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ABSTRACT

NONPARAMETRIC INFERENCE USING SHAPE
CONSTRAINTS AND BIAS CORRECTION

SEPTEMBER 2024

YUJIAN WU

B.Sc., SHANDONG UNIVERSITY

M.Sc., CHINESE ACADEMY OF SCIENCES

M.Sc., UNIVERSITY OF ROCHESTER

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Ted Westling

In the �rst chapter, we study the problem of nonparametric inference for a hazard

ratio function under the constraint of monotonicity. The ratio of the hazard functions

of two populations or two strata of a single population plays an important role in

time-to-event analysis. Cox regression is commonly used to estimate the hazard ratio

under the assumption that it is constant in time, which is known as the proportional

hazards assumption. However, this assumption is often violated in practice, and when

it is violated, the parameter estimated by Cox regression is di�cult to interpret.

The hazard ratio can be estimated in a nonparametric manner using smoothing, but

smoothing-based estimators are sensitive to the selection of tuning parameters, and

it is often di�cult to perform valid inference with such estimators. In some cases, it

is known that the hazard ratio function is monotone. In this chapter, we demonstrate
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that monotonicity of the hazard ratio function de�nes an invariant stochastic order,

and we study the properties of this order. Furthermore, we introduce an estimator

of the hazard ratio function under a monotonicity constraint. We demonstrate that

our estimator converges in distribution to a mean-zero limit, and we use this result

to construct asymptotically valid con�dence intervals. Finally, we conduct numerical

studies to assess the �nite-sample behavior of our estimator, and we use our methods

to estimate the hazard ratio of progression-free survival in pulmonary adenocarcinoma

patients treated with ge�tinib or carboplatin-paclitaxel.

In the second chapter, we explore a novel nonparametric inference approach for

a debiased kernel density estimator. Kernel density estimation is one of the most

popular nonparametric methods for estimating probability density functions. How-

ever, it is well-known that kernel density estimators are biased. The robust bias

correction approach proposed by Calonico et al. (2018) can e�ectively reduce this

bias, leading to substantial improvements in con�dence interval coverage. However,

bias correction can result in negative density estimates. In this section, we propose

bias correction and inference for kernel density estimators on the log density scale,

which ensures positive density estimates wherever the original kernel density estima-

tor is positive. We demonstrate our estimator is withinoP(n� 1) of the bias corrected

estimator of Calonico et al. (2018), and that the t-statistic constructed with the

logarithm-transformed estimator exhibits higher coverage accuracy compared to the

t-statistic for the bias corrected estimator. Finally, we use an Edgeworth expansion of

our estimator to demonstrate that the proposed approach yields the same rate of cov-

erage error as that of Calonico et al. (2018). We conduct numerical studies illustrating

the practical performance of our methods compared to ordinary and bias-corrected

kernel density estimators.

In the third chapter, we consider improving the monotonicity-constrained non-

parametric inference with debiased kernel smoothing. The property of monotonicity

6



plays an important role when dealing with survival data or regression relationships,

and it is desired to have one estimator that is both monotone and smooth. How-

ever, monotonicity-constrained estimators can su�er from issues such as signi�cant

boundary bias, slower convergence rates, and lack of smoothness. Simply combining

a monotone estimator with kernel smoothing can exacerbate these problems, leading

to increased bias, loss of smoothness, and loss of monotonicity. In this section, our

new method projects a debiased local linear regression estimator onto a monotonicity-

constrained spline smoother. This resulting estimator adheres to shape constraints,

ensures smoothness, achieves uniform consistency, reduces bias, and maintains a satis-

factory rate of convergence. In the numerical study, we use bootstrap to demonstrate

the superior performance of our estimator compared to the local linear estimator.
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CHAPTER 1

NONPARAMETRIC INFERENCE UNDER A MONOTONE
HAZARD RATIO ORDER

1.1 Introduction

1.1.1 Background and literature review

Time-to-event data are commonplace in many �elds, including biomedicine, eco-

nomics, and engineering. In many circumstances, interest focuses on comparing the

distribution of the time it takes for some event to occur, known as the event time, in

two populations. For instance, in the medical sciences, patients may be randomly as-

signed to treatment or control, and followed until an event of interest occurs, such as

onset, recurrence, or cure of a disease. In this case, the two populations are patients

randomized to treatment and patients randomized to control. While the methods dis-

cussed in this chapter are applicable to any time-to-event data, we will use �patients�

to refer to the units in the population of interest for convenience.

In the analysis of time-to-event data, one common parameter of interest is the

cumulative distribution function of the event time, or equivalently, its survival func-

tion. However, in many settings, the event time is not observed for all patients in

the study because, for example, some patients may prematurely leave the study, or

the event may not have occurred before the end of the study period. This is known

as right-censoring of the event time. If the censoring process is independent of the

event process, the Kaplan-Meier estimator (Kaplan and Meier, 1958) is a consistent

nonparametric estimator of the survival function of the event time.

The distribution and survival functions describe cumulative probabilities, but in

some cases it is of interest to quantify the instantaneous rate of the event at a point
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in time among patients who have not yet experienced the event of interest. This is

known as the hazard rate. When comparing the distributions of an event time in two

populations, the ratio of the hazard rates, known as the hazard ratio, describes the

relative event rates among patients who have not yet experienced the event in the

two populations over time. Estimating the hazard rate or ratio is more di�cult than

estimating the survival function because the hazard rate and ratio concern events

occurring in an in�nitesimal window of time. However, estimation of the hazard ratio

is made much simpler by assuming that it is constant in time, which is known as

the proportional hazards assumption. When this assumption holds, Cox proportional

hazards regression can be used to estimate the hazard ratio (Cox, 1972). In this case,

the hazard ratio for comparing two populations reduces to a single number. The

hazard ratio estimated from a simple Cox regression comparing two populations has

become one of the most important tools in the analysis of time-to-event data, and in

some studies it is the only e�ect reported (Hernán, 2010).

Despite the widespread use of Cox regression, the proportional hazards assumption

underlying it is easily violated. For example, if a treatment only o�ers short-term

bene�ts over control, then the hazard ratio is unlikely to be constant (Li et al., 2015).

In addition, the proportional hazards assumption implies that the survival function

of one group can be expressed as the survival function of the other group raised to

a constant power. Hence, if the survival curves cross, then the proportional hazards

assumption cannot hold (see, e.g. Klein and Moeschberger, 2003). The hazard ratio

estimated by a Cox regression in a setting where the proportional hazards assumption

is violated is approximately a weighted average of the hazard ratio function over time

(Struthers and Kalb�eisch, 1986). However, the weighting function depends on the

censoring pattern in the study, which complicates the interpretation of the parameter

estimated by the Cox model in such a misspeci�ced model (O'Quigley, 2008; Whitney

et al., 2019)
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When the proportional hazards assumption is violated, estimating the hazard ra-

tio function is more di�cult. One simple approach is to estimate the hazard ratio

using the ratio of estimators of the individual hazard rate functions. For exam-

ple, if correctly speci�ed parametric models for the distributions are available, the

hazard rates in the two distributions can be estimated using maximum likelihood

estimation (Kalb�eisch and Prentice, 2011). Alternatively, nonparametric methods

for estimating hazard functions based on smoothing have also been proposed (Ander-

son and Senthilselvan, 1980; Müller and Wang, 1994; Rebora et al., 2014). However,

estimators based on smoothing are often sensitive to the selection of certain tuning

parameters, such as bandwidths, kernel functions, or the number of knots in a spline

function. In addition, obtaining valid inference using a smoothing-based estimator

can be challenging due to bias in the asymptotic distribution of the estimator (see,

e.g. Wasserman, 2004 and Calonico et al., 2018).

In some cases, it may be known that the hazard ratio is monotone as a function of

time. In general, the hazard ratio can be expected to be monotone when the relative

rate of events in the two groups increases or decreases over time. For example,

if the e�ectiveness of a treatment wanes over time, then the hazard ratio between

treated and placebo groups of a randomized trial may be expected to be monotone

non-decreasing (Durham et al., 1998). Similarly, harmful exposures can result in a

monotone non-decreasing hazard ratio between the exposed and unexposed groups

(Sekula et al., 2013). We discuss the motivation and application of monotone hazard

ratios more in Section 1.2.

We are only aware of a few studies concerning monotonicity of the hazard ratio

function. Gill and Schumacher (1987) and Deshpande and Sengupta (1995) proposed

tests of the proportional hazards assumption against the non-decreasing hazard ratio

alternative. Kim et al. (2011) proposed an estimator of a monotone hazard ratio
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function using a nonparametric Bayesian approach, which we discuss further in Sec-

tion 1.3.

1.1.2 Contribution and organization of the chapter

In this chapter, we study the situation in which the hazard ratio between two

populations is known to be non-decreasing in time. First, we de�ne a new stochastic

order called the monotone hazard ratio order, demonstrate that it is an invariant

stochastic order in the sense of Lehmann and Rojo (1992), and study the properties

of this novel stochastic order. As we will discuss more below, this is important because

it gives stability to the monotonicity assumption, and because it connects our new

order to the existing literature on stochastic orders. Second, we propose a novel

estimator of a hazard ratio function under a monotonicity constraint in the presence

of independent right-censoring. Finally, we derive the large-sample properties of our

estimator, including convergence in distribution of our estimator at the raten� 1=3

to a mean-zero limit, and use this result to construct asymptotically valid pointwise

con�dence intervals for the hazard ratio function. To the best of our knowledge, we

are the �rst to study the stochastic order de�ned by monotonicity of the hazard ratio

function, and we are also the �rst to produce asymptotically valid con�dence intervals

for a monotone hazard ratio function.

The chapter proceeds as follows. In Section 1.2, we de�ne the monotone hazard

ratio order and establish properties of this order. In Section 1.3, we introduce our

nonparametric estimator of a monotone hazard ratio function, establish asymptotic

theory of our estimator, and use this theory to construct con�dence intervals. In

Section 1.4, we present numerical studies evaluating the �nite-sample performance of

our method. Finally, in Section 1.5, we use our method to estimate the hazard ratio

function comparing the length of progression-free survival of pulmonary adenocarci-
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noma patients treated with ge�tinib or carboplatin-paclitaxel. Proofs of all theorems

can be found in Appendix A.1.

1.1.3 Notation

For a function H on a domainI � R to the extended real line�R, we let �H := 1 �

H . If H possesses limits from the left, then we letH � := x 7! H (u� ) := lim u" x H (u)

be the left-continuous version ofH , and if H possesses limits from the right, then we

let H+ := x 7! H (x+) := lim u#x H (u) be the right-continuous version ofH . We set

� H := H+ � H � . If H is left-di�erentiable at x 2 I , we denote by@� H (x) the left

derivative of H at x. We also denote the image ofH by Im(H ) := f u 2 R : H (x) = u

for somex 2 I g. If H is non-decreasing, we de�ne the support ofH as Supp(H ) :=

f x 2 I : H (u) < H (v) for all u < x < v g. We de�ne the greatest convex minorant

(GCM) of H on I , denotedGCMI (H ) : I ! �R, as the pointwise supremum of all

convex functions onI bounded above byH . We say that H is monotone onA � I

if H (x) � H (y) for all x < y with x; y 2 A , and similarly we say that H is convex

on A if H (tx + (1 � t)y) � tH (x) + (1 � t)H (y) for all x; y 2 A and t 2 [0; 1] such

that tx + (1 � t)y 2 A as well. We setH � (u) := inf f t � u : H (t) � H (u)g as the

generalized inverse function corresponding toH . The properties of such functions

when H is a distribution function (in which case H � is its quantile function) are

summarized in Chapter 21 of van der Vaart (2000). All integrals should be interpreted

as Riemann-Stieltjes integrals, and
Rt

0 :=
R

(0;t ] by default.

1.2 Monotone hazard ratio order

1.2.1 De�nition of the monotone hazard ratio order

We now introduce and motivate the monotone hazard ratio order. We letS

and T be nonnegative random variables, and we letFS, �FS, FT , and �FT be the

distribution and survival functions corresponding toS and T, respectively. If S and
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T are absolutely continuous with density functionsf S = F 0
S and f T = F 0

T , then

� S := f S= �FS and � T := f T = �FT are the hazard functions corresponding toS and

T, respectively. In this case, we sayS � MHR T if t 7! � (t) := � S(t)=� T (t) is non-

decreasing fort such that f T (t) > 0 or f S(t) > 0. On the other hand, if S and T are

fully discrete random variables with support contained on a �nite or countably in�nite

set f t1 < t 2 < � � � g, then � S(t j ) := f S(t j )= �FS(t j � 1) and � T (t j ) := f T (t j )= �FT (t j � 1) are

the corresponding hazard functions, wheref S(t) := P(S = t) and f T (t) := P(T = t)

are the corresponding mass functions (and wheret0 := �1 ). In this case, we say

S � MHR T if t 7! � (t) := � S(t)=� T (t) is non-decreasing for allt 2 f t1; t2; : : : g such

that f T (t) > 0 or f S(t) > 0.

We de�ne � MHR in such a way that encompasses both the above cases, as well

as more complicated cases whereS and T may be mixed discrete-continuous random

variables. We let � be any sigma-�nite measure dominating bothFS and FT , and

we de�ne f S := dFS=d� and f T := dFT =d� . We then de�ne the hazard functions

relative to � as� S := f S= �FS;� on the support off S, and 0 otherwise, and similarly for

� T . The hazard ratio function � : Supp(FS) [ Supp(FT ) ! [0; 1 ] is then de�ned as

� := � S=� T . We note that � does not depend on the choice of dominating measure� ,

that � = 0 on Supp(FT )nSupp(FS), and that � = + 1 on Supp(FS)nSupp(FT ). We

then have the following general de�nition of the monotone hazard ratio relation.

De�nition 1. We say that S � MHR T if � = � S=� T is non-decreasing onSupp(FS) [

Supp(FT ).

When both S and T are dominated by Lebesgue measure, we recover the �rst

case discussed above, and when they are both dominated by counting measure on the

countable setf t1 < t 2 < � � � g, then we recover the second case.

Monotone hazard ratios abound in the literature because monotonicity of hazard

ratio function can be expected to hold in several general situations. First, ifS is the

time to an adverse event under treatment andT is the same under control, we can
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expect S � MHR T if the protective e�ect of the treatment on those who have not

yet experienced it wanes over time. There are many examples of such treatments,

including vaccines (Durham et al., 1998) and blood transfusion (Holcomb et al., 2013).

Second, ifS is the time to an adverse event under control, andT is the same under

exposure to a condition with short-term toxic e�ects, then we may again expect that

S � MHR T. Drug overdose is an example of such a toxic exposure (Hernandez et al.,

2018). We note that the individual hazard functions ofS and T may not be monotone

in the above cases. For instance, there may be underlying time trends (e.g., weekly,

monthly, or seasonal trends) unrelated to treatment that induce non-monotonic trends

in the hazards. If these trends in�uence the hazards ofS and T equally, then the

hazard ratio may still be expected to be monotone.

The statistical model induced by the monotone hazard ratio order is a gener-

alization of the popular proportional hazards model with a time trend, where the

time trend is allowed to be any monotone function. Choosing a speci�c time trend

for a proportional hazards model can be di�cult, and if the time trend is chosen

based on the data, obtaining valid inference for the regression coe�cient is challeng-

ing (Desquilbet and Meyer, 2005). Hence, the �exibility in permitting any monotone

time trend is appealing because it avoids the need to choose a speci�c trend.

We will see in Section 1.3 that when it is known that the hazard ratio is monotone,

this knowledge can be exploited to obtain a simple nonparametric estimator of the

hazard ratio function and asymptotically valid pointwise inference. Furthermore,

the estimator and inferential procedure avoid estimating or modelling the individual

hazard functions directly, in the same spirit as the proportional hazards estimator,

which yields improved robustness over methods that estimate the hazard functions.

This will be explored more in numerical studies in Section 1.4.
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1.2.2 Properties of the monotone hazard ratio order

We now establish several important properties of the monotone hazard ratio order.

First, we show that the relation de�ned above is an invariant stochastic order in

the sense of Lehmann and Rojo (1992). Intuitively, stochastic orders are ways of

de�ning what it means for one probability distribution to be �larger" than another.

Speci�cally, a stochastic order� S is a relation on the space of probability distributions

on some measurable space satisfying the conditions of a preorder: for any probability

distributions F , G, and H on the space, (1)F � S F , and (2) G � S F and H � S G

implies that H � S F . We will be focused on distributions on the reals. In this case,

a stochastic order isinvariant under monotone transformations, or simply invariant ,

if G � S F implies G �  � 1 � S F �  � 1 for any strictly increasing continuous function

 : R ! R with limx!�1  (x) = �1 and limx!1  (x) = 1 . For two real-valued

random variablesS and T with distribution functions FS and FT , we sayS � S T for

a stochastic order� S if FS � S FT . We now show that these properties hold for the

monotone hazard ratio order de�ned above.

Theorem 1.2.1. (1) For any random variableS, S � MHR S; (2) for any S, T, and

U such thatS � MHR T and T � MHR U, it holds that S � MHR U; and (3) for any

strictly increasing function  , S � MHR T implies that  (S) � MHR  (T).

The fact that the monotone hazard ratio forms a stochastic order is important

due to the stability it provides when comparing the hazard ratios of multiple event

times. The fact that it is invariant to strictly monotone transformations is especially

important because it means that the order is independent of time scale. We also note

that S � MHR T and T � MHR S implies that the hazard ratio is constant, but does

not imply that S = T in distribution. Hence, the monotone hazard ratio order is

not antisymmetric, and therefore does not induce a partial order. Finally, if is not

strictly increasing, it need not be the case that (S) � MHR  (T). For instance, if
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 (x) = x for x < a or x � b and  (x) = b for x 2 [a; b), S and T are both absolutely

continuous, and
FS(b) � FS(a)
FT (b) � FT (a)

�
�FT (a)
�FS(a)

>
f S(b)
f T (b)

�
�FT (b)
�FS(b)

;

then the hazard ratio of (S) relative to  (T) is not monotone atx = b. This is case,

for example, ifS follows a Weibull distribution with shape parameter equal to 2 and

scale paramater equal to 3,T follows a Weibull distribution with shape 2 and scale

2, and a = 1, b= 2.

We now provide two characterizations of the monotone hazard ratio order in the

special case whereFS � FT , i.e. FS is dominated by FT . We de�ne � S(t) :=
Rt

0 FS(du)= �FS� (u) and � T (t) :=
Rt

0 FT (du)= �FT� (u) as the cumulative hazard func-

tions corresponding toS and T, respectively, and we note that ifFS � FT , then

� S � � T , and � = d� S=d� T . We also de�neR = FS � F �
T as theordinal dominance

curve corresponding to the distributions ofS and T. Lehmann and Rojo (1992)

demonstrated that all invariant stochastic orders are equivalent to a pre-order on

the space of ordinal dominance curves that is closed under composition. In the next

result, we provide two characterizations of the monotone hazard ratio order: one in

terms of the ordinal dominance curve, and a second in terms of the cumulative hazard

functions � S and � T .

Theorem 1.2.2. (a) If FS � FT and � is continuous, then the following are equiva-

lent:

1. S � MHR T;

2.

u 7!
Z

[0;u)
(1 � v)= �R(v) dR+ (v) =

Z F �
T (u)

�1
(d� S=d� T )( t) dFT (t)

is convex onIm(FT );

3. u 7! � S � � �
T (u) is convex onIm(� T ).
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(b) If FS � FT , � is continuous, andS � MHR T, then � (t) = @� GCMI (� S � � �
T ) �

� T (t) for any t 2 Supp(FT ), whereI is the smallest closed interval containingIm(� T ).

The assumption that FS � FT is important for the characterizations in Theo-

rem 1.2.2. For example, ifFS is the uniform distribution on [0; 1:5] and FT is the

Bernoulli distribution with probability 1=2, then FS is not dominated by FT , but

� S � � �
T is convex onIm(� T ) and S � MHR T. This is similar to a counterexample

provided in Mösching and Dümbgen (2024) for the likelihood ratio order. If treatment

or exposure does not change the set of possible event times, which is the case in many

real-world situations, thenFS � FT can be expected to hold.

The characterization of the monotone hazard ratio order in terms of the ordinal

dominance curve provided in Theorem 1.2.2 is somewhat more complicated than the

characterization of the other three common invariant stochastic orders discussed be-

low. This is due to the complexity of the general relationship between a hazard func-

tion and the corresponding distribution function. In the case of absolutely continuous

FS and FT , the characterization in terms of the ordinal dominance curve can be stated

somewhat simpler. In particular,
Ru

0 (1 � v)= �R(v) dR+ (v) is convex if and only ifv 7!

(1� v)R0(v)= �R(v) is monotone, which holds if and only ift 7! e� tR0(1� e� t )= �R(1� e� t )

is monotone. Then, since
Rt

0 e� sR0(1 � e� s)= �R(1 � e� s) ds = � log �R(1 � e� t ), in

the absolutely continuous case the monotone hazard ratio order is equivalent to

t 7! R(1 � e� t ) being log-convex ont 2 [0; 1 ). In this case, it is necessary but

not su�cient that R be log-convex.

The relationship between the hazard and cumulative hazard functions is analogous

to that between a density and distribution function. Hence, the characterization of

the monotone hazard ratio order in terms of the cumulative hazard functions provided

in Theorem 1.2.2 parallels the characterization of a likelihood ratio order in terms of

the distribution functions (Westling et al., 2023; Mösching and Dümbgen, 2024). We
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will see in Section 1.3 that part (b) of Theorem 1.2.2 suggests a natural estimator of

� .

Theorem 1.2.2 can also be used to informally assess the plausibility of the mono-

tone hazard ratio order given data. We note that� S � � �
T is convex onIm(� T ) if and

only if the parametrized curvef (� T (t); � S(t)) : t 2 Supp(FT )g is convex onSupp(FT ).

Hence, if � S;n and � T;n are consistent estimators of� S and � T , respectively, then

S � MRH T if and only if f (� T;n (t); � S;n(t)) : t 2 Supp(� T;n )g is consistent for a

convex function. Hence, comparing this curve to its GCM gives an informal graphical

check of the monotone hazard ratio order. This same procedure was proposed by Gill

and Schumacher (1987).

1.2.3 Relationship to other stochastic orders

A variety of stochastic orders have been studied; Shaked and Shanthikumar (2007)

contains detailed results and discussion. We brie�y review three of the most common

stochastic orders used in the context of univariate time-to-event analysis. Theusual

or uniform stochastic order is de�ned asG � ST F if G(t) � F (t) for all t 2 R, where

F and G are cumulative distribution functions on R. Estimators under the usual

stochastic order were developed by Brunk et al. (1966) and Dykstra (1982), and the

corresponding asymptotic properties were derived by Præstgaard and Huang (1996).

The hazard rateorder is de�ned asG � HR F if �F= �G is non-increasing, which is equiv-

alent to f= �F � g=�G in the case of absolutely continuous distributions, wheref and g

are the densities corresponding toF and G. Dykstra et al. (1991) studied estimation

and inference under a hazard rate order. Finally, thelikelihood ratio order is de�ned

asG � LR F if g=f is non-decreasing. Dykstra et al. (1995); Yu et al. (2017); Mösching

and Dümbgen (2024) and Westling et al. (2023) considered estimation and inference

under a likelihood ratio order. These three canonical examples of stochastic orders
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are themselves ordered:G � LR F implies G � HR F implies G � ST F (Lehmann and

Rojo, 1992; Shaked and Shanthikumar, 2007; Belzunce et al., 2016).

It is natural to ask where the monotone hazard ratio order �ts into the hierarchy

of the three common stochastic orders. It turns out that the monotone hazard ratio

order does not generally imply, nor is it implied by, any of the three common stochastic

orders. To show this, we provide continuous and discrete counterexamples for each

case. These examples are illustrated in Figure 1.1. We note that the fact that

our order is not implied by nor implies these other orders means in particular that

previously established properties of and methods for inference under these orders do

not apply to the monotone hazard ratio order.

We �rst show that the monotone hazard ratio order does not imply the usual

stochastic order, which further implies that the monotone hazard ratio order does not

imply the hazard rate or monotone likelihood ratio orders. Suppose thatS and T have

Weibull distributions with shape parameterskS and kT and scale parameters� S and

� T , respectively. Then the hazard ratio function� (t) = � S(t)=� T (t) is proportional

to tkS � kT for t > 0, so that S � MHR T if and only if kS � kT , and S � MHR T if and

only if kS � kT . On the other hand,FS(t) � FT (t) if and only if tkS � kT � � kS
S =� kT

T .

If kS 6= kT , then t 7! tkS � kT ranges from0 to 1 , which implies that it cannot be

the case that eitherS � ST T or T � ST S. Therefore, if kS > k T , then S � MHR T,

but S � ST T, which also implies thatS � HR T and S � LR T. Hence, the monotone

hazard ratio order does not imply any of these other three common orders in the

continuous case (�rst column of Figure 1.1). For a counterexample in the discrete

case, suppose thatFS follows a geometric distribution with success probabilitypS

on f 1; 2; : : : g, so that � S(k) = pS for all k 2 f 1; 2; : : : g. Hence, S � MHR T for

any T supported on f 1; 2; : : : g such that � T (k) is non-increasing ink. The usual

stochastic order fails to hold if �FS(k) = (1 � pS)k < �FT (k) =
Q k

j =1 [1 � � T (j )] for any
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k 2 f 1; 2; : : : g. Both of these are the case, for instance, ifT also follows a geometric

distribution with success probability pT < pS (second column of Figure 1.1).

We now show that the likelihood ratio order does not imply the monotone hazard

ratio order, which further implies that the hazard rate order and usual stochastic order

do not imply the monotone hazard ratio order. For an example in the continuous

case, suppose thatS and T follow Beta distributions with parameters (�; � S) and

(�; � T ) for � S < � T . Then the density ratio is proportional to (1 � t)� S � � T , which is

strictly increasing, soS � LR T. Furthermore, if � 2 (0; 1), then one can also show

that the hazard ratio function is strictly decreasing, so thatS <MHR T. Therefore,

the likelihood ratio order does not imply the monotone hazard ratio order in the

continuous case, so neither do the hazard rate or usual stochastic orders (third column

of Figure 1.1). For a counterexample in the discrete case, supposeS has a uniform

distribution on f t1 < � � � < t K g for K > 1 and T satis�es (1) f T (t j ) � f T (t j +1 )

for j = 1; : : : ; K � 1, and (2) f T (t j ) > (K � j + 1) f T (t j � 1)[1 � f T (t j � 1)]=(K � j )

for all j = 2; : : : ; K � 1. Both (1) and (2) can be achieved simultaneously if and

only if f T (t1) � 1=K . Then the ratio of the mass functions is proportional tof T , so

the likelihood ratio order holds by assumption (1). However, we can also show that

� S(t j � 1)=� T (t j � 1) > � S(t j )=� T (t j ) for all j = 2; : : : ; K � 1. So the monotone hazard

ratio order cannot hold (last column of Figure 1.1).

One special case where the monotone hazard ratio order does imply the hazard

rate order, and therefore the uniform stochastic order as well, is when

lim
t ! tmax

� S(t)=� T (t) � 1

, where tmax := supf Supp(FS) [ Supp(FT )g. This is the case, for instance, when

a treatment is known to be non-toxic, or when a harmful exposure is known to

never be bene�cial. In particular, if FS and FT are supported on the same �nite
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Figure 1.1. The relationship of � MHR to other stochastic orders. The upper row
shows the survival functions�FS and �FT while the lower row shows the hazard ratio
function � S=� T . Column 1: S � Weibull(0:8; 1:2), T � Weibull(0:5; 1:5). Col-
umn 2: S � Geometric(0:8), T � Geometric(0:5). Column 3: S � Beta(0:3; 1),
T � Beta(0:3; 6). Column 4: S � Uniformf 1; 2; : : : ; 5g, T � non-increasing discrete
distribution de�ned in the text.

discrete setf t1 < t 2 < � � � < t K g and f S(tK ) > 0 and f T (tK ) > 0, then necessarily

� S(tK ) = � T (tK ) = 1 so S � MHR T implies S � HR T.

1.3 Nonparametric inference with right-censored data

1.3.1 Statistical setting

In this section, we provide an estimator of a monotone hazard ratio function�

using independently right-censored data. We derive the asymptotic distribution of our

estimator, and use this result to construct asymptotically valid pointwise con�dence

intervals for � .

For each i 2 f 1; : : : ; ng, we let A i � Bernoulli(� ) indicate the cohort for unit i .

For a randomized study,A i = 0 corresponds to control, andA i = 1 corresponds to

treatment, though the data need not be from a randomized trial. We assume that

� 2 (0; 1). For i such that A i = 1, we let Si � FS be the event time andUi � FU
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be the censoring time. Fori such that A i = 0, we let Ti � FT be the event time

and Vi � FV be the censoring time. We assume thatSi and Ui are independent

and Ti and Vi are independent for eachi � that is, the censoring is independent of

the event within each treatment arm. If A i = 1, we observe the right-censored data

Yi := min f Si ; Ui g and � i := I (Si � Ui ), and if A i = 0, we observeYi := min f Ti ; Vi g

and � i := I (Ti � Vi ). The observed data for uniti is then Oi := ( Yi ; � i ; A i ), and we

assume thatO1; : : : ; On are IID.

When FS and FT are discrete, the hazard ratio function can be estimated using

the ratio of the empirical hazard functions within each treatment arm. The empirical

hazard functions converge at the raten� 1=2 to normal limits, so by the delta method,

their ratio does as well. Hence, inference for the hazard ratio function in this case

can be obtained using standard methods. Furthermore, monotonicity of the hazard

ratio function can be enforced by projecting the empirical estimator onto the space

of monotone functions (Westling et al., 2020). Therefore, here, we focus on the more

challenging case whereFS and FT are absolutely continuous distributions. We make

no assumptions about the censoring distributionsFU and FV .

1.3.2 Proposed estimator

Our estimator is based on the representation of� presented in Theorem 1.2.2. We

recall from Theorem 1.2.2 that ifFS � FT and � is non-decreasing and continuous

on the support of FT , then we can represent� in terms of the cumulative hazard

functions � S and � T as � = @� GCMI (� S � � �
T ) � � T , where I is the smallest closed

interval containing Im(� T ). Our estimator is de�ned by replacing the unknown ele-

ments in this representation with nonparametric estimators thereof. We let� S;n be

the strati�ed Nelson-Aalen estimator (Nelson, 1969; Aalen, 1978) of the cumulative

hazard function � S based on the cohort for whichA = 1. Similarly, we let � T;n be

the strati�ed Nelson-Aalen estimator of � T based on the control cohort for which
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A = 0. We also de�ne � n := � T;n (
 n ), where 
 n is the minimum of the empirical

1 � rn quantile of the Yi 's for which A i = 0 and the empirical 1 � rn quantile of the

Yi 's for which A i = 1, wherern > 0 is a non-increasing sequence converging tor � 0.

It follows that 
 n is converging to
 , the minimum of the (1 � r )th quantile of Y

given A = 1 and the (1 � r )th quantile of Y given A = 0. Additional conditions on rn

and practical suggestions for settingrn will be provided below. We then de�ne our

estimator � n of � as

� n := @� GCM[0;� n ](� S;n � � �
T;n ) � � T;n :

It is straightforward to compute � n using standard software packages. Speci�cally,

in the statistical computing softwareR (R Core Team, 2021), the Nelson-Aalen es-

timators � S;n ; � T;n can be obtained using the packagesurvival (Therneau, 2022),

and the slopes of the greatest convex minorant of� S;n � � �
T;n can be obtained us-

ing the packagefdrtool (Strimmer, 2008). Code for computing� n is provided in

Supplementary Material.

1.3.3 Convergence in distribution

We now demonstrate thatn1=3 [� n (x) � � 0(x)] converges in distribution for �xed

x to a scaled Cherno� distribution. The (standard) Cherno� distribution is de�ned

as the derivative at zero of the GCM of a Brownian motion plus a quadratic; i.e.

W := [ @� GCMR(Z )](0), whereZ(t) := B(t)+ t2 for B a standard two-sided Brownian

motion with B(0) = 0 .

Theorem 1.3.1. Supposex 2 (0; 
 ) is such that thatFS, FT , and � are continuously

di�erentiable at x with �nite and strictly positive derivatives, and FS, FU , FT , and
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FV are < 1 in a neighborhood ofx. Also suppose that there exist"; C > 0 such that

rn � C(log n)2+ " =n for all n. Then

n1=3 [� n (x) � � (x)] d�!
�

4� 0(x)� (x)
� T (x)2

� 1=3

W ;

whereW follows the Cherno� distribution and

� (x) := � (x)
�

� T (x)
� �FS(x) �FU (x)

+
� S(x)

(1 � � ) �FT (x) �FV (x)

�
:

Due to its connection with GCMs, the Cherno� distribution appears in the asymp-

totic distribution of summaries of many monotonicity-constrained estimators (e.g.,

Groeneboom, 1985; Huang and Wellner, 1995; Westling et al., 2023, among many

others). The properties of the Cherno� distribution were studied extensively by

Groeneboom and Wellner (2001). In particular, common quantiles of the distribu-

tion are tabulated therein, which facilitates the construction of asymptotic con�dence

intervals for � using Theorem 1.3.1, as we discuss below.

Theorem 1.3.1 implies that� n (x) converges to� (x) at the rate n� 1=3. This is slower

than the rate n� 2=5 achieved by estimators of the hazard function based on kernel

smoothing with optimal bandwidth selection (Müller and Wang, 1990; Groeneboom

et al., 2010). However, this latter result requires that the hazards possess two contin-

uous derivatives, while Theorem 1.3.1 only requires one continuous derivative of the

hazard ratio. In addition, asymptotically valid inference using estimators based on

kernel smoothing is challenging due to bias arising in the limit distribution (Calonico

et al., 2018).

Theorem 1.3.1 requires thatrn not converge too quickly to zero, meaning that the

upper limit of the region over which the GCM is taken not converge too quickly to

the upper limit of support of the observed times. This ensures that� T;n and � S;n are

uniformly consistent on the increasing interval[0; 
 n ] (Stute, 1994). The requirement
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is satis�ed if, for instance,rn = r > 0 for all n, or if rn = (log n)2+ " =n for some" > 0.

In practice, we recommend settingrn = 0:05 for n < 1000, and rn = (log n)2:1=n for

n � 1000.

Kim et al. (2011) proposed a nonparametric Bayesian approach to estimating a

monotone hazard ratio function. Their model permits either monotone non-decreasing

or non-increasing hazard ratio functions. The type of monotonicity must be known a

priori for our estimator, but we expect that in most cases where monotonicity can be

assumed, the direction of monotonicity is also known. Approximating the posterior

distribution in their model is complicated and possibly computationally intensive, in

contrast to the simple implementation of our procedure. Kim et al. (2017) proved that

the rate of convergence of the posterior distribution of the nonparametric Bayesian

estimator proposed by Kim et al. (2011) is(n=logn)� 1=3, which is just a poly-log

factor slower than the rate of convergence of our estimator. However, to the best of

our knowledge, it is not known whether the posterior distribution of the estimator

proposed by Kim et al. (2011) yields asymptotically calibrated con�dence intervals

for � (x). In the next section, we use Theorem 1.3.1 to construct asymptotically valid

pointwise intervals using our estimator.

1.3.4 Construction of con�dence intervals

We propose two methods of constructing con�dence intervals for� . The �rst

method is based on the asymptotic distribution of� provided in Theorem 1.3.1. By

Theorem 1.3.1, a Wald-type asymptotic(1 � � )-level con�dence interval for� is given

by � n � � n (x)q1� �= 2=n1=3, where� n (x) is a consistent estimator of

� (x) := f 4� 0(x)� (x)=� T (x)2g1=3

, and qp is the pth quantile of the standard Cherno� distribution. Quantiles of the

Cherno� distribution are tabulated in Groeneboom and Wellner (2001). We note that
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� (x) involves both � S(x) and � T (x), so one approach to estimating� (x) would be to

plug in consistent estimators of� S(x) and � T (x). Instead, we rewrite� (x) as

� (x) =
�

4(� � � �
T )0 � � T (x)

�
� (x)

� �FS(x) �FU (x� )
+

� (x)2

(1 � � ) �FT (x) �FV (x� )

�� 1=3

:

This form of � (x) no longer depends directly on� S or � T . In this expression,� n ,

� T;n , and the Kaplan-Meier estimatorsFS;n , FU;n , FT;n , and FV;n can be substituted

for their true counterparts in constructing an estimator � n (x) of � (x). Hence, the

only remaining challenge is to estimate(� � � �
T )0. We do this using the derivative

estimator obtained by applying a local linear kernel smoother to the set of points

f (uk ; � n � � �
T;n (uk)) : k = 1; : : : ; mng, where mn = dn2=3e, and f 0 = u1 < u 2 <

� � � < u mn = � ng is a uniform grid on [0; � n ]. We choose the bandwidth for the kernel

smoother using cross validation (Guidoum, 2020).

We note that using the direct plug-in method for inference requires choosing the

bandwidth parameter of the derivative estimator. Hence, while our estimation proce-

dure does not involve any tuning parameters, our inference procedure does. However,

asymptotic validity of the plug-in method only requires a consistent estimator of

the derivative. Nevertheless, it would be preferable to have a tuning-free method of

inference as well. Several such methods have been developed for other monotone pa-

rameters, including inverting likelihood ratio tests (Banerjee and Wellner, 2001, 2005)

and intervals based on asymptotically pivotal distributions using the length of �at

regions (Deng et al., 2021). Extending these methods to our setting is an important

area of future research.

Sample splitting has also been shown to yield valid inference and reduced variance

for estimators with n� 1=3-rate asymptotics without the need to estimate additional

nuisance parameters in the limit distribution (Banerjee and Wellner, 2005; Banerjee

et al., 2019). To implement this method, then observations are �rst split randomly

into m disjoint subsets of approximately equal size. The estimator� n;j is then com-
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puted for each subsetj 2 f 1; : : : ; mg. These estimators are averaged to obtain a

pooled estimator�� n;m = 1
m

P m
j =1 � n;j . Finally, an asymptotic (1 � � )-level con�dence

interval for � (x) is given by �� n;m (x) � t1� �= 2;m� 1� n;m (x)=
p

m, where � n;m (x) is the

empirical standard deviation of them subset estimatorsf � n;1(x); : : : ; � n;m (x)g and

tp;k is the pth quantile of the t distribution with k degrees of freedom.

1.4 Numerical studies

To assess the �nite-sample performance of our proposed estimator and con�dence

intervals, we performed the following numerical study. We simulated data from three

di�erent scenarios corresponding to linear, convex, and concave� . De�ning � (x) :=

0:25 + sin2(6�x ), in the linear case, we set� S(x) = x� (x) and � T (x) = � (x), so

that � (x) = x. In the convex case, we set� S(x) = x2� (x) and � T (x) = � (x), so

that � (x) = x2. In the concave case, we set� S(x) = x� (x) and � T (x) =
p

x� (x),

so that � (x) =
p

x. Notably, � S(x) > 0 and � T (x) > 0 for all x > 0, and are

multiples of a periodic function due to the inclusion ofsin2. This is common in many

applications where event rates follow weekly, monthly, or seasonal trends. For the

censoring distributions, we set bothFU (x) and FV (x) as 1 � e� 0:1x for 0 � x < 1,

1� e� 0:15x for 1 � x < 2, and 1 for x � 2. Hence, the censoring distributions are mixed

discrete-continuous distributions supported on[0; 2], and have discrete components

at 1 and 2 with probabilities 0.044 and 0.078, respectively. Finally, we considered�

equal to 0.2, 0.5, and 0.8 in each scenario.

For each sample sizen equal to 100, 500, 1000, 5000, and 10000, we simulated

1000 right-censored datasets for each of the nine mechanisms formed by the three

types of � crossed with the three values of� . For each dataset and for eachx equal

to 0:005; 0:01; : : : ; 2, we computed our proposed estimator� n (x), the sample splitting

estimator �� n;m (x) with m = 5 splits, and the corresponding con�dence intervals de-

�ned in Section 1.3.4. For comparison, we also computed an estimator and con�dence
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intervals based on taking the ratio of kernel smoothing estimators of the individual

hazard functions, which does not require or enforce monotonicity of� (Watson and

Leadbetter, 1964). We used the Epanechnikov kernel and selected the bandwidth

for each hazard function separately using least squares cross validation, plug-in es-

timation (Bagkavos, 2018), and undersmoothing by dividing the plug-in bandwidth

by n1=10 and n1=20. Hereafter we refer to these methods as CV, PI, US1, and US2,

respectively. We constructed 95% pointwise Wald-type con�dence intervals for the

resulting hazard ratio estimator by estimating the standard deviation using 100 em-

pirical bootstrap samples. We did not compare our procedure to that of Kim et al.

(2011) because of the lack of available computer code implementing their procedure.

Due to the large volume of simulation study results, here, we only display the results

of the monotone estimators and the PI and US1 smoothing methods for linear� and

� = 0:8. We comment on the other results at the end of this section, and all results

can be found in supplementary material.

The top panel of Figure 1.2 displaysn1=3 times the absolute bias of the estimators

as a function ofx. The scaled bias of all estimators generally decreases with sample

size, which aligns with the expectation that the biases decrease faster thann� 1=3 for

x 2 (0; 2). The absolute bias of the estimators exhibits periodicity inherited from

the periodicity of the underlying hazard functions. All estimators exhibit large bias

nearx = 2, which is expected given the challenges of estimation near the boundary of

support. For most values ofx, our estimator has slightly smaller absolute bias than

the sample splitting estimator, which is expected because the sample splitting esti-

mator inherits the bias of our estimator with one-�fth the sample size. The absolute

bias of the smoothing-based estimators relative to that of our estimator is generally

proportional to the magnitude of the second derivatives of� S and � T . The absolute

bias of our estimator also generally improves relative to that of the smoothing-based

estimators asx increases. We believe this is due to a combination of the monotonicity
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Figure 1.2. Top: Absolute bias of the estimators of� scaled byn1=3 as a function
of x. Bottom: Standard deviation of the estimators of� scaled byn1=3 as a function
of x, with the theoretical standard deviation of our estimator showed as the black
dashed line in the �rst row. Columns correspond to di�erent sample sizes, and rows
correspond to the estimators. Here� is linear and � = 0:8.
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assumption and censoring. Asx increases, the e�ective sample size decreases as a

result of right-censoring, which generally increases bias. However, the monotonicity

assumption of our estimator may aid in reducing this bias by using information from

earlier time-points, unlike the smoothing-based estimator.

The bottom panel of Figure 1.2 displaysn1=3 times the standard deviation of the

estimators as a function ofx. The standard deviation of our estimator is close to

the theoretical limit except for x near 2 for all values ofn. The empirical standard

deviation does not capture the periodic pattern of the theoretical standard deviation

because the period is so small, but we expect it would at larger sample sizes. The

standard deviation of the sample splitting estimator is a constant factor smaller than

the standard deviation of our estimator, as expected based on the theory of Banerjee

et al. (2019). The standard deviation of the smoothing-based estimators is generally

greater than that of our estimator in the sample sizes we considered. We also notice

that when the sample size is small, the empirical standard deviation of the smoothing-

based estimators is extremely non-smooth as a function ofx. This is a drawback

of ratio estimators, since estimates of� S or � T signi�cantly de�ate or in�ate the

estimates of� . However the standard deviation of the smoothing-based estimators

appears to decrease faster thann� 1=3, as expected, and at even larger sample sizes we

expect their standard deviation to be smaller than that of the monotone estimator.

The top panel of Figure 1.3 shows the coverage probabilities of the empirical 95%

con�dence intervals. Con�dence intervals for our estimator have poor coverage for

n = 100 due to under-estimation of� 0 at this sample size. The coverage improves

as the sample size increases, and is close to the nominal rate forn � 1000for x not

too close to 0 or 2. For values ofx close to 0 or 2, the coverage of the monotone

method is poor due to bias of the estimator and the di�culty of estimating� 0 in this

region, even with larger samples. The sample splitting method has poor coverage for

n � 1000due to high bias, but the coverage converges to the nominal level as the
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Figure 1.3. Top: Empirical coverage probabilities of nominal 95% con�dence in-
tervals for the estimators of� as a function of x, with the nominal 95% coverage
probability showed as the black dashed line. Bottom: The median length of nominal
95% con�dence intervals for the estimators of� as a function of x. Columns cor-
respond to di�erent sample sizes, and rows correspond to the estimators. Here� is
linear and � = 0:8.
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sample size increases. The smoothing-based estimators have good coverage for a few

values ofx when n = 100, but poor coverage for most values ofx. As n grows larger,

the smoothing-based estimators have poor coverage for values ofx where the second

derivatives of the hazard functions are large due to the bias of the estimators, which

results in a periodic coverage pattern. This is mitigated somewhat but not completely

by undersmoothing, though theory predicts that it would be completely mitigated by

undersmoothing for large enough sample sizes.

The bottom panel of Figure 1.3 shows the median length of con�dence intervals.

We considered the median rather than mean length to avoid the in�uence of rare

extremely wide intervals, especially at smaller sample sizes for the smoothing-based

estimators. The median length decreases asn grows for all estimators. Our estimator

has slightly narrower median length than the smoothing-based estimators at larger

sample sizes. Undersmoothing slightly increases the median length.

We now comment brie�y on the general patterns of the other simulation settings.

The full results can be found in supplementary material. The bias of the monotone

estimator nearx = 0 is highest when� is concave, and its bias forx between 1 and

2 is largest in when� is convex (Figures S2) because this is when the derivative of�

is largest. The standard deviation of the monotone estimator increases as a function

of x fastest when� is convex, followed by when it is linear and concave, respectively

(Figures S3). This is due to the appearance of� and � 0 in the scale parameter in the

limit distribution established in Theorem 1.3.1. Both of these values increase fastest

when � is convex. The overall patterns of con�dence interval coverage and length for

our estimator are not very sensitive to the shape of� or � . Similarly, the properties

of the sample splitting estimator relative to the monotone estimator are similar in

the other simulation settings as they are in the ones presented above.

The con�dence interval coverage rates of the smoothing-based estimators are not

very sensitive to the shape of� , but they are more sensitive to the value of� than our
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estimator. The smoothing-based estimator with plug-in bandwidth has good coverage

for all sample sizes when� = 0:5 and � is concave, but less so when� = 0:2, � = 0:8,

or � is not concave (Figure S4). On the other hand, choosing the bandwidth using

cross-validation appears to perform well in large samples when� = 0:8, but not when

� = 0:5 or � = 0:2 (Figure S5). The undersmoothed estimator that divides byn1=10

has the best coverage in large samples when� = 0:2 (Figure S6). It would be useful to

develop a smoothing-based estimator of the hazard ratio function that is less sensitive

to imbalanced treatment arms and the shape of the underlying hazard functions.

1.5 Analysis of treatment of pulmonary adenocarcinoma

In this section, we use the methods developed in this chapter to estimate the

all-cause mortality hazard ratio of two treatments for pulmonary adenocarcinoma:

ge�tinib and carboplatin�paclitaxel. Carboplatin-paclitaxel is a type of intravenous

chemotherapy, usually taken over a three-hour period once every three weeks for ap-

proximately six cycles (Herbst et al., 2004). Like many chemotherapies, carboplatin-

paclitaxel is an invasive treatment that can have severe adverse side e�ects. Ge�tinib

is a kinase inhibitor that is taken orally as a tablet once per day. Ge�tinib is hence

less invasive than carboplatin-paclitaxel, but can also cause adverse side e�ects. We

refer the reader to Mok et al. (2009) and Inoue et al. (2013) for additional details

about these treatments.

We re-analyzed the results of a clinical trial comparing carboplatin�paclitaxel and

ge�tinib �rst reported in Mok et al. (2009). The cohort consisted ofn = 1217 adults

with stage IIIB or IV non�small-cell lung cancer with histologic features of adeno-

carcinoma, and who were nonsmokers or former light smokers and had no previous

chemotherapy or biologic or immunologic therapy. These patients were randomly as-

signed to ge�tinib (609 patients) or carboplatin�paclitaxel (608 patients). Treatment

for both groups continued until progression of the disease, development of unaccept-
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able toxic e�ects, a request by the patient or physician to discontinue treatment,

serious noncompliance with the protocol, or completion of six chemotherapy cycles.

The event time of interest was the time from randomization to the earliest sign of

disease progression or death from any cause. Additional details of the trial and co-

hort design can be found in Mok et al. (2009). Since the raw data from this trial are

unavailable, we used the event and censoring times reconstructed by Argyropoulos

and Unruh (2015) from the published Kaplan-Meier estimates.

Starting from the beginning of treatment, the 12-month estimated survival rates

were 24.9% (95% CI: 21.4, 29.4) with ge�tinib and 6.7% (95% CI: 4.3, 8.9) with

carboplatin�paclitaxel, suggesting that ge�tinib was more e�ective in preventing the

progression of pulmonary adenocarcinoma. Mok et al. (2009) also estimated a Cox

proportional hazard model with treatment by ge�tinib, smoking history and gender

and obtained a hazard ratio of 0.74 (95% CI: 0.65, 0.85) corresponding to treatment

with ge�tinib. They concluded that ge�tinib was superior to carboplatin�paclitaxel

for treating pulmonary adenocarcinoma.

Although their experimental results con�rmed that assignment to ge�tinib yielded

higher overall 12-month survival probability, the survival curves of the two groups

crossed, which suggests that the proportional hazards assumption is violated. Hence,

it is of interest to estimate the hazard ratio over time to assess the time-varying e�ect

of ge�tinib relative to carboplatin�paclitaxel. The left panel of Figure 1.4 displays

the Nelson-Aalen estimators of the cumulative hazard function for the ge�tinib cohort

versus that of the carboplation-paclitaxel cohort, and its GCM. This plot suggests

that it is reasonable to believe that the hazard ratio function is monotone. Fur-

thermore, prior estimates of the hazard ratio function have also suggested that it is

monotone (Argyropoulos and Unruh, 2015). Here, we estimate the hazard ratio using

our monotone estimator, and construct con�dence intervals using the plug-in method

described in Section 1.3.4.
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Figure 1.4. Results of the analysis of the pulmonary adenocarcinoma data. Left
panel: the Nelson-Aalen estimator for the ge�tinib group plotted against that of the
carboplation-paclitaxel group, along with the corresponding greatest convex mino-
rant. Right panel: estimated hazard ratio function and 95% pointwise con�dence
intervals using our method and the Cox proportional hazards model.

The right panel of Figure 1.4 displays the estimated hazard ratio of ge�tinib

versus carboplation-paclitaxel, as well as the constant hazard ratio estimated by the

proportional hazard model. The hazard ratio is only shown through month six, since

the estimated curve is �at thereafter. We estimate that the hazard ratio increases

to one over the span of four months, after which it increases to 1.6 (95% CI: 1.07,

2.10). Hence, we �nd evidence that the hazard of disease progression for patients

assigned to ge�tinib is lower than that of patients assigned to carboplation-paclitaxel

through four months post-randomization, but is greater after four months. This could

be due to a stronger early bene�t of ge�tinib and a delayed e�ect of carboplation-

paclitaxel. Alternatively, it could be due to heterogeneous e�ects of carboplation-

paclitaxel relative to ge�tinib. For example, frailer patients may have been more

likely to progress quickly taking carboplation-paclitaxel than taking ge�tinib, leaving

a less frail cohort with better survival prospects after four months.
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1.6 Discussion

In this chapter, we studied the problem of estimation and inference for a monotone

hazard ratio function. We �rst demonstrated that monotonicity of the hazard ratio

function de�nes a novel invariant stochastic order, and we studied the properties of

the monotone hazard ratio order and connected it to other well-established stochastic

orders. We then proposed a simple estimator of the monotone hazard ratio function,

and provided conditions under which our estimator converges to an unbiased limit

distribution. Using this asymptotic result, we proposed a method of constructing

pointwise con�dence intervals for the hazard ratio. In numerical studies, we demon-

strated that our methods perform well in comparison with the ratio of individual

smoothing-based hazard functions estimators.

There are several natural directions building on our results, which we brie�y men-

tion. First, since our estimator relies on the assumption that the hazard ratio func-

tion is monotone, it would be important to develop a method to test this assumption.

This test could be developed by studying the asymptotic distribution of a norm of

the di�erence between� S;n � � �
T;n and its GCM under the null hypothesis that � is

monotone. Second, the method we used for inference requires estimating the deriva-

tive � 0. It would be preferable to develop methods that avoid estimating this nuisance

parameter, such as a bootstrap procedure (Kosorok et al., 2008; Sen et al., 2010) or

by inverting a likelihood ratio-type test (Banerjee and Wellner, 2001; Groeneboom

and Jongbloed, 2015). Third, �nding a way to perform uniform inference for a mono-

tone hazard ratio function would be of great value. Several general approaches to

constructing uniform con�dence bands are weak convergence (Gillespie and Fisher,

1979; Hall and Wellner, 1980) and the multiplier bootstrap (Chernozhukov et al.,

2013), but these approaches do not work for generalized Grenander-type estimators.

Durot et al. (2012) demonstrated convergence in distribution of the uniform error

of Grenander-type estimators. However, to the best of our knowledge, no analogous
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result for generalizedGrenander-type estimators, like ours, yet exists. Fourth, in this

chapter, we only considered the case of the hazard ratio function between two event

times, which is especially useful in the context of studies with a randomized binary

treatment. However, it is often of interest to adjust for multiple covariates, espe-

cially in the context of observational studies, so generalizing our method to include

covariates would also be important. Finally, an alternative method to achieving valid

inference based on smoothing estimators is robust bias correction (Calonico et al.,

2018), but to the best of our knowledge no method yet exists for robust bias cor-

rection for hazard or hazard ratio functions. This is an important area of future

research.
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CHAPTER 2

IMPROVED NONPARAMETRIC INFERENCE FOR
KERNEL DENSITY ESTIMATORS

2.1 Introduction

The Kernel Density Estimator (KDE), pioneered by Rosenblatt (1956) and Parzen

(1962), is one of the most popular nonparametric estimators of a probability density

function. KDEs are de�ned as a linear combination of kernel functions centered at

the data points. KDEs require selecting a tuning parameter, called the bandwidth,

to control the scale of the kernel, and the properties of KDEs depend crucially on

the choice of the bandwidth. One widely used approach for bandwidth selection is

minimizing an estimate of the local or global mean squared error (MSE) of the density

estimator. However, using this bandwidth poses challenges for obtaining valid infer-

ence for the density because the resulting bias and standard deviation of the estimator

are of the same order, yielding a con�dence interval (CI) that is not centered around

the true density function (Wasserman, 2004). Undersmoothing and explicit bias cor-

rection are two methods for improving inference using KDEs. Undersmoothing refers

to using a bandwidth smaller than the one obtained by minimizing MSE, resulting

in a density estimator that is less smooth, has smaller bias, and has larger variance.

Explicit bias correction entails estimating the bias term, which involves estimating a

second or higher-order derivative of the density, and subtracting this estimated bias

from the KDE.

Hall (1992b) used Edgeworth expansions to show that undersmoothing yields CIs

with better coverage accuracy than bias correction. Intuitively, estimating the deriva-

tive of a density is a more challenging task than estimating the density itself, and as
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a result, the variance of the bias estimator can be of a comparable magnitude as that

of the KDE. However, Calonico et al. (2018) showed that the additional variability

of the bias estimator can be incorporated in a robust variance estimator, and that

doing so yields CIs with better coverage accuracy than undersmoothing in some cases.

They call their method robust bias correction.

A limitation of the robust bias correction approach is that the bias corrected den-

sity estimates can be negative, especially when the true density function is close to

zero. The simplest solution to this is to truncate the density estimate at zero and

re-scale the estimate to integrate to one. However, this can result in density estimates

and lower con�dence limits that are zero where the density is known to be positive. In

addition to being undesirable due to violating known parameter constraints, zero den-

sity estimates can pose problems in downstream tasks such as density or hazard ratio

estimation. Terrell and Scott (1980) proposed a ratio-type estimator for bias-reduced

non-negative density estimation. However, Terrell's method is limited to the applica-

tion of non-negative kernels to eliminate odd moments in the higher-order expansion

of the estimator. Similarly, Jones et al. (1995) introduced a multiplicative bias reduc-

tion method that ensures non-negativity and established the asymptotic distribution

of the estimator. However, practical inference procedures were not discussed.

In this chapter, we extend the methodology introduced by Calonico et al. (2018)

to a more general additive bias correction approach under simpler conditions. We

also introduce how to produce a positive KDE by modifying the additive debiased

KDEs. In addition, we propose a method of non-negative inference by constructing

CI on the log scale. We use Edgeworth expansions to study the coverage of our CIs,

and demonstrate that the resulting CIs have the same asymptotic properties as the

robust bias correction proposed by Calonico et al. (2018).

The chapter proceeds as follows. Section 2.2 outlines our notation and assump-

tions. The formal de�nition of our non-negative bias-corrected density estimator is
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provided in Section 2.3.1. Theoretical justi�cations for our method to derive con�-

dence intervals with nominal coverage probability for the true density function are

presented in Section 2.3.2. In Section 2.4, we substantiate our theoretical �ndings

through numerical studies.

2.2 Kernel density estimators and bias correction

2.2.1 Kernel density estimators

We supposef is the Lebesgue density of an absolutely continuous distribution

F on R. We observe an IID random sampleX 1; : : : ; X n from F . For a �xed point

x 2 R, our parameter of interest isf (x). For a function h : R ! R that is j -times

di�erentiable at a point y 2 R, we de�ne h(j )(y) as the j th derivative of h at y. We

make the following smoothness assumptions aboutf .

Assumption 1 (Smoothness). In a neighborhood ofx 2 R: (i) f > 0, (ii) for some

S 2 N+ , f is S-times continuously di�erentiable with bounded derivativesf (s) for

s 2 f 1; 2; : : : ;Sg, and f (S) is Hölder continuous with exponent� 2 (0; 1].

Some of our results will depend on the smoothnessS and Hölder exponent� , so

these will be discussed at more length when appropriate below.

For a suitable functionK : R ! R and j 2 N we de�ne � K;j :=
R1

�1 yj K (y) dy=j!

and � K;j :=
R1

�1 K (y) j dy. We sayK is a kernel function if � K; 0 = 1, and we sayK

is a kernel of orderk if in addition � K;j = 0 for all j 2 f 1; : : : ; k � 1g, � K; k 2 (0; 1 ),

and � K; 2 < 1 . We make the following assumptions aboutK .

Assumption 2 (Kernel function). The kernel K � 0 is a uniformly bounded, even

function with support [� 1; 1], and is of order k � 2, wherek is an even integer. In

addition, K (1) exists and is uniformly bounded on(� 1; 1).
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The KDE of f (x) with kernel K and bandwidth h > 0 is de�ned as

f̂ (x) :=
1

nh

nX

i =1

K
�

x � X i

h

�
(2.2.1)

(Rosenblatt, 1956; Parzen, 1962). We make the following assumptions about the

bandwidth.

Assumption 3 (Bandwidth) . The bandwidthh satis�es nh=logn ! 1 andnh2k +1 =

O(1).

By a change of variables, the bias of the KDE is

B(x) := E[f̂ (x)] � f (x) = h� 1E
�
K

�
x � X i

h

��
� f (x)

=
Z 1

�1
K (u) [f (x � hu) � f (x)] du : (2.2.2)

If Assumptions 1�2 hold for k � S, then a Taylor expansion off at x shows that

B(x) = hk f (k )(x)� K; k + o( hk ). The variance of the KDE is

V(x) := Var( f̂ (x)) = ( nh2)� 1

(

E

"

K
�

x � X i

h

� 2
#

� E
�
K

�
x � X i

h

�� 2
)

:

(2.2.3)

If f is Lipschitz at x, then by a change of variables,V(x) = ( nh)� 1f (x)� K; 2 +O( n� 1).

Under these conditions, we also have thatV(x)� 1=2[f̂ (x) � f (x) � B (x)] converges

in distribution to N (0; 1). The bandwidth that minimizes the MSE of f̂ (x) balances

B(x)2 andV(x), and hence is proportional ton� (2k +1) . However, a bandwidth selected

in this manner yields that B(x)=V(x)1=2 converges to a nonzero constant. As a result,

V(x)� 1=2[f̂ (x) � f (x)] converges in distribution to a normal distribution with non-

zero mean. Thus, Wald-style con�dence intervals centered at̂f (x) given by f̂ (x) �

z1� �= 2V̂ (x)1=2 for V̂ (x) an estimate ofV(x) and zp the pth quantile of a standard

normal distribution, have lower than nominal coverage, even asymptotically.
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2.2.2 Bias-corrected KDEs

If B̂ (x) is an estimator of the biasB(x) of f̂ (x), then a bias-corrected estimator

is de�ned as f̂ bc(x) := f̂ (x) � B̂ (x). Here, we will assume thatB̂ (x) satis�es the

following conditions.

Assumption 4 (Bias estimator). The bias estimatorB̂ (x) can be written asB̂ (x) =

(nh)� 1
P n

i =1 W
�

x� X i
h

�
for a function W : R ! R supported on[� �; � ] for some

� > 0 and satisfying 0 <
R�

� � W(u)2 du, kWk1 = O(1) , W is di�erentiable and

kW (1) k1 = O(1) . Furthermore, W is (k + 1) -times integrable, and for allk 2

f 1; : : : ; k g, W (� k)(� ) = W (� k)(� � ) = 0 , W (� k ) is even, and
R�

� � W (� k )(u) du = � K; k .

We note that we allow W to depend onn as long as it satis�es Assumption 4

for every n. Under Assumption 4, we can writef̂ bc(x) = ( nh)� 1
P n

i =1 M
�

x� X i
h

�
for

M : R ! R de�ned asM (u) := K (u) � W(u). It can be seen thatM is necessarily at

least ak th order kernel, so this form of bias correction can be understood as choosing

h based on a lower order kernel, and usingK to form a higher-order kernel to reduce

bias.

The key property of f̂ bc(x) is that, as long as the smoothnessS is no smaller than

the order k of the kernelK , then the bias off̂ bc(x) is of ordero(hk ). Hence, the bias

of f̂ bc is going to zero faster than its standard deviation, so that asymptotically valid

inference forf (x) based onf̂ bc(x) is possible. IfS � k + 2, so that there is "excess

smoothness" or the smoothness is "nonbinding" in the terminology of Calonico et al.

(2018), then the bias is of orderhk +2 . This is formalized in the following lemma.

Lemma 2.2.1. If Assumptions 1�4 hold, then
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E
h
f̂ (x) � B̂ (x)

i
� f (x) =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

O(hS+ � + hS) if S < k

O(hS+ � ) if S 2 f k ; k + 1g

hk +2 f (k +2) � K; k +2

� hk +2 f (k +2) � K; k � W;k ;2

+ O( hk + � +2 ) + o( hk +2 ) if S � k + 2;

where� W;k ;2 =
R�

� � u2W (� k )(u) du=2.

We now show that three prominent approaches to bias correction�the jackknife,

twicing kernels, and robust bias correction�satisfy Assumption 4.

2.2.2.1 Generalized jackknife

The generalized jackknife (Schucany et al., 1971) is one of the oldest methods

of bias correction. A jackknife bias-corrected estimator is given bŷf bc(x) = (1 �

� k )� 1
h
f̂ (x) � � k �f (x)

i
, where �f (x) is a KDE with kernel �K and bandwidth b, and

� := h=b 6= 1. Intuitively, since the bias of �f (x) is � � k hk f (k )(x)� K; k + o( bk ), the

leading terms of the bias off̂ (x) and � k �f (x) are the same, so the bias of̂f bc(x) is

1
1 � � k

hk f (k )(x)� K; k �
� k

1 � � k
� � k hk f (k )(x)� K; k + o

�
1

1 � � k
hk +

� k

1 � � k
bk

�

= o
�

hk

1 � � k

�
:

We can write f̂ bc(x) = f̂ (x) � B̂ (x) for B̂ (x) = ( nh)� 1
P n

i =1 W
�

x� X i
h

�
, where

W(u) :=
� k

1 � � k
[�K (�u ) � K (u)] :

Hence, we can also writêf bc(x) = ( nh)� 1
P n

i =1 M
�

x� X i
h

�
for

M (u) = (1 � � k )� 1[K (u) � � k +1 K (�u )]
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. The next result shows that this approach to de�ningW �ts in our framework.

Lemma 2.2.2. If B̂ (x) = ( nh)� 1
P n

i =1 W
�

x� X i
h

�
for W(u) = � k

1� � k [�K (�u ) � K (u)]

with � 6= 1 and the kernelK is k times integrable, then Assumption 4 is satis�ed.

We note that kernels other thanK can be used in�f (x) in the generalized jackknife

approach.

2.2.2.2 Twicing kernels

Newey et al. (2004) proposed the bias estimator

B̂ (x) :=
Z 1

�1
K (t)

h
f̂ (x + ht) � f̂ (x)

i
dt

obtained by replacingf with f̂ in the exact form of the bias

B(x) =
Z 1

�1
K (t) [f (x � ht) � f (x)] dt

. After simplifying, this results in B̂ (x) = ( nh)� 1
P n

i =1 W
�

x� X i
h

�
for

W(u) :=
Z 1

�1
K (t) [K (u � t) � K (u)] dt : (2.2.4)

Hence, the bias-corrected estimator based iŝf bc(x) = ( nh)� 1
P n

i =1 M
�

x� X i
h

�
for

M (u) := K (u) � W(u) = 2 K (u) �
R1

�1 K (t)K (u � t) dt. Here, M is the "twicing

kernel" corresponding toK . The next result shows that the twicing kernel approach

also �ts in our framework.

Lemma 2.2.3. If B̂ (x) =
R1

�1 K (t)
h
f̂ (x + ht) � f̂ (x)

i
dt, and the kernelK satis�es

Assumption 2 and is(k + 1) -times integrable, then Assumption 4 is satis�ed with

W(u) =
R1

� 1 K (t) [K (u � t) � K (u)] dt.
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2.2.2.3 Robust bias correction

Calonico et al. (2018) proposed a bias estimator based on the representation

B(x) = hk f (k )(x)� K; k + o( hk ) discussed above. Speci�cally, they proposed̂B(x) :=

hk f̂ (k )(x)� K; k , where

f̂ (k )(x) :=
1

nb1+ k

nX

i =1

L (k )

�
x � X i

b

�
(2.2.5)

is a kernel-based estimator off (k ) with bandwidth b and kernel L. Hence, the

bias-corrected estimator isf̂ bc(x) = ( nh)� 1
P n

i =1 M
�

x� X i
h

�
for M (u) = K (u) �

� k +1 � K; k L (k )(�u ) for � := h=b. The next result shows that this approach �ts in

our general framework under conditions on the kernelL.

Lemma 2.2.4. If B̂ (x) = hk f̂ (k )(x)� K; k for f̂ (k) de�ned in (2.2.5), L is an integrable

even function supported on[� 1; 1] with
R1

� 1 L(u) du = 1, L is k + 1 times di�eren-

tiable with L (k)(� 1) = L (k)(1) = 0 for all k 2 f 1; : : : ; k g,
R1

� 1[L (k ) ]2 2 (0; 1 ), and

L (k +1) uniformly bounded in (� 1; 1), then Assumption 4 is satis�ed withW(u) =

� k +1 � K; k L (k )(�u ) for � := h=b.

We note that Calonico et al. (2018) also showed a version of Lemma 2.2.1 for their

estimator. Furthermore, Calonico et al. (2018) proposed the non-asymptotic variance

estimator V̂ (x) = ( nh)� 1�̂ 2, where

�̂ 2 := h� 1

8
<

:
1
n

nX

i =1

�
M

�
x � X i

h

�� 2

�

"
1
n

nX

i =1

M
�

x � X i

h

� #2
9
=

;
:

Importantly, this variance estimator accounts for the extra variability in f̂ bc(x) intro-

duced byB̂ (x), even whenB̂ (x) actually contributes to the variance of the limit distri-

bution. We will use this variance estimator below. Calonico et al. (2018) used Edge-

worth expansions to show that the resulting Wald-style intervalŝf bc(x)� z1� �= 2V̂ (x)1=2

can have coverage error rates that are better than intervals based on undersmoothing.
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2.3 Proposed methods

2.3.1 A positive and bias corrected estimator

If K is non-negative, thenf̂ (x) � 0, and furthermore f̂ (x) > 0 if there are anyX i

such that K ([x� X i ]=h) > 0. However, there is no guarantee that̂f bc(x) � 0 due to the

additive bias correction. In particular, f̂ bc(x) < 0 if and only if f̂ (x) < h k f̂ (k )(x)� K; k .

This is most likely to occur in �nite samples whenf (x) is near zero orf (k )(x) is much

greater than zero. Of course,̂f bc(x) and the limits of the CI can be truncated at zero,

but this can result in point estimates or CI bounds equal to zero at pointsx that are

known to be in the support ofX , which is undesirable. Furthermore, in some cases

a density estimate may be used as part of a downstream task such as likelihood ratio

estimation (Kanamori et al., 2012), hazard rate estimation (Watson and Leadbet-

ter, 1964), hazard ratio estimation (Moriyama and Maesono, 2020), estimation of an

asymptotic variance (Guillou and Merlevède, 2001). In such cases, a density estimate

of zero can be especially problematic.

To produce a non-negative bias-corrected density estimate, we propose the follow-

ing estimator:

f̂ + (x) := f̂ (x) exp

(

�
B̂ (x)

f̂ (x)
�

B̂ (x)2

2f̂ (x)2
�

B̂ (x)3

3f̂ (x)3

)

: (2.3.1)

This estimator is positive whenever the original KDE is positive. The KDE is non-

negative if the kernelK is a non-negative second-order kernel, which is the most

common case used in practice.

Intuitively, f̂ + (x) conducts bias correction on the log scale. Speci�cally, by the

delta method, the approximate bias oflog f̂ (x) is B(x)=f (x), so a �rst-order bias-

corrected estimator would be given by

expf log f̂ (x) � B̂ (x)=f̂ (x)g = f̂ (x) expf� B̂ (x)=f̂ (x)g
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. Our estimator takes this a step further by performing a third-order correction,

which helps reduce the di�erence between̂f + (x) and f̂ bc(x). The following Theorem

demonstrates that the di�erence between our estimator̂f + (x) and the original bias-

corrected KDE f̂ bc(x) is of order(nh)� 2.

Proposition 2.3.1. If Assumptions 1�4 hold, then

f̂ + (x) � f̂ bc(x) = O P
�
(nh)� 2

�
and E[f̂ + (x)] � E [f̂ bc(x)] = O

�
(nh)� 2

�
:

Since enforcing positivity would introduce extra bias into the estimator, the sig-

ni�cance of Proposition 2.3.1 is that the extra bias terms are at an order of(nh)� 2.

This is especially important for inference, which involves scaling the estimator and

thus the extra bias terms by(nh)1=2. Therefore, the scaled extra bias terms are of

order (nh)� 3=2, which is much smaller than our desired inference errorO(n� 1). While

it remains feasible to incorporate additional higher-order ratio terms, the marginal

improvement gained relative to the increased complexity of the estimator may not

worth the additional complexity.

2.3.2 T-statistic with log f̂ +

If we put � 2 = nhVar[f̂ + ] = h� 1f E [M (X h;i )2] � E [M (X h)]2g and let �̂ 2 be the

empirical estimator, then the traditional T-statistic can be expressed as

T =

p
nh(f̂ + � f )

�̂
:

The non-negativity of f̂ + allows the con�dence interval to be constructed on thelog

scale, which preserves the non-negativity of the con�dence intervals after exponenti-

ation. Hence, we consider the following �Studentization� form

~T =

p
nh(log f̂ + � logf )

�̂= f̂ +

:
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~T can be seen as the T-statistic oflog f̂ + , with �̂= f̂ + being the �rst-order approxima-

tion of its standard deviation. Although ~T has a more complicated form, as shown

in the proof of 2.3.1, it still �ts in the �smooth function model� proposed by Bhat-

tacharya and Ghosh (1978), which allows us to perform valid Edgeworth expansion

to approximate P( ~T � t).

2.3.3 Approximating the distribution of ~T by Edgeworth expansion

To formally state the Edgeworth approximation, we de�neX h;i = ( x � X i )=h,

let � be the standard normal distribution with the density being� , and de�ne the

following functions


 1 =
1
h

E [M (X h;i )] ;

� (j; k; p) =
1
h

E
h
(M (X h;i ) � E [M (X h)]) j (M (X h;i )

p � E [M (X h;i )
p])k

i
;

q1(t) = � (t)
�

1
2

� (1; 1; 2)� � 3 �
1
2

�
 � 1
1

�
1
6

� � 3
�
� (3) � 3� (1; 1; 2) + 3� 4
 � 1

1

�
(t2 � 1)

�
;

q2(t) = � � (t)� � 1 ;

q3(t) = � � (t)
 1� � 1t2 ;

q21(t) = � (t)
�

�
�
� (3)2� � 6 +

3
8

� 2
 � 2
1 � � (3)� � 2
 � 1

1

�
t

�
�

2
3

� (3)2� � 6 �
1
12

� (4)� � 4 +
3
4

� 2
 � 2
1 �

13
12

� (3)� � 2
 � 1
1

�
(t3 � 3t)

�
�

1
18

� (3)2� � 6 �
1
6

� (3)� � 2
 � 1
1 +

1
8

� 2
 � 2
1

�
(t5 � 10t3 + 15t)

�

q22(t) = �
1
2

� (t)� � 2t ;

q23(t) = � � (t)
��

1
2


 � 1
1 �

1
3

� (3)� � 4

�
t3 �

1
2


 � 1
1 t

�
;

then
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Theorem 2.3.1. Assume assumptions 1�4 hold,

sup
t2 R

�
�
�
�
�
P( ~T � t)

�

"

�( t) +
1

p
nh

q1(t) + �q2(t) +

r
h
n

q3(t) +
1

nh
q21(t) + � 2q22(t) +

�
p

nh
q23(t)

#�
�
�
�
�

= O
�

n� 1 + ( nh)� 1�
	

:

Theorem 2.3.1 is the Edgeworth expansion ofP( ~T � t). It tells us that compared

with the standard normal distribution � , the Edgeworth expansion estimate is asymp-

totically closer to the exact distribution of ~T with an error term of order O(n� 1), by

taking into account of higher order moments of~T, such as the skewness and kurtosis.

The Edgeworth expansion ofP( ~T � t) is analogous to the one ofP(T � t) obtained

by Calonico et al. (2018), except that our expansion has extra terms introduced bylog

transformation on each order, hence we haveP( ~T � t) � P(T � t) = O
�
(nh)� 1=2

�
.

This is consistent with the Delta method studied in Bhattacharya and Ghosh (1978).

And since q1 is an even function, this �rst order di�erence betweenP( ~T � t) and

P(T � t) will be cancelled out when constructing a two-sided con�dence interval with

symmetric quantiles.

We let z� := inf f t : P(Z � t) � � g, and de�ne I z as the con�dence interval ob-

tained by back transformingz�= 2 � ~T � z1� �= 2. Then I z can be written as

I z =
h
f̂ + exp

n
(
p

nhf̂ + )� 1�̂z �= 2

o
; f̂ + exp

n
(
p

nhf̂ + )� 1�̂z 1� �= 2

oi
:

And if we denote I W ald as the CI constructed withT and the same quantiles, then

by the analysis above, we know thatP(f 2 I z) � P(f 2 I W ald ) = O (( nh)� 1). Hence,

we conclude that the coverage error of our non-negative CI is no worse than the

counterpart of the traditional CI.
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2.4 Numerical studies

To evaluate the �nite-sample performance of our proposed estimator and con�-

dence intervals, we conducted the following numerical study. Data were simulated

from the following mixed normal distribution:

0:3 � N (� 1; 0:152) + 0 :4 � N (0; 0:152) + 0 :3 � N (1; 0:152)

Then for each sample sizen set to 100, 500, 1000, we simulated 1000 datasets. For

each dataset and for eachx within the range � 1:5; � 1:49; : : : ; 1:5, we computed the

standard KDE f̂ using the second-order Epanechnikov kernel and an MSE optimal

bandwidth selected by the method based on Sheather and Jones (1991). The same

bandwidth was then used to compute the additive debiased estimator̂f bc and our

positive debiased estimator̂f + , with all three debiasing kernels � robust bias correc-

tion kernel, generalized jackkinfe and twicing kernel as discussed in section 2.2.2. We

then computed the absolute bias, standard deviation and MSE for all the estimators,

which are displayed in Figure 2.1 and Figure 2.2.

As shown in Figure 2.1, both additive and positive debiased estimators can signif-

icantly reduce the bias but in�ate the standard deviation of the standard KDE. The

pattern of bias and standard deviation for our positive estimator is no di�erent than

the additive debiased estimator. Unlike the other two debiasing kernels, the twicing

kernel has the biggest bias and smallest variance. This can be explained by the lack of

tuning hyper-parameter in twicing kernel. As suggested by Calonico et al. (2022), we

tune the hyper-parameter by minimizing theL2 distance between the debiasing kernel

and the MSE optimal kernel introduced by Gasser et al. (1985), which explained why

the robust bias correction kernel and the jackknife kernels have similar performances.

Then we constructed two-sided 95% con�dence intervalsI W ald with standard nor-

mal quantiles for the standard KDEf̂ , and the additive debiased estimator̂f bc. We

also constructed a two-sided 95% CII z with f̂ + . Finally, we calculated the empirical
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coverage probabilities and the length of all the con�dence intervals and presented

them in Figure 2.3. As expected, the CI with the standard KDE has the largest

coverage error, while the debiased estimators have much higher coverage accuracy.

Correspondingly, the standard KDE has the shortest CI, whileI z has the longest CI,

with I W ald for additive debiased estimator in the middle. As sample size increases,

the coverage errors and CI length exhibit a decreasing trend. However, we notice that

the coverage probability ofI z is closer to the nominal level compared to that ofI W ald ,

especially at the points where the true density is closer to zero. It is an interesting

future research topic on explaning this phenomenon.

In summary, our non-negative estimator has similar performance to the additive

debiased estimator, a�rming our theoretical �ndings.

2.5 Analysis of the breast cancer data

We applied our method to the breast cancer diagnosis dataset (William et al.,

1995) to estimate the density of the variable �concave_points3 �, which recorded

the number of concave portions of the contour for 569 patients. The results are

displayed in Figure 2.5. Both debiased estimators show a similar bimodal density

that is signi�cantly di�erent from the unimodal estimation by the standard KDE.

KDE has the shortest CI while debiased estimators have widened CIs.

2.6 Discussion

In this paper, we addressed the issue of bias-corrected kernel density estimation

and inference. Initially, we introduced a straightforward estimator that ensures both

bias correction and non-negativity of density estimation. Then, we introduced a

new T-statistic for nonparametric inference, with which we can perform non-negative

inference. Additionally, we conducted a thorough examination of the Edgeworth

expansion of this novel T-statistic, establishing the connection between its quantiles
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and those of a standard normal distribution. This connection was then utilized in the

construction of con�dence intervals. Through numerical studies, we demonstrated

the superior performance of our methods compared to state-of-the-art bias-corrected

density inference techniques.

Our results open up several promising directions for future research. Firstly, our

current work focuses exclusively on the estimation and inference for density functions.

Extending this methodology to include the estimation and inference of other non-

negative smooth functions, such as hazard functions and density functions of censored

distributions, would be a compelling direction. Secondly, applying large deviation

theory might help explore the di�erence between coverage errors ofI z and I W ald at

the points wheref is close to zero. Lastly, the formulation of our new T-statistic

suggests a straightforward approach for the estimation and inference of ratio-type

estimators, including likelihood ratios and hazard ratios. It would be intriguing to

explore these estimators and propose corresponding Edgeworth approximations for

their inference procedures.
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Figure 2.1. Top: Absolute bias of di�erent methods. Bottom: Standard deviation of
di�erent methods. Columns represent di�erent kernel estimators, and rows represent
di�erent sample sizes. The red solid curve is the generalized jackknife kernel, green
dotted curve is robust bias correction kernel, and the blue long dashed curve is the
twicing kernel.
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Figure 2.2. MSE of di�erent methods. Columns represent di�erent kernel estima-
tors, and rows represent di�erent sample sizes. The red solid curve is the generalized
jackknife kernel, green dotted curve is robust bias correction kernel, and the blue long
dashed curve is the twicing kernel.
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Figure 2.3. Top: Empirical coverage probabilities of two-sided95% con�dence in-
tervals. Bottom: The median length of two-sided con�dence intervals. Columns
represent con�dence intervals constructed with di�erent T-statistics, and rows rep-
resent di�erent sample sizes. The red solid curve is the generalized jackknife kernel,
green dotted curve is robust bias correction kernel, and the blue long dashed curve is
the twicing kernel.
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Figure 2.4. Rows represent di�erent kernel estimators, and columns represent dif-
ferent methods for CI construction. The red solid band is the generalized jackknife
kernel, the green band is robust bias correction kernel, and the blue band is the twic-
ing kernel. The solid curve is the point estimates, and the dashed curve is the true
density.
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Figure 2.5. Rows represent di�erent kernel estimators, and columns represent dif-
ferent methods for CI construction. The red solid band is the generalized jackknife
kernel, the green band is robust bias correction kernel, and the blue band is the twic-
ing kernel. The solid curve is the point estimates, and the dashed curve is the true
density.
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CHAPTER 3

IMPROVING NONPARAMETRIC INFERENCE FOR
ISOTONIC REGRESSIONS WITH DEBIASED

SMOOTHING

3.1 Introduction

3.1.1 Background and literature review

For bivariate observations, exploring the association between the covariate and the

response is often of interest. A commonly used approach is nonparametric smooth-

ing, which includes methods like kernel smoothing, local polynomial smoothing, and

smoothing splines. Local polynomial smoothing is extensively studied due to its sim-

ple formulation, uniform consistency, and easy implementation. As a kernel-based

smoothing technique, local polynomial smoothing requires a hyperparameter known

as the bandwidth. This bandwidth is typically tuned by minimizing the mean squared

error. However, this approach introduces a non-vanishing bias term in the limiting

distribution, which can reduce the accuracy of the inference procedure.

Sometimes, it is known that the underlying true function is monotone, for exam-

ple, a growth curve over time is known to be non-decreasing. However, most non-

parametric smoothing techniques can fail to be monotonicity preserving(Mammen

and Marron, 1997; Mammen et al., 2001). Although considerable e�orts have been

made to obtain smooth monotone functions, prevailing techniques for merging these

two steps might compromise certain other desired attributes of the estimator. For

instance, if a smoothed estimator is projected into the space of monotone functions

to enforce the monotonicity, the resulting function will not retain the same level

of smoothness as the original estimator (Hall and Huang, 2001). Likewise, when
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smoothing an isotonic regression, the only kernel smoothing technique that can pre-

serve monotonicity is the Nadaraya-Watson typed estimator, which is known to be

inconsistent on the boundaries (Mammen and Marron, 1997; Mammen, 1991). In

Table 3.1 below we summarize the strength and weakness of di�erent combinations

of smooth and monotone estimators.

To our knowledge, the only approach to obtaining a monotone local linear estima-

tor was introduced by Hall and Huang (2001). In this method, the weights associated

with the observations are not uniformly distributed; instead, they are determined by

an algorithm that minimizes certain distance measures. Despite the smoothness and

monotonicity, the resulting estimator still su�ers from the bias of a local linear esti-

mator, which would be problematic if it is used for inference. Furthermore, the studiy

focuses on point estimates without corresponding inference procedure. Therefore, in

this chapter, we present a method that combines a debiased local polynomial estima-

tor (Calonico et al., 2018) with a shape-constrained B-spline estimator (He and Shi,

1998) to ensure properties like smoothness and boundary consistency while adhering

to shape constraints. Additionally, we will demonstrate the validity of bootstrap as

an inference approach for our debiased shape-constrained estimator.
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Table 3.1. The properties of di�erent estimators.

Monotone Continuous Smooth
Interior

Inference

Boundary

Inference

Tuning

free

Iso 3 7 7 3 7 3

LP 7 3 3 7 7 7

DLP 7 3 3 3 3 7

Iso

+ SM
S 3 3 S 7 7

LP

+ Iso
3 3 7 7 7 7

DLP

+ Iso
3 3 7 3 3 7

DLP

+ MBS
3 3 3 3 3 7

The letter �S� represents �Sometimes�. Iso: isotonice regression; SM: smoothing; LP:
local polynomial; DLP: debiased local polynomial; MBS: monotone B-spline.

3.1.2 Notation

Let M be a statistical model of probability measures on a probability space(X ; B).

Let � : M ! `1 (T ) be a parameter of interest ofM , whereT := [0; 1] and `1 (T ) is
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the Banach space of bounded functions fromT to R equipped with supremum norm

k � kT . For each P 2 M , denote by � P the evaluation of � at P. For any t 2 T ,

denote by � P (t) 2 R the evaluation of � P at t. Additionally, denote by � � `1 (T )

the convex set of bounded monotone non-decreasing functions fromT ! R.

Suppose that the observationsO1; O2; : : : ;On are sampled independently from an

unknown distribution P0 2 M 0, whereM 0 := f P 2 M : � P 2 � g � M is nonempty.

We hope to estimate� 0 := � P0 based on these observations. Assume that for each

t 2 T , we have access to an estimator� n (t) of � 0(t) based onO1; O2; : : : ;On . For

any suitable f : X ! R, we de�ne P f :=
R

f (x) P(dx) and Gn f := n1=2
R

f (x) (Pn �

P)(dx), wherePn is the empirical distribution based onO1; O2; : : : ;On .

3.2 Proposed methods

3.2.1 Uniform convergence of debiased local polynomial regression

In the case of estimating a regression function, suppose we have bivariate ob-

servations asO1 = ( X 1; Y1); O2 = ( X 2; Y2); : : : ;On = ( X n ; Yn ). We are interested

in estimating the regression function� 0(t) = E[Y j X = t] and its derivatives

� (1)
0 (t); � (2)

0 (t); : : : ; � (p)
0 (t). Here we consider the local polynomial estimator by Fan

and Gijbels (1996). Given the random bivariate sample de�ned above, the local

polynomial estimator of � (� )
0 (t); � = 0; : : : ; p can be written as

� (� )
n (t) = � !eT

� � n ;

� n = argmin
[� 0 ;:::;� p ]T 2 Rp+1

nX

i =1

f Yi �
pX

j =0

� j (X i � t) j g2K
�

X i � t
h

�
;

whereeT
� is a (p+ 1) vector with a one in the(� + 1) th position and zeros in the rest.

Denote the design matrix of apth order local polynomial by X p
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X p :=

2

6
6
6
6
4

1 (X 1 � t) : : : (X 1 � t)p

...
...

...

1 (X n � t) : : : (X n � t)p

3

7
7
7
7
5

;

and put y := [ Y1; Y2; : : : ; Yn ]T . If we further de�ne W p as the n � n diagonal ma-

trix of weights W p := diag f h� 1K (h� 1(X i � t))g, H p := diag(1; h; : : : ; hp), then the

solution to the weighted least square is� n = ( X T
p W pX p)� 1X T

p W py, thus � (� )
n (t) =

� !eT
� (X T

p W pX p)� 1X T
p W py.

According to Fan and Gijbels (1996) and Calonico et al. (2018), under regularity

conditions, the conditional bias of� (� )
n (t) given X 1; : : : ; X n is

E[� (� )
n (t) j X 1; : : : ; X n ] � � (� )

0 (t) = hp+1 � (p+1)
0 (t)

� !
(p + 1)!

eT
� S� 1

n;p � n;p + oP(hp+1 ) ;

where � n;p = X T
p W p [(X 1 � t)p+1 ; : : : ; (X n � t)p+1 ] =n. Thus, when estimating� 0 us-

ing a local polynomial of orderp = 1 and an MSE optimal bandwidth h = O( n� 1=5),

both the bias and the standard deviation of� n converge to zero at a rate ofn� 2=5,

yielding a biased limiting distribution. Therefore, it is crucial to remove the bias term

to recover the asymptotic normal distribution.

Calonico et al. (2018) introduced a method of bias removal by explicitly estimating

the bias term using another polynomial regression of orderq > p, another kernelL

with bandwidth b. We de�ne X q; Sn;q; W q; H q in an similar way as above, replacing

p; K; h with q; L; bcorrespondingly. We also denoteep+1 as a(q+1) vector with a one

in the (p+ 2) th position and zeros in the rest. Then an estimator for the conditional

bias of � (� )
n (t) can be expressed as

Bn (t) := � (p+1)
n (t)

� !
(p + 1)!

eT
� S� 1

n;p � n;p ;

� (p+1)
n (t) = ( p + 1)! eT

p+1 S� 1
n;qX T

q W qy :
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Therefore, the debiased local polynomial estimator� (� )
bc can be de�ned as

� (� )
bc (t) := � (� )

n (t) � Bn (t) :

For the convenience of the following analysis, we de�ner p(x; t ) := [1 ; x� t; : : : ; (x �

t)p]T ; Sn;p := X T
p W pX p=n; � := h=b, then the estimator � (� )

n (t) can be rewritten as

� (� )
n (t) =

1
nh

nX

i =1

� !eT
� S� 1

n;pr p(X i ; t)K
�

X i � t
h

�
Yi ;

Furthermore, we make the following assumptions:

(A1.) The conditional varianceVar[Y j X ] < 1 ;

(A2.) The (p + 2) th derivative of � 0 at the point t exists, and supt2T jR�;k (t; � )j =

o(� p+ k), whereR�;k (t; � ) := � (t + � ) �
P p+ k

j =0 � (j )(t)� j =j ! for k = 1; 2;

(A3.) K is a symmetric Lipschitz kernel function supported on[� 1; 1] with a band-

width h,
R

K (x) dx = 1, and the j th moment, de�ned as � j :=
R

x j K (x) dx,

exists for j = 0; : : : ; p+ 2;

Condition (A3:) implies that for any u 2 R, the �partial moments�, de�ned as� u;L;j :=
R1

� u x j K (x) dx, � u;R;j :=
Ru

�1 x j K (x) dx also exist for j = 0; : : : ; p + 2. These

moments will be used when we study the boundary behavior of the local polynomial

estimator.

In addition, we let f 0 be the marginal density ofX , Rf (t; � ) = f 0(t + � ) � f 0(t) �

�f (1)
0 (t), and assume the following condition holds

(A4.) inf t2T f 0(t) > 0, supt2T jRf (t; � )j = O( � 2), the �rst derivative of f 0 exists and is

continuous onT ;

(A5.) The bandwidth h ! 0, n1=2h=logn ! 1 , h logh� 1 ! 0 and nh2p� 2� +3 = O(1) ,
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then we have

Lemma 3.2.1. Suppose thatlim supu!�1 jK (u)uk+2 j < 1 for a nonnegative integer

k = 0; : : : ; 2p, then whenT 2 [h; 1 � h],

sup
t2T

sup
jx � t j� h

�
�eT

� S� 1
n;pr p(x; t ) � f 0(t)� 1eT

� (H pSpH p)� 1r p(x; t )
�
� P�! 0 ;

whereSp := ( � j + l )0� j;l � p.

To introduce our �rst proposition, we de�ne two matrices, denoted asSL;p and

SR;p , following a similar way used for de�ningSp. However, instead of the entries� j ,

we replace them with the respective �partial moments�� c;L;j and � c;R;j for any c 2

[0; 1). In addition, we put cp := [ � p+1 ; : : : ; � 2p+1 ]T ; ~cp := [ � p+2 ; : : : ; � 2p+2 ]T ; cL;p :=

[� c;L;p +1 ; : : : ; � c;L; 2p+1 ]T ; cR;p := [ � c;R;p+1 ; : : : ; � c;R;2p+1 ]T , and

Bp(t) :=

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

eT
� S� 1

p cp� !� (p+1)
0 (t)=(p + 1)! ; if p � � odd; t 2 [h; 1 � h]

heT
� S� 1

p ~cp� !
h
f 0(t)� 1f (1)

0 (t)(p + 2) � (p+1)
0 (t)

+ � (p+2)
0 (t)

i
=(p + 2)! ; if p � � even; t 2 [h; 1 � h]

eT
� S� 1

L;p cL;p � !� (p+1)
0 (0+) =(p + 1)! ; t 2 [0; ch]

eT
� S� 1

R;pcR;p � !� (p+1)
0 (1� )=(p + 1)! : t 2 [1 � ch;1]

Finally, we denote

Rn;p := h(2� � 1)=2GneT
� S� 1

n;pr p(�; t)
 2;t;n ;

where
 2;t;n (x; y) := � ![y � � 0(x)]K (h� 1(x � t)) . Then we have

Lemma 3.2.2. Suppose thatlim supu!�1 jK (u)uk+2 j < 1 for a nonnegative integer

k = 0; : : : ; 2p, under conditions (A1.)�(A5.), we have

sup
t2T

�
�
�(nh1+2 � )1=2[� (� )

n (t) � � (� )
0 (t)] �

�
nh2p+3

� 1=2
Bp(t) � Rn;p

�
�
�

P�! 0 :
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Lemma 3.2.3. Suppose thatlim supu!�1 jK (u)uk+2 j < 1 for a nonnegative integer

k = 0; : : : ; 2p, then

sup
t2T

�
�eT

� S� 1
n;p � n;p � hp� � +1 Cp(t)

�
� P�! 0 ;

where

Cp(t) :=

8
>>>>>>>>>><

>>>>>>>>>>:

eT
� S� 1

p cp ; if p � � odd; t 2 [h; 1 � h]

heT
� S� 1

p ~cpf (1) (t)=f0(t) ; if p � � even; t 2 [h; 1 � h]

eT
� S� 1

L;p cL;p ; t 2 [0; ch]

eT
� S� 1

R;pcR;p : t 2 [1 � ch;1]

Proposition 3.2.1. Suppose thatlim supu!�1 jK (u)uk+2 j < 1 for a nonnegative

integer k = 0; : : : ; 2q, under conditions (A1.)�(A5.), we have

sup
t2T

�
�
�(nh1+2 � )1=2[� (� )

bc (t) � � (� )
0 (t)] � Rn;p

�
�
�

P�! 0 :

3.2.2 Monotone projection of the debiased local linear estimator

To obtain the monotone debiased smooth estimator� n , we require an additional

projection step, which projects the unconstrained debiased local polynomial estima-

tor onto the space of monotone and smooth functions. For eachn, we let Tn :=

f t1; : : : ; tmn g � T be a �nite mesh grid in T over which the debiased local polyno-

mial estimator � bc will be evaluated. Then we �t a monotone B-spline (He and Shi,

1998) with the �pseudo data pairs�(t1; � bc(t1)) ; : : : ; (tmn ; � bc(tmn )) , by minimizing

mnX

i =1

�
� � bc(t i ) � � (x i )T �

�
�

subject to the constraint that

� 0( t j )T � � 0; j = 0; : : : ; kn
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where� and � 0 are the basis functions and their derivatives. If we denote the number

of knots beingkn , then by Theorem 2 of He and Shi (1998) and Theorem 1 of Westling

et al. (2020), we have

Proposition 3.2.2. If proposition 3.2.1 holds, kn = O
�
(mn=logmn )1=(2p+5)

�
and

mn=logmn ! 1 , then

sup
t2T

�
�
� � (� )

n (t) � � (� )
0 (t)

�
�
� � sup

t2T

�
�
� � (� )

bc (t) � � (� )
0 (t)

�
�
� + oP(1) :

3.3 Numerical studies

We conducted numerical studies to verify our theory. We performed 1000 simula-

tions for eachN = f 200; 500g bivariate observations from

� 0(t) = 100(t4=12� 1:2t3=9 + 0:06t2) + N (0; 1) :

We computed the debiased local linear estimator� bc, and the monotone smooth esti-

mator � n as mentioned above. For the purposes of comparison, we also computed the

isotonic regression estimator~� . The square root of MSE (RMSE ) of the estimators

is displayed in Figure 3.1. We observe that regardless sample sizes, our estimator

has smaller MSE than the other estimators. But the di�erence becomes smaller as

sample size gets larger.

For the nonparametric inference, we used four di�erent methods to consctruct the

two-sided 95% con�dence interval: 1). the Wald CI using the estimated standard

deviation of � bc; 2). Bootstrap Wald CI with the standard deviation of � n be esti-

mated from 100 bootstrap samples; 3). Bootstrap Percentile CI and 4). Bootstrap

Percentile-t CI. The Wald CI for ~� is constructed following the asymptotic distribu-

tion studied by Westling and Carone (2020). One example of the estimates and CI

is displayed in Figure 3.2. The debiasd local linear estimator failed to capture the
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monotonicity of � 0, and has wider CI because of higher variability. Our monotone

estimator can well re�ect the monotonicity of � 0 be correcting the monotonicity vio-

lation in the debiased local linear estimator. The coverage probabilities of the CI are

shown in Figure 3.3. The missing Wald CI of the isotionic regression might be due

to the negative estimates of� (1) . For the debiased local linear estimator, the Wald

CI and Bootstrap Wald CI have similar coverage probabilities, except that the Wald

CI is slightly under-covered on the boundaries. The Percentile and Percentile-t CI

have similar patterns, and tend to over-cover at the region where the true regression

function is nearly �at. For our debiased monotone estimator, the Wald CI is severely

over-covered, while the other three methods have similar coverage probabilities.

Figure 3.1. RMSE of the estimators. Left column represents the debiased local
linear estimator, and right column represent our smooth monotone estimator. The
red solid curve is the isotonic regression, the green dotted curve is the debiased local
linear estimator, and the blue dashed curve is our smooth monotone estimator.
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Figure 3.2. An example of the estimators and CI. Left column represents the iso-
tonic regression, the middle column is the debiased local linear estimator, and the
right column represents our smooth monotone estimator. Rows reprent di�erent CI
constructed for both estimators. The solid curves are the estimated function, and the
dashed curve is the true function.
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Figure 3.3. Empirical coverage probability of di�erent con�dence intervals. The left
column represents the isotonic regression, the middle column is the debiased local
linear estimator, and the right column represents our smooth monotone estimator.
Red curve is bootstrap Wald CI, green dotted curve is the Percentile CI, blue long
dashed curve is the Percentile-t CI, and the purple dashed curve is the Wald CI.
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In addition to the pointwise con�dence intervals, we also constructed 95% con�-

dence bands with two di�erent methods for the estimators. The �rst method followed

the algorithm introduced by Cheng and Chen (2019), where we computed the boot-

strap monotone smooth estimator� �
n , which was used to determine the empirical1� �

quantile of the distribution

Ĝ(s) := P (k� �
n � � bck < s j X 1; : : : ; X n ) :

If we denote this quantile aŝs1� � , then the con�dence bands can be computed as

Ĉ1� � (x) = [ � n (x) � ŝ1� � ; � n (x) + ŝ1� � ] :

In the second method, instead of using the bootstrap samples, we computed the quan-

tile by sampling from a mean zero gaussian process, with the covariance matrix being

determined by the covariance of� bc(t1); : : : ; � bc(tmn ). As summarized in Table 3.2,

both methods work as expected for our monotone smooth estimator. One example

of the estimators with their con�dence bands are shown in Figure 3.4. Due to the

in�ated variance in the neighborhood oft = 0, the bands of the debiased local linear

estimator are wider than the ones of our monotone estimator.

Table 3.2. Empirical coverage probabilities of con�dence bands. �DLL" represents
the local linear estimator, and �DLL+S� represents our monotone smooth estimator.

N Boostrap-t uniform GP uniform
DLL 200 0.981 0.935
DLL 500 0.98 0.946

DLL+S 200 0.976 0.968
DLL+S 500 0.973 0.975
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Figure 3.4. Empirical coverage probability of di�erent con�dence bands. Left col-
umn represents the debiased local linear estimator, and right column represent our
smooth monotone estimator. The �rst row is the con�dence bands constructed with
Gaussian process, the second row is the one constructed with Bootstrap.
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3.4 Analysis the yearly non frozen days of Lake Mendota

As a real data application, we analyzed the number of non frozen days of Lake

mendota (Groeneboom and Jongbloed, 2014), and computed the con�dence inter-

vals. This dataset records the number of days that the lake was frozen since 1854

for consecutive 157 years. In our analysis, we compute the non frozen days by sub-

tractting the frozen days from 365. We computed the isotonic regression estimator

~� , the debiased local linear estimator� bc , and our monotone smooth estimator� n

, with their correponding con�dence intervals. As shown in Figure 3.5, the isotonic

regression yeilded a monotonic estimator, depite the much wider CIs. The debiased

local liner estimator has a monotonicity violation in the time interval[50; 100], while

our estimator is guaranteed to be monotone and smooth. The same pattern can also

be observed in Figure 3.6, which shows the con�dence bands for� bc and � n .
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Figure 3.5. The estimation of non frozen days of Lake Mendota and pointwise CI.
Left column represents the isotonic regression, the middle column is the debiased local
linear estimator, and the right column represents our smooth monotone estimator.
Rows reprent di�erent CI constructed for both estimators. The dashed curves are the
estimated functions.
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Figure 3.6. The estimation of non frozen days of Lake Mendota and CB. Left column
represents the debiased local linear estimator, and right column represent our smooth
monotone estimator. The �rst row is the con�dence bands constructed with Gaussian
process, the second row is the one constructed with Bootstrap. The dashed curves
are the estimated functions.
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APPENDIX A

APPENDIX: SUPPLEMENTARY MATERIALS FOR
CHAPTER 1

A.1 Technical proofs of Chapter 1

Proof of Theorem 1.2.1. (1) For any S, we can take� = FS, so that f S = 1 on

the support of S, and � S = 1= �FS� . We then have� = 1 on the support ofS, which

is monotone.

(2) SupposeFS � MHR FT and FT � MHR FU . Let S := Supp(FS), T :=

Supp(FT ), and U := Supp(U). We can take � to be a measure dominatingFS,

FT , and FU . We want to show that � S(x)=� U (x) � � S(y)=� U (y) for all x; y 2 S [ U

such that x < y . Let x; y 2 (S [ T ) \ (S [ U ) \ (T [ U ) be such thatx � y. Then

sinceFS � MHR FT and x; y 2 S [ T , � S(x)=� T (x) � � S(y)=� T (y). Similarly, since

FT � MHR FU and x; y 2 T [ U , � T (x)=� U (x) � � T (y)=� U (y). Hence,

� S(x)
� U (x)

=
� S(x)
� T (x)

� T (x)
� U (x)

�
� S(y)
� T (y)

� T (y)
� U (y)

=
� S(y)
� U (y)

:

We now need to address

x; y 2 (S [ U )n[(S [ T ) \ (S [ U ) \ (T \ U )] = [ Sn(T [ U )] [ [Un(S [ T )]:

If x 2 Un(S [ T ), then � S(x)=� U (x) = 0 , which is guaranteed to be no larger

than � S(y)=� U (y). Similarly, if y 2 Sn(T [ U ), then � S(y)=� U (y) = + 1 , which is

guaranteed to be no smaller than� S(x)=� U (x).
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The only remaining case isx 2 Sn(T [ U ) and y 2 Un(S [ T ). We show

there cannot simultaneously be suchx; y with x < y . First, if x 2 Sn(T [ U ), then

� S(x)=� T (x) = + 1 , which implies sinceS � MHR T that � S(z)=� T (z) = + 1 for

all z > x with z 2 S [ T . This implies that � T (z) = 0 for all such z, so that z

is not in T . Therefore, t < x for all t 2 T . Similarly, if y 2 Un(S [ T ), then

� T (y)=� U (y) = 0 , which implies sinceT � MHR U that � T (z)=� U (z) = 0 for all z < y

with z 2 T [ U . This implies that � T (z) = 0 for all such z, so that z is not in T .

Therefore,t > y for all t 2 T . SinceT cannot be empty, this completes the proof of

(2).

(3) If FS and FT are both dominated by� , then F (S) = FS �  � 1 and F (T ) =

FT �  � 1 are both dominated by � �  � 1. Let f  (S) be the density of F (S) with

respect to � �  � 1, and f  (T ) be the density ofF (T ) with respect to � �  � 1. Then

f  (S)=f  (T ) = ( f S �  � 1)=(f T �  � 1), so

�  (S)

�  (T )
=

f  (S)= �F (S);�

f  (T )= �F (T );�
=

f  (S)

f  (T )

�F (T );�

�F (S);�
=

f S �  � 1

f T �  � 1

�FT;� �  � 1

�FS;� �  � 1
= � �  � 1:

Since� and  are monotone, so is� �  � 1. �

Lemma A.1.1. Suppose thatJ � R is an interval and that � : J ! R is a non-

decreasing and càdlàg function, andr : J ! R is continuous on Supp(�) . Let

�( x) :=
R

J \ (�1 ;x ] r (u) d�( u). Then r is non-decreasing onSupp(�) if and only if

� � � � is convex onIm(�) , and if r is non-decreasing onSupp(�) then r (x) =

@� GCMI (� � � � ) � �( x) for all x 2 Supp(�) , where I is the smallest interval inR

containing Im(�) .

Proof of Lemma A.1.1. We �rst show that if r is non-decreasing onSupp(�) , then

� � � � is convex onIm(�) . Suppose we havet; u; v 2 Im(�) , where t < u < v and

u = �t + (1 � � )v for � 2 (0; 1). De�ning R� ;� (x) = � � � � (x), we have
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R� ;� (v) � R� ;� (u) =
Z � � (v)

� � (u)
r (x) d�( x)

�
�
r � � � (u)

� �
� � � � (v) � � � � � (u)

�

�

" Z � � (u)

� � (t )
r (x) d�( x)

# �
� � � � (v) � � � � � (u)
� � � � (u) � � � � � (t)

�

= [ R� ;� (u) � R� ;� (t)]
�

� � � � (v) � � � � � (u)
� � � � (u) � � � � � (t)

�
:

Now, for any x 2 Im(�) , � � � � (x) = x. Thus, by pluggingu = �t + (1 � � )v into the

above inequality, we haveR� ;� (v) � R� ;� (u) � �
1� � [R� ;� (u) � R� ;� (t)], which implies

that R� ;� (u) � �R � ;� (t) + (1 � � )R� ;� (v). Therefore,� � � � is convex onIm(�) .

Next, we show that if r is continuous onG := Supp(�) , and R� ;� = � � � � is

convex onIm(�) , then r is non-decreasing onG.

The idea is to compare the slopes of chords ofr using the convexity ofR� ;� . Let

x; y 2 G be such thatx < y . Suppose there exist two sequencesf zj gj � 1 and f wj gj � 1

such that lim j !1 sj = r (x) and lim j !1 t j = r (y), where

sj :=
R� ;� � �( x) � R� ;� � �( zj )

�( x) � �( zj )
and t j :=

R� ;� � �( y) � R� ;� � �( wj )
�( y) � �( wj )

:

If zj � wj for all j large enough, then convexity ofR� ;� on Im(�) would imply

that sj � t j for all j large enough, and hencer (x) � r (y). Hence, if we can �nd

such sequences, we have established the claim. The slopes of the chords ofR� ;�

depend on the behavior of� near x and y, each of which has three cases. We note

that since y 2 Supp(�) by assumption, exactly one of the following three situations

must hold: (y1) �( y) > �( y� ) and there existsp 2 [x; y) such that �( p) = �( y� ),

(y2) �( y) > �( y� ) but there's no p 2 [x; y) such that �( p) = �( y� ), and (y3)

�( y) = �( y� ). There are three analogous cases forx: (x1) �( x) > �( x� ) and there

exists q < x such that �( q) = �( x� ), (x2) �( x) > �( x� ) but there's no suchq < x,

and (x3) �( x) = �( x� ). We proceed by de�ningf zj gj � 1 and f wj gj � 1 in each case.
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In case (y1), we letwj = p for all j . We can setp = � � � �( y� ) and still have

�( p) = �( y� ). We note that we must havep � x since otherwise� is �at on [p; y)

for p < x , implying that x is not in the support of � . Hence,p 2 [x; y); if p = x

then p is in G by assumption, and ifp > x , then �( u) < �( p) for all u 2 [x; p) since

p = � � � �( y� ), in which casep 2 G as well. Hence,p 2 G necessarily. We therefore

have

t j =
R� ;� � �( y) � �( p)

�( y) � �( p)
=

r (y)[�( y) � �( p)]
�( y) � �( p)

= r (y)

since� is by assumption �at on (p; y) and has a jump aty.

In case (y2), we have� � � �( y� ) = y. Thus, there existsf wj gj � 1 increasing to

y such that wj 2 (x; y) \ G for each j and �( wj ) increases to�( y� ). Therefore,

� � � �( wj ) converges to� � � �( y� ) = y. HenceR� ;� � �( wj ) converges toR� ;� �

�( y� ) since� possesses left-limits, showing thatt j converges to[R� ;� � �( y) � R� ;� �

�( y� )]=[�( y) � �( y� )] = r (y). In case (y3), sincey 2 G, there existsf wj gj � 1 that

either (y3a) increases toy and �( wj ) < �( y) for eachj , or (y3b) decreases toy and

�( wj ) > �( y) for eachj . In case (y3a), since� � � � � �( z) = �( z) for all z, we have

t j =

" Z � � � �( y)

� � � �( wj )
r (u) d�( u)

#

=[�( y) � �( wj )]

= r (y)
�
� � � � � �( y) � � � � � � �( wj )

�
=[�( y) � �( wj )]

+

" Z � � � �( y)

� � � �( wj )
[r (u) � r (y)] d�( u)

#

=[�( y) � �( wj )]

= r (y) +

" Z � � � �( y)

� � � �( wj )
[r (u) � r (y)] d�( u)

#

=[�( y) � �( wj )] :

By continuity of r over G, for any � > 0, we can �nd m such that j � m implies

jr (u) � r (y)j < � for all u 2 [wj ; y] \ G. We then have

jt j � r (y)j �

" Z � � � �( y)

� � � �( wj )
jr (u) � r (y)j d�( u)

#

=[�( y) � �( wj )]
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�
� [� � � � � �( y) � � � � � � �( wj )]

�( y) � �( wj )
= �

for all j � m, so lim j !1 t j = r (y). If (y3b) holds, then a similar argument shows

that lim j !1 t j = r (y). Applying the same exact reasoning for the three cases forx,

we see thatsj converges tor (x).

We have now shown that there exist sequenceszj and wj such that sj converges

to r (x) and t j converges tor (y), wheresj and t j are de�ned above. Hence, ifzj � wj

for all j large enough, then convexity ofR� ;� on Im(�) implies that sj � t j for all j

large enough, and hencer (x) � r (y). It is clear that zj � wj for all 16 pairings of

de�nitions of zj and wj implied by cases (x1)�(x3b) and (y1)�(y3b) except for when

zj decreases tox (case x3b) andwj = p (case y1). In this case, we note that ifx = p,

then � is �at on [x; y), so that case (x3b) cannot hold. Therefore, ifzj decreases to

x and wj = p, then p must be strictly larger than x, so that zj < w j for all j large

enough.

Next we prove the second claim of the lemma: ifr is continuous and non-decreasing

on G, then r (x) = @� GCMI (� � � � ) � �( x) for all x 2 G, where I is the smallest

interval containing Im(�) . We have proved thatR� ;� is convex onIm(G) under the

stated conditions. First, we claim thatGCMI (� � � � ) = H , whereH := I ! R has

the following form. For any u 2 Im(�) ; H (u) := R� ;� (u). If u 2 I but u =2 Im(�) ,

then there existsx 2 R and � 2 [0; 1) such that u = � �( x� ) + (1 � � )�( x). We then

de�ne H (u) = �R � ;� (�( u� )� ) + (1 � � )R� ;� (�( u)) . Thus de�ned, H is the linear

interpolation of R� ;� j Im(�) to all of I . In order to show that H = GCM I (R� ;� ), we

need to show that (a)H is convex, (b)H � R� ;� and (c) H � �H for any other convex

minorant �H of R� ;� .

For (a), let u; v 2 I and p = �u + (1 � � )v for � 2 (0; 1). Since I is the

smallest interval containing Im(�) , there exist u1 � u2 � p1 � p2 � v1 � v2 that

are all elements ofIm(�) and � S; � T ; � 3 2 [0; 1] such that u = � Su1 + (1 � � S)u2,
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v = � T v1+(1 � � T )v2, and p = � 3p1+(1 � � 3)p2, and such thatH (u) = � SR� ;� (u1� )+

(1� � S)R� ;� (u2); H (v) = � T R� ;� (v1� )+(1 � � T )R� ;� (v2), and H (p) = � 3R� ;� (p1� )+

(1 � � 3)R� ;� (p2). (If u 2 Im(�) , then we setu1 = u2 = u and � S = 0. Otherwise, we

can �nd u1 < u < u 2 with u1 and u2 in Im(�) exist sinceI is the smallest interval

containing Im(�) , and such a� S exists by the de�nition of H . We de�ne p1; p2; v1; v2

similarly, and we can ensure that the stated ordering is satis�ed sinceu < p < v .)

We de�ne the points U1 := ( u1; H (u1)) ; U2 := ( u2; H (u2)) ; :::; V2 := ( v2; H (v2).

The convexity of R� ;� implies that the (possibly degenerate) line segmentP1P2 lies

on or below U2V1, which lies on or belowU2V, which lies on or belowUV. Since

P lies on P1P2 and the point (p; �H (u) + (1 � � )H (v) lies on the lineUV, we have

H (p) � �H (u) + (1 � � )H (v). Sinceu; v, and � were arbitrary, this implies that H

is convex.

For (b), if u 2 Im(�) , by de�nition H (u) = R� ;� (u). If u =2 Im(�) , then since

u = � �( x� ) + (1 � � )�( x) for somex, we must have� � (u) = � � � �( x) = x.

Consequently, by the convexity and continuity ofH on Im(�)

R� ;� (u) = � � � � (u) = � � � � � �( x) = R� ;� � �( x)

= �R � ;� � �( x) + (1 � � )R� ;� � �( x)

� �R � ;� � �( x� ) + (1 � � )R� ;� � �( x)

= �R � ;� (�( x� )� ) + (1 � � )R� ;� � �( x)

= H (u):

For (c), if �H is another convex minorant ofR� ;� , then H (u) = R� ;� (u) � �H (u) for

all u 2 Im(�) . If u =2 Im(�) , we haveu = � �( x� ) + (1 � � )�( x) for somex 2 Im(�) .

By convexity of �H on Im(�) and since �H � R� ;� by assumption,

�H (u) = �H (� �( x� ) + (1 � � )�( x)) � � �H � �( x� ) + (1 � � ) �H � �( x)
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� �R � ;� � �( x� ) + (1 � � )R� ;� � �( x):

If �( x� ) 2 Im(�) , then R� ;� � �( x� ) = R� ;� (�( x� )� ) sinceR� ;� is continuous on

Im(�) , so the above equals

�R � ;� (�( x� )� ) + (1 � � )R� ;� � �( x) = H (u):

If �( x� ) =2 Im(�) , then for all � > 0 there exists z 2 (�( x� ) � �; �( x� )) such

that z 2 Im(G), since otherwise� would be �at to the left of x and �( x� ) would

be in Im(�) . We then have �H (u) � � (z)R� ;� (z� ) + (1 � � (z))R� ;� (�( x)) , where

� (z) 2 (0; 1) and � (z) ! � as z ! �( x� ). Taking the limit of z ! �( x� ), we have

�H (u) � �R � ;� (�( x� )� ) + (1 � � )R� ;� (�( x)) = H (u).

Finally, we show that r (x) = ( @� H ) � �( x) for all x 2 G. If �( x) > �( x� ), then

for all � 2 (0; 1) and u = � �( x� ) + (1 � � )�( x), we have

H (u) = �R � ;� (�( x� )� ) + (1 � � )R� ;� (�( x)) = � �( x� ) + (1 � � )�( x):

Thus (@� H )(u) = [�( x) � �( x� )]=[�( x) � �( x� )] = r (x). If �( x) = �( x� ), then

H (u) = R� ;� (�( x)) and it's clear that (@� H )(u) = r (x). �

Proof of Theorem 1.2.2. We note that � = ( dFS=dFT )=( �FS;� = �FT;� ) = d� S=d� T

sinced� S(u) = dFS(u)= �FS;� (u) and d� T (u) = dFT (u)= �FT;� (u). In addition, we can

write � S(t) =
Rt

0 � (u) d� T (u) sinceSupp(FT ) = Supp(� T ). Hence, (1) () (3) and

(b) follow by Lemma A.1.1 with � = � S, � = � T , and r = � .

It remains to show (1) () (2). By Lemma A.1.1 with r = � , and � = FT , � is

non-decreasing onSupp(FT ) if and only if

u 7!
Z F �

T (u)

�1
� dF T
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is convex onIm(FT ). Hence, if

Z

[0;u)

1 � v
�R(v)

dR+ (v) =
Z F �

T (u)

�1
� (v) dFT (v);

then (1) () (2). We can write

Z

[0;u)

1 � v
�R(v)

dR+ (v) =
Z

[0;u)

1 � v
�R(v)

dRc
+ (v) +

X

v<u

1 � v
�R(v)

(� R+ )(v)

for Rc
+ (u) = R+ (u) �

P
v� u(� R+ )(v) the continuous part of R+ . We address the

discrete and continuous parts of the integral in turn.

We note that � R+ (v) > 0 if and only if R+ (v) > R (v), which implies that

F �
T (v+) = F �

T;+ (v) > F �
T (v), since otherwiseR+ (v) = FS � F �

T;+ (v) = FS � F �
T (v) =

R(v). Furthermore F �
T;+ (v) > F �

T (v) if and only if FT is �at on [F �
T (v); F �

T;+ (v)) ,

which implies FS is too. But if R+ (v) > R (v) then FS � F �
T;+ (v) > F S � F �

T (v), which

implies FS, and thereforeFT as well, have jumps atF �
T;+ (v). Hence,R+ (v) > R (v) if

and only if FS and FT are both �at on [F �
T (v); F �

T;+ (v)) and have a jump atF �
T;+ (v),

and v = FT � F �
T (v) = FT;� � F �

T;+ (v) and FS � F �
T (v) = FS;� � F �

T;+ (v). Therefore, for

any v with � R+ (v) > 0,

1 � v
�R(v)

� R+ (v) =
1 � v

1 � FS � F �
T (v)

�
FS � F �

T;+ (v) � FS � F �
T (v)

�

=
1 � FT;� � F �

T;+ (v)

1 � FS;� � F �
T;+ (v)

(� FS) � F �
T;+ (v)

=
(� FS) � G�

T;+ (v)
�FS;� � F �

T;+ (v)

�FT;� � F �
T;+ (v)

(� FT ) � F �
T;+ (v)

(� FT ) � F �
T;+ (v)

=
� S � F �

T;+ (v)

� T � F �
T;+ (v)

(� FT ) � F �
T;+ (v):

Therefore,

X

v<u

1 � v
�R(v)

� R+ (v) =
X

v<u

� S � F �
T;+ (v)

� T � F �
T;+ (v)

(� FT ) � F �
T;+ (v) =

X

t<F �
T; + (u)

� S(t)
� T (t)

� FT (t)
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=
X

t � F �
T (u)

� S(t)
� T (t)

� FT (t);

where the last equality follows becauset < F �
T;+ (u) if and only if t � F �

T (u).

We now address the continuous part of the integral. Using the fact derived above

that FS � F �
T (v) = FS� � F �

T + (v) for any v with � R+ (v) > 0, we have

Rc
+ (u) = R+ (u) �

X

v� u

(� R+ )(v)

= FS � G�
T;+ (v) �

X

v� u

�
FS � G�

T;+ (u) � FS � F �
T (u)

�

= FS � F �
T;+ (v) �

X

v� u

�
FS � F �

T;+ (u) � FS;� � F �
T;+ (u)

�

= FS � F �
T;+ (v) �

X

v� u

(� FS) � F �
T;+ (v)

= F c
S � F �

T;+ (u):

Therefore,
Z

[0;u)

1 � v
�R(v)

dRc
+ (v) =

Z

[0;u)

1 � v
�FS � F �

T (v)
(F c

S � F �
T;+ )(dv):

We then note that v 2 Supp(Rc
+ ) implies that v 2 Supp(F �

T;+ ), and hencev =

FT � F �
T;+ (v) unlessv is at the left end of a �at of F �

T;+ . Such points form aRc
+

measure zero set. Similarly, if� R+ (v) = 0 , then F �
T;+ (v) = F �

T (v), and v such that

� R+ (v) > 0 form a Rc
+ measure zero set. Therefore, we have

Z

[0;u)

1 � v
�FS � F �

T (v)
(F c

S � F �
T;+ )(dv) =

Z

[0;u)

�FT � F �
T;+ (v)

�FS � F �
T;+ (v)

(F c
S � F �

T;+ )(dv):

Now we note that F �
T;+ is strictly increasing on the support ofRc

+ , so by the change

of variablesy = F �
T;+ (v), we have

Z

[0;u)

1 � v
�R(v)

dRc
+ (v) =

Z

[0;u)

�FT � F �
T;+ (v)

�FS � F �
T;+ (v)

(F c
S � F �

T;+ )(dv)
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=
Z

[F �
T; + (0) ;F �

T; + (u))

�FT (y)
�FS(y)

F c
S(dy)

=
Z

[F �
T; + (0) ;F �

T; + (u))

�FT (y)
�FS(y)

dF c
S

dF c
T

(y) dF c
T (y):

Now except on aF c
T -measure zero set,�FT = �FT;� , �FS = �FS;� , and dF c

S
dF c

T
= dF

dG . There-

fore,

Z

[0;u)

1 � v
�R(v)

dRc
+ (v) =

Z

[F �
T; + (0) ;F �

T; + (u))

�FT;� (y)
�FS;� (y)

dFS

dFT
(y) dF c

T (y)

=
Z

[F �
T; + (0) ;F �

T; + (u))

d� S

d� T
(y) dF c

T (y):

Finally, we note that if F �
T;+ (0) > 0, then F c

T is �at on (�1 ; F �
T;+ (0)), and y <

F �
T;+ (u) if and only if y � F �

T (u), so

Z

[F �
T; + (0) ;F �

T; + (u))

d� S

d� T
(y) dF c

T (y) =
Z F �

T (u)

�1

d� S

d� T
(y) dF c

T (y):

Putting together the discrete and continuous parts of the integral, we now have

Z

[0;u)

1 � v
�R(v)

dR+ (v) =
Z F �

T (u)

�1

d� S

d� T
(y) dF c

T (y) +
X

t � F �
T (u)

� S(t)
� T (t)

� FT (t)

=
Z F �

T (u)

�1

d� S

d� T
(y) dFT (y):

�

We denotePn as the empirical distribution ofO1; : : : ; On , P as the true distribution

of Oi (as implied by FS, FT , FU , FV , and � ), and Gn = n1=2 (Pn � P). For any

probability distribution Q and Q-integrable function h, we denoteQh :=
R

h dQ. We

also let � n :=
P n

i =1 A i =n be the observed fraction of treated units.
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Proof of Theorem 1.3.1. To prove Theorem 1.3.1, we will use Theorem 4 of West-

ling and Carone (2020). For convenience, we refer to Westling and Carone (2020) as

WC hereafter. In the notation of WC, we have� n = � S;n , � n = � T;n , � 0 = � S, and

� 0 = � T . To use Theorem 4 of WC, we need to �rst verify that the decomposition

of equation (2) of WC holds, and then verify conditions (B1) � (B5) and (A4) � (A5)

of WC. We establish each of these in turn below.

Equation (2) of WC. We de�ne the in�uence function D �
x and L �

x of � S;n(x)

and � T;n (x) as

D �
x (y; �; a) =

a
�

�
I (y � x; � = 1)
�FS(y� ) �FU (y� )

�
Z x^ y

0

d� S(v)
�FS(v� ) �FU (v� )

�
; and

L �
x (y; �; a) =

1 � a
1 � �

�
I (y � x; � = 1)
�FT (y� ) �FV (y� )

�
Z x^ y

0

d� T (v)
�FT (v� ) �FV (v� )

�
:

By adding and subtracting terms, we have� S;n(x) � � S(x) = PnD �
x + Hx;n and

� T;n (x) � � T (x) = PnL �
x + Rx;n , where

Hx;n = � S;n(x) � � S(x) � PnD �
x ; and

Rx;n = � T;n (x) � � T (x) � PnL �
x :

These are the functions corresponding to equation (2) of WC.

Condition (B1). We de�ne the local di�erence functiongx;u

gx;u := D �
x+ u � D �

x � � 0(x)
�
L �

x+ u � L �
x

�
:

To verify condition (B1), we need to bound the uniform entropy of the classf gx;u :

juj � Rg for all R small enough. We further decomposegx;u = gx;u;S � � 0(x)gx;u;T for

gx;u;S := D �
x+ u � D �

x and gx;u;T := L �
x+ u � L �

x . The function gx;u;S can be written as

gx;u;S (y; �; a) =
a
�

�
f I (y � x + u) � I (y � x)g �

�FS(y� ) �FV (y� )
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�
Z

I (v � y) f I (v � x + u) � I (v � x)g
�FS(v� ) �FV (v� )

d� S(v)
�

:

The class of functionsCx;R := f y 7! I (y � x+ u) : juj � Rg is Vapnik-�Cervonenkis

(VC) with index 2 (see, e.g. Lemma 2.6.16 of van der Vaart and Wellner, 1996). The

class
�

(y; �; a) 7!
a f I (y � x + u) � I (y � x)g �

� �FS(y� ) �FV (y� )
: juj � R

�

is a Lipschitz transformation ofCx;R and various �xed square-integrable functions, so

it is also VC, and hence easily satis�es condition (B1b) of WC. In conjunction with

Lemma 5.2 of van der Vaart and van der Laan (2006), this also implies that the class

�
(y; �; a) 7!

a
�

Z
I (v � y) f I (v � x + u) � I (v � x)g

�FS(v� ) �FV (v� )
d� S(v) : juj � R

�

is VC. Hence, f gx;u;S : juj � Rg satis�es (B1b). By the analogous forms ofgx;u;S

and gx;u;T , an identical argument shows thatf gx;u;T : juj � Rg satis�es (B1b), so

f gx;u : juj � Rg does as well.

Condition (B2). An envelope function forf gx;u;S : juj � Rg is given byĜx;R;S =

Ĝx;R;S; 1 + Ĝx;R;S; 2 for

Ĝx;R;S; 1(y; �; a) =
I (jy � xj � R)a�
� �FS(y� ) �FV (y� )

Ĝx;R;S; 2(y; �; a) =
a
�

Z x+ R

x� R
I (0 < v � y)

d� S(v)
�FS(v� ) �FV (v� )

:

We now verify that P0Ĝ2
x;R;S = O( R) as R ! 0 under the stated conditions. Due to

the boundedness of�FS and �FV away from zero and independent censoring,

P0Ĝ2
x;R;S; 1 � CP(jY � xj � R; � = 1 j A = 1)

= C
Z x+ R

x� R

�FU (u� ) dFS(u)
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� C0[FS(x + R) � FS(x � R)]

for someC; C0 < 1 . This latter expression isO(R) asR ! 0 becauseFS is continu-

ously di�erentiable at x with �nite derivative.

Next, by Jensen's inequality,

P0Ĝ2
x;R;S; 2 = � � 1E

" � Z x+ R

x� R
I (0 < v � Y)

dFS(v)
�F 2

S(v� ) �FV (v� )

� 2

j A = 1

#

� � � 1E
� Z x+ R

x� R
I (0 < v � Y)

dFS(v)
�F 4

S(v� ) �F 2
V (v� )

j A = 1
�

= � � 1
Z x+ R

x� R
P(Y � v j A = 1)

dFS(v)
�F 4

S(v� ) �F 2
V (v� )

= � � 1
Z x+ R

x� R

dFS(v)
�F 3

S(v� ) �FV (v� )
:

As above, the last expression isO(R) as R ! 0 becauseFS is Lipschitz at x and �FS

and �FU are both positive in a neighborhood ofx. By the triangle inequality, we then

have P0Ĝ2
x;R;S = O( R).

For the second part of condition (B2), we note that since�FS and �FU are both

positive in a neighborhood ofx, Ĝx;R;S is uniformly bounded for allR small enough.

Hence, for all � , for all R small enough (possibly depending on� ), f RĜx;R;S > � g

is identically 0, which implies in particular that P0

�
Ĝ2

x;R;S f RĜx;R;S > � g
�

= o( R).

Identical analysis applies to an envelope forf gx;u;T : juj � Rg.

Condition (B3). This condition concerns properties of the covariance function

de�ned as �( s; t) := P[D �
s � � (x)L �

s][D �
t � � (x)L �

t ]. Sincea(1 � a) = 0 for a 2 f 0; 1g,

D �
sL �

t = 0 for any s; t. Hence,�( s; t) = P[D �
sD �

t ] + � (x)2P[L �
sL �

t ]. We write

P [D �
sD �

t ] = � � 1E
�

I (Y � s ^ t; � = 1)
�FS(Y � )2 �FU (Y � )2

j A = 1
�

� � � 1E
�

I (Y � s; � = 1)
�FS(Y � ) �FU (Y � )

Z t^ Y

0

d� S(v)
�FS(v� ) �FU (v� )

j A = 1
�
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� � � 1E
�

I (Y � t; � = 1)
�FS(Y � ) �FU (Y � )

Z s^ Y

0

d� S(v)
�FS(v� ) �FU (v� )

j A = 1
�

+ � � 1E
� Z s^ Y

0

d� S(v)
�FS(v� ) �FU (v� )

Z t^ Y

0

d� S(v)
�FS(v� ) �FU (v� )

j A = 1
�

:

(A.1.1)

We will address each term in this expansion. We �rst have

E
�

I (Y � s ^ t; � = 1)
�FS(Y � )2 �FU (Y � )2

j A = 1
�

=
Z s^ t

0

d� S(v)
�FS(v� ) �FU (v� )

:

Next, the second term can be simpli�ed as follows

E
�

I (Y � s; � = 1)
�FS(Y � ) �FU (Y � )

Z t^ Y

0

d� S(v)
�FS(v� ) �FU (v� )

j A = 1
�

=
Z s

0

Z t^ y

0

d� S(v)
�FS(v� ) �FU (v� )

d� S(y)

=
Z s^ t

0

Z s

v
d� S(y)

d� S(v)
�FS(v� ) �FU (v� )

=
Z s^ t

0

� S(s) � � S(v)
�FS(v� ) �FU (v� )

d� S(v):

Similarly, the third term can be written as

E
�

I (Y � t; � = 1)
�FS(Y � ) �FU (Y � )

Z s^ Y

0

d� S(v)
�FS(v� ) �FU (v� )

j A = 1
�

=
Z s^ t

0

� S(t) � � S(v)
�FS(v� ) �FU (v� )

d� S(v):

Finally, for the last term, by decomposing the double integral into two regions, we

can write

E
� Z s^ Y

0

d� S(v)
�FS(v� ) �FU (v� )

Z t^ Y

0

d� S(v)
�FS(v� ) �FU (v� )

j A = 1
�

=
Z s

0

Z t

0

�FS(u _ v� ) �FU (u _ v� )
�FS(u� ) �FU (u� ) �FS(v� ) �FU (v� )

d� S(u)d� S(v)
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=
Z s^ t

0

� S(t) � � S(v)
�FS(v� ) �FU (v� )

d� S(v) +
Z s^ t

0

� S(s) � � S(v)
�FS(v� ) �FU (v� )

d� S(v):

Hence, the second through fourth terms in the decomposition ofP[D �
sD �

t ] provided

in equation (A.1.1) cancel, and we are left with

P[D �
sD �

t ] = � � 1
Z s^ t

0

d� S(v)
�FS(v� ) �FU (v� )

:

By symmetry of D �
s and L �

s, we also have

P[L �
sL �

t ] = (1 � � )� 1
Z s^ t

0

d� T (v)
�FT (v� ) �FV (v� )

:

Thus, we can write

�( s; t) =
Z s^ t

0

�
� S(v)

� �FS(v� ) �FU (v� )
+

� (x)2� T (v)
(1 � � ) �FT (v� ) �FV (v� )

�
dv:

In the notation of condition (B3) of WC, we have� � (s; t) = 0 ,

A(s; t; v; w) =
� S(v)

� �FS(v� ) �FU (v� )
+

� (x)2� T (v)
(1 � � ) �FT (v� ) �FV (v� )

;

H (v; w) = v, and Q can be taken as any probability measure since there are no

covariates.

Sub-conditions (B3a) and (B3d) are automatically satis�ed. Sub-condition (B3b)

is satis�ed becauseA does not depend ons or t. Sub-condition (B3c) requires that

v 7! A(x; x; v; w) be continuous atv = x, which would appear to require thatFU

and FV are continuous atx. However, in the proof of Theorem 4 on pages 4 and 5

of the Supplementary Material of WC, it is actually only used thatv 7! A(x; x; v; w)

possesses a right-limitA(x; x; x + ; w) as v approachesx from above (since� in the

proof stands in forn� 1=3, which is positive), in which caseA0(x; x; x + ; w) should take
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the place ofA(x; x; x; w ) in the result. This is important in our work because in many

applications the censoring distributionsFU and FV possess mass points. Hence, this

weaker version of sub-condition (B3c) holds with

A(x; x; x + ; w) =
� S(x)

� �FS(x) �FU (x)
+

� (x)2� T (x)
(1 � � ) �FT (x) �FV (x)

= � (x)
�

� T (x)
� �FS(x) �FU (x)

+
� S(x)

(1 � � ) �FT (x) �FV (x)

�
:

Thus, condition (B3) holds, and the scale parameter is

� (x) =
Z

A(x; x; x + ; w)H 0(x; w)Q(dw)

= � (x)
�

� T (x)
� �FS(x) �FU (x)

+
� S(x)

(1 � � ) �FT (x) �FV (x)

�
:

Conditions (B4) and (B5). We de�ne ~Hu;n := Hx+ u;n � Hx;n , ~Ru;n := Rx+ u;n �

Rx;n and K n (� ) := n2=3 supjuj� �n � 1=3

�
�
� ~Hu;n � � (x) ~Ru;n

�
�
� for these two conditions. For

(B4), we need to show thatK n (� ) = o P(1) for each� > 0, and for (B5), we need to

show that for some� 2 (1; 2), � 7! � � � E[K n (� )] is decreasing for alln large enough

and � small enough. As above, we only verify the conditions for~Hu;n , since veri�cation

for ~Ru;n is completely analogous.

We de�ne

~FS(x) := P(Y � x; � = 1 j A = 1) ;

~RS(x) := P(Y � x j A = 1) ;

~FS;n(x) := Pn (Y � x; � = 1 j A = 1) =
1

n� n

nX

i =1

I (Yi � x; � i = 1; A i = 1) ;

~RS;n(x) := Pn (Y � x j A = 1) =
1

n� n

nX

i =1

I (Yi � x; A i = 1) :
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Then by the de�nition of the Nelson-Aalen estimator and the de�nition of the cumu-

lative hazard function with independent right censoring, we can write

Hx;n = � S;n(x) � � S(x) � PnD �
x

=
Z x

0

d ~FS;n

~RS;n
�

Z x

0

d ~FS

~RS

�
Z (

a
�

"
I (y � x; � = 1)

~RS(y)
�

Z x^ y

0

d ~FS

~R2
S

#)

dPn (y; �; a)

=
Z x

0

"
d ~FS;n

~RS;n
�

d ~FS

~RS
�

� n

�
d ~FS;n

~RS
+

� n

�

~RS;n

~R2
S

d ~FS

#

=
Z x

0

"
1

~RS;n
�

� n

� ~RS

#

d ~FS;n �
Z x

0

"
1
~RS

�
� n

�

~RS;n

~R2
S

#

d ~FS

=
Z x

0

"
� ~RS � � n

~RS;n

� ~RS
~RS;n

#

d( ~FS;n � ~FS)

�
Z x

0

"
� ~RS � � n

~RS;n

� ~RS
~RS;n

# "
~RS;n

~RS
� 1

#

d ~FS

=
Z x

0

"
� ~RS � � n

~RS;n

� ~RS
~RS;n

#

d( ~FS;n � ~FS) +
Z x

0

h
� n

~RS;n � � ~RS

i 2

� 2 ~R2
S

~RS;n
d ~FS

+
�
� � 1

n � � � 1
� Z x

0

� n

h
� n

~RS;n � � ~RS

i

� ~R2
S

d ~FS:

We let an;� := x � �n � 1=3 and bn;� := x + �n � 1=3. We note that � > 0 and that ~RS

and ~RS;n are bounded away from zero in a neighborhood ofx almost surely for all

n large enough. Hence, there is a constant C such that almost surely for alln large

enough and� small enough,

E

"

sup
juj� �n � 1=3

jHx+ u;n � Hx;n j

#

= E

"

sup
juj� �n � 1=3

�
�
�
�
�

Z x+ u

x

"
� ~RS � � n

~RS;n

� ~RS
~RS;n

#

d( ~FS;n � ~FS)

+
Z x+ u

x

h
� ~RS � � n

~RS;n

i 2

� 2 ~R2
S

~RS;n
d ~FS
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+
�
� � 1

n � � � 1
� Z x+ u

x

� n

h
� n

~RS;n � � ~RS

i

� ~R2
S

d ~FS

�
�
�
�
�
�

3

5

� E

" Z bn;�

an;�

�
�
�
�
�
� ~RS � � n

~RS;n

� ~RS
~RS;n

�
�
�
�
�

dj ~FS;n � ~FSj

#

+ E

2

6
4

Z bn;�

an;�

h
� ~RS � � n

~RS;n

i 2

� 2 ~R2
S

~RS;n
d ~FS

3

7
5

+ E

2

4
�
�� � 1

n � � � 1
�
�
Z bn;�

an;�

� n

�
�
� � n

~RS;n � � ~RS

�
�
�

� ~R2
S

d ~FS

3

5

� C
�

E
� 




 � ~RS � � n

~RS;n








1 ;[an;� ;bn;� ]






 ~FS;n � ~FS








T V;[an;� ;bn;� ]

�

+ E
� 




 � ~RS � � n

~RS;n








2

1 ;[an;� ;bn;� ]

�

+ E
� �
� � � 1

n � � � 1
�
�





 � ~RS � � n

~RS;n








1 ;[an;� ;bn;� ]

��

� C
�

E
� 




 � ~RS � � n

~RS;n








2

1 ;[an;� ;bn;� ]

�
E

� 




 ~FS;n � ~FS








2

T V;[an;� ;bn;� ]

�� 1=2

+ CE
� 




 � ~RS � � n

~RS;n








2

1 ;[an;� ;bn;� ]

�

+ C
�

E
h�
�� � 1

n � � � 1
�
�2

i
E

� 




 � ~RS � � n

~RS;n








2

1 ;[an;� ;bn;� ]

�� 1=2

:

We address each term in turn. For any �xedx and � � 0, we de�ne the function class

~FS;� := f (y; a) 7! I (y � u; a = 1) : u 2 [x � �; x + � ]g. The class ~FS;� is uniformly

bounded by 1 andP0-Donsker for any � . Since � ~RS(x) = P(Y � x; A = 1) and

� n
~RS;n(x) = Pn (Y � x; A = 1) , we can then write

�
E

� 




 � n

~RS;n � � ~RS








2

1 ;[an;� ;bn;� ]

�� 1=2

= n� 1=2

8
<

:
E

2

4 sup
f 2 ~F

S;�n � 1=3

jGn f j

3

5

29
=

;

1=2

= O( n� 1=2) :

Therefore, we also have

85



E
� 




 � n

~RS;n � � ~RS








2

1 ;[an;� ;bn;� ]

�
= O( n� 1):

Next, since ~FS and ~FS;n are non-decreasing functions, we have






 ~FS;n � ~FS








T V;[an;� ;bn;� ]
�






 ~FS;n








T V;[an;� ;bn;� ]
+






 ~FS








T V;[an;� ;bn;� ]

=
h

~FS;n(bn;� ) � ~FS;n(an;� )
i

+
h

~FS(bn;� ) � ~FS(an;� )
i

=
h

~FS;n(bn;� ) � ~FS(bn;� )
i

�
h

~FS;n(an;� ) � ~FS(an;� )
i

+ 2
h

~FS(bn;� ) � ~FS(an;� )
i

� 2





 ~FS;n � ~FS








1 ;[an;� ;bn;� ]
+ 2

h
~FS(bn;� ) � ~FS(an;� )

i
:

Using a similar approach as for� n
~RS;n � � ~RS, we can show that

�
E

� 




 � n

~FS;n � � ~FS








2

1 ;[an;� ;bn;� ]

�� 1=2

= O( n� 1=2):

Turning to ~FS(bn;� ) � ~FS(an;� ), since ~FS(x) =
Rx

0 FU (t� ) dFS(t) and FS is continuously

di�erentiable in a neighborhood ofx, we have

~FS(bn;� ) � ~FS(an;� ) =
Z x+ �n � 1=3

x� �n � 1=3
FU (t� ) dFS(t)

� FS(x + �n � 1=3) � FS(x � �n � 1=3)

= O ( �n � 1=3) :

We conclude that
�

E
� 




 ~FS;n � ~FS








2

T V;[an ;bn ]

�� 1=2

= O ( �n � 1=3 + n� 1=2).

Finally, since � > 0, we haveEj1=� n � 1=� j = O( n� 1=2). Putting it together, we

have

E

"

n2=3 sup
juj� �n � 1=3

jHx+ u;n � Hx;n j

#

= n2=3 O (n� 1 + �n � 5=6)
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= O ( n� 1=3 + �n � 1=6):

This goes to zero for each� > 0, which veri�es (B4), and (B5) is satis�ed for any

� 2 (1; 2).

Condition (A4). It su�ces to show that E[supt � x+ � j� T;n (t) � � T (t)j] = o( n� 1=3)

for some� > 0 for condition (A4). We de�ne ~FT , ~FT;n , ~RT , and ~RT;n as we did above

for S, but with A = 0 in the conditionals instead. We then have

j� T;n (t) � � T (t)j =

�
�
�
�
�

Z t

0

d ~FT;n

~RT;n
�

Z t

0

d ~FT

~RT

�
�
�
�
�

�

�
�
�
�
�

Z t

0

d( ~FT;n � ~FT )
~RT;n

�
�
�
�
�
+

�
�
�
�
�

Z t

0

~RT � ~RT;n

~RT
~RT;n

d ~FT

�
�
�
�
�

�





 ~FT � ~FT;n








1 ;[0;t ]

h
2=~RT;n (t) � 1

i

+












~RT � ~RT;n

~RT
~RT;n












1 ;[0;t ]

~FT (t):

We used integration by parts to bound the �rst term in the second inequality. By

assumption, ~RT is bounded away from zero in a neighborhood ofx, and as a result,

~RT;n is almost surely bounded away from zero in a neighborhood ofx for all n large

enough. Then, for some� > 0 and C > 0, almost surely for all n large enough it

holds that

E
�

sup
t � x+ �

j� T;n (t) � � T (t)j
�

� CE
� 




 ~FT � ~FT;n








1 ;[0;� ]
+






 ~RT � ~RT;n








1 ;[0;� ]

�
:

We can show that this expression isO(n� 1=2) using similar empirical process tech-

niques as we did withS above.

Condition (A5). For this condition, sinceI n � [0; 
 n ], it su�ces to show that

the strati�ed Nelson-Aalen estimators are uniformly consistent on[0; 
 n ], i.e. k� T;n �

� T k1 ;[0;
 n ] and k� T;n � � T k1 ;[0;
 n ] tend to zero in probability. This follows from

Corollary 1.2 of Stute (1994) by the assumed lower bound forrn . �
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A.2 Supplementary �gures

Figure S1. A toy example showing the relationship between Nelson-Aalen estima-
tors, GCM and our hazard ratio estimator� n . Left upper panel: the Nelson-Aalen
estimor � S;n . Right upper panel: the Nelson-Aalen estimor� T;n . Left lower panel:
� S;n � � �

T;n (dashed line) along with its GCM (solid line). Right lower panel: estimated
hazard ratio function � n .
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Figure S2. Absolute bias of the monotone estimator scaled byn1=3 as a function
of x. Rows correspond to di�erent sample sizes, and columns correspond to di�erent
shapes of the true hazard ratio function. The red solid line is for� = 0:2, the green
dotted line is for � = 0:5, and the blue dashed line is for� = 0:8.
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Figure S3. Standard deviation of the monotone estimator scaled byn1=3 as a function
of x. Rows correspond to di�erent sample sizes, and columns correspond to di�erent
shapes of the true hazard ratio function. The red solid line is for� = 0:2, the green
dotted line is for � = 0:5, and the blue dashed line is for� = 0:8.
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Figure S4. Empirical coverage probabilities of nominal 95% con�dence intervals
for the estimator PI as a function ofx, with the nominal 95% coverage probability
showed as the black dashed line. Rows correspond to di�erent sample sizes, and
columns correspond to di�erent values of� . The red solid line is for convex� , the
green dotted line is for linear� , and the blue dashed line is for concave� .
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Figure S5. Empirical coverage probabilities of nominal 95% con�dence intervals
for the estimator CV as a function ofx, with the nominal 95% coverage probability
showed as the black dashed line. Rows correspond to di�erent sample sizes, and
columns correspond to di�erent values of� . The red solid line is for convex� , the
green dotted line is for linear� , and the blue dashed line is for concave� .
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Figure S6. Empirical coverage probabilities of nominal 95% con�dence intervals for
the estimator US1 as a function ofx, with the nominal 95% coverage probability
showed as the black dashed line. Rows correspond to di�erent sample sizes, and
columns correspond to di�erent values of� . The red solid line is for convex� , the
green dotted line is for linear� , and the blue dashed line is for concave� .
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APPENDIX B

APPENDIX: SUPPLEMENTARY MATERIALS FOR
CHAPTER 2

B.1 Technical proofs of Chapter 2

Throughout the proofs, we frequently drop function evaluations at the �xed point

x for brevity.

Proof of Lemma 2.2.1. Letting B = hk f (k ) � K; k , we write

E
h
f̂ � B̂

i
� f = E

h
f̂

i
� f � B � E

h
B̂ � B

i
:

The assumptions of Lemma 1 of Calonico et al. (2018) are implied by Assumptions 1�

2, so the bias of the standard kernel density estimator̂f satis�es

E
h
f̂

i
� f =

8
>>>>>><

>>>>>>:

O(hS+ � ) if S < k

hk f (k ) � K; k + O( hS+ � ) if S 2 f k ; k + 1g

hk f (k ) � K; k + hk +2 f (k +2) � K; k +2 + o( hk +2 ) if S � k + 2:

Since� K;k = 0 for all k 2 f 1; : : : ; k � 1g, if S < k , then � K; S = 0 so B = 0 as well.

Therefore,

E
h
f̂

i
� f � B =

8
>>>>>><

>>>>>>:

O(hS+ � ) if S < k

O(hS+ � ) if S 2 f k ; k + 1g

hk +2 f (k +2) � K; k +2 + o( hk +2 ) if S � k + 2:
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Hence, it remains to controlE
h
B̂ � B

i
.

Since the data are IID with densityf by Assumption 1,

E
h
B̂ (x)

i
= E

"
1

nh

nX

i =1

W
�

x � X i

h

� #

=
Z �

� �
W (y) f (x � hy) dy:

Then by the conditions onW imposed by Assumption 4 and integration by parts, we

have

Z �

� �
W (y) f (x � hy) dy = W (� 1)(� )f (x � h� ) � W (� 1)(� � )f (x + h� )

+ h
Z �

� �
W (� 1)(y)f (1) (x � hy) dy

= h
Z �

� �
W (� 1)(y)f (1) (x � hy) dy:

By repeating this integration by parts argument, we can show that

Z �

� �
W (y) f (x � hy) dy = h

�k
Z �

� �
W (� �k)(y)f ( �k)(x � hy) dy

and hence

E
h
B̂ (x)

i
= h

�k
Z �

� �
W (� �k)(y)f ( �k)(x � hy) dy

for any �k 2 f 1; : : : ;minf k ; Sgg.

If S < k , we then have

E
h
B̂ (x)

i
= hS

Z �

� �
W (� S)(y)f (S)(x � hy) dy = O( hS)

since
R�

� � W (� S)(y)f (S)(x � hy) dy = O(1) by Assumptions 1�4. Therefore, since

B = 0 in this case,E[B̂ � B ] = O( hS), which proves the claim for the caseS < k .

If S = k , since
R�

� � W (� k )(y) dy = � K; k by Assumption 4, we have

E
h
B̂ (x)

i
= hk

Z �

� �
W (� k )(y)f (k )(x � hy) dy
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= hk f (k )(x)� K; k + hk
Z �

� �
W (� k )(y)

�
f (k )(x � hy) � f (k )(x)

�
dy :

By the Hölder continuity of f (k ) in Assumption 1 and sinceh = o(1) , f (k )(x � hy) �

f (k )(x) = O( h� ), which implies that E[B̂ � B ] = O( hk + � ), which proves the claim for

the caseS = k .

If S = k +1, then by Taylor's theorem we havef (k )(x � hy) = f (k )(x) � hyf (S)(�x)

for some�x 2 [x � hy; x]. Since
R�

� � W (� k )(y) dy = � K; k and
R�

� � yW (� k )(y) dy = 0 by

Assumption 4, we then have

E
h
B̂ (x)

i
=

Z �

� �
W (� k )(y)

�
f (k )(x) � hyf (S)(�x)

�
dy

= hk f (k )(x)� K; k + h
Z �

� �
yW (� k )(y)f (S)(�x) dy

= hk f (k )(x)� K; k + h
Z �

� �
yW (� k )(y)

�
f (S)(�x) � f (S)(x)

�
dy :

Therefore, by the Hölder continuity of f (S) , we haveE
h
B̂ (x)

i
= hk f (k )(x)� K; k +

O(hk +1+ � ), so that E[B̂ � B ] = O( hS+ � ), which proves the claim for the caseS = k +1.

If S � k + 2, then by Taylor's theorem,

f (k )(x � hy) = f (k )(x) � hyf (k +1) (x) +
(hy)2

2
f (k +2) (�x)

for some�x 2 [x � hy; x]. By an analogous argument as above, we then have

E
h
B̂ (x)

i
= hk f (k )(x)� K; k + hk +2 f (k +2) (x)� W;k ;2� K; k + O( hk + � +2 );

which proves the claim for the caseS � k + 2.

�

Proof of Lemma 2.2.2. As K is supported on[� 1; 1], W(u) is supported on[� �; � ]

with � = maxf 1=�; 1g. If we let kWk1 := supu2 [� �;� ] jW(u)j, then kWk1 is bounded
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up to a constant depending on� times kK k1 . Therefore,
R�

� � W(u)2 du < 1 . In

addition, W is a non-zero function since
R1

�1 uk W(u) du = � K; k k ! 6= 0 as shown

below. Hence, we have
R�

� � W(u)2 du > 0. Furthermore, the derivative W (1) (u) =

� k [� 2K (1) (�u ) � K (1) (u)]=(1 � � k ) is uniformly bounded due to the boundedness of

K (1) by Assumption 2. We haveW (� k)(u) = � k

1� � k

�
� � (k� 1)K (� k)(�u ) � K (� k)(u)

�
, so

W (� k)(� ) =
� k

1 � � k

�
� � (k� 1)K (� k)(1) � K (� k)(1)

�
= 0

and

W (� k)(� � ) =
� k

1 � � k

�
� � (k� 1)K (� k)(� 1) � K (� k)(� 1)

�
= 0

for eachk 2 f 1; : : : ; k g.

We have

Z 1

�1
ukW(u) du =

Z �

� �
uk � k

1 � � k
[�K (�u ) � K (u)] du

=
� k � k+1

1 � � k

Z �

� �
(�u )kK (�u ) du �

� k

1 � � k
k!� K;k

=
� k � k

1 � � k

Z 1

� 1
vkK (v) dv �

� k

1 � � k
k!� K;k

=
� k � k � � k

1 � � k
k!� K;k ;

for all k 2 f 0; : : : ; k g. Therefore,
R1

�1 uk W(u) du = k !� K; k . By repeated integration

by parts, the fact that W (� k)(� ) = W (� k)(� � ) = 0 for all k 2 f 1; : : : ; k g, and the

assumption that k is even, we also have

Z �

� �
uk W(u) du =

k � 1X

j =0

(� 1)j k !uk � j

(k � j )!
W (� 1� j )(u)

�
� �

� �
+ ( � 1)k k !

Z �

� �
W (� k )(u) du

= k !
Z �

� �
W (� k )(u) du ;
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which implies that
R�

� � W (� k )(u) du = � K; k . Finally, W is even sinceK is even, thus,

Z �

� �
W(u) du = 2

Z �

0
W(u) du = 2W (� 1)(� ) � 2W (� 1)(0) :

By the analysis above,W (� 1)(� ) = 0 , and
R�

� � W(u) du = � K; 0 = 0, we then have

W (� 1)(0) = 0 . Therefore,

W (� 1)(� u) =
Z 0

� �
W(v) dv +

Z � u

0
W(v) dv

= �
Z u

0
W(� t) dt =

Z 0

u
W(t) dt = � W (� 1)(u) ;

so that W (� 1) is odd, which further suggestsW (� 2) is even. Continuing in a similar

fashion, we can show thatW (� k) is even for evenk, and odd for oddk.

�

Proof of Lemma 2.2.3. SinceK is supported on[� 1; 1], W is supported on[� �; � ]

for � = 2. SinceK is uniformly bounded by Assumption 2, it is straightforward to see

that kWk1 � 2kK k1 by the triangle inequality, which implies that
R2

� 2 W(u)2 du <

1 . As shown below,
R1

�1 uk W(u) du = k !� K; k 6= 0, which implies that W is not

the zero function, so that
R2

� 2 W(u)2 du > 0. The derivative of W with is W (1) (u) =
R1

� 1 K (t)
�
K (1) (u � t) � K (1) (u)

�
dt, which is uniformly bounded by the boundedness

of K and K (1) in Assumption 2.

We use a similar argument as Lemma 2.2.2 to show the parity ofW (� k) . Since

K (2 � t) = 0 for all t 2 [� 1; 1], we haveW(2) =
R1

� 1 K (t) [K (2 � t) � K (2)] dt = 0.

In addition, W is supported on[� 2; 2] and uniformly bounded,W (� k)(� 2) = 0 for

any k 2 f 0; : : : ; k g. K is an even function,

W(� u) =
Z 1

� 1
K (t)K (� u � t) dt � K (� u) =

Z 1

� 1
K (� v)K (� u + v) dv � K (u)
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=
Z 1

� 1
K (v)K (u � v) dv � K (u) = W(u) :

Hence,W is even. Furthermore, given that
R1

�1 W(u) du = 2W (� 1)(0) � 2W (� 1)(� 2),

W (� 1)(� 2) = 0, and

Z 1

�1
W(u) du =

Z 1

�1

Z 1

� 1
K (t)K (u � t) dt du �

Z 1

�1
K (u) du

=
� Z 1

� 1
K (t)K (u � t) dt

� 2

�
Z 1

�1
K (u) du = 0 ;

we then know that W (� 1)(0) = 0 . Therefore,W (� 1) is odd andW (� 1)(2) = 0 , which

implies W (� 2) is even andW (� 2)(2) = 0 . When k = 3, we can show thatW (� 3)(0) = 0

by the fact that W (� 2) is even, plus
R1

�1 W (� 2)(u) du = � K; 2 = 0 implied by (B.1.1)

below. Then we concludeW (� 3) is odd, andW (� 3)(2) = 0 . Continuing in a similar

fashion, we have thatW (� k) is odd for oddk, and even for evenk. Sincek is even

by assumption,W (� k ) is thus even. AsW (� k)(� 2) = 0, we then haveW (� k)(2) = 0

as well for all k 2 f 0; : : : ; k g.

Finally, we show that
R2

� 2 W (� k )(u) du = � K; k . By Fubini's theorem, for any

k 2 f 0; : : : ; k g, we have

Z 1

�1
ukW(u) du =

Z 2

� 2
uk

Z 1

� 1
K (t) [K (u � t) � K (u)] dt du

=
Z 1

� 1
K (t)

Z 2

� 2
ukK (u � t) du dt �

Z 2

� 2
ukK (u) du

=
Z 1

� 1
K (t)

Z 1

� 1
(t + v)kK (v) dv dt � k!� K;k

=
Z 1

� 1
K (t)

Z 1

� 1

"

tk +
kX

j =1

�
k
j

�
tk� j vj

#

K (v) dv dt � k!� K;k

=
Z 1

� 1
K (t)

"

tk +
kX

j =1

�
k
j

�
tk� j

Z 1

� 1
vj K (v) dv

#

dt � k!� K;k (B.1.1)
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SinceK is a k th order kernel by Assumption 2, ifk < k , then
R1

�1 ukW(u) du = 0,

and

Z 1

�1
uk W(u) du =

Z 1

� 1
K (t)

�
tk +

Z 1

� 1
vk K (v) dv

�
dt � k !� K; k = k !� K; k :

By integration by parts and sinceW (� k)(2) = W (� k)(� 2) for all k 2 f 1; : : : ; k g, we

also have

Z 2

� 2
uk W(u) du =

k � 1X

j =0

(� 1)j k !
(k � j )!

uk � j W (� 1� j )(u)
�
�2

� 2
+ k !

Z 2

� 2
W (� k )(u) du

= k !
Z 2

� 2
W (� k )(u) du :

Hence,
R2

� 2 W (� k )(u) du =
R2

� 2 uk W(u) du=k! = � K; k as desired.

�

Proof of Lemma 2.2.4. It is clear under the assumptions thatB̂ (x) can be writ-

ten as B̂ (x) = ( nh)� 1
P n

i =1 W
�

x� X i
h

�
for W(u) = � k +1 � K; k L (k )(�u ). SinceL(u) is

supported on[� 1; 1], W is supported on[� �; � ] for � = 1=� . Hence,

Z �

� �
W(u)2 du = � 2k +1 � 2

K; k

Z 1

� 1
[L (k )(u)]2 du 2 (0; 1 )

by assumption. Furthermore W is di�erentiable and its derivative is uniformly

bounded by the di�erentiability of L (k ) .

By the integrability of L (k ) , and boundedness of� , we have

W (� 1)(u) =
Z u

�1
� k +1 � K; k L (k )(�v ) dv = � k � K; k

Z �u

� 1
L (k )(v) dv

= � k � K; k
�
L (k � 1)(�u ) � L (k � 1)(� 1)

�

= � k � K; k L (k � 1)(�u ) :
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Hence, W (� 1)(� ) = � k � K; k L (k � 1)(1) = 0 and W (� 1)(� � ) = � k � K; k L (k � 1)(� 1) =

0. Repeating this integral, we haveW (� k)(u) = � k +1 � k � K; k L k � k(�u ) for each k 2

f 1; : : : ; k g, so that W (� k)(� ) = W (� k)(� � ) = 0 as required. Furthermore,

Z �

� �
W (� k )(u) du =

Z 1=�

� 1=�
�� K; k L(�u ) du = � K; k

Z 1

� 1
L(u) du :

since
R1

� 1 L(u) du = 1,
R�

� � W (� k )(u) du = � K; k as desired. �

Proof of Proposition 2.3.1. We �rst note that f̂ � f = oP(1), and sincef >

0, 1=f̂ = O P(1). Furthermore, we can show the conditions imply thatVar(B̂ ) =

O((nh)� 1), and by the proof of Lemma 2.2.1,E[B̂ ] = O( hk ). Thus, B̂ = O(( nh)� 1=2),

so B̂=f̂ = O(( nh)� 1=2) as well.

De�ning R1(u) = e� u � 1+ u� u2=2+ u3=6 as the remainder term from a third-order

Taylor expansion of the functionu 7! e� u, we can write

exp

(

�
B̂

f̂

)

= 1 �
B̂

f̂
+

B̂ 2

2f̂ 2
�

B̂ 3

6f̂ 3
+ R1

�
B̂=f̂

�
:

SinceR1(u) = O( u4) as u ! 0 and B̂=f̂ = O P
�
(nh)� 1=2

�
by the above calculation,

we then haveR1

�
B̂=f̂

�
= O P ((nh)� 2) by Lemma 2.12 of van der Vaart (2000). By

the same argument,

exp

(

�
B̂ 2

2f̂ 2

)

= 1 �
B̂ 2

2f̂ 2
+

B̂ 4

8f̂ 4
�

B̂ 6

48f̂ 6
+ R1

�
B̂ 2=2f̂ 2

�
= 1 �

B̂ 2

2f̂ 2
+ O P

�
(nh)� 2

�

and

exp

(

�
B̂ 3

3f̂ 3

)

= 1 �
B̂ 3

3f̂ 3
+

B̂ 6

18f̂ 6
�

B̂ 9

162f̂ 9
+ R1

�
B̂ 3=3f̂ 3

�
= 1 �

B̂ 3

3f̂ 3
+ O P

�
(nh)� 3

�
:

Therefore,

f̂ + = f̂ exp

(

�
B̂

f̂
�

B̂ 2

2f̂ 2
�

B̂ 3

3f̂ 3

)
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= f̂

(

1 �
B̂

f̂
+

B̂ 2

2f̂ 2
�

B̂ 3

6f̂ 3
+ O P

�
(nh)� 2

�
) (

1 �
B̂ 2

2f̂ 2
+ O P

�
(nh)� 2

�
)

(

1 �
B̂ 3

3f̂ 3
+ O P

�
(nh)� 3

�
)

= f̂

(

1 �
B̂

f̂
�

B̂ 2

2f̂ 2
�

B̂ 3

3f̂ 3
+

B̂ 3

2f̂ 3
+

B̂ 2

2f̂ 2
�

B̂ 3

6f̂ 3
+ O P

�
(nh)� 2

�
)

= f̂

(

1 �
B̂

f̂
+ O P

�
(nh)� 2

�
)

= f̂ bc + O P
�
(nh)� 2

�
:

Sincef̂ + and f̂ bc are almost surely uniformly bounded by a constant not depending

on n by Assumptions 1�4, we then haveE[f̂ + � f̂ bc] = O (( nh)� 2). �

Proof of Theorem 2.3.1. The idea of the proof is to show that~T �ts in the smooth

function model framework introduced by Bhattacharya and Ghosh (1978), under

which we will derive the cumulants of the Edgeworth expansion ofP( ~T � t). We

write s = ( nh)1=2, and recall the following de�nitions:

X h;i = ( x � X i )=h ;


 1 = h� 1E [M (X h)] ; 
 K = h� 1E [K (X h)] ; 
 W = h� 1E [W(X h)] ;

� (j; k; p) = h� 1E
h
f M (X h;i ) � E [M (X h)]gj f M (X h;i )p � E [M (X h;i )p]gk

i
;

� j = ( nh)� 1=2
nX

i =1

�
M (X h;i ) j � E

�
M (X h) j

�	
;

� 2 = h� 1
�

E
�
M (X h;i )2

�
� E [M (X h)]2	

;

�̂ 2 = h� 1

8
<

:
1
n

nX

i =1

M (X h;i )2 �

"
1
n

nX

i =1

M (X h;i )

#2
9
=

;
:

By straightforward algebra, we can then writef̂ bc = s� 1� 1 + 
 1, E [f̂ bc] = 
 1 and

�̂ 2 � � 2 = s� 1� 2 � 2h
 1s� 1� 1 � hs� 2� 2
1. Furthermore, we de�ne a series IID random

vector
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� i :=
�
M (X h;i ) � E [M (X h)]; M (X h;i )2 � E [M (X h)2]

� T
;

and �� := n� 1
P n

i =1 � i = [ s� 1h� 1; s� 1h� 2]T . By Proposition 2.3.1, we have

f̂ + log
f̂ +

E[f̂ + ]
= f̂ bc log

f̂ bc

E[f̂ bc]
+ O P(s� 4):

Then we can write ~T as

~T = A( �� ) + O P(s� 3) =
(� 1 + s
 1) [log(s� 1� 1 + 
 1) � log(
 1)]

(� 2 + s� 1� 2 � 2h
 1s� 1� 1 � hs� 2� 2
1)1=2

+ O P(s� 3) ;

for a smooth functionA := R2 ! R such that

A( �� ) :=
s

�
h� 1 �� (1) + 
 1

� �
log(h� 1 �� (1) + 
 1) � log(
 1)

�

�
� 2 + h� 1 �� (2) � 2
 1

�� (1) � s� 1 �� (1)

� 1=2
;

where �� (1) and �� (2) are the �rst and the second entry of�� , respectively. Therefore,

A( �� ) is a smooth function of�� , and has at least four derivatives in a neighborhood of

� := E[�� ] with A(� ) = [0 ; 0]T . Furthermore, E[M (X h;i )4] < 1 by the boundedness

of M , and Cramér's condition holds following the proof of Lemma 5.6 of Hall (1992a).

Therefore, if ~T1 is a linear approximation of ~T such that ~T � ~T1 = O P(n� 1), then by

Theorem 2 of Bhattacharya and Ghosh (1978),P( ~T � t) has an Edgeworth expansion

that coincides with the one of~T1 up to the order of O(n� 1).

Then, we derive the following linear approximation of~T to compute the cumulants

of the Edgeworth expansion. We write

(nh)1=2 log f̂ + � logE[f̂ + ]

�̂= f̂ +

= s� � 1 �
�̂

f̂ + log
f̂ +

E[f̂ + ]
: (B.1.2)

By derivations in the Proofs of Theorems 5.5 and 5.6 (page 279) of Hall (1992a), we

have

�
�̂

= 1 �
s� 1� 2 � 2h
 1s� 1� 1 � hs� 2� 2

1

2� 2
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+
3(s� 1� 2 � 2h
 1s� 1� 1 � hs� 2� 2

1)2

8� 4
+ O P(n� 1 + s� 3) :

If we let R3 be the remainder term from a third-order Taylor expansion of the function

u 7! (u + 1) log(u + 1) ; i.e. R3(u) := ( u + 1) log(u + 1) � u � u2=2 � u3=6, and we

set Rn;3 := R3

�
f̂ bc=E[f̂ bc] � 1

�
. Since R3(0) = 0 ; R3(u) = O( u4) as u ! 0, and

n
f̂ bc � E [f̂ bc]

o4
= O P(s� 4) by Proposition 2.3.1, we haveRn;3 = O P(s� 4). Thus,

f̂ bc log
f̂ bc

E[f̂ bc]
= E[f̂ bc]

8
<

:
f̂ bc

E[f̂ bc]
� 1 +

1
2

 
f̂ bc

E[f̂ bc]
� 1

! 2

+
1
6

 
f̂ bc

E[f̂ bc]
� 1

! 3

+ Rn;3

9
=

;

= s� 1� 1 +
s� 2� 2

1

2
 1
+

s� 3� 3
1

6
 2
1

+ O P(s� 4) :

Plugging these decompositions of�= �̂ and f̂ + log f̂ +

E [f̂ + ]
back into (B.1.2) and simpli-

fying yields

s� � 1 �
�̂

f̂ + log
f̂ +

E[f̂ + ]

= s� � 1

�
1 �

s� 1� 2 � 2h
 1s� 1� 1 � hs� 2� 2
1

2� 2

+
3(s� 1� 2 � 2h
 1s� 1� 1 � hs� 2� 2

1)2

8� 4
+ O P(n� 1 + s� 3)

�

�
�
s� 1� 1 +

s� 2� 2
1

2
 1
+

s� 3� 3
1

6
 2
1

+ O P(s� 4)
�

=
� 1

�
�

s� 1� 1� 2 � 2h
 1s� 1� 2
1 � hs� 2� 3

1

2� 3

+
3� 1(s� 1� 2 � 2h
 1s� 1� 1 � hs� 2� 2

1)2

8� 5

+
s� 1� 2

1

2
 1�
�

s� 2� 2
1� 2 � 2h
 1s� 2� 3

1 � hs� 3� 4
1

4
 1� 3

+
3s� 1� 2

1(s� 1� 2 � 2h
 1s� 1� 1 � hs� 2� 2
1)2

16
 1� 5

+
s� 2� 3

1

6
 2
1 �

+ O P(n� 1 + s� 3)

=
� 1

�
�

s� 1� 1� 2

2� 3
+

hs� 1
 1� 2
1

� 3
+

3s� 2� 1� 2
2

8� 5
+

s� 1� 2
1

2
 1�
�

s� 2� 2
1� 2

4
 1� 3
+

s� 2� 3
1

6
 2
1 �

104



+ O P(n� 1 + s� 3) :

Next, we compute the �rst four moments of ~T with the expansion above.

B.1.0.0.1 Mean Ignoring the terms equal to or higher than the orders� 2, we

have the mean being

E[ ~T] = E
�

� 1

�
�

s� 1� 1� 2

2� 3
+

h
 1s� 1� 2
1

� 3
+

s� 1� 2
1

2�
 1
+

�
 1

f �
+

s� 1� � 1

f �

�

+ O
�
s� 2 + s� 1�

�

= �
s� 1E[� 1� 2]

2� 3
+

h
 1s� 1E[� 2
1]

� 3
+

3
8

s� 2E[� 1� 2
2]

� 5
+

s� 1E[� 2
1]

2�
 1

+
�
 1

f �
+ O

�
s� 2 + s� 1�

�

= �
s� 1� (1; 1; 2)

2� 3
+

h
 1s� 1� (2)
� 3

+
s� 1� (2; 0; 1)

2
 1�
+

�
�

+ O
�
s� 2 + s� 1�

�
:

B.1.0.0.2 Variance By the same argument, ignoring the terms of orders� 3+ n� 1

or smaller, we can deriveE[ ~~T2] as

E[ ~T2] = E
�

� 2
1

� 2
+

s� 1� 3
1

� 2
 1
+

s� 2� 4
1

4� 2
 2
1

�
s� 1� 2

1� 2

� 4
�

s� 2� 3
1� 2

� 4
 1
+

s� 2� 2
1� 2

2

� 6

+
� 2
 2

1

f 2� 2
+

2�
 1� 1

f � 2
+

2s� 1� 2
1�

� 2f
�

2s� 1
 1� � 1� 2

f � 4

�
+ O

�
s� 3 + s� 1� 2

�

= 1 +
s� 1E[� 3

1]
� 2
 1

+
s� 2E[� 4

1]
4� 2
 2

1
�

s� 1E[� 2
1� 2]

� 4
�

s� 2E[� 3
1� 2]

� 4
 1
+

s� 2E[� 2
1� 2

2]
� 6

+
� 2
 2

1

f 2� 2
+

2s� 1E[� 2
1]�

� 2f
�

2s� 1
 1�E [� 1� 2]
f � 4

+ O
�
s� 3 + s� 1� 2

�

= 1 +
s� 2� (3)

� 2
 1
+

3s� 2� (2)2

4� 2
 2
1

�
s� 2� (2; 1; 2)

� 4
�

3s� 2� (2)� (1; 1; 2)
� 4
 1

+
� 2
 2

1

f 2� 2

+
s� 2[2� (1; 1; 2)2 + � (2)� (0; 2; 2)]

� 6
+

2s� 1�
f

�
2s� 1
 1�� (1; 1; 2)

f � 4

+ O
�
s� 3 + s� 1� 2

�
:
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Therefore, the second cumulant� 2, i.e., the variance of~T is

� 2 = 1 +
7s� 2� (1; 1; 2)2

4� 6
+

s� 2� 2

2
 2
1

�
3s� 2� (1; 1; 2)

2� 2
 1
+

s� 1�
f

�
1 �


 1� (1; 1; 2)
� 4

�

+ O
�
s� 3 + s� 1� 2

�
:

B.1.0.0.3 Skewness Similarly, the third moment of ~T can be derived as

E[ ~T3] = E
�

� 3
1

� 3
+

3s� 1� 4
1

2� 3
 1
�

3s� 1� 3
1� 2

2� 5
+

3h
 1s� 1� 4
1

� 5
+

3� 2
1�
 1

f � 3
�

9s� 1� 2
1� 2�
 1

2f � 5

�

+ O
�
s� 2 + s� 1� + � 2

�

=
E[� 3

1]
� 3

+
3s� 1E[� 4

1]
2� 3
 1

�
3s� 1E[� 3

1� 2]
2� 5

+
3h
 1s� 1E[� 4

1]
� 5

+
3E[� 2

1]�
 1

f � 3

+ O
�
s� 2 + s� 1� + � 2

�

=
s� 1� (3)

� 3
+

9s� 1� (2; 0; 1)2

2� 3
 1
�

9s� 1� (2; 0; 1)� (1; 1; 2)
2� 5

+
9h
 1s� 1� (2; 0; 1)2

� 5

+
3�
 1

f �
+ O

�
s� 2 + s� 1� + � 2

�
;

and thus the third cumulant � 3, i.e., the skewness of~T is

� 3 =
s� 1� (3)

� 3
+

3s� 1� (2; 0; 1)
�
 1

�
3s� 1� (1; 1; 2)

� 3
+

6hs� 1
 1

�
+ O

�
s� 2 + s� 1� + � 2

�

B.1.0.0.4 The fourth cumulant The fourth moment of ~T can be shown to be

E[ ~T4] = E
�

� 4
1

� 4
�

2s� 1� 4
1� 2

� 6
+

3s� 2� 4
1� 2

2

� 8
+

3s� 2� 6
1

2� 4
 2
1

+
2s� 1� 5

1

� 4
 1
�

4s� 2� 5
1� 2

� 6
 1

+
4�
 1� 3

1

f � 4
+

6� 2
1
 2

1 � 2

f 2� 4
+

8s� 1� 4
1�

f � 4
�

8s� 1�
 1� 3
1� 2

f � 6

�
+ O

�
s� 3 + s� 1� 2

�

= 3 +
s� 2� (4)

� 4
�

s� 2[8� (1; 1; 2)� (3) + 12� (2)� (2; 1; 2)]
� 6

+
s� 2[9� (2)2� (0; 2; 2) + 36� (1; 1; 2)2� (2)]

� 8

+
45s� 2� (2)3

2� 4
 2
1

+
20s� 2� (3)� (2)

� 4
 1
�

60s� 2� (1; 1; 2)� (2)2

� 6
 1
+

4s� 1�
 1� (3)
f � 4
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+
6
 2

1 � 2

f 2� 2
+

24s� 1�
f

�
1 �


 1� (1; 1; 2)
� 4

�
+ O

�
s� 3 + s� 1� 2

�
;

and the fourth cumulant � 4 is

� 4 = �
2s� 2� (4)

� 4
+

12s� 2� (1; 1; 2)2

� 6
+

12s� 2� (2)

 2

1
�

18s� 2� (1; 1; 2)
� 2
 1

+ O
�
s� 3 + s� 1� 2

�
:

Combining the cumulants derived above, we see the characteristic function ofT

satis�es

E[eit ~T ] = e� t2=2 exp
�

� 1it +
1
6

� 3(it )3 +
1
2

(� 2 � 1)(it )2 +
1
24

� 4(it )4

�

+ O
�
s� 3 + s� 1� 2

�

= e� t2=2

�
1 + � 1it +

1
6

� 3(it )3 +
1
2

�
� 2

1 + � 2 � 1
�

(it )2

+
�

1
24

� 4 +
1
6

� 1� 3

�
(it )4 +

1
72

� 2
3(it )6

�
+ O

�
s� 3 + s� 1� 2

�

= e� t2=2

�
1 + s� 1

�
�

� (1; 1; 2)
2� 3

+
h
 1

�
+

�
2
 1

�
(it ) +

�
�

(it )

+ s� 1

�
� (3)
6� 3

+
�

2
 1
�

� (1; 1; 2)
2� 3

+
h
 1

�

�
(it )3

+ s� 2

�
� (3)2

� 6
+

3� 3

8
 2
1

�
� (3)
� 2
 1

�
(it )2 +

� 2

2� 2
(it )2 +

s� 1�
f

�
1 �


 1� (3)
� 4

�
(it )2

+ s� 2

�
�

� (4)
12� 4

+
2� (3)2

3� 6
+

3� 2

4
 2
1

�
13� (3)
12� 2
 1

�
(it )4 +

s� 1�� (3)
6� 4

(it )4

+
s� 1�
2
 1

�
1 �


 1� (3)
� 4

�
(it )4

+ s� 2

�
� (3)2

18� 6
�

� (3)
6� 2
 1

+
� 2

8
 2
1

�
(it )6

�
+ O

�
s� 3 + s� 1� 2

�
:

Inverting the characteristic function, the desired Edgeworth expansion ofP( ~T � t)

can be obtained as in Theorem 2.3.1.

�
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APPENDIX C

APPENDIX: SUPPLEMENTARY MATERIALS FOR
CHAPTER 3

C.1 Technical Proofs

Proof of Lemma 3.2.1. By the de�nition of Sn , the term in the (j + 1) th column

and (l + 1) th row, Sn;j;l , has the form of

Sn;j;l =
1

nh

nX

i =1

K
�

X i � t
h

�
(X i � t) j + l ;

for j; l = 0; : : : ; p. Analogously, the term in the(j + 1) th column and (l + 1) th row of

H � 1SnH � 1 is h� ( j + l )Sn;j;l . Then we deduce that

sup
t2T

�
�h� ( j + l )Sn;j;l � f 0(t)� j + l

�
�

= h� ( j + l ) sup
t2T

�
�
�
�
�

1
nh

nX

i =1

K
�

X i � t
h

�
(X i � t) j + l � hj + l f 0(t)� j + l

�
�
�
�
�

= h� ( j + l ) sup
t2T

�
�
�
�
1
h

Z 1

0
K

�
x � t

h

�
(x � t) j + l f 0(x) dx � hj + l f 0(t)� j + l

+
1

nh

nX

i =1

K
�

X i � t
h

�
(X i � t) j + l �

1
h

Z 1

0
K

�
x � t

h

�
(x � t) j + l f 0(x) dx

�
�
�
�
�

= h� ( j + l ) sup
t2T

jJn;1 + Jn;2j ;

with

Jn;1 :=
1
h

Z 1

0
K

�
x � t

h

�
(x � t) j + l f 0(x) dx � hj + l f 0(t)� j + l ;
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Jn;2 := n� 1=2h� 1GnK
�

� � t
h

�
(� � t) j + l :

Next, when t 2 [h; 1 � h], a change of variablez = ( x � t)=h yields

h� ( j + l ) sup
t2T

jJn;1j = h� ( j + l ) sup
t2T

�
�
�
�
�

Z 1=h� 1

1� 1=h
K (z)(zh) j + l f 0(hz + t) dz � hj + l f 0(t)� j + l

�
�
�
�
�

= sup
t2T

�
�
�
�

Z
K (z)zj + l

h
Rf (t; hz) + hzf (1)

0 (t)
i

dz

�
Z 1� 1=h

�1
K (z)zj + l f 0(hz + t) dz

�
Z 1

1=h� 1
K (z)zj + l f 0(hz + t) dz

�
�
�
� :

For the �rst term, by condition (A4), we can show that

sup
t2T

�
�
�
�

Z
K (z)zj + lRf (t; hz) dz

�
�
�
� �

Z
K (z) sup

t2T

�
�
�Rf (t; hz) + hzf (1)

0 (t)
�
�
� zj + l dz

� h
Z

K (z)
h
hzj + l+2 + zj + l+1 kf (1)

0 k1

i
dz = O( h) :

For the second term, by the boundedness ofK and f 0, and lim supu!1 jK (u)uj +2 j <

1 , we have

sup
t2T

�
�
�
�
�

Z 1� 1=h

�1
K (z)zj + l f 0(hz + t) dz

�
�
�
�
�

�
Z 1� 1=h

�1
lim sup
z!�1

sup
t2T

�
�K (z)zj + l f 0(hz + t)

�
� dz

= c1

Z 1� 1=h

�1
jzj � 2 dz =

c1

1=h � 1
= O( h) ;

wherec1 is a constant determined byf 0. Similarly, we have

sup
t2T

�
�
�
�

Z 1

1=h� 1
K (z)zj + l f 0(hz + t) dz

�
�
�
� = O( h)

which implies that h� ( j + l ) supt2T jJn;1j = O( h).
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Turning to supt2T jJn;2j, we note that sinceK is uniformly bounded on[� 1; 1] by

a constantK 1 := kK k1 ,

�
�
�
�K

�
x � t

h

�
(x � t) j + l

�
�
�
� � K 1 jx � tj j + l � K 1 hj + l ;

which implies that the class of functions

�
x 7! K

�
x � t

h

�
(x � t) j + l ; t 2 T

�

has its envelope beingK 1 hj + l , and possesses �nite entropy integral given thatx 7!

(x � t) j + l and K are both uniformly bounded VC classes of functions. Therefore, we

have

E
�
sup
t2T

�
�
�
�GnK

�
x � t

h

�
(x � t) j + l

�
�
�
�

�
� c2hj + l

by Theorem 2.14.1 of van der Vaart and Wellner (1996). Then by Markov's inequality,

we can show that

P
�

sup
t2T

�
�
�
�GnK

�
x � t

h

�
(x � t) j + l

�
�
�
� � �h j + l

�
� c2=� ;

for any � > 0, implying that

h� ( j + l ) sup
t2T

jJn;2j = h� ( j + l )(n1=2h)� 1 sup
t2T

�
�
�
�GnK

�
x � t

h

�
(x � t) j + l

�
�
�
� = O P(n� 1=2h� 1) ;

which converges to zero since(n1=2h)� 1 ! 0 by assumption. Hence we have shown

that

sup
t2T

�
�h� ( j + l )Sn;j;l � f 0(t)� j + l

�
� = O P(h + n� 1=2h� 1) ! 0 ;

which is equivalent to

sup
t2T

jH � 1
p Sn;pH � 1

p � f 0(t)Spj = O P(h + n� 1=2h� 1) ! 0 :
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Finally, we can write

sup
t2T

sup
jx � t j� h

�
�eT

� S� 1
n;pr p(x; t ) � f 0(t)� 1eT

� (H pSpH p)� 1r p(x; t )
�
�

= sup
t2T

sup
jx � t j� h

�
�eT

� S� 1
n;pH p

�
f 0(t)S � H � 1

p Sn;pH � 1
p

�
f 0(t)� 1S� 1

p H � 1
p r p(x; t )

�
� :

By CLT and the continous mapping Theorem, we haveS� 1
n;p = S� 1

p + oP(1), thus

eT
� S� 1

n;pH p = eT
� S� 1

p H p + oP(1) = O P(1). In addition, supt2T supjx � t j� h jH � 1
p r p(x; t )j �

supt2T

�
�H � 1

p [1; h; : : : ; hp]T
�
� = 1. Together with the assumption that inf t2T f 0(t) > 0,

we have

sup
t2T

sup
jx � t j� h

�
�eT

� S� 1
n;pr p(x; t ) � f 0(t)� 1eT

� (H pSpH p)� 1r p(x; t )
�
� = O P(h + n� 1=2h� 1) :

�

Proof of Lemma 3.2.2. We �rst de�ne that

m1;n (t) = h� 1
Z Z

[� !� 0(x) � � (� )
0 (t)]eT

� S� 1
n;pr p(x; t )K

�
x � t

h

�
Pn (dx; dy) ;

m2;n (t) = h� 1
Z Z

� ![y � � 0(x)]eT
� S� 1

n;pr p(x; t )K
�

x � t
h

�
Pn (dx; dy):

Then we have� (� )
n (t) � � (� )

0 (t) = m1;n (t) + m2;n (t). We let


 1;t;n (x) :=
h
� !� 0(x) � � (� )

0 (t)
i

K
�
h� 1(x � t)

�
;

then m1;n (t) can be written as

m1;n (t) = n� 1=2h� 1GneT
� S� 1

n;pr p(�; t)
 1;t;n + h� 1
Z

eT
� S� 1

n;pr p(x; t )
 1;t;n (x) P0(dx) :
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Notice that h� 1
R R

[y � � 0(x)]eT
� S� 1

n;pr p(x; t )K (h� 1(x � t)) P0(dx; dy) = 0 given that

� 0(x) = E[Y j X = x]. In a similar way,

m2;n (t) = h� 1
Z Z

� ![y � � 0(x)]eT
� S� 1

n;pr p(x; t )K
�

x � t
h

�
(Pn � P0)(dx; dy)

= n� 1=2h� 1GneT
� S� 1

n;pr p(�; t)
 2;t;n :

Therefore, we can write

(nh1+2 � )1=2
h
� (� )

n (t) � � (� )
0 (t)

i
� (nh)2p+3 � (p+1)

0 (t)Bp(t) � Rn;p

= h� � 1=2GneT
� S� 1

n;pr p(�; t)
 1;t;n

+ ( nh2� � 1)1=2
Z

eT
� S� 1

n;pr p(x; t )
 1;t;n (x) P0(dx) � (nh)2p+3 � (p+1)
0 (t)Bp(t) :

(C.1.1)

To obtain the bound for supt2T jGneT
� S� 1

n;pr p(�; t)
 1;t;n j, we �rst note that since the

kernel function K in 
 1;t;n is uniformly bounded on[� 1; 1], then

sup
t2T

jGneT
� S� 1

n;pr p(�; t)
 1;t;n j

= sup
t2T

sup
jx � t j� h

jGneT
� S� 1

n;pr p(�; t)
 1;t;n j

� sup
t2T

sup
jx � t j� h

jGn [eT
� S� 1

n;pr p(�; t) � eT
� (f 0(t)H pSpH p)� 1r p(�; t)]
 1;t;n j

+ sup
t2T

sup
jx � t j� h

jGneT
� (f 0(t)H pSpH p)� 1r p(�; t)]
 1;t;n j

�
�
OP(h + n� 1=2h� 1) + O P(h� � )

�
sup
t2T

jGn 
 1;t;n j :

Furthermore, since� 0 is Lipschitz on T , we havesupt2T j
 1;t;n j � c1h for a constant

c1 determined by K and the �rst derivative of � 0. Thus c1h serves as the envelope
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function of the class of functionsGn := f 
 1;t;n ; t 2 T g. Next, sinceK is also Lipschitz,

we have

j
 1;t;n � 
 1;s;n j �

�
�
�
� [� !� 0(x) � � (� )

0 (t)]
�
K

�
x � t

h

�
� K

�
x � s

h

�� �
�
�
�

+

�
�
�
� [�

(� )
0 (s) � � (� )

0 (t)]K
�

x � s
h

� �
�
�
�

. jt � sjh� 1 + jt � sj . jt � sjh� 1 :

Therefore, by Theorem 2.7.11 of van der Vaart and Wellner (1996), the bracketing

number of Gn on L2-norm is bounded as

N [](2"h � 1; Gn ; L2(P0)) � N ("; T ; k � k) . " � 1 :

Then by Theorem 2.14.2 of van der Vaart and Wellner (1996),

E
�
sup
t2T

jGn 
 1;t;n j
�

. h
Z 1

0

q
logN []("h; Gn ; L2(P0)) d" . h

Z 1

0

�
� log"h2

� 1=2
d"

= h
Z p

log h � 2

1
h� 2u de� u2

= h

 

h� 2ue� u2
�
�
�

p
log h � 2

1
�

Z p
log h � 2

1
h� 2e� u2

du

!

:

The �rst term in the parenthesis evaluates as(log h� 2)1=2. For the second term,

since the functione� u2
u2 is a decreasing function on[(log h� 2)1=2; 1 ) when n is large

enough, we have

�
�
�
�
�

Z p
log h � 2

1
h� 2e� u2

u2 1
u2

du

�
�
�
�
�

�

�
�
�
�
�
h� 2e� log h � 2

logh� 2
Z p

log h � 2

1
u� 2 du

�
�
�
�
�

= (log h� 2)1=2 :

Therefore, we haveE [supt2T jGn 
 1;t;n j] = O
�
h(log h� 1)1=2

�
, which implies that

sup
t2T

jGn 
 1;t;n j = O P
�
h(log h� 1)1=2

�
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by Markov's inequality.

For the terms in the second line of (C.1.1), we need to consider di�erent locations

of t as it determines the constants inBp. When t is an interior point, i.e., t 2 [h; 1� h],

given that

E[Y j X ] = � 0(X ) = r p(x; t )T � + ( X � t)p+1 � (p+1)
0 (t)

(p + 1)!
+ R�; 1(t; X � t)

with � := [1; : : : ; � (p)
0 (t)=p!]T , we have

h� 1
Z

eT
� S� 1

n;pr p(x; t )
 1;t;n (x) P0(dx)

= h� 1E
�
� !eT

� S� 1
n;pr p(x; t )� 0(X )K

�
X � t

h

��
� � (� )

0 (t)

= h� 1E

"

� !eT
� S� 1

n;pr p(x; t )

(

(X � t)p+1 � (p+1)
0 (t)

(p + 1)!
+ R�; 1(t; X � t)

)

K
�

X � t
h

� #

+ h� 1E
�
� !eT

� S� 1
n;pr p(x; t )r p(x; t )T �K

�
X � t

h

��
� � (� )

0 (t)

= E
�
� !eT

� S� 1
n;pn� 1X T WX �

�
� � (� )

0 (t) +
Z

Jn dz �
Z 1� 1=h

�1
Jn dz �

Z 1

1=h� 1
Jn dz ;

where

Jn := � !eT
� S� 1

n;pHz

"

(hz)p+1 � (p+1)
0 (t)

(p + 1)!
+ R�; 1(t; hz)

#

K (z) [f 0(t)+ hzf (1)
0 (t)+ Rf (t; hz)] ;

for z := [1; z; : : : ; zp]T . Here we note thatE
�
� !eT

� S� 1
n;pn� 1X T WX �

�
� � (� )

0 (t) = 0 . By

Lemma 3.2.1, and the boundedness of� (p+1)
0 ; f 0 and the remainder termsRf ; R�; 1, we

can further rewrite Jn as

Jn = � !eT
�

�
S� 1

n;p � (f 0(t)HSH )� 1�
Hz

"

(hz)p+1 � (p+1)
0 (t)

(p + 1)!
+ R�; 1(t; hz)

#

� K (z) [f 0(t) + hzf (1)
0 (t) + Rf (t; hz)]
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+ h� � � !eT
� f 0(t)� 1S� 1z

"

(hz)p+1 � (p+1)
0 (t)

(p + 1)!
+ R�; 1(t; hz)

#

K (z)

� [f 0(t) + hzf (1)
0 (t) + Rf (t; hz)]

= O P(h + n� 1=2h� 1) OP(hp+1 )

+ h� � � !eT
� f 0(t)� 1S� 1z

"

(hz)p+1 � (p+1)
0 (t)

(p + 1)!
+ R�; 1(t; hz)

#

K (z)

� [f 0(t) + hzf (1)
0 (t) + Rf (t; hz)]

= hp� � +1 � (p+1)
0 (t)

(p + 1)!
� !eT

� S� 1zzp+1 K (z)

+ h� � � !eT
� S� 1zR�; 1(t; hz)K (z)

+ hp� � +1 � (p+1)
0 (t)

f 0(t)(p + 1)!
� !eT

� S� 1zzp+1 K (z) [hzf (1)
0 (t) + Rf (t; hz)]

+ h� � f 0(t)� 1� !eT
� S� 1zR�; 1(t; hz)[hzf (1)

0 (t) + Rf (t; hz)]K (z)

+ O P(h + n� 1=2h� 1) OP(hp+1 ) :

Then the assumptionlim supu!�1 jK (u)uk+2 j < 1 , and the negligibility of Rf ; R�; 1,

we have
Z

Jn dz = hp� � +1 � (p+1)
0 (t)

(p + 1)!
� !eT

� S� 1cp + oP(hp� � +1 ) :

By a similar argument as in the proof of Lemma 3.2.1,
R1� 1=h

�1 Jn dz =
R1

1=h� 1 Jn dz =

oP(hp� � +1 ). In addition, since Var[� (� )
n j X ] = O P ((nh1+2 � )� 1) (Fan and Gijbels,

1996), therefore,

sup
t2T

�
�
�
�
�
(nh1+2 � )1=2[� (� )

n (t) � � (� )
0 (t)] �

�
nh2p+3

� 1=2 � (p+1)
0 (t)

(p + 1)!
� !eT

� S� 1
p cp � Rn;p

�
�
�
�
�

= O P(h� � 1=2)
�
OP(h + n� 1=2h� 1) + O P(h� � )

�
OP

�
h(log h� 1)1=2

�

+ oP

� �
nh2p+3

� 1=2
�

= O P

 

h� +3 =2(log h� 1)1=2 +
�

logh� 1

nh

� 1=2

h� + ( h logh� 1)1=2

!

+ oP

� �
nh2p+3

� 1=2
�

! 0 :
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The conclusion also holds whent 2 [0; ch) or t 2 (1 � ch; ch], with the only

di�erence being the constants terms inBp.

The conclusion above can be further re�ned for an interior pointt when p � �

is an even number, sinceeT
� S� 1

p cp = 0 due to the symmetry of kernelK in this

case (Fan and Gijbels, 1996). Therefore, we need to expand bothE[Y j X ] and

f 0 to one higher order. By a similar argument, andR�; 1(t; hz) being replaced with

R�; 2(t; hz) + ( hz)p+2 � (p+2)
0 (t)=(p + 2)! , we can show that

Z
Jn dz = hp� � +2 � !

(p + 2)!

"
f (1)

0 (t)(p + 2)
f 0(t)

� (p+1)
0 (t) + � (p+2)

0 (t)

#

eT
� S� 1

p ~cp + oP(hp� � +2 ) ;

which completes the proof. �

Proof of Lemma 3.2.3. First we consider the case wheret is an interior point and

p � � is odd. In this case, we write

eT
� S� 1

n;p � n;p � hp� � +1 Cp(t) =
1

nh

nX

i =1

eT
� S� 1

n;pr p(X i ; t)K
�

X i � t
h

�
(X i � t)p+1

� hp� � +1 eT
� S� 1

p cp

= h� 1
Z

eT
� S� 1

n;pr p(x; t )K
�

x � t
h

�
(x � t)p+1 Pn (dx)

� hp� � +1 eT
� S� 1

p cp

= Jn;1 + Jn;2 ;

where

Jn;1 := h� 1
Z

eT
� S� 1

n;pr p(x; t )K
�

x � t
h

�
(x � t)p+1 P0(dx) � hp� � +1 eT

� S� 1
p cp ;

Jn;2 := ( n1=2h)� 1GneT
� S� 1

n;pr p(�; t)K
�

� � t
h

�
(� � t)p+1 :
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In the proof of Lemma 3.2.2, we have shown thatJn;1 = oP(hp� � +1 ). And by a similar

argument in the proof of Lemma 3.2.1, we have

sup
t2T

�
�
�
�GnK

�
� � t

h

�
(� � t)p+1

�
�
�
� = O P(hp+1 ) :

Therefore

sup
t2T

jJn;2j � (n1=2h)� 1Gn [eT
� S� 1

n;pr p(�; t) � f 0(t)� 1eT
� (H pSpH p)� 1r p(�; t)]

� K
�

� � t
h

�
(� � t)p+1

+ ( n1=2h)� 1h� � f 0(t)� 1eT
� S� 1

p GnK
�

� � t
h

�
(� � t)p+1

= ( n1=2h)� 1
�
OP(h + n� 1=2h� 1) + O P(h� � )

�
OP(hp+1 )

= O P(n� 1=2hp+1 + n� 1hp� 1 + n� 1=2hp� � ) ! 0 :

We omit the proofs of the rest cases since the arguments are analogous. �

Proof of Proposition 3.2.1. In the following proof we consider the case whenp� �

is not even. Let

rn := ( nh1+2 � )1=2; sn := ( nb2p+3 )1=2; Rn;q := bp+1 =2GneT
� S� 1

n;pr p(�; t)
 3;t;n

where
 3;t;n := � ![y � � 0(x)]L (b� 1(x � t)) . Then we have the following decomposition:

sup
t2T

�
�
�rn [� (� )

bc (t) � � (� )
0 (t)] � Rn;p

�
�
�

= sup
t2T

�
�
�rn [� (� )

n (t) � � (� )
0 (t) � hp� � +1 Bp(t)] � Rn;p � rn [Bn (t) � hp� � +1 Bp(t)]

�
�
�

� sup
t2T

�
�
�rn [� (� )

n (t) � � (� )
0 (t)] � (nh2p+3 )1=2Bp(t) � Rn;p

�
�
�

+ sup
t2T

�
�
�
�rn

h
� (p+1)

n (t)eT
� S� 1

n;p � n;p � hp� � +1 � (p+1)
0 (t)Cp(t)

i � !
(p + 1)!

�
�
�
� :
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The �rst summand is oP(1) by Lemma 3.2.2. We can rewrite the second summand as

sup
t2T

�
�
�rn

h
� (p+1)

n (t)eT
� S� 1

n;p � n;p � hp� � +1 � (p+1)
0 (t)Cp(t)

i �
�
�

= sup
t2T

�
�
�rn

h
� (p+1)

n (t) � � (p+1)
0 (t)

i
eT

� S� 1
n;p � n;p

+ � (p+1)
0 (t)rn

�
eT

� S� 1
n;p � n;p � hp� � +1 Cp(t)

� ��
� :

By Lemma 3.2.3,supt2T

�
�eT

� S� 1
n;p � n;p � hp� � +1 Cp(t)

�
� ! 0, so we only need to show

that

sup
t2T

�
�
�rn

h
� (p+1)

n (t) � � (p+1)
0 (t)

i
eT

� S� 1
n;p � n;p

�
�
� ! 0 :

Note that adding and subtracting terms yields

sup
t2T

�
�
�rn

h
� (p+1)

n (t) � � (p+1)
0 (t)

i
eT

� S� 1
n;p � n;p

�
�
�

�
rn

sn
sup
t2T

�
�
�sn

h
� (p+1)

n (t) � � (p+1)
0 (t)

i
� (nb2q+3 )1=2Bq(t) � Rn;q

�
�
� sup

t2T

�
�eT

� S� 1
n;p � n;p

�
�

+
rn

sn
sup
t2T

�
�(nb2q+3 )1=2Bq(t) + Rn;q

�
� sup

t2T

�
�eT

� S� 1
n;p � n;p

�
� ;

where

Bq(t) :=

8
>>>>>>>>>><

>>>>>>>>>>:

eT
p+1 S� 1

q cq�
(q+1)
0 (t) (p+1)!

(q+1)! ; if q � p even; t 2 [h; 1 � h]

beT
p+1 S� 1

q ~cq

�
f (1)

0 (t )
f 0 (t ) � (q+1)

0 (t) + � ( q+2)
0 (t )
(q+2)

�
(p+1)!
(q+1)! ; if q � p odd; t 2 [h; 1 � h]

eT
p+1 S� 1

L;q cL;q � (q+1)
0 (0+) (p+1)!

(q+1)! ; t 2 [0; ch]

eT
p+1 S� 1

R;qcR;q� (p+1)
0 (1� ) (p+1)!

(q+1)! : t 2 [1 � ch;1]

and Sq; cq; ~cq are de�ned in the same way as we did forSp; cp; ~cp. By CLT, Rn;q =

OP(bp+1 ). Furthermore, rn=sn = � p+3 =2h� � p� 1; supt2T jeT
� S� 1

n;p � n;p j = O P(hp� � +1 ) by

Lemma 3.2.3. Together with Lemma 3.2.2, we have

sup
t2T

�
�
�rn

h
� (p+1)

n (t) � � (p+1)
0 (t)

i
eT

� S� 1
n;p � n;p

�
�
�
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= � p+3 =2h� � p� 1 oP(1) OP(hp� � +1 ) + O P
�
(nb2q+3 )1=2 + bp+1

�
:

The conclusion stays unchanged whenp� � is even, although we need to estimate

one more derivative� (p+2)
0 to completely remove the bias term. We omit the proof for

that case. �
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