is a complex supported on Mod;\rf Ay >~ Gr;\}fx and KP©®) is the Goresky-
MacPherson extension of ICF(®) Ix0_ay @73 (Eqe)) to the whole Grﬁ(e).

To prove the theorem we have to understand the complex K?. This will be done by
analyzing the *-restriction of the LHS of (fl) to Mod;\rf Ay -

A
5.6. Recall that for x € X we denoted by A, the embedding pt — X = X? To
simplify the notation, instead of s?'(ICs)|a, We will compute s'(IC0)|a,. We will
prove the following assertion:

Proposition 5.7. s (ICs)|a,, being a complex of sheaves on Mod;\rf A, >~ Gr;\r/l’e, is
concentrated in perverse cohomological degrees < 0. Its 0-th perverse cohomology can
be identified with Loc(U ((P))g).

Remark. Note that the a posteriori proven Corollary [l.g implies that the above complex
has perverse cohomology only in dimension 0.
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Recall our definition of the central fiber S’. Using Proposition .9 and base change,
we obtain that
50!(ICZ9)|Az ~ mpi(IC 40 |g0)-

The following is a refinement of Proposition f.7:

Proposition 5.8. Let 0’ be as above.

L. 7mp1(IC g0 | ,,50) lives in strictly negative cohomological dimensions if 0" # 0.
2. The complex np\(IC 4o | g0) lives in cohomological dimensions < 0.
3. hO(wp1(IC 40 | s0)) = Loc(U(1(P))g).

The proof of Proposition f.§ will use the following facts about the geometry of the
affine Grassmannian, whose proofs will be given in Sect. fi:
Let us denote by t/ the natural map Gr% — Grf,.

Theorem 5.9. We have:
0. +76 y y
1.4 (QZGr‘;mGrU p*)) as a complex of sheaves on Gr,;" lives in the perverse coho-

mological dimensions < (0,2(pc — pum))-
9. h<€72(pc_pwj)>(t!€(QZGr§3ﬂGI‘U(P—))) ~ Loc(U(1(P))g).

5.10. Proof of Proposition [.§. First, from Proposition B.3 we can compute the
dimension of Z% and we obtain (0, 2(pg — par)). Since ¢Z% is contained in Z% . (and
Z9  is smooth, according to Corollary B.9),

ICy0 | 50 ~ Qes0[(0, 2(pa — par))-

Therefore, points 2 and 3 of the proposition follow immediately from Theorem [.9
combined with Proposition P.g.

To prove point 1 of the proposition, let us first take 8’ # 6. However, ¢S’ is contained
in ¢ Z%, we will be able to use the induction hypothesis to calculate IC 4o \9,59:

Recall the identification

9SS0 ~ (Gr?;el NGryp-y) X Convj\'/f’e
Gry

of Sect. B.3.

Let us recall also the following construction:

Projection pr’ realizes the convolution diagram Conv; as a fibration over Gry; with
the typical fiber isomorphic to Grys itself. Hence, starting with a spherical perverse
sheaf § on Gry and an arbitrary complex 8 on Grys, we can define their twisted
external product SX8 € D(Convy), which is “8’ along the base”, and “8 along the
fiber”. The convolution of 8 and §’ is by definition the complex on Grys equal to
pri(8X8'). Tt is a basic fact (cf. [G4]) that if 8 is a perverse sheaf, then its convolution
with any 8 as above is perverse as well.

Similarly, if § is a spherical perverse sheaf on Gry; and 8" is an arbitrary complex
on Gr?fﬁl N Gry(p-y we can construct the complex 8X8" on

Convj\'f, X (Gr?;elﬂGrU(Pf)).

Gryy



24 A. BRAVERMAN, M. FINKELBERG, D. GAITSGORY AND I. MIRKOVIC

By combining Theorem with Lemma [[.J and Proposition B.J we obtain that
ICz0 |, g0 is the direct sum

o (Loc(® Sym™ (#(P)g, ))[2 - BO)NRQO —¢',2(5 — par))].

Now, projection 7p : ¢SV — Gr;\rf in the above description of ¢S? corresponds to

+,6

Convj\r/[’el X (Gr?fel N Gryp-y) — Conv )y, 2 Gryy.

Grar
Therefore, mp1(ICz0 | ,50) is the sum over P(6") of convolutions of

0" Qv i, )27 1B+ (0= 0200 = par)]

with the spherical perverse sheaf Loc(® Sym™* (i(P)g, )). The important thing for us
k

is that |J8(0’)| > 0: using Theorem f.9(2), we obtain that 7p(IC 46 |,/s0) lies in strictly
negative cohomological degrees.

Since the convolution of a complex lying in negative perverse cohomological dimen-
sions on Grjys with a spherical perverse sheaf is again a complex lying in negative
cohomological dimensions, point 1 of the proposition follows for ¢’ # 6.

Finally, let us consider #’ = 6. In this case, 7p : ¢S¢ — Grj\'f is an isomorphism and
it suffices to observe, that by the very definition of intersection cohomology, IC g0 lives
in strictly negative cohomological degrees.

Thus, Proposition f.§ is proved modulo Theorem f.9, which will be dealt with later.

5.11.  Let us go back to the isomorphism of Equation (f). At this point we are ready
to prove that the local systems Egqg) are all trivial. For that purpose, we can assume
that P(6) corresponds to § = 2 - ', as above. Consider

b(9 )

Gryf v x Grap oy — Gro® 2O \odt?

By induction hypothesis and Proposition .4 we have that over X x X — Ay,
(2) (5" (IC0)) vty _xviory == Locx (Sym(i(P))gr) K Locx (Sym(i(P))g)[—2].
Gryy, XXGrM x

The group Zs acts in a natural way on Gr 1\(4 ))( x Grjy b(e) and we have to show that

the Zs-equivariant structure on the LHS of (Q) Corresponds to the tautological Zo-
equivariant structure on the RHS.

Let us apply a relative version of Proposition [p.§ for #’, in which instead of a fixed
x € X we have a pair of distinct points on X. We obtain an isomorphism of complexes
over X x X — Ax

(s 9'(1020))|—b<0'> ) = (WP'(ICZG))|—W) ) =
Tnp, 1,X

—top (40" g 40" ~

h Op((t It )!(QZGrgYXﬂGrU(P,)YXXGr(g’XﬂGrU(P,)’X))_

LOCX(U(ﬁ(P))Q/) X LOCX(U(ﬁ(P))QI)[—Q],
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where top =2 (14 (¢',2(pe — pm))) and Gr%X and Gryp-) x are the corresponding
relative (over X) versions of Gr?; and Gry(p-), respectively.

The last isomorphism, by construction, intertwines the natural Zs-structure on
(s? (ICZe))\_M/) T and the tautological Zs-structure on the external product

Loc(U((P))g ) & Loc(U( (P))er). By comparing with (fJ) we obtain the required as-
sertion.

5.12.  To prove the theorem over IFTq it remains to analyze the term K. Note that
there is not more than one B(#) with [B(0)| = 1. We will denote it by B°(4). By
definition, Gr}ﬁo(@) ~ G?\Sﬁ?}(

We have to show that

K? = ooy (Loex (i(P))) © (@i()[1) ™

By the definition of IC, since K%|a, is a direct summand of s%'(IC ), it can have
perverse cohomology only in degrees > 1. Let us now restrict both sides of (f]) to

Grj\r/[’g( ~ Modj\'f |a, and apply the cohomological truncation 72!, Using Lemma [.3
on the one hand, and the relative (over X) version of Proposition p.7 on the other hand,
we obtain:

Loex(U@PI] > & Loex(@ Sym (@(P)s,))[-1] & K |a.

Hence, X?[1] is a perverse sheaf. Moreover, since U(ii(P)) and Sym(i(P)) are
(non-canonically) isomorphic as M-modules, the comparison of multiplicities forces

j(:e[l]’AX ~ LOCX(ﬁ(P)g).

5.13. Now let us restore the F -structure on 5%'(ICs). To complete the proof of the
theorem, by induction, it suffices to show that the arrow
. — 1 e
K| ax = Locx (i(P)g) @ (@i[1](5))* ™" — &"(1Cz0),
which is known to split over E, splits over F, as well. For that, it is enough to show
that the complex s%'(IC Ze)\ Ax is semisimple
We know already that s?'(IC,0)[a, ®
dimension 0, which is equal, as in Proposmon @ to

B @t nry e, ) @ @G5 L)) 020560

The needed result follows from the fact that the isomorphism of Theorem p.9(3) is
compatible with the F,-structure in the sense that

) has perverse cohomology only in

— .1

R @it iy o, ) ® @G

2))<9’2(’V’G_’V’M”) =~ Locx (U (u(P)))s)-
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6. INTERSECTIONS OF SEMI-INFINITE ORBITS IN THE AFFINE (GRASSMANNIAN

6.1. The restriction functors. Let O, (resp., X;) denote the completed local ring
(resp., local field) at x. We can form the group-schemes G(O,), P(0,), U(P)(0Oy)
and the corresponding group-ind-schemes G(X,), P(X;), U(P)(X;). Note, however,
that the latter is not only a group-ind-scheme, but also an ind-group-scheme, i.e. an
inductive limit of group-schemes.

Let v € A be M-dominant and let § be its image under A — Ag p. Let us denote
by Gr% the pre-image (t%)1(Gr%,;) C Gr%. The schemes GrY are nothing but orbits
of the group U(P)(X;) - M(0;) on Grg. We will denote by t% the restriction of t% to
Gr'p.

The goal of this section is to prove Theorem [.d. The starting point is the following
result, which describes the intersections of Grf with Grp, inside the affine Grassmannian
Grg (cf. [BO], [BG] and [MV])).

For a G-dominant (resp., M-dominant) coweight A, let V* (resp., V]\’}) denote the
corresponding irreducible representation of G (resp., M).

Theorem 6.2. Let \ be a dominant integral coweight of G.
1. The intersection Gr's N Gryy has dimension < (v + X, pg).
2. The urreducible components of Gr?ﬂGr)G‘ of dimension (v + X, pg) form a basis
for Hom y; (V}7, Res%(V’\)).

6.3. The case P = B. We will first consider the situation when P = B. Note that in
our notation Bun%, is the same as Bunyg-).

In this case, Ag,p = A and for two elements v, ;1 € A let us consider the intersection
Gr; " n Gr;’f.

First, it is easy to see that the action of #* € T(X,) on Grg identifies G’ N Gr_
with Grlg N Grg! for any p € A. To prove the theorem, it suffices to show that for a
given v € AP** and some p € A, the intersection Grl;* N Gr ! is of dimension < (v, pg)
and

HXVPH(Gr NGt ) =~ U (i),

Proposition 6.4. For a fixed v and p deep enough in the dominant chamber, the

—n (u)

intersection Gr'g“ N GrB, 18 contained inside Gréwo

Proof. Let us identify Gr'_ with the quotient U(B~)(X,)/U(B~)(0y).
Since we know already that Gr%ﬂGr%, is a scheme of finite type, for pu deep

enough in the dominant chamber, the preimage of Gr’; N Gr%, under the projection
U(B7)(X;) = U(B™)(X,)/U(B7)(0O,) is contained inside the subgroup

Adt“ (U(B_)(Ox)) - U(B_)(:Kx)

Let us now consider Gr%_“ N Gr;‘f, which via the action of t* can be identified with
GrNGrY_.
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We can view Grp" as a quotient U(B™)(X,)/ Adi-u(U(B™)(0,)), via the action of
U(B~)(X;) on t#, viewed as an element of Grp C Grz? C Grg. We obtain that the
preimage of Griy *NGr;" in U(B™)(X,) is contained in U(B~)(0,).

Hence,

G N Gry C U(B7)(0,) - t7# C G(O,) -t = Grg"*W
0

The above proposition implies the dimension estimate dim(Grl; *NGrt) < (v —
W, pc) right away.
Indeed, we may assume that g is such that Gr'g“ ﬂGrgf C Gréwo(“ ), However,

Theorem [.4(1) implies that dim(Gréwo(“) NGy ") < (v, pa).

To prove the other statements of the theorem, observe that for u as above the

irreducible components of Gr'y N Gr;" of dimension (v, ) are naturally a subset

s
among the irreducible components of Grawo(” N Gr’; " of the same dimension.

Let us show that the generic point of every irreducible component K of the intersec-
tion Gréwo(” 'n Grg " of dimension (v, pg) is contained in Gry N Grg~.

Suppose the contrary. Then there exists p’ € A, such that the generic point of K
is contained in Graw‘)(“ e Grgt g However, it is easy to see that Grawo(“ N Gr];’fl £
implies p — p’ € AP,

However, as we have shown above, dim(Gr'; # N Gr;’f,) < v+ — p, pa), which is
smaller than the dimension of K.

Thus, we obtain that
HZP) (Gl P 0 Grgh) =~ H2P (Grg "W n Gl ).

However, according to Theorem p.9(2), the RHS of the above equation can be canon-
ically identified with the v — u-weight space in the irreducible G-representation with
highest weight —wq(u).

The latter, when p is large compared to v, is isomorphic to U (i), via the action on
the lowest weight vector.

6.5. The general case. We fix # and v € A such that Grj, C Gr;\r/l’e. Since Grf, is
simply-connected, it suffices to show that each intersection Grp N Gry(p-) is of dimen-
sion < (v, p) and that the number of its irreducible components of dimension exactly
(v, pc) equals the dimension of Hom y; (Vi U(1(P))).

For an M-dominant weight p let us consider the corresponding Gr’;), C Grg. Note
that for 4 = 0 this sub-scheme coincides with Gry(p-).

Let Az p C Ag denote the lattice of cocharacters of the center Z(M) of M. If
1" € Ay p, the action of the corresponding t* € Z(M)(X,) identifies Gry N Grt,_ with

v—p/ p—p
Grp " NGrp 7.
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Proposition 6.6. Let i/ € A’G’P be G-dominant and deep enough on the correspond-

ing wall of the Weyl chamber. Then the intersection Gr'y n Gr‘]‘;“ " is contained in
Grtéo(wé” (n=n"))

Proof. The initial observation is that each Gr’, N Gr/,_ is a scheme of finite type. We
know this fact for p = 0, since the above intersection is a locally closed sub-scheme in
the Zastava space Z°.

In general, this assertion can be proven either by introducing the corresponding
analog of the Zastava space over a global curve, or by a straightforward local argument.

Let us view Gry; as a sub-scheme of Gr’,_, such that Gr¥,_ = U(P~)(X,) - Grly;.

As in the case P = B, we obtain that that the preimage of Gr% N Gr/,_ under

U(P™)(K,) x Grt, — Grts_

is contained in a sub-scheme of the form Ad,., (U(P~)(0,)) x Gri*".

Hence, the action of t~# maps Gr’ N Gr¥_ inside

U(P™)(0,) - Gt ¢ Gl (=)

The rest of the proof is similar to the case of P = B:

is of di-
mension < (v — wj! (1), pe). In particular, Gr'lp N Gry(p-y is of dimension < (v, pa).
Moreover, as in the previous case, we obtain that there is a bijection between the

set of irreducible components of Gr% N Gryp-y of dimension (v, ) and the set of
(1)

;From the above proposition we obtain that the intersection Gr% N Gr’

irreducible components of the same dimension of Gr’, " N Gr(_;wo , where p’ is large
enough.

However, Theorem [6.3(2) implies that the latter set parameterizes a basis of

HomM(V]\';[_“, G—wo(u)%

which, since 4 is large compared to v, can be identified with Hom j; (V;, U(1(P))).

7. INTERSECTION COHOMOLOGY OF Bunp

In this section we will be concerned with describing explicitly the intersection coho-
mology sheaf on Bunp. First, we introduce an analogue, Z™?, of the Zastava spaces
for Bunp (here the superscript nv stands for “naive”).

By definition, Z""? is a scheme classifying the data of (2, F¢, 8), where 2¢ € X,
F¢ is a G-bundle and S is a trivialization of F¢ off the support of 2%, such that for
every G-dominant weight A orthogonal to Span(a;), i € Jys the induced meromorphic
maps

A A A
— V?G and V?G — LS-QM/[MyM]

b
L 5,

/[M,M]
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induce a regular map Léﬂ) — Vgc and a regular and surjective map V):TLG —
3 M/[M,M](—29)

LA .
Sr(1)w/[M,M]

There is a natural proper map Z? — Z"? which corresponds to “forgetting” the
data of (Fyr, Bar). In addition, Z 7”’9 contains an open sub-scheme Zﬁfé;g corresponding

to the locus, where the maps L) — V)S;G are maximal embeddings, over
M/[MyM](*we)g
which we have an isomorphism Z% = — Z}us.

As in the case of Z9 one easily establishes the Factorization property for Z™:?:

(3) (X0 x X02) g x 2700 o~ (X0 x X02) g5 x (Z™00 x Zm002),
X0 XO01 % X2

Finally, the spaces Z™¢ ' model the singularities of Bunp in the same sense as A
models the singularities of Bunp. In other words, an analogue of Proposition B.9 holds,
whose formulation we leave to the reader.

7.1. It turns out, that although the stack Bunp is “simpler” than Bun p, the descrip-
tion of its intersection cohomology sheaf is more involved, and in particular it relies on
the description of ICEHnP'

To formulate the main theorem, we introduce the following notation:

Recall that the functors H® and Loc establish the quasi-inverse equivalences between
the category of spherical perverse sheaves on Grys and the category of M-modules.

Under this equivalence, the multiplication by the first Chern class c¢;j(det) of the
determinant line bundle on Grys corresponds to the action of a principal nilpotent

element e € Lie(M). Moreover, the cohomological grading of H® corresponds to the
action of a semisimple h € Lie(M ) contained in a uniquely defined principal sly-triple
(e, f,h) in Lie(M). For a M-module V the Z-grading arising from the action of h is
given by the following rule: the weight subspace V;, has degree (n,2pas). This Z-grading
on V will be called the principal grading.

For V as above, we will denote by V/ the subspace annihilated by f. We will consider

it as a graded vector space, via the principal grading.

We define the functor Loc (V') from the category of Z-graded vector spaces to com-
plexes over Spec(F,) by setting

Toe (V) =V, ® [-n)(~ )

In particular, we will apply the functor Loc to M-modules V' (or their direct summands,
such as V7), endowed with the principal grading.

Theorem 7.2. The restriction of ICx— _ to

Bunp

oBunp ~ X% x Bunp ~ II;[X("’C) X Bunp
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can be identified with the direct sum over P(0) of the direct images under XBO)
Bunp — X? x Bunp of

ICBun, X (% (Lo (ﬁ(P)é}))(nk)> ® <@ <%> [ﬂ)mme)' ,

where each m(ﬁ(P)ek) 1s viewed as a constant local system on X and the superscript
(ng) designates the np-th symmetric power.

As a corollary, we obtain the following description of the restriction of ICg;  to the
strata g(p)Bunp:

Theorem 7.3. Let A(0) be a partition 6 = > ny - 0. The x-restriction of ICg—_ to
i

Bunp

o
21()Bunp =~ XU % Bunp is isomorphic to IC - tensored by the complex

A(0) Bun

® (12, o (som'@e) ) <z’>[2z']>®"k o (@ (3) m>®_w) |

1>0

Remark. Suppose G = SL,. Then the parabolic subgroups of G are numbered by
the ordered partitions n = ny + ...+ ng, n; > 0. Suppose a parabolic subgroup P
corresponds to a non-decreasing partition n =ni+...4+ng, 0 <n; <ng < ... <ng. In
this case Theorem [I.J was proved by A. Kuznetsov in the Summer 1997 (unpublished).
His proof made use of Laumon’s compactification BunILD [Ld]. Namely, BunILD is always
smooth (see loc. cit.) and equipped with a natural dominant representable projective
morphism w : BunILD — Bunp. In case P corresponds to a non-decreasing partition,
A. Kuznetsov proved that w is small, and computed the cohomology of its fibers.

Let us mention that in case G = SP(4), and P corresponding to the Dynkin sub-
diagram formed by the long simple root, Bunp does not admit a small resolution, as
can be seen from the calculation of IC stalks in codimension 5 (the existence of such
resolution would imply that a fiber has cohomology Q; ® Q[—4]).

7.4. We will deduce Theorem from Corollary [1.7. Let Q denote the direct image
of IC5 - under t : Bunp — Bunp. On the one hand, from Corollary [, and Lusztig’s

computation [[u] of global cohomology of perverse sheaves on affine Grassmannians,
we obtain:

Corollary 7.5. The x-restriction of Q to yBunp ~ X? x Bunp is isomorphic to the
direct sum over B(0) of the direct images under XPBO) % Bunp — X% x Bunp of

ICpun, X (@ <L—Oc (ﬁ(P)ek))(nk)> o <@ <%> [1]>®2v|‘l¥(9)|‘

On the other hand, by the Decomposition theorem, Q is a pure complex, which
contains ICg;  as a direct summand. Therefore, Theorem [-3 amounts to identifying
the corresponding direct summand in the formula for Q]emp of the above corollary.

In particular, we obtain that IC is a pure complex.

Bunp|gBunp
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Consider the main diagonal X x Bunp — X? x Bunp, which corresponds to the
partition 2(8) = A%(9). Let Sy be the direct summand of ICsm, |, Bunp» Supported on
X X Bunp. By induction and the Factorization property, it suffices to show that

S0 = 10 ctun, @€ (8(P)]) @ Ti(3) 1]

7.6. We proceed as follows:
Let gp9)Bunp denote the closure of the image of X PO x Bunp — X? x Bunp ~
pBunp in Bunp. By Corollary [/.J and the Decomposition theorem, we have:

0= D Qo

BN, B(6)

where each Qg is a complex on g(g)Bunp.
In particular, we obtain that

A, > P %o)l,5m,
0eAPS T(0)

Lemma 7.7. For0 < 6’ < 6, none of the Qgp(g/)\emp has a direct summand supported
on the main diagonal X X Bunp C yBunp.

Proof. First, from Corollary .7, it is easy to see that each Qp(ery has the following

form: it is the intersection cohomology sheaf of g)Bunp tensored with a complex
over Spec(Fy).

There is a finite map X¥*®) x Bunp — Bunp, defined as in Proposition .5, which

*

normalizes ;B(gl)BllIlP. Hence, it suffices to analyze the *-restriction to gBunp of the

direct image of IC yy (0 5oy, under this map.

However, the preimage of yBunp in XBE) Bunp — Bunp is XBE) 9—g'Bunp
and we can assume that the *-restriction of IC PO - to this sub-stack is known
by induction.

In particular, all its direct summands are supported on sub-stacks of the form

XFO) 5 XPO-0) » Bunp.

) xBun

Since, 6’ # 0 and 6 — 0" # 0, none of these sub-stacks maps onto the main diagonal in
pBunp.
O

Thus, from Corollary [(.5, we obtain that

. 1
ICXXBUHP & (LOC (u(P)G)) ® Qf(a)[l] = 89 ©® Q&BO(G)
Hence, it suffices to see that if we decompose 1(P), as

i(P)y = w(P)} @ Im(e : i(P) — G(P))y,
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then the induced map

. 1 .
Sp — ICX><Bump ® (LOC (u(P)G)) ® Qg(g)[l] - ICXXBUHP ® <LOC (u(P)g)) ® Qg(—)[l]
is an isomorphism.

The latter is established as follows:

Consider the line bundle L on Bun p_equal to the ratio of the pull-backs of the deter-
minant line bundles under the maps Bunp — Bung and Bunp — Bunyy, respectively.
Its restriction to the fibers of tp : Bunp — Bunp over 20 (Q)B—unp is equal to a positive
power of the determinant line bundle det on Gry;. Hence L is a relatively ample line
bundle for ]/3:1?1p over Bunp. The relative hard Lefschetz theorem [BBD] asserts that
the multiplication by ¢ (L)? induces an isomorphism from Q¢ to Q(i) where Q' denotes
the direct summand of Q in perverse cohomological degree 3.

Let us restrict the action of ¢1(L) to the direct summand of Q| 5 supported on
the main diagonal X x Bunp. Under identification of this summand with

1Cxbny © (L€ (8(P)y)) © Tl )1

this action coincides, up to a scalar, with the action of e, by the very definition. Let
us disregard Tate twists and view the above direct summand as a semisimple graded
perverse sheaf.

We have the following general lemma:

Lemma 7.8. Let A® be a graded semisimple object of an abelian category, equipped
with an endomorphism e : A® — A*t2 such that €' : A™" — A’ is an isomorphism.
Suppose A[1] = B@®C where B is concentrated in negative degrees, and ¥ : C~F — COF
s an isomorphism for any k > 0. Then

a) There is a unique endomorphism f : A® — A®*~2 satisfying the relations of sly
together with e, h where h|4i = i;

b) C = Im(e), and the projection B — A[l]/C = A[l]/Im(e)«— Ker(f) identifies B
with Ker(f).

The proof of Theorem [[.9 is concluded by applying this lemma to
A* = ICXXBUHP (= (W (ﬁ(P)e)) , B=8pand C = Q;‘BO(Q).
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