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ABSTRACT

A CATEGORICAL FORMULATION OF ALGEBRAIC
GEOMETRY

SEPTEMBER 2017

BRADLEY M. WILLOCKS
B.Sc., YALE UNIVERSITY
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Ivan Mirkovi¢

We construct a category, €2, of which the objects are pointed categories and the arrows
are pointed correspondences. The notion of a “spec datum” is introduced, as a certain
relation between categories, of which one has been given a Grothendieck topology. A
“geometry” is interpreted as a sub-category of €2, and a formalism is given by which such
a subcategory is to be associated to a spec datum, reflecting the standard construction of
the category of schemes from the category of rings by affine charts.
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INTRODUCTION

We construct in the present work a category €2 of equivalence classes of pointed cor-
respondences between pointed categories. It serves as a common category for vari-
ous geometries, with the intuition that a geometric object should be one of the form
(Ox, (Sh((X,7x),S)P), being a distinguished structure sheaf in a category of sheaves of
some type (for technical reasons the opposite categories (Sh((Y,7y), Oy))%? are taken).
The notion of a “spec datum” is defined, consisting of a pair of functors sp: R — 7,0 :
R — (8)°PP, with the category T being equipped with a Grothendieck topology and an
admissibility structure. Formally imitating the construction of the structure sheaf of an
affine scheme from topological spec functor Spec : Ring®”” — Top, we construct a func-
tor sp : R — €2, representing the derivation of the full spec functor from the topological
spec. Classical morphisms of schemes are given by composition of ((f.)?P?)PP X gq (id)PP)
with the Hom functor (Sh((Y, 1y ), Ring)?? x Sh((Y,7y),Ring) — Set, where f,. de-
notes the usual pushforward of sheaves, with the usual f; : f.(Ox) — Oy being the
distinguished object. Besides merely containing the usual morphisms of schemes, there
are  arrows f : (Sh((X, 7x),Ring), Ox) — (Sh((Y,7v),Ring), Oy) for any pair of func-

tors Sh((X, 7x),Ring) 5o & Sh((Y,1y),Ring). This allows for arrows which are
“purely (co)homological,” in addition to the usual morphisms, in that C' may be taken
to be an Abelian category, with the functors F' and G given by a functor sending a sheaf
of rings to the (co)homology group assigned to the affine scheme over the base given by
the tensoring a given sheaf of rings with the distinguished sheaf of rings (over the sheafi-
fication of the constant sheaf), and sending this to whatever (co)homology group would
be associated to the affine scheme over the base scheme given by the given sheaf of rings
over the distinguished sheaf (e.g., given primes [ # p,q, suppose that e : H' ,(X) —
HE (X Xspeeizy Spec(ZfpZ)) and £+ Hi(y(X) = HE (X Xspeoiz) Spec(Z/qZ)) are
arrows of Z;-modules given by the fibred product, and ¢, f" € Arr(Z, — 2Mod) are such
that e-¢’ = id and f - f’ = id are the identities on their respective objects. Then f-¢’ and
e - f" can be considered to be the distinguished element for either of (i) an Q-arrow from
X to itself, the functor being given by tensoring with Z/pZ (or Z/qZ), tensoring with the
distinguished base, and applying Hf" ,, or (ii) an Q-arrow X, <+ X,). Section 4 of the
present work concerns conditions under which sp is faithful, and defines the analogue to
the category of locally “affine” spaces, i.e. schemes, the coincidence of concepts in this
case following from faithfulness of spec.



Section 2 concerns categorical preliminaries, namely (sk)-limits and weakly enriched cat-
egories. The former is a generalization of the concept of a limit, intended for situations in
which the strict limit either does not exist, or is too restrictive, e.g. limits of categories,
for which diagrams are not specified by equalities, but by natural isomorphisms. In future
work this would be used in the foreshadowed operation of gluing spec functors, i.e. taking
colimits in the arrow category of categories in such cases as those in which each object is
a spec functor. Weak enrichments and €at-limits are to be used in defining n-categories,
and in defining (weak) sheaves of categories. The latter would be used to define homotopy
and (co)homology, either on subcategories of €2 directly or induced on the subcategories
from €at-sheaves defined on the domains of the spec functors. €at-sheaves defined directly
on subcategories of €2 would be used to guide the choice of a collection of spec functors
to be glued together.

0.1 Axioms - ZFC with Universes

In principle, all definitions, propositions, etc. are to be written in the language of first
order logic. I.e., once the set of primitive statements is defined, the set of all statements
is defined to be the closure of the set of primitive statements under the operations of
quantification, negation, and conjunction. Any variable symbol is brought into being by
its presence here, and each variable symbol is associated to quantifiers denoted “V” and
“4” which may modify any statement. A statement may be regarded as meaningful,
(in the sense in which a definite attempt should be regarded as a possibility, that this
statement should, by repetition of itself, be found to state TRUFE, the trivially true
statement) only so far as every variable symbol appears only within such statements as
are subjected to the quantifier corresponding to that symbol. Negation is a statement
modifier, formally denoted by “—,” with the usual interpretations (with Excluded Middle).
It is presumed, that a certain perception of the metalanguage is maintained, by which the
symbols appearing within a statement may be differentiated from the aspects inherent
to it, in the sense of being meant to differentiate that statement from another a priori.
This is, in some sense, equivalent to the presumption that the quantifiers are rightly
applied, or interpreted, i.e. that quantified statements appear where they are meant to
appear. Quotes “"” and “ " appear around any non-negated statement, acting effectively
as parentheses.

The language should be of one type, with a binary equality relation, “=,” for it, so that
statements of the form "z = y ! are primitive.

In particular, since there is a universal equality sign, used to compare any two elements of
the domain of this discourse, one can construct finite sets of sequences of sets inductively
by requiring that each set in the the (n + 1) set should be equal to a set constructed in
a particular fashion from the sets in the n'* set together with other constructions. One
can describe sets in an implicit fashion, by their use within a statement.



0.1.1 Element

There is a binary relation, “€,” so that that statements of the form "z € y " are primitive.

0.1.2 Empty Set

The symbol () denotes the “empty set” (is a 0-ary function symbol), such that "V, ="z €
@—I—I‘

0.1.3 Singleton

The unary function symbol “{( )}” denotes the singleton construction, so that

I_\V/.T, I_\v/y’ I_I_m e {y}—l — ’_l’ — y—l—l—ﬂ

0.1.4 Union

The binary function symbol “( ) U ( )” denotes the union construction, so that

"Vr,"Vy,"Vz,"Tr eyUz' <= ecylorz ez

0.1.5 Power Set

The unary function symbol “20)” denotes the power set construction, so that

FVI.? I—vy7 I—I—x c 23/—\ — I_v:/:, l—,_Z c Jf—l — l—Z c y—l—l—l—l—l—l

0.1.6 Extension

Extension, that a set is determined by the elements contained therein

I—vx’ I—vy’ I—I—m — y—l — I—VZ, l—l—Z c x—l — z € y—l_|—l—l—l—l

0.1.7 Comprehension Schema

A schema is here used, since there is no separate type for statements of the language.
By this we mean that the following is to be understood as determining an infinite list of
function symbols and corresponding statements.

For any statement ®(x) of the language in which x appears as an open (un — quanti fied)
variable, there is a unary function symbol “{( ); ®(x)}”. This sends a set z to the set of
all elements y € z,satisfying the statement ®(x), generally denoted by “{y € z; ®(y)}”.
Formally, we require that

Vz,™Wy,", Ty € {z;P(x)} <= Ty € 27 and P(y)" .



0.1.8 Codomain

For any set = which defines a function on a set w, there exists a set w’ such that for any
(21,22) € T, 2o € w'. Formally,
"Vw, "V,

VY, Ty ex! = "2y, 21,
'_[_Zl € ’LU—l and '_y = {{Zl}} U {{2:1} U {22}}7 and
Vo, T{anU{{zn}u{sn}l €= Ty =" and
Vo, €wl = T3, "{a}U{{zn} U{xn}} e

= "3, Va2, T {{a}}U{{zn} U{n}} e’ = Tz e/ 77T

0.1.9 Foundation

Every set must have a minimal element with respect to the relation €, of (0.1.1.1).

l_\v/x7 I_Hy’ l_l_y c [L'—l and '_\V/Z, [_[_Z e .Ij — _|I_Z c y—l—l—l—l—ﬂ

0.1.10 Natural Numbers

There is given a natural numbers object, i.e. nullary function symbols N, 4y, Xy, 0, and
1, such that 4+, Xy : N X N — N are commutative and distributive, with units 0 and 1
respectively, such that N, {{{z}} U {{z} U {+x(z,1)}} € 22";72 € N7},0) is a model of
Peano arithmetic, translated into the present language for set theory.

0.1.11 Choice

This is assumed in the form of Zorn’s Lemma, i.e. that every inductively ordered set has
a maximal element.

0.1.12 Definition of a Universe
For any set U, U is defined to be a universe iff the tuple

(U= v € 0,0, {()Ho, ) U Ol 20 o, (N, a0, 0, 1))

satisfies the previous axioms, (0.1.2) - (0.1.13). It is assumed that

"Va,"3U,""U is a universe ' and "x € U 111!

Within this setting, we define the notion of a category.



0.1.13 Definition of Pairs “(z,y)”
"V, "y, " (x,y) = ek U {{zp U {yr

0.1.14 Definition of Products “z Xg y”

"Vr,"Vy,"r Xeu Yy 1=
Uy
{(«/,y) €2” ;T2 exand Ty €y}

0.1.15 Definition of a Function “f :z — y”

I—vx’ l—vya I—Vf’ l—l—f T = y—l <~
l—l—f C o Xeet y—l and '_VLU/, L e l—E”y/’ l—l—y/ c y—| and '—(:1:’, y’) c f—l_l—l—l—l—l—l‘l‘l‘l

b

0.1.16 Definition of Associating Functions “a

"Vr,"™Vy,"Vz,"Va,"a associates(z,y, z)
< M ((T Xeet ¥) Xeet 2) = (T Xeet (Y Xeet 2)) " and
V!, VY, TV T ((7,9), 2), (2, (y, 2))) € a7

0.1.17 Definition of a Category

"VO,"™VA,"VH,"V o "Vid,

"T(0, A, H,o,id) is a category | <

TTH : O Xegu O — 247 and

"Vfe Az, ye O,"f € H(z,y)"" " and

To:0 X Get O X Set O — Q(AXG“A)XGQt—l and

"Vr,y,z € O,7o(x,y,2) : H(y, 2) Xeu H(z,y) = H(x,z)" " and
'_Vw, T,Y,z € O,V((QS, 1/})’ X) € (H(ya Z) X &et H(l’, y)) XSet H(w7 {L‘),
To(w, x, z)(o(z,y, 2) (0, ), X) = o(w,y, 2) (¢, o(w, z,y) (1, x)) " and
"Vr,y € O,""Vf € H(z,y), o(x,z,y)(f,id(x)) = f7 and

I—vg E H(y’ :C), l_o(y,x’ l’)(ld(l‘), f) — f—|—|—|—|—|—|—|_|—|—|—|

0.2 Notation

Parentheses indicate expected arguments.



0.2.1

Temporary definitions are denoted by :;=. They are valid only within the definition,
proposition, paragraph, etc. in which they appear. Definitions denoted by := are valid
for all subsequent definitions, propositions, etc.

0.2.2

“U” will generally denote a universe, i.e. a model of set theory, and U’ will denote some
universe containing U, i.e. U e U e U" € ....

0.2.3

If U is some universe, then U — €at is the category of U — small categories, i.e. its objects
are categories C' = (O, A, H, 0,id) for which O, A € U, i.e. the set of arrows is U-small,
and its arrows are functors F' : C' — D. We usually denote U — €at just by €at and unless
otherwise stated “category” means a “U-category”.

0.2.4

“aob” denotes “aocb”, the composition of arrows in a category, as well as the composition
of functions, where the context should eliminate the ambiguity.

0.2.5 F(o) and F(l)

If F'is a functor, F{g) is the map on objects and F{;) is the map on arrows. Often the
subscripts will be omitted, and “F” will refer to either the object map or the arrow map,
e.g. F(c), F(¢). The reader used to the standard notation can ignore the subscripts.

0.2.6

For any category C', Ob(C) is the class of objects of the category, and Arr(C) is the class
of arrows of C.

0.2.7

The functions domcy, codomcy : Arr(C) — Ob(C') are the domain and codomain maps
for the category C.

0.2.8

The category « is the terminal category, having one arrow.



0.2.9

The dual category functor ()7 : €at — Cat sends a category to its opposite. It may
carry an index based on (i) when one wants to differentiate between the map on objects,
and the map on arrows. Then it would be written as ()()?.!

0.2.10 Functorial Products

Let “x” denote the product of two categories (i.e. the objects of C'x D are pairs of objects
(¢,d) from the component categories and the arrows are pairs (f,g) : (¢,d) — (¢, d') of
arrows from the component categories). Then there are two canonical product functors,
one for categories and one for sets, defined as follows.

For sets,
Xu_@et : (U—6Get)P? x U — Get — U — Set

sends a pair of sets to their product, (a,b) — {7 € Homy_s«({a,b},a Ub);w(a) €
a and 7(b) € b} and a pair of functions to their product, so that (f,g) € Arr(U — Set x
U — Get) is sent to the map from a Xy_ge b to @’ Xpy_gq b’ determined by applying f to
the a component and g to the b component, i.e. (z,y) — (f(x),g(y)).

For categories,

Xy_gat : (U —Cat)?? x U — Cat — U — Cat

sends a pair of categories to their product i.e. (a U-small restriction of x above) and
sends a pair of functors to their product, (F,G) —

(((a, b) = (Floy(a), G(0)(D))acob(dom(F))bcOb(dom(G))s

((.fa g) — (F(l) (f)> G(l) (g)))feArr(dom(F)),geArr(dom(G)))'

Note that Xpy_se and Xy_eat do not denote fibred products in the category of U’-
categories.

0.2.11

For any category C, for any ¢, 1, f,g € Arr(C), we define a relation
(f,9)fibrescy(é,v) (“f and g fibre ¢ and ¢ in C”) iff codom(¢) = codom(r)) and
dom(f) = dom(g) and f,g form a fibred product of ¢,7 (as in [1]). Informally, the
C may be omitted if it is understood.

"'We move the subscript to the left because the aesthetic sense resists the appearance of a subscript of
a superscript. The attachment of the subscript should be to the functor °PP, rather than to the category
or functor on which it acts, and there is a fear that placement of the subscript after the term would
suggest its attachment to the category or functor in the argument.



0.2.12

The hom functor map Hom( is a map of large sets which assigns to a category C
the functor (C)? x C' — Get which sends a pair of objects (a,b) to their hom set,
ie. (a,b) — Homg(a,b), and sends a pair of arrows (f,g) to the map of hom sets
given by composition, i.e. (g, f) = (h = f o h o g)ncHome/(codom(g),dom(s)), Which lies in
Home(Home(codom(g), dom(f)), Home(dom(g), codom(f))). In the standard notation
it is written “Hom¢.” We include the parentheses from the point of view that “Homg”
is the function Hom y evaluated at C'. 2

0.2.13 Category | (,) of arrows (in a third category) between two categories

If AL ¢ and B S C are functors with the same codomians codomeqpy(F) = C =
codomeat) (G), then o) (F, G) is the category of arrows from A to B in C' with respect to
F and G. So. the objects are triples (a, ¢, b) where a € Ob(dom(F)) and b € Ob(dom(G))
and ¢ € Home(F(a),G(b)), and the arrows (a,,b) — (a’,¢,b") are pairs (f,g) where
fia—d and g:b— U such that G(g) - = ¢ - F(f).

0.2.14
The symbol ob()() assigns to any category C' and an object ¢ € Ob(C) the “object functor,”

ob c
ob(cy(c), which sends the category with one arrow « = ({0}, {0}, ...) 209, o C by
mapping () — ¢ on objects and @) — id, on arrows.

0.2.15
The domain object functor dob | (,). If again A L0& B, then

dobi(c) (F,G
_—

)
hey (F,G) domear (F)

is defined by sending any triple (a, ¢,b) in | (¥, G) to a, i.e., one only remembers the
domain of the arrow.

2The hom map can be thought of as a single map (that on objects, assigning the hom set to a pair of
objects), or a pair of maps (as given, a functor). Strictly speaking, the former is part of the data which
determines a category, while the latter exists only after a definite category is constructed



0.2.16
The codomain object functor cob | (,). If again A L0& B, then

cobl (o) (F,G)
—

Loy (F,G) dom¢a) (G)

is defined by sending a triple (a,®,b) in ) (F,G) to b, i.e. one remembers only the
codomain of the arrow.

0.2.17  Symbol (()) ruu
Here, (S) puu(cy means the full subcategory of C' generated from S C Ob(C').

0.2.18
() cataq

(S)cata(c) generates a subcategory from S C Arr(C)

0.2.19
(0 Bquin

(R) pquiv(s) 1s the equivalence relation on S generated by R C S x S.

0.2.20

lo

[fl(r) is the equivalence class of f with respect to the equivalence relation R.

0.2.21
TCat

is the category of tensor categories. Objects are pairs (4,® : A x A — A), and arrows
are pairs (F: A— B,p: ®po(F x F) — F-®j), where p is a natural transformation of
functors (see [1]). Note that we do not require that p should be an isomorphism, or that
(A, ®) should be equipped with an associator or a unit.

0.2.22
AT Cat



is the category of associative tensor categories. Objects are triples (A, ®, ), where (A, ®)
€ Ob(TCat) is a tensor category and « : @+ (R Xeqidg) = Q- (idg Xt ®) - eat(A, A, A) is a
natural isomorphism, where agg(A, A, A) € Homg,e2 ((A Xeat A) Xeat Ay A X eat (A Xeat A)))
is the usual associator for the product category functor X g : €at x €at — Cat. We refer
to the natural isomorphism « as an “associator” for (A, ®).?

0.2.23 The Functor Homy_¢.e

We do not define U — €at?, the 2-category of U-small categories, itself, but it appears as
part of the symbol Hom_g.2, since this functor essentially constitutes the enrichment
data associated to U — €at®. The “enrichment” of U — Cat over itself is given by a functor

HomU_Cth = (HOmU_QatQ(O)’ HOTTLU_@{Q(I)) . U - Q:leOpp X U - Q:at —> U - Q:le,

defined by the two functions, Homy;_gue ), for i = 0,1, defined below. *

The functor Homy_g.2 on objects is the function Homy_gu2() that sends a pair of
categories (C, D) to the U-category Homy_gq2(0)(C, D) of functors C' — D. (Its set of
objects is the set of functors F' : C — D and the set of arrows is the set of natural
transformations F' = G see [1] or [2].)

On arrows the functor Homy,_gqe is given by the function Homy _eq2(1y) which sends an
arrow (G, F) € Arr(U — Cat” Xyr_gqe U — €at), given by a pair of functors (C’ N

C) € (U — €at)” and (D LR D) € U — Cat, to a functor HomU—GutZ(l)(G7 F) :
HOmU_Q:atZ(O) (C, D) — HOmU_Q:atZ(O) (Cl, D/)

We define Homy_equ2(1)(G, F) on objects by forwards and backwards composition, i.e.
the object map is given by (H — F o H o G)gcHomy _ea(C,D)-

We define the arrow map Homy_gqe(1)(G, F') as follows. For a natural transformation
« : Hi — Hs between functors Hy, Hy : C — D, we define

Homy_goe (1) (G, F)(@) := (i = F(a(G(i))))iconer) € Arr(Homy_eqe(0)(C", D)),

so that Homy_eu2(1) (G, F)(a) : FoHy oG — FoHyoG.

3In contrast to the usual definition, we do not require a self-consistency condition for the associativity
constraint « (the pentagon condition which requires that the two ways of “associating” the tensor product
of four objects should be the same). Nether do we require unital structures or properties.

“Note also that the term “enrichment” has not yet been defined, and is not yet necessary. This will
be done in section (2.2).
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0.2.24
Suppose that I and C are categories. Then the diagonal functor
A(I,C) :C — HomU—¢a£2(0)<]7 C)

sends an object ¢ € Ob(C) to its constant functor, which sends every object in I to ¢
and every arrow to the identity arrow of c. It sends an arrow ¢ : ¢; — ¢ to the natural
transformation A ay0)(c1) — Az,.4)0)(c2) which assigns to every i € Ob(I) the arrow
¢ :c; — co. Le., it is defined on objects by

Ve € Ob(C),Vf € Arr(I), Aueyo)(c)(f) = ide
and on arrows by the following

Vo € Arr(A), Aae)a)(d) = (i = d)iconrn)-

0.2.25

For any category C' € Ob(U — €at), the Yoneda functors
Yoy : CPP — Hom(@t)tQ(C’, U — Get)
Yo : C% — Hom1),(C,U — Get)

send an object ¢ € Ob(C) to the functors given by Yoc)o)(c) :  — Home(x,c) and

Yoigy o (c) - @ = Home(c, z). >

°I imagine that it may be desirable to restrict the codomain of the Yoneda functors to a U-small
sub-category, that their use might not force the unnecessary invocation of higher universes in certain
circumstances.
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CHAPTER 1

LIMITS AND ENRICHMENTS

In this section we define a variation of the concept of a limit of a functor. Given functors
JSTE A B the (sk,e) — limit of F is defined as follows.

One first constructs a certain category, denoted by “P = P(sk,e).” Its objects are essen-
tially pairs (a,«), where a € Ob(A) and « : Ob(J) — Arr(A) is a natural transformation
' Aay(a) = F oe which lifts to a natural transformation & : A p)(sk(a)) — sk o F.
This is to say that, given the notation of (1.2.23), the pullback of &, the natural trans-
formation e*(a) = Homy_gqez(€,ida)y(@) @ Ay (sk(a)) — sk o Foe, is equal to
the pushforward of «, the natural transformation sk.(a) = Homy_gqe 1) (idy, sk) (@) :
A p)(sk(a)) — sko Foe. An arrow ¢ : (a,a) — (b, 3) in the category P is an arrow
f :a — bin the category A for which «(j) = 5(j) - f for any 7 € Ob(J).

We now define the (sk, e)-limit of F' to be the colimit of the functor P — A defined by
(a,a) = a. A “colimit” is a pair (I, \) consisting of an object [ and a natural transfor-
mation A from the functor in question to the constant functor of [, satisfying a universal
property.

In the case in which A = U — €at, the functor sk should be the quotient functor Skel :
U—¢Cat — U — &Cat (see 1.1.7), which identifies isomorphic pairs of functors, and the
functor e : J — I should be that which includes the subcategory of I consisting of
all of the identity arrows. Then the objects of the category P(Skel,e) are pairs (C, f)
of a category C' and a family of functors f; : C' — F(i) for i € Ob(I), which is a
“transformation” of functors from a constant functor A; : I — €at with value C, to
F', which is “natural up to isomorphism”. The meaning of this is that for any arrow
g 1 — jin I, the functors F'(g) o f(i) and f(j) from C to F(j) are isomorphic. Then
the (sk,e)-limit of F' is the colimit of all such categories C'.

We define in (2.2), for each tensor category (A, ®) and functor sk : A — B a notion of
a category W E(4 gk of weakly enriched sets, by which one replaces hom sets by hom

'Recall that for any categories C, D € Ob(€at), given any object d € Ob(D), we denote by A py(d) :
C — D the constant functor, which sends every arrow in C to idg; see (1.2.24).
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objects, which are objects of A. As weakly enriched sets S, 7T in ... can be thought of as
“categores” (i.e., they are certain approximations of categories), the hom-set Hom... con-
sists of “functors”, i.e.,certain approximationsof functors. We give in (2.3) a construction
by which one can enrich the set of “functors” Homw ga,e)sk)(S,T) to an enriched set.

We define a notion (U,n) — €at of the category of n-categories in (2.4).2 By the lemmas
of the “Enrichments” section (2.3), (U,n) — €at is naturally enriched over itself. In (2.5)
we define a sort of co-simplicial structure on the category (U,n) — €at of n-categories.
As usual denote by A the category of finite ordered sets, its arrows are order-preserving
maps. Let [n] = {0 <--- <n—1} € Ob(A) and denote by Ay, the category of arrows
under the ordered set [n]. For each n we construct a functor p : Ay, — U’'—Catyn)—cat/
(denoted also | (/—eat) (0bwr—eaty(‘(U.n) — Cat), idy:—gat)).-

The arrow fi : [m+ 1] = {...k,k+1,..} — [m] = {...,k, ...} which identifies k£ and

k + 1 is sent to the functor which “collapses all (n — k)-categories into their component

(n — k — 1)-categories” .3

The arrow g : [m] — [m + 1] which omits k, i.e., “skips the k' step”, replaces all
(m — k)-categories by their classifying (m — k + 1)-categories.*.

1.1 A Variation on Limits ((sk, e)-limits)
1.1.1 The Use of dob |-,

Recall that Aja) @ A —> Homy_gqe(0)(J; A) by sending an object ¢ to the c-valued
constant functor, and ob(HomU%u@(O)(J’A))(F we) 1 x —> Homy_eq2(0)(J, A) by sending the
one arrow in % to idp... Recall also that the category

i(Home@aﬂ(O)(‘]7A)) (A(*LA)’ObHomecaﬂ(o)(J,A)(F -e))

of arrows is defined so that its objects are triples (a,c«,(), where a € Ob(A), « :
Aja(a) = F - e is a natural transformation, and () is the object in the category

2This is not one of the standard notions of an n-category. In particular, (U,n) — €at is not an
(n + 1)-category, i.e. an object of (U’',n + 1) — Cat.

3By the collapse of a category C to a set we mean the set of all morphisms ]_[(a b)EOB(C)? C(a,b). This
generalizes for any (m + 1)-category C, the m-category p(fx)(C) is such that every k-category h(a,b)
appearing in the structure of C' is replaced by the (k — 1)-category Ha/,b’eOb(h(a,b)) P (a,b) (a’,0).

“having a trivial underlying set of objects and the same (m — k)-category as the only hom object, i.e.
for any m-category D, the (m + 1)-category p(g)(D) is such that every k-category h(a,b) appearing in
the structure of D is replaced by the (k + 1)-category whose underlying set {(}}, is the singleton, so that
h(®,0) = h(a,b). Composition is trivial, being given by projection to the left (or right) component
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sid . .
(the category with one arrow). An arrow between (ay, aq, () 9ido), (ag, az,0) is a pair of

arrows ((aq 2 az),idp) € Arr(A) x Arr(x) for which oy - Ay ayy(¢) = as.

An isomorphic category is given by forgetting both the () symbol, and the a term (since
for any j € Ob(J), a = dom(a(j)), so that a is determined by «), so that its objects are
natural transformations o, where a € Ob(A) and o : Ay ay(a) = F-e. Ifay : Ay ay(ar) =

F-eand ay: Agay(az) = F - e, then an arrow a; %y i is an arrow (aq LN az) € Arr(A)
for which ay - Ay a1y (¢) =

1.1.2 Definition of an (sk, e)-Limit

Consider functors J < [ LN ﬁ) B.

Consider the set of maps a : Ob(I) — Arr(A) such that sk - « defines a natural transfor-
mation from a diagonal functor to sk - F. Let

Co=dtrom®) @) (Bw8) Ptron® 3y (3K F))
and

Db ttom® oy 0t)) P Bttom® 1.4 (F 0 €))
and

€= ttom® 03 BB (g1 (k0 F o €))
Let € : P :;= C X¢g D — D be one of the arrows of a fibred product, an arrow in U’ — €at.
If For is the functor which takes the object a from an arrow A;4)(a) — Foe, an
(sk,e)-limit is a colimit of For oe.

This is explained in the following sections.

1.1.2.1. Let P be the full sub-category of the category

Fttomy, _goz 0 (14D (B(1,4); 00Hom,, o (14) (0 €)) © Homy _goe(0)(J, A) /roe

whose objects are natural transformations «a, such that for some a € Ob(A) we have « :
A¢ja)(a) = F-e, such that there exists a natural transformation & : A ) (sk(a)) — sk-F
such that the natural transformation Homy_ge2(1)(idy, sk)(a) : Ayp)(sk(a)) — sk-F-e
given by sending j € Ob(J) to sk(a(y)) : sk(a) — sk(F(e(j))) is equal to the natural
transformation Homy_ewe(1y(e,idp)(@) @ Ap)(sk(a)) — sk - F - e given by sending
Jj € 0b(J) to ale(y)) : sk(a) — sk(F(e(j))).
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1.1.2.2. Denote by e: P —>\L(H0mU7¢ut2(O)(J’A)) (A(J’A),Ob(HomU7€Gt2(O)(J’A))<F . 6)) the in-
clusion, given by a — (a, a, ). Denote also by p the functor,

p = dob i(HomU_CatQ(O)(JA)) (A(J,A), Ob(HomU_GatQ(o)(J,A))(F ce)-e: P— A
Thus, p is given by sending « — a, and the fibre of p over any given a € Ob(A) is the set
of natural transformations Aj 4(a) % F - e such that for some natural transformation
& sk- A a(a) = Agpy(sk(a)) — sk - F, one has

Homy_gq2(1)(idp, €) (&) = Homy_eq2 1) (id s, sk) ().

In other words,

P Clitom, _goe0(14) (B(1,4); 0b(HOm,, (o 00) (2.4 (F - €)

(©
is the full subcategory which contains all objects « such that the image of « in
Homy;_gq2(0)(J; B) under the functor Homy,_eq2(q)(idy, sk) has a lift to
Homy;_gq2(0)(1, B) by the functor Homy; _eu21) (€, idp) (we denote this lift by &).

1.1.2.3. Then the (sk,e)-limit of F' is the colimit of p, i.e., for any pair (I, \) € Ob(A) x
Arr(Homy_ga2(0) (P, A)) for which A : p — Acpa(l), we say that (I,)) is an (sk) —
limit(F) iff (I,\) is a colimit(p) (in the sense in which (A,l) is a universal arrow in
Homy;_gq2(0) (P, A), from p to the constant functor Apay : A — Homy_gq2(0)(P; A)).

1.1.3 Example

In the above, if either e or sk is an identity functor, then the (sk)-limit of F is the limit
(I, A) of F, if the latter exists.

If e = id;, then P consists of all natural transformations o : A ay(a) = Foe = F for
which there exists some lift & : Ay py(sk(a)) = sko F. But & = Homy_gqe 1y (sk, idr)(a)
would be such a lift. Therefore any « : A a)(a) — F has a lift. Furthermore, for any
i € Ob(I), a(i) : @ — F(i), and for any 3 : A 4)(b) — F, and any arrow ¢ : a — 3
in P, by definition of P, we have that §(i) o ¢ = «(i). Therefore, by the definition of a
colimit, there exists a unique ay(4) : | — F(i) such that for any (A 4y(a) = F) € Ob(P),
a(1) = oq(1) o AM(«). Since each colimit arrow (i) is determined by the arrows (i) which
come from natural transformations «, the assignment oy = (7 +— (%))scon(r) determines
a natural transformation A 4)(I) — F. Therefore oy € Ob(P). If the limit of F' exists,
then it is isomorphic to a terminal object in P, oy € Ob(P). But by the above argument,
this terminal object a; determines a colimit arrow A(cy) : a; — [, and being a terminal
object in P there is a unique arrow ¢; : | — a; = dom(ow(i)) in P. By the definition of
terminal objects, e; o A(ay) = id,,
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1.1.4 Lemma
(Inclusion, via right exactness) Given sk, Fe:J — I, ¢: P —

FHom gy a2y o) (1) (A4, Ob(Hom(U_w2)(0)(J,A))(F oe)), I, and \ as above, suppose further
that sk is right exact, and Ob(I) = Ob(J). For each i € Ob(I) = Ob(J), consider the
arrow induced from the colimit [ to F'(i) by a — «(i), where (p, «, <) € Ob(P) is an object
in P. Then this assignment determines an object (I, aq,-) € Ob(P).

Le. the (sk)-limit determines an object,
(L (7= A, ) = F () 6,59e00P)))jeona): -) € OB(P)

in P.

Proof. If the colimit (I, \) is sent to the colimit of the forward composition by sk of the
dob | diagram on P, then arrows from [ to it are yet determined by their pullbacks to
the components of the forward composition of the colimit diagram, which commute after
forward composition. []

1.1.5 Lemma

(Uniqueness, via monic) For any sk : A — B, F : I — A € Arr(U — €at), for any
(I, A) € Ob(A) x Arr(Homy_eu2(0) (P, A)), (P being as above) if the arrow from the (sk)-
limit(F) to the product [[;.; F'(j) induced by the arrows from the previous lemma, i.e.

At = A ) = FO))w.s9e00p))))jeonn)) = U= Tlicon) Flo) © €)(j), is monic,
then for each (b, f,-) € Ob(P), the coproduct arrow b — [ is the unique arrow X\’ for which

A((b, f,-) = f(7)) 1. )eonpy) © N = f(7)-
Proof. Trivial. [J

1.1.6 Remark

This is the uniqueness of factorization usually associated to limits.

1.1.7 Definition of the Skeleton Functor
Define the category U — &€at € Ob(U’ — Cat) so that

Ob(U — &€at) = Ob(U — Cat)

and for any z,y € Ob(U — &C€at), Hom @ _seat) (2, y) is the the set

Hom@u_scay) (z,y) = {[F] C Ob(HomU—€a£2(0)(x7y));F € Homy _eat(7, )}
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of isomorphism classes of functors = = y, where [F] = [G] iff F = G, i.e. iff there exists
an isomorphism F % G of functors.

Define the functor
Skel : U — Cat — U — 6Cat

so that Skel is the identity map on the objects and the quotient map F' +— [F] on the
arrows.

1.1.8 Example

Consider ¢, 9 € Arr(U—C€at), with the same codomain. The (Skel)-limit of the diagram is
the subcategory L of dom(¢) X y—_eatdom (1)) such that Arr(L) = {f € Arr(dom(¢) Xuy—_cat
dom(v); 3u,v € Arr(codom(¢)), u,v are isomorphisms and u o m,(f) = my(f) o v}. Any
category with such functors into the two domain categories that the composition of func-
tors on one side is isomorphic to the composition of functors on the other side factors
through L via the compositions of the projections with the embedding into the product.
By the monic lemma the factorization is unique. However the conclusion of the inclusion
lemma might not apply to it, i.e. the two compositions L — dom(¢) — codom(¢) and
L — dom(v) — codom(y)) = codom(¢) might not be isomorphic, since I might imag-
ine having two different pairs of arrows (f1,¢91), and (fs, g2), such that the isomorphisms
uy,v1 € Arr(codom(¢)) which form the commuting square u; o f; = g1 o vy differ from the
isomorphisms usy, ve € Arr(codom(¢)) which form the commuting square ug o fo = go 0 vs.

1.1.9 Lemma, for Reduction to the Standard Limit

If
(L, (G = AU, [, ) = FU))@.1.)208(P))) jecb(rs ) € Ob(P)

and the limit arrows are unique then this is the usual limit.

Proof. Trivial. [J

1.1.10 Functoriality

An arrow of functors F' o e — G o e which lifts to an arrow of functors sk o F' — sk o
G (ie. an arrow in the fibred product of the two functors Homg_gu2(1)(e,idp) and
Homy;_gq2(1)(idy, sk) ) induces a map from the (sk, e)-limit of F' to that of G, using the
colimit map. l.e. a: F — G implies that a(dom(¢)) o F(¢) = G(¢) o a(codom(p)), so
that for any arrow § : A0 (c) = F o e associated to (a,3,0) € Ob(P) (notation as
in the first definition), Homy_e.2(1)(€,ida)(a) o B also commutes after applying sk (i.e.
comes from an arrow in Homy;_ga2(0) (1, B)). Therefore each such a has an arrow into the
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sk-limit of G from the colimit diagram of the definition, which induces a map from the
colimit diagram which determines the sk-limit of F'.

1.1.10.1. Given a diagram F': I' — Homy;_gq2(0)(I, A), and a choice of an (sk, e)-limit
(1(2), A(7)) for any object i € Ob(I’), the construction of (1.1.10) determines a function
Arr(I') — Arr(A)

1.1.10.2. If for any i € Ob(I'), the (sk,e)-limit (I(), A(¢)) is included in P(i) (P(i) being as
in the definition of the (sk, e)-limit for F'()) then (1.1.10.1) determines a functor I’ — A.

1.1.11 Remark

Roughly speaking, one takes the colimit of the domains of all limit diagrams on the trivial
category which, when forwards composed with sk, are the backwards composition by e
of an actual limit diagram of sk o F. Definition (2.3) following this remark is dual to
Definition (2.1).

1.1.12 Definition of the (sk,e)-Colimit

Consider functors J = [ LN i) B.

1.1.12.1. Let P be the full sub-category of the category
Homy, o0 (14)) (O0HOm,, . o(1.4)(F 0 €),Aga)) © Homy_ge2(0)(J, A)\Foe

of arrows, whose objects are given by natural transformations from functor F o e to
functor Ay a)(a), i.e. triples (0,a,a) for varying a € Ob(A), such that there exists a
natural transformation & from functor sk o F' to functor A py(a) such that the natural
transformation from sk o I to A, p)(sk(a)) is equal to the natural transformation given
by sending j € Ob(J) to a(e(7)), i.e. by the set

{a: A(J’A)(p) N Foe;

3a 1 sk o Ay ay(p) = Au,p)(sk(p)) — sk o F, Homy o (idp, €)(@) = a},

so as to be given by the category of arrows from the diagonal functor to the object functor
of Foe in the category of functors from J to A.

1.1.12.2. Suppose that € : P —L(Hom,, . 2(14)) (A4), 00(Hom,, . (1.4 (F ©€)) is the
inclusion.

1.1.12.3. For any sk : A — B, F : I — A € Arr(U — Cat), codom(F') = dom(sk) implies
that any pair (I,A) € Ob(A) x Arr(Homy_ewe)0)(A, U — Get)), (I,N) is a (sk,e) —

colimit(F) iff (I, A) is a limit (cob \L(Hom(U_Catg)(o)(JyA))

(Ob(Hom(Ufe‘atQ)(o)(J’A)) (F o 6)7 A(J:A)) © 50)‘
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1.1.13 Lemma

(Inclusion via exactness) Dual to the above.

1.1.14 Lemma

(Uniqueness via epic) Dual to the above.

1.1.15 Example

Consider ¢,1) € Arr(U — €at), with the same domain. The (Skel)-colimit of the diagram
is the category L such that its set of objects is the disjoint union of the objects of the
codomain categories and the arrows are the formal compositions of the disjoint union
of arrows in Arr(codom(¢)), Arr(codom(v)), and arrows e, : ¢y(a) — Ye)(a), e
Poy(a) — d)(a) formally added for each a € Ob(dom(¢)) = Ob(dom(v))), with the
relation generated by requiring that Vf € Arr(dom(¢)), da)(f) © €dom(s) = €codom(f) ©
Yy (f). If Iy : codom(¢) — L and I, : codom (1)) — L are given by the U — Get coproduct
maps then for any 1,1}, € Arr(U — €at) such that I, o ¢ = [, o 1, there is an arrow
q : L — codom(l};) = codom(l})) such that I}, = g o ls and [;, = g o l,. If an isomorphism
a:lyo¢ — I o is specified (or vice versa), then there is a unique ¢ : L — codom(l})
such that Hom r_eqe)(1)((iddom (), 4)) (1) (@ = €a)acob(dom(s))) = @ (and vice versa).

1.1.16 Lemma
(Reduction) Dual to the above.

1.1.17 Lemma

(Functoriality) An arrow of functors F' — G induces a map from the (sk)-colimit of F to
that of GG, using the limit map.

1.1.18 Remark

Products and coproducts are not affected by sk.

1.2 Definitions regarding Enrichments

We will define weak enrichment of sets and categories. Sets will be enriched over tensor
categories (A, ®) and categories over triples (A4, ®, F') where tensor category (A, ®) comes
with a tensor functor F': (A, ®) — (Set, x).
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A weak enrichment of a set s over (4, ®) adds to s a category-like structure, a version of
Hom which has values in A (rather than in sets) but without any associativity or unital
requirements. We later introduce, for each functor sk : A — B, a category of weakly
enriched sets, “associative up to sk,” in that the associativity diagrams are commutative
after the functor sk is applied to them. A weak enrichment of a category C over (A, ®) is a
weak enrichment of the set Ob(C') which is compatible with the Hom, this compatibility
is formulated in terms of the functor F.

1.2.1 Definition of a Weakly Enriched Set

A weak enrichment of a set s € Ob(U —Get) over a tensor category (A, ®) € Ob(U —%Cat)
is a pair of a map h : s> — Ob(A) and a “composition map” o : s3> — Arr(A)) such that
for any a, b, c € s,

o(a,b,c) : h(a,b) ® h(b,c) — h(a,c)

1.2.2 Definition the Category of Weak Enrichments

For any (4,®) € Ob(U — %€at), the category of (A, ®)-enriched sets VIWE(A, ®) €
Ob(U — €at) has as objects weak enrichements if sets S = (s, hg, 0g), and for two weak
enrichments S and T" an arrow f : S = (s, hg,05) = T = (t, hy,or) is a pair of functions
f=(fi:s—t, fr:5— Arr(A)) such that the following hold.

1.2.2.1. Ya,b € s, fa(a,b) : hs(a,b) — hr(fi(a), f1(b)), and
1.2.2.2. Va,b,c € s,

or(fi(a), f1(b), f(¢)) o (f2(a, ) @ fo(b, ¢)) = fala, ¢) 0 os(a, b, c),

i.e. the compositions commute with the arrows defining a “functor from S to 77.

1.2.3 Lemma

One can construct a functor VW Egy : U — T€at — U — €at from the category of ten-
sor categories to the category of categories by the following. For any functor of tensor
categories (F,p) : (A, ®4) — (B,®p) (see the notation section 0.2.21) define a functor
VWE(F,p) : VWE(A,®4) - VWE(B,®g) from the category of very weak enrichments
over (A, ®4) to that of (B, ®p) as follows.

1.2.3.1. It sends an object S = (s,h,0) of VIWE(A,®4) to the triple F'(S) = (s, 1/, o)
where for a, b, c € s,

h'(a,b) = F(h(a,b)) and o (a,b,c) = F(o(a,b,c)) o p(h(b,c), h(a,b)).
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1.2.3.2. It sends an arrow ¢ : S = (s, hg,05) — (t,hy,0,) = T in VIWE(A, ®4) (here
s* 3 (a,b)—~d(a,b) € Arr(A)) to the arrow F(¢) : F(S) — F(T) that sends (a,b) € s* to
F(6(a,h))) € Arr(B).

1.2.4 Definition of an Weakly Enriched Category

A weak enrichment of a category C' with respect to a tensor functor (4, ®) —2 (U —
Set, Xp_e.t) is a quadruple (C, h, o, ¢) such that C' € Ob(U — €at) is a category, h and o
define a weak enrichment of the set Ob(C'), and ¢ : Ob(C)? — Arr(U — Get) is a function,
such that

1.2.4.1. For any a,b € Ob(C), ¢(a,b) : F(h(a,b)) — Home(a,b) is an isomorphism;
1.2.4.2. For any a, b, c € Ob(C'), the composition

oc(a,b,c) : Home (b, ¢) Xy_get Home(a,b) — Home(a, ¢)

of hom sets in C' is given by the weak enrichment, i.e.
OC<a7 ba C) = (b(&a C)il ° F(O(CL7 ba C)) o p(h(b7 C)? h(aa b)) © <¢(ba C) XU-Get ¢(a7 b))

1.2.5 Definition of the Category of Weakly Enriched Categories

The category W Eeqo(F, p) of categories weakly enriched over a tensor category (A, ®)
with respect to a tensor functor (F,p) : (A4,®) — (U — Get, Xy_get), has objects which
are categories (C,h,o,¢) weakly enriched over (A, ®). An arrow f : (C,hc,oc,¢) —
(D, hp,op, ) consists of a functor (fy, f1) : C — D and a function fy : Ob(C)? —
Arr(A), such that

1.2.5.1. (fo, f2) : (Ob(C), h¢,oc) — (Ob(D), hp,op) is an arrow of weak enrichments of
sets;

1.2.5.2. For any a,b € Ob(C),
Fi(f2(a,b)) = ¥ (fo(a), fo(b)) o F(f2(a,b)) o ¢(a,b) ™

i.e. the functor agrees with that implied by the enrichment.

1.2.6

One can construct a functor from the category of tensor categories over the tensor category
of sets U — T€at)(y_set,x,,_o.) t0 the category of categories, i.e.

W Eeat() := (W Eea0(), W Eeani () : U — T€at)(_get,xy_eo) — U’ — Cat

in analogue to the construction of Lemma 1.2.3, as follows. For any arrow (®,p) :
(F,pr) — (G, pg) of tensor categories (F,pr) : (A, ®4) — (U — Get, Xy_g) and
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(G,pc) : (B,®p) — (U—Get, Xy_g.t) over (Set, Xy_g.t) define a functor W Egq (F, pr)
— WEean(G, pc)-

1.2.6.1. Tt is defined on an object (C, h, 0, ¢) € Ob(W Egqo(F, p)) by

(C, h, o, ¢) — (C, (I)(O) ¢} h, ((CL, b, C) — CI)(l)(o(a, b, C)) o p(h(b, C), h(a, b)))a,b,cEOb(C)a QZS)

1.2.6.2. Tt is deifined on arrows (F, Fy) : (C, h¢,0c,¢) — (D, hp,op,¥) by

(F, Fg) — WE@atl(q),p)(F, FQ) = (F, (I)(l) ¢} FQ)

1.2.7 Definition of Two Forgetful Functors
Define the following two functors.
1.2.7.1. For any tensor functor (F,p) : (A,®) — (U — Get, Xy_g), the forgetful functor

F or‘lf/ME”(EF(ﬁO)m(Ep)) : WEe(A, ®, F) — VIWWEeu(A,®) from the category of weakly en-

riched categories with respect to (F, p) to weakly enriched sets with respect to (A, ®) is
the functor given by passing from a category C to its set of objects Ob(C'). More precisely,
it is defined on an object (C, h,o,¢) € Ob(W E¢u(F, p)) by

(C,h,0,¢) — (Ob(C),h,o)

and on an arrow (f, fo) € Arr(W Eeu(F, p)) by

(f; fa) = (f0), f2)

1.2.7.2. The forgetful functor from the category of weakly enriched categories to the cat-
egory of categories F' or?c/f (F) W Ee¢a(F, p) — U — €at is the functor which forgets the
enrichment structure, returning the underlying category. L.e. it sends a weakly enriched
category (C,h,o,¢) to C.

1.2.8 Definition of (sk)-Associativity

Consider an associative tensor category (A, ®,a) € Ob(U — ATCat) A weakly (A, ®)-
enriched set (S, h,0) € Ob(WE(A,®)), is said to be (sk)-associative for a functor sk :
A — B (an arrow in U — Cat) if for any a,b,c,d € S,

sky(o(a,b,d) o (idp@p) ® o(b,c,d)) o a(h(a,b), h(b,c), h(c,d))) =

S/{(l)(o(a, & d) © (o(a, b, C) & idh(C,d)))a
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i.e. the standard self-consistency diagram (pentagram) for the enriched composition o is
required to commute after applying the functor sk

a(h(c,d),h(b,c),h(a,b))\

h(c,d) ® (h(b,c) ® h(a,b)) (h(c,d) @ h(b,c)) @ h(a,b)

idh(c,d)®o(a,b,c)l o(b,e,d)®idy (ap) l
h(c,d) ® h(a,c) h(b,d) ® h(a,b)
o(a,c,d)l o(a,b,d)l
h(a,d) o h(a,d).

1.2.9 Definition of the Category W E 4 g)(sk)

For any sk : A — B € Arr(Cat), define the category WE )<k € Ob(Cat) of
((A, ®), sk)-enriched sets.

1.2.9.1. Tts objects are sets enriched over A.

1.2.9.2. The hom sets
HomWE(A@)(sk) ((57 h57 0)7 <T7 hT7 OT)) =
are the pairs of maps of sets (Fy, Fy) € Arr(Set)? such that Fy : S — T and F : S? —
Arr(A) and
1.2.9.2.1. For any a,b € S, Fi(a,b) € Homa(hs(a,b), hr(Fy(a), Fy(b)).
1.2.9.2.2. F} respects composition after applying sk.

1.2.10 Remark

Roughly speaking, Fj is the map between objects of enriched sets, and F} : hg — hr o F'
is the “natural transformation of hom functors,” (there are no non-trivial arrows in S).
This means that applying the “functor,” (Fp, F}), then composing in T, versus composing
in S and then applying the functor, gives two arrows in A, such that sk of one arrow is
equal to sk of the other.

1.2.11 Lemma
W E(4,g)sk) 1S a category.
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Proof. The issue is composition. Given composible arrows

(Fo,F1)

Go,G1
)T, by, 01)), (T, ey, o) 22,

((S7 hS,OS) (U, hU,OU)) € ATT’(WE(A@)(Sk))

Starting from the result of application of the functor sk to the arrow which uses the
composition oy,

sk(
oy (Go o Fy(a), Gy o Fy(b), Gy o Fo(c))
o((G1(Fo(a), Fy(b)) o Fi(a, b)) @ (G1(Fo(b), Fo(c)) o Fi(b,c)))
) =

by functoriality of ®
sk(

oy (Go o Fy(a), Go o Fy(b), Gy o Fy(c))o
(G1(Fo(a), Fo(b)) @ G1(Fo(b), Fo(c)))o
(Fl(a,b) (029 F1 b, C))
) =

—~

by functoriality of sk
Sk(oU(GO o Fﬂ(a)a G(0 o Fﬂ(b)a GO ° FU(C)))O

sk((G1(Fo(a), Fo(b)) @ G1(Fo(b), Fo(c))))e
sk((Fi(a,b) ® Fi(b, c))) =
by (GQ, Gl) € ATT’(WE(A’@)(SM),

sk(G1(Fo(a), Fo(c))) o sk(or(Fo(a), Fo(b), Fo(c))) o sk((Fi(a,b) @ Fi(b,c))) =
by (Fo, F1) € Arr(W E(ae)sk) ),
sk(G1(Fy(a), Fo(c))) o sk(Fi(a,c)) o sk(og(a,b,c))

O

1.2.12 Lemma
If (A, ®) has products, then so does W Egeysk) (A, ®). The product is functorial.
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1.3 Enrichment of Homwg, . .. (1, C)

Consider a tuple of functors {p; : [; — A} ;. Suppose that for each i € {1,...,n}, the
colimit colim p; € Ob(A) exists, with universal arrows e;(,) : pi(x;) — colim p;. Suppose
that the colimit of the functor ®!,p; : [, [; — A defined by (z;)", — @ pi(x;)
is also an object in A. Consider the arrow (colim &', p; — ®_,colim p;) € Arr(A)
induced by (z;)I_; — ®I_ €i(,); i.e. by tensoring the universal arrows together. The
following lemma states that under certain conditions on the p;, the above defines a natural
transformation with respect to arrows of functors ¢; : p; — ¢;.

The (A, ®)-enrichment of the hom-sets in WE, A,@)(sk) involves such colimits, and the
definition of the composition requires that the above arrows should be isomorphisms.
This means that the “forward and backward composition functors” to be introduced in
lemma 1.3.7 below are determined by the arrows between products [[ hs(...) = [[ hr(...).

1.3.1 Lemma on the Naturality of 7

Suppose that {F;,G; : I, — A}, are functors, and {(F; &, G;)}, are arrows of

functors. Suppose that for each i € {1,...,n}, Pg A a), F; 0 €;)

and Pg, gi(HoméliMQ(Ji,A)) (

subcategory with only identity arrows.

Shtrom®

U—Cat
A(,,4), G; o €;) are subcategories, where ¢; : J; C I; is the

1.3.1.1. Suppose that the functors pp, : Pr, — A and pg, : Pg, — A are as in the
conditions of the limit inclusion lemma (i.e. colim(pg,) determines an object in P, with
the analogue holding for G;)

1.3.1.2. Define an arrow of sets 7y : [\, Ob(HomS)_eatQ (1;, A)) — Arr(A) so that for any

(Hy)iy € T, Ob(Hom) . o(Li, A)), Ty = colim(@)-, pr,) — @, colim(py,) is
the universal arrow for the colimit induced by the assignment (where ;) is the natural
transformation defining the colimit of pg,)

((agiys fi)ica = ©i1A@ (g, f0) Vg foy) i eIl Pr,

1.3.1.3. If u = ) : colim(@Q)—, pr,) — colim(Q);—, pg,) is the universal arrow for the
colimit induced by the assignment

((ag ), f)) = Aa((®i1aa), @105 © fi)) Vag .t )OI, Pr,)

then
®i1Ae,((a, 950 f)) o TR | =Tg  ou

Le., 7 : colim(Q)_, pi) = Qi colim(p;) is “natural at (¢;)7,.”
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Proof. By the monic arrow condition, the arrows involved are situated above the prod-
ucts, [T,eop,) Fila), so that the arrows @7 a¢;) — ®i,lg, are pure tensors respecting

the arrows ¢;. [

The following lemma defines a weak enrichment of the set Homwg,, .., (C, D). To any
“(A, ®)-functors” &, ¥ : C' — D, one attaches a category P, and defines the hom ob-
ject between ® and ¥ to be a colimit of a certain functor P — A. Roughly speaking,
P keeps track of all arrows into to the product J],copc) hn(®(2), ¥(z)) which respect

the composition with any arrows “coming from some h¢(z,y),” after one applies sk. P
is a full sub-category of the category of arrows over I, .oy hn(®(2), ¥(z)). The ob-

jects of P are all arrows (a [Tecovc) ho(®(z), ¥(x)), such that for any z,y € Ob(C),

for any (g AN he(z,y)) € Arr(A), tensoring 7 with ¢, projecting to the y-component
[Lecovc) ho(®(z), ¥(z)) = hp(P(y), ¥(y)), and composing in D is (sk)-equal to tensor-
ing t with 7, projecting to the x-component, and composing in D. One definesp: P — A
to be the functor which remembers the domain of a given arrow. One associates to ® and
U the object colim(p) € Ob(A) (assuming that the colimit exists).

One composes, i.e. defines, for all (A, ®)-functors &, U, = an arrow

(h(®, V) @ h(V,Z) = h(D,Z)) € Arr(A)

by taking the inverse of the arrow colim (Pp ¢ ® Py =) — (colim Py w)® (colim Py =) (that
this is an isomorphism is assumed), and recognizing colim (Ppy ® Py =) as an object in
Pg = by using the composition in D and the projection for the products to define arrows
Pow(z) @ Pyz(y) = [Locope) ho(P(2), E(x)). As an object in Py =, colim (Po,y ® Py z)
has assigned to it an arrow into colim Pg =, which is defined to be the hom object assigned
to ® and =. One composes this colimit arrow with the inverse of the first arrow to define
the composition arrow.

1.3.2 Lemma on the Enrichment of Homwg, . .., (C, D)
Suppose that (A, ®) has a symmetrizer and associator for the tensor.

1.3.2.1. For any ®, ¥V € Homwp(a,g) sk (C, D), define

Pg\L(A) (idA,Ob(A)( H hD((I)(x),\IJ(x))))
z€O0b(C)

to be the full subcategory generated by objects (i.e. arrows a — [T.covc) ho(®(z), ¥(z))
in A) such that for any z,y € Ob(C), (to = he(x,y)) € Arr(A),

sk(op o (idny @)y © ¥(z,y)) o ((Tom) @) =
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sk(op o (®(,y) @ idpy (@), v(x)) © 00 ((Tom) @1))

Then define hypae) sk (C, D)(P, ¥) to be the colimit of the domain object functor
p: P — A defined by (a, f) — a.

1.3.2.2. Suppose that the compostion on D is (sk)-associative, and the arrows u = up,)
colim ®}_, p; — ®} ,colim p; are isomorphisms, defined as in the previous lemma,
and p = {(L,pow)} U{(2,pvx)} : {1,2} — Arr(€at). Then define the composition
owEa,e)sk)(C, D)(®, ¥, X) € Arr(A) by taking it to be the composition of the colimit
arrow e : colim(—1®—2) = hwpae)sk) (C, D)(P, X) associated to the object (colim(—1®
—3),¢) € Ob(Ps x) determined by the arrow

¢ colim(—1 ® —3) — H hp(®(a), X(a))
ac0b(C)

induced by sending any given ((a, f), (b, g9)) € Ob(Py v Xeat Py x) to the product arrow
given to the assignment

a+r op(®(a), ¥(a), X(a)) o (7@ w)a° f & Tw,x)a©g)

1

with «=, Le.

owr(ae) sk (Cy D) (@, U, X) :=eou"
1.3.2.3. Define hw piae) sk (C, D) =

(HomWE(A,®)(sk) (Cv D)? BWE(A,(X))(Sk)l(Cv D)( ) )7 OWE(A,®)(Sk)(Cv D)( ) )) S Ob<WE(A7 ®))

i.e. part i. gives the hom objects and part ii. gives the composition.

1.3.2.4. hwpae) sk (C, D) is (sk)-associative. If (A, ®) has a unit I such that op is

(Yo(gy (I))-associative, then so does hw g(a,g)(sk) (C, D).

1.3.3 Remark

The enrichment on Homwg,, ., (C; D), i.e. the objects h(®, ¥) defined in the previous
lemma for (A, ®)-functors ® and ¥, were initially constructed as (sk)-equalizers. I believe
that the present construction can also be realized as an (sk)-equalizer, but by use of a
diagram containing arrows of the form [(Hom fun(A)o ((— ® J) X id4),00 (m ®1idy))] €
Arr(€2), and with restrictions on A.
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1.3.4 Definition of the Enriched Arrows Functor
If (A,®) € Ob(TC€at) has coproducts, then define
A;“T'(A’@) : WE(A,(@) — A

by (5, h,0) = [, 1es s, ) and (Fo, 1) = 11, jes F1(551)-

1.3.5 Remark

The functor sk is not referred to in this definition. A}r( A,@) 1s the “enriched arrow
functor.”

1.3.6 Lemma
Arr(a) is faithful.

The following lemma concerns the self-enrichment of the category W E 4 g)(sk). The en-
riched hom set defined in the previous lemma is denoted by ° hWE (4,@)(sk) (B, C).” Part
(i) of the following lemma defines the “forward composition/pushforward functor,”
hWE(A @) sk (B, C) — hWE A@)(sk) (B, D). Part (ii) defines the “backward composition /
pullback functor,” hy g A@)(Sk)(C D) — hWE(A@)(Sk)(B D). Part (iii) states that one can
use these to define an arrow

(hweas)sk) (B, C) X hivpae) sk (C, D) = hwrae)sh (B, D)) € Arr(W Ea.o)sk))

which gives the enriched composition in W E(4 g)sk)-

1.3.7 Lemma on Composition Functors
Given (sk) € Arr(Cat), for any (F : C = D), (G : B = C) € Arr(WE(,g)sk)),
1.3.7.1.

(F* : BWE(A,@)(sk)<Bv C) — BWE(A,@)(sk)(Bv D)) € ATT(WE(A@)(S]“))
is induced by [[,copm) ho(Vi(a), ¥a(a)) = [l.copm) ho(F o Yi(a), F' o ¥a(a)), which
induces a functor PhWE(A@)(sk)(B,C)(\Ifl,\lfz) — PhWE(A,@) oy (B.D)(Fowy Fot), SO that an arrow
is induced from the colimit of the first diagram (p;;wm ) (o) (B,C) (0, W5) TO the colimit of

the second Phy 5(a.@)(sk) (B,D)(FoWy ,Fow)-
1.3.7.2.

(G*: hweae) sk (C, D) = hwiae) sk (B, D)) € Arr(W Eseysr (A, ©))

is induced by [],copcy hn(P1(a), P2(a)) = [lacopm) hn(P1 o G(a), ¥s 0 G(a)), which is
the product map induced by the assignment (a — 7g(a)).
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These are analogues to the usual forward and backward functors associated to composition
on either end of a functor category Hom(B, C).

1.3.7.3. From an arrow of functors o : x4 — ®, the previous two constructions, and the
product structure, construct an arrow in WESet( AR)

hw B4 (sk) (B C) XWE 4 o) o0) PWB(A)(s8) (Cy D) — hwp(ag)(sky (B, D)

(Not unique. Corresponding to the choice of the path F} o Gy — Fj 0 Go — Fy X G3)
1.3.7.4. Defining 6 : Ob(W E ss5(a,0)sk))” — Arr(W Eas5(a,0)sk)) by sending (B,C, D) €
Ob(W E pss(a,0)(sk) to the arrow in (iii),

(Ob(WEAssoc(sk) (Aa ®))7 BWE(Sk)(A,(@)? 6)

is an (W Eass(sk) (A, @), XWE 4, oo (A, @)-enriched set, whose composition is (Ob)-
associative and (sk o Arr(a))-associative.

Proof. Parts i. and ii. consist only in checking for (sk)-commutativity so that the
constructions can be made. Part iii., states that for any C, D, E € Ob(WE(A,®)), for
any @1, (132, (133 c Ob(hWE(A@)(Sk)(C, D)), for any \Ifl, ‘1/2, \113 € Ob(hWE(A7®)(Sk)(D, E),

O (P10 P, Wa 0 Py, W3 0 P3)o
(OFL(C’E)(\Dl @) q)h \Ijl [e] (I)Q, \112 @) (132) ® OFL(C,E)(\IIQ O (I)Q, \1’2 ] (I)g, \113 O @3))0
(P53 ® Vis) @ (@3 ® Wai)) 0 014 =(sh)
OE(C,E) (\Ijl © q)l’ \Ill © q):)” \113 © q)?’) °© (®§ ® \Ill*) © (O;L(D,E) (\Pl? \1127 \Ij3) ® O;L((j’D) (q)17 q)27 ¢3>>>
given that colim(p) € P with a monic arrow into the relevant product, and that Vf, g :
v = [l ¥, Vi € 1, sk(m; o f) = sk(mog) = sk(f) = sk(g).

All arrows between the objects BWE(A@)(S;C)(C’, D) — BWE(A@)(S;C)(C”, D’) commute with
monic arrows hw g(a,e)sk)(C, D) — HcEOb(C’) hp(F(c),G(c)).

After taking the inverse of the isomorphism ®colim p; < colim @ p; (that this is an
isomorphism is assumed), these maps are determined by the arrows ¥;, and ®f. On the
components of the product ® come from identity arrows and ¥;, from W¥(a,b).

Diagram with two arrows,

I e, @) e J] he(¥s(a), ¥s(a)@

acOb(D) a€0b(D)
I 7o@i(a), Ta(a) @ ] ho(@a(a), ®s(a))
ac0b(C) ac0b(C)
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— hE(\Ill e} (I)1<CL), \Ilg o @3(@))
(one side is PERPiRW,, @V, and the other is PIRP;RV 1, ®Ws,). The PIRPIRV,, @V,
side is
IT—
hE(\Illoq)g(CL), Wgoq)g(a))@hE(\Ifg, (1)3(0,), \1130(133(&))(8}1[)((1)1(0,), <I>2(a))®hp(<1>2(a), (I>3(a))

idRidR V1 (P1(a),P2(a))@V1(P2(a),P3(a))

he(Vy o ®3(a), ¥y o P3(a)) @ hg(Vs o P3(a), U3 0 P3(a))®
he(¥o®i(a), ¥ o Py(a)) @ hp(¥; o Py(a), ¥y o P3(a))
2Es hp(Ty 0 ®y(a), Us 0 ®s(a))
The @ ® 3 ®@ ¥y, @ Uy, side is
I —
he(Ui0®y(a), ¥eody(a))@hp(Vsy, Us(a), ¥30Ps(a))@hp(Pi(a), Pa(a))@hp(Pe(a), @3(a))

1d®id@W1(®1(a),P2(a))@Wa(P2(a),P3(a))o0

hp(Vy o ®3(a), U3 0 P3(a)) @ hp(Vy o Py(a), Uy o Py(a))®
hi(Vy o ®y(a), Uy o P3(a)) ® hg(Vy o @i(a), Uy o Py(a))
O—E> hE<\I/1 o} @1(@)7 \113 o} @3(@))

By definition of P (.0 (T1,72) in particular, “commutativity” of the composition with any
arrow going through a hom object of C, the two arrows are (sk)-equal.]

1.3.8 Remark

On underlying “objects” this is the usual composition (e.g. 1-composition, of functors).

1.3.9 n-Categories

An n-Category is defined inductively as an object in the category of (n-1)-enriched cate-
gories.

The refutations of this approach (that it returns strict n-categories) which I've read re-
ferred only to enrichments associative in the strict sense. I therefore expect that requiring
only (sk)-associativity (in a sense to be made precise below) should sidestep this. n-
Categories with their basic structures are inductively defined, referring to each other (and
therefore inseparable).
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1.3.10 The inductive construction of n-categories

We define, inductively and simultaneously, the

—_

. “forgetful functors” (“objects functors”) F'(n),
2. natural transformations p(n),

3. the “associators” a(n),

4. the “product functors” x(n),

5. “symmetrizers” o(n),

6. “unit objects” I(n),

7. right and left unit arrows p,(n), A.(n),

8. (n) — equivalence of (n)-categories,

9. (n)-equivalence of (n)-functors,

10. the (n)-skeleton functor sk(n), and

11. the U’-category U(n) — Cat.

Here, for any n € N the category of (n)-categories U(n) — €at is the category of sets that
are weakly enriched over the category U(n — 1) — €at of (n — 1)-categories.

1.3.11 Definition of n-Category
Assuming that we have defined these objects for all integers < n we define them for n+ 1.

1.3.11.1. The “forgetful”, or “objects” functor is defined on n-categories and it takes an
n-category (an enriched set) to the underlying set

F(n+1)=Yo((, 1) ey L(n+1)): (Un+1)—Cat — U — Set

1.3.11.2. Define a natural transformation

p(n) : Xpr—get © (F(n) Xpr—e¢at Fi(n)) = F(n) o x(n)

by the identity maps.
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1.3.11.3. Define the (n)-associator

O[(TL—F ].) . x(n+ 1)O(X(TL+1) XU’—@atidU’—Cat) — X(n+ ]-)O(id(U,n-&-l)—@atXU’—CutX(n+ 1))

as arrow of functors ((U,n + 1) — €at)> — (U,n + 1) — €at, defined on objects by the
associator and on hom objects by a(n).

1.3.11.4. Define the (n)-product functor

x(n+1): (Un+1)—Cat xpr_¢at (U,n+1)—Cat — (U,n+1) — Cat

on objects by the usual product functor (arrow in U’ — €at), defined on objects by the
usual product functor and on hom objects by x(n), o(n), and a(n).

1.3.11.5. Define the symmetrizing transformation

on+1): x(n+1) = Xoy _cat

on underlying objects by the usual symmetrizer and on hom objects by x(n) and o(n).

1.3.11.6. Define the unit object

I(n+1) € Ob((U,n+1) — Cat)

having {0} as its underlying set, and I(n) for the hom object.
1.3.11.7. Define the left and right unit arrows

pu(n+1), \u(n +1) € Arr(Hom;) . o((Un+1) - Cat, (U,n + 1) — Cat))

pun+1): —xI(n+1)—Id
A(n+1):I(n+1)x — = 1Id

By the usual units on objects and p,(n) and A\, (n) on the hom objects.
1.3.11.8. Define, for any C, D € Ob((U,n + 1) — €at), the statement
(C, D) are (n + 1)equivalenty <

There exist F': C — D, G : D — C, such that for any (¢, c2) € Ob(C), (dy,ds) € Ob(D),
Fay(c1, ¢2) and Gy(dy, dz) are (n)-equivalences, and (G o F,idc), (F oG, idp) are (n+1)-
equivalent;.

1.3.11.9. Define, for any C, D € Ob((U,n+1)—Cat), for any F,G € Homun+1)—eat)(C; D),

the statement

(F,G) are (n + 1) — equivalent, <=
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There exist )
¢ € F(n)(hw B(Un)—eat,x (n)(sk(n) (C, D)(F, G))

b € F(n)(hw g(wn)—eat < () (skn)) (C, D) (G, F))

9

such that the various arrows
BWE((Un) Cat,x (n))(sk(n)) (C D)(F,F) —>hWE ((Un)—Cat,x (n))(sk(n)) (C D)(F,G)
BWE((U,n)—@at,x( ))(sk(n (C D)(G,G) — hWE (U,n)—€at,x (n))(sk(n)) (C D)(G,F)

given by the composition of 5, the arrow I(n) — hwg(Un)—catxm) (k) (C, D)(F, G)
associated to ¢ or 1 (see 1.3.2 part(iv).) and a unit arrow (A,(n) or pu( ), are (n)-
equivalencesy (Slightly loose usage. Adapt part (8).) (i.e. they (sk(n))-invert one an-
other).

Roughly speaking there are (sk(n))-natural transformations between F' and G, which
induce forward and backward compostion functors by the unit and enrichment lemma,
which are (n)-equivalences, and such that ¢ o+ and 1) o ¢ induce (n)-equivalent functors
to the identities for the respective hom objects.

1.3.11.10. Define the (n)-skeleton functor sk(n) as a quotient functor

sk(n): (Un) —Cat — Q

where () is the category defined by
0b(Q) = Ob((U,n) — Cat)
Homq)(C, D) w= {[F)meq € 211t @O F € Hom(my—eay (C. D)}
where [F|m)eq = [Gln)eq iff (F, G) are (n)-equivalent.
1.3.11.11. Define the category of (n + 1)-categories

(U,n+ 1) — Cat := W Epgs((Un)—cat,x (n) (sk(n),a(n))

to be the category of sets (sk(n))-associatively enriched over over the category of (n)-
categories

1.3.12

Parts (ii) and (iii) of the following lemma give construction for limits and colimits in
WE(A,®), to be applied to the (co)limits appearing in the construction of the enriched
hom sets.
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1.3.13 Lemma on Limits and Colimits in WE(A, ®)
For any (A, ®) € Ob(%Cat),

1.3.13.1. For : WE(g)(A,®) — W E(termosk) (A, ®) is faithful, where term : codom(sk)
— * is the functor whose codomain is the terminal category. I.e. one forgets that one
had had a composition requirement.

1.3.13.2. The limit of F : I — WE(A,®) can be constructed by the limit of the
underlying sets and (a;, b;)ier — limF}, where F| : I — A is defined on objects by

Fll(D) L) hF(o)(j)(aj7 bj))

1.3.13.3. For any F' : I — WE(gy(A,®), if 7 : colim o ® — ® o (colim Xgq colim) is
an isomorphism where hom objects hgy ) (x,y) are concerned, then the colimit can be
similarly constructed, by

(160, Db )]) = colimPY o cob L0 1y 5 (OB ) U obin(3): Aqgaap)

i.e. taking the colimit of all hom objects below both ¢ and j. Define composition
by the arrow induced by tensoring the colimit arrows assigned to ([(a,?)],[(b,7)]) and
([(b, 7)], [(c,k)]), composed with the inverse of .

1.3.14 Remark

The explicit description of limits and (co)limits is applied to verify in the following lemma
the isomorphism required for part (ii) of 1.3.2.

1.3.15 Lemma
Vn € N, colim o x(n) — x(n) o (colim Xgq colim) is an isomorphism.

Proof. On the level of sets, this is the isomorphism given by [(a;, b;)] = ([ai], [b;]). By the
previous lemma the product of enriched sets is given by taking the products of their hom
objects, so that 7,,1 : colimo x(n+1) — x(n+1)o(colim Xgq colim) is determined by 7
on underlying set and 7, on hom objects. By induction, 7, is for any n an isomorphism.
O

The “meaning” of the following theorem consists in the special cases of parts (iii) and (iv)
of 1.3.7.
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1.3.16 Theorem on (U,n) — Cat
The category (U,n) — €at is weakly enriched over itself. ILe.

((U, n —+ 1) — Cat, BWE((U,n)—Cat,X(n))(sk(n)7 5(71)) € Ob(WE((U, n + 1) — Cat, x (n -+ 1))

The hom set agrees with that given by applying the objects functor Ob = F (n) to the
hom n-category, i.e. Obo Homyn)—cat = Homu,n)—cat-

Proof. One must check that the constructions of 1.3.2 (see part(ii)) and 1.3.7 can be
applied at each step.

sk(n)-associativity is part of the definition of (U,n) — €at. The isomorphism of the
previous lemma is the only other requirement. [l

1.3.17 Remark

The restriction of WE((U,n) — €at, x(n)) to the subcategory of (sk(n))-associative en-
richments is necessary for the construction of the hom set enrichment, which is necessary
for the definition of the next skeleton functor, sk(n + 1)).

1.3.18 Remark

That (U,n + 1) — €at as an enriched set is sk(n + 1)-associative (and therefore properly
an (n + 2)-category) was expected, but not yet clear to me. By part (iv) of 1.3.7 it is
associative with respect to the objects functor and sk(n) o A}T((Uﬂ)_@at,x(n)), ie. it is
sk(n)-associative with respect to each hom object (n-category). The difficulty seems to
be in inferring, from the arrows giving the equivalences within the hom objects, arrows
giving equivalences from without. I suspect that this should be easier to do for particular
types of n-categories.

1.3.19 Example

(2) —Cat € Ob(WE((2) —C€at, x(2))). The skeleton is used at the level of the hom objects,
so that only the usual skeleton, sk(1), is seen in this case. The objects are enriched sets.

O = 0b((2) — €at) = {C = (C, h,0)}

where the composition is (sk)-associative, where sk = sk(1) : €at — @ is the quotient
functor determined by identifying isomorphic arrows (functors). The arrows are arrows
of enriched sets

(I) = ((I)(),(Dl) . (O, hC,OC) — (D,hD,OD)

respecting composition after the application of (sk).
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By the Hom-enrichment construction one associates to any C, D € Ob((2) — Cat), , ¥ €

Hom(2)—eaty(C, D), the category Py of all arrows (x EN [Teconc) b (@(c), ¥(c)) satis-
fying the (sk)-commutativity requirement. p : Ppy — Cat is the functor defined by
(2, ) = @) (2,f)c0b(Py.o)- By definition hy_eai(a, 0)(P, ¥) := colim Py v

The description of the enrichment on (2) — €at requires, for any (C, D, E) € O, an arrow

(f_zg_@t(C', D) X ]_lg_gat(D, E) i> }_lg_gat(c, E)) S ATT((Q) — Q:Clt)

representing composition. That the above is an arrow in (2) — €at, interpreted, means
that for any ®,, @y, @35 € Hom2)—cat)(C, D), ¥1, Vo, U3 € Hom(2)—caty(D, E),

F =G e Homey(

B(Q)—Eat(oa D) (¥, ¥,) x }_l(2)—€at(07 D)(¥q, ¥3)) x (%—@t(D, E)(®q, ®,) x B2—€at(¢)27 ®3)),
B2—€at(07 E)(®y0 Wy, P30 U3))
where
F=3(C,E) o (9, x %) o (5(C, D) x 3(D, E))
G =0(C,E)o (5(C,E) xo(C,E)) o ((P1. x W) X (Pgu x ¥3)) 00
where 5(C, D) denotes the enriched composition in hy_gq(C, D). Le., there is a function

(arrow of sets) o : Ob(dom(F')) = Ob(dom(G)) — Arr(€at) defining a natural isomor-
phism between the functors F' and G.

1.3.20 Proposition

If the P-colimit inclusion condition is satisfied for (U, n) — Cat, regarding the construction
of the hom enrichment, then it is satisfied for (U, n+ 1) — Cat as well. Le., the two arrows
colim p ® eg = [[.copc) o (®(c), ¥(c)), one from right composition and the other from
left composition, are (n + 1)-equivalent.

Proof. The forgetful functor is at each step given by the objects functor. In this case, P
is given by all arrows (a — [Teconcy ho(®(c), ¥(c))) € Arr((U,n) — €at), such that for
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any arrow (eg — he(z,y)) € Arr((U,n) — €at) into a hom object in C, the two arrows (if
® = x(n)) _
T(a)s @) : @ ® eg = hp(P(z), Y(y))

one given by composition with ey on one side and the other by composition on the other,
are sk(n)-equivalent. Therefore a choice of an (n + 1)-equivalence of (n + 1)-functors is
still a choice of

¢ € F(1)(hw B((Un)—catx (n))(sk(n)) (T, 1))
¥ € F(n)(hw p(un)—cat,x (m))(skm)) (7))

where l_zWE((Um)_@a{,X(n))(sk(n))(r, [) is itself by construction a colimit of the domain object
functor

p = dob | (un)—cat) (id(vn)—cat; Ob(Un)—eat) H hp(r@) (), lo)(x)))) o€ :
x€0b(to)

P — (U,n) — Cat.

By the inclusion condition for the n case the hom object assigned to r and [ has a monic
arrow into the product of hom objects hp(r)(z),l)(x)). By the isomorphism of the
previous lemma and the construction of the colimit in W E4 k) in the lemma before
that, an arrow of functors ¢ € Ob(hw g(U,n)—cat,x (n))(sk(n)) (leotim p» Teotim p))) i @ map of
sets

¢ = Ob(colim p x (n)eg) = Ob(colim p) x Ob(eg) =
{(a,m);a € dom(m) and (dom(w), ) € Ob(P)} x Ob(ey)

— U Ob(hD(lcolim p» Tcolim p))

Claim - That a choice argument implies the existence of a natural isomorphism ¢ from
the natural isomorphism ¢;. [

1.4 Addresses

We introduce the notion of an address, which is sequence of hom objects, each nested
within the previous by the n-categorical enrichment. It is essentially a book-keeping tool,
meant to record the “location of a k-arrow within an n-category.”

1.4.1 Definition of the Empty n-Category

Ouay—eat == (0,0,0,0,0) € Ob(U — €at) = Ob(U(1) — €at) is the empty category, and
Vn e N, Oumio)—cat = (Du)—ca, §,0) € Ob(U(n+2) — €at) is the empty (n+2)-category.
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1.4.2 Definition of Addresses
We define two address functions, one for objects in (U, n) — €at and one for arrows.

1.4.2.1. For any n € N, fAddy(ny : Ob(U(n) — €at) — U’ is defined to be the function
which sends an n-category x € Ob(U(n)) — €at) to the set of functions a : {1,...,5} — U’
such that for any k € {1,...,j}, where j € {0,...,n},

a(k) = (a(k),b(k), C(k), h(k), o(k)
h(k)(a(k),b(k)) = (C(k + 1), h(k + 1), 0(k + 1))
a(k),b(k) € Ob(C(k))
z = (C(0), 1(0),0(0))

For any n € N, Addy,y : Ob(U(n) —Cat) — U’ is the function which sends an n-category
x as above to the set of functions « : {0, ..., j} — U’ such that there exist a,b, C, h,o for
which o = (a(k),b(k))keqo,..;3 and (a(k),b(k), C(k), h(k),o(k)) € fAddymyo(z).

.....

)
)

These assign to each n-category its set of “(full) addresses,” being sequences
(a(i),b(i),C(i), h(i),o(7)) such that (a(i + 1),b(i + 1)) is a pair of objects in the base
category C(7) of the (n —i — 1)-category associated to the previous pair (a(i),b(7)) by the
enrichment. fAdd refers to the former list and Add to the truncated latter.

The “length,” |a| = |(a,b)|, will denote its order as a set.

1.4.2.2. For any n € Ob(N), Addy ) : Arr(U(n)—Cat) — U’ is defined to be the function
which sends ¢ € Arr(U(n) — €at) to a function

S+ Addy(nyo(dom (¢ U Arr(U(k) — €at)

defined inductively, by requiring that
S:0— o

and that for any (a,b) € Addygy(dom(e)), for any ¢ € Arr(U(n — |(a,b)]) — Cat),
S(a,b) := ¢ iff there exists (ao, bo) € Addy(nyo(dom(¢)) such that

(a0, bo)| +1 = [(a, b)| and (a, b)lo....|(a0.b0) -1 = (@0, bo)
and there exists ¥ = ((fo, f1), f2) € Arr(U(n — |(a,b)| + 1) — €at), such that
v = S(ag, bo) and fa(a(|(a, b)), b(|(a, b)])) = ¢

This associates to every arrow of n-categories a function which sends an address for the
domain category to the arrow of (n — k)-categories assigned to it by the original arrow.
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1.4.3 Remark

That the above definition consists of two maps, one for n-categories and the other for ar-
rows of n-categories, suggests some functor giving an alternate description of n-categories.

1.4.4 Definition of the Functors ncg%) f‘:‘ and F orggg):éit

For any n,m € N\{0} such that n < m, define functors I ncg%)__éf : U(n) — Cat —
U(m) — Cat and F orUEn)) fa‘f : U(m) — €at — U(n) — €at inductively, by the following.

1.4.4.1. For any x = (C, h,0) € Ob(U(n + 1) — €at),

Incoun1)—eat(®) v= (C, Incoy(ny—eat © Iy INC1y(n)—cat © ©)

and for any ¢ = (g, p2) € Arr(U(n + 1) — Cat),

]nclU(n+1)—¢at(¢) = (ﬁbo, ITLCU m(%))
so that IncU(nH)_@at = (]ncOU(nH)_@at, InclU(nH)_@a{) : U(n+1)—¢at — U(n+2)—€at

Now temporarily define Incygy—¢a : U — €at — U (2) — €at to be the functor which
sends a category C' to the 2-category with enrichment he(a, b) := (Home(a,b),{idy; f €
Home(a,b)}, ...) given by attaching only identity arrows. Define

U(m)—Cat

IncUmth—cat . _ Incy(m)— @atolncU( )—Cat and

CU(n)—cat

Iney () ent = Incuq)-ea

1.4.4.2. Similarly, for any xz = (C, h,0) € Ob(U(m + 1) — €at),

Forg(mﬂ)_eat(x) = (C, Forg(m)_eat oh, Fori](m)_cut 00)

and for any ¢ = (¢g, ¢2) € Arr(U(m + 1) — Cat),

For{ "7 (6) = (0, Fory ™™ (62))

so that ForV(m+h=eat . — (pop U=t oo Umen=Cat) ). [7(m 4 1) — Cat — U(m) —
Cat.

Now temporarily define ForV®=%t . [J(2) — ¢at — U — €at to be the functor which
forgets the enrichment. Define

F U(m+1)— €a£ — For U(m)—Cat U(m+1)—Cat

U(n)—Cat U(n)—Cat and

o For

For Uéng 06:2: = idy(n)—cat
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1.4.5 Lemma
Vn € N, U(n + 1) — €at has products and coproducts.

Proof. For products, by induction on n. At the base take the usual product category.
For any tuple (2;)ics, (¥i)ics, use the inductive step to take the product [, he, (@i, ys).

For coproducts, at the base take the usual coproduct category (objects are the disjoint
union. Homyy,_((a,j), (b, k)) is for j # k, and Home,(a,b) for j = k). If n > 1, then
for the enrichment, hyy,__c,((a, ), (b, k)) is D (n)—cat for j # k, and he,(a,b) for j = k. O

1.4.6 Definition of Products and Coproducts

HU(n)f@at and HU(n)ant will be functions
User Homyr—get(S, 0b(U(n) — €at)) — Ob(U(n) — Cat), the canonical constructions
described in the previous lemma’s proof.

1.4.7 Definition of the Restricted Simplicial Sets

Define A € Ob(U — mathfrakSet) to to be the simplicial category, i.e. its objects are
finite ordered sets and its arrows are order-preserving functions.

For any n € Ob(U —Get), define the category Ap) == A\ (jenj<n—1},<n) =) (0bay(({7 €
N;j <n—1}, <n)),idw—catya))- This is the arrow category under the set with n elements.

1.4.8 Definition of Primitive Arrows

Vn € N, Vf € Arr(A), f is primitive iff ||[dom(f)| — |codom(f)|| = 1. Vo = (f,e,id,) €
Arr(Apy), ¢ is primitive iff f is primitive.

1.4.9 Lemma

Any arrow in A or A, is a composition of primitive arrows.

1.4.10 Lemma on a Pseudo-Simplicial Structure on (U.n) — Cat

For any n € N, there exists a unique

p € Homur _gaty (An), L7 —eat) (00w —eary(U(n) — €at), idy_¢qt))

.....
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1.4.10.1. If f injective, then puy(¢) : U(ldom(f)|) — €at — U(|jcodom(f)|) — €at is
defined on objects by )
Py (@) : (C,h,0) = (D, h,o)
it (I (b (Idom(f)I)
U(|codom(f)])—Cat U(|dom(f)|)—Cat
F rU(\dom(f)|71)f¢at(D) =F rU(|dom(f)\fl)i€ut(C)

and for any full address a = (a,b,Ca, ha,04) € fAddy(doms))((C, h,0)), for any k €
{1, ..., |dom(f)|}, f(k+1) = f(k)+ 2 implies

Ob(ho(k)(a(k),b(k))) = {0} and
o€ fAddU(|codom(f)\)<<D7 ]_1, 6)) and
Va = (du l_)a Céza héu O&) € fAddU(|codom(f)|)((Da Ba 6))7

.....

The functor p;(¢) is defined on arrows by

p1(P)qy : F' = ((Fo, F1), F2) = ((Go, G1),Ga) = G

iff
U(|codom(f)|)—Cat o U(|dom(f)|)—Cat
F TU(|dom(f)\71)f€at(G) = FOTU(\dom(f)kl)ant(F)

and for any address a = (a,b) € Addy(|codom(s)))(dom(G)), for any k € {1, ..., |dom(f)|},

"fk+1)=fk)+2and |o| =k + 17 =

1.4.10.2. If f is surjective, then pi(¢) : U(|dom(f)|) — €at — U(|codom(f)|) — Cat is
defined on objects by

P1 (¢)(0) : (Cv ha O) — (Dv Ba 6)
it (|dom(f)I) (I (N
U(ldom(f)|)—Cat _ U(|codom(f)])—Cat
FOTU(|codom(f)|—1)—Q‘at(0) =F 7”U(|codom(f)\—1)—¢at(D)

and for any full address o = (a,b,Cq, ha,04) € fAddy(codgom(p)o(D), for any k € N,
f(k+1) = f(k) implies

(Oa(k)v ha<k)7 Oa(k)) = H(C&(k + 1)7 hd(k + 1)) Oc‘v(k + 1))

acs
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where

S = {O_é - (C_L, 1_77 Co‘u ho‘n oo‘z) S fAddU(\dom(f)DO(C)y
(a

----------

The functor p;(¢) is defined on arrows by

p1(9) : F' = ((Fo, F1), Fa) — ((Go, G1),G2) = G

iff
U(|dom(f)|)—Cat o U(|codom(f)|)—Cat
FOTU(|codom(f)\ff)fﬁat(F) =F TU(\codom(f)H)icat(G)

and for any full address o = (a,b,Ca, ha,00) € fAddy(codom(f))o(C), for any k € N,
f(k+1)= f(k) and |a] = k4 1 imply

Addyy(eodom(rp1(G) () = [T Addu(aom(pypi (F)(@)

acs

Le. if f is injective, delete the k-th step, replacing it with the coproduct of all n-k-1
categories appearing in the enriched homs there. If surjective, add a step, a base category
with only one object, leaving its enriched hom as that which had preceded it.

1.4.11 Lemma on Representing the k-Arrows Functor

Adopt the notation of (1.4.10). Then for any arrow f € Arr(Ag,) if the functor R :
(U,n) —Cat — (U, | f]) — €at given by requiring that p(f) = (-, R, (U, |codom(f)|) — Cat),
then the functor

Fumy—ea 0 p(f) - (Un) — Cat — U’ — Get

is representable.

1.4.12 Remark

I expect there to be some enriched version of this.

1.4.13 Lemma

Adjunction of functors given to opposite pairs of primitive arrows by p.
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1.4.14 Conjecture on (sk)-associativity for a Subcategory of n — Cat

For any n € N, for any B = (B, hg,0) € Ob(WE(U,n) — €at, x(n))), if there exists
C € Ob(U — €at), and

(Add(B) & Arr(U — €at)), (Add(B) < Arr(U — Cat) € Arr(U’ — Get)

satisfying the following, properties, then B is sk(n)-associative.

1.4.14.1. C has colimits.

.....

e(B) : B — Cre =ke) (id(o), 0bcy (€))

the functor

is faithful, and

Un— —Ca 1
O(B) : Fory ed™ = (Bjg)) — Hom{}) , 2(E.Cyq)

is an equivalence of categories, where “|3|” denotes the order of § as a set of pairs, i.e.
the number of categories or pairs of objects appearing in the sequence.

1.4.14.3. The functors ®(f) agree with the composition given by the Hom enrichment
lemma, (1.3.7), up to natural isomorphism. Explanation follows.

1.4.14.3.1. Let there be three addresses 3, 1, 2 € Add(B), such that

181l = |Ba| = B85 = [B] + 1 and B = 81 N B2 N B3

and

bi(gl+1) = ag(ip+1) and as(si+1) = a1(+1) and bz(g+1) = ba(ig1+1)

i.e. the addresses 3; and [, correspond to a triple ai(i1), biks1) = G2(k41), boks1) €
Ob(Cy) in the underlying category for one of the hom objects, composed to yield .

1.4.14.3.2. Then there is a natural isomorphism of functors
Sea © (B(B1) x D(B2)) = B(By) 0 For()"e )" (0),

where 6¢y is that of (Enrichment, 1.3.7) for (U,2) — €at.
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CHAPTER 2

THE CATEGORY () OF POINTED CORRESPONDENCES
AND THE SPEC FUNCTORS

We define a category, €2, intended to contain several “categories of geometric objects,”
allowing for arrows between them. A spec functor is a formalization of the usual affine
chart construction, which determines a subcategory of (2.

2.1 Definitions Regarding the Category of Pointed Correspondences

We denote by §2 a category of pointed categories whose arrows are pointed correspon-
dences. There is, for every category C, a canonical functor ko : C — €. A functor
F : C" — C" between two categories induces a a natural transformation between the two
canonical functors kKcr — K.

It is intended that ) should serve as a common locale for several types of geometries.
Here, “geometry” is used in the sense of categories such that their objects have some
local structure (e.g. those of schemes or manifolds). This is formalized by requiring any
“geometry” II to be a sub-category of €2 generated in €2 from a subcategory interpreted
as “inclusion of the affine objects”. The objects in these “geometric” subcategories of 2
are given by pairs (Sh,O,), where Sh is the category of sheaves on some Grothendieck
topology and O, € Ob(Sh).

It is intended that (2-arrows, are given by correspondences between the categories of
sheaves associated to “schemes”. They therefore should allow for morphisms beside the
usual ones (i.e. those constructed from functors beside the usual pushforward/pullback
functors), such as algebraic correspondences.

2.1.1 Definition of

For any two universes U € U’, the omega category for (U,U’) is a U’ category €2 whose
objects are pointed U-categories and arrows are the isomorphism classes of pointed U-
correspondences.
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2.1.1.1. The set of objects is the set of categories with a distinguished object, i.e. an
object is a pair (C,x), where C' € Ob(U — €at) and x € Ob(C).

2.1.1.2. Suppose that C; D € U — €at are categories, with x € Ob(C), and y € Ob(D).
Consider the set of all pairs (F, ¢), where F' : C?? x D — U — Get is a functor and
¢ € F(x,y). Define an equivalence relation on this set by requiring that

(F.9) = (G,¢)

iff there exists an isomorphism of functors ® : F' — G, such that ®(z,y)(¢) = 1.

Then the hom set Homgq((C,z), (D,y)) is defined to be the set of all equivalence classes
[(F, ¢)] of such pairs.!

2.1.1.3. (The relation R'(F,G,x,z)). In order to define the composition in §2, we define,
for any functors
F:C"xD-—U-G6Get«<— D" xE:G

and for any x € Ob(C) and z € Ob(FE), an equivalence relation R'(F,G,z,z) on the set

I Fly) xGly, =)

y€Ob(D)

It is that which is generated by requiring that for any y,y" € Ob(D), for any (¢,v) €
F(z,y) x G(y, 2), for any (¢',¢') € F(z,y') x G(y', 2),

(¢7 w) gR’(F,G,x,z) (¢/a ,QZ)/)

if there exists an arrow (y ERN y') € Arr(D) such that
G(f,id.)(¥') = ¢ and F(idy, [)(¢) = ¢'

This is to say roughly that we require (¢,v) and (¢',v’) to be equivalent if they can be
related by an arrow (y ER y') in the middle category D, in the sense that ¢ = F(f) o ¢
and ¢ = ¢’ o G(g).

For convenience the relation will be written R(F,G,z,z) = R(F,G) when x and z are
understood from the context.

!Formally, they should carry the information of their intended domain and codomain, so that the hom
sets should be disjoint. This is a peculiarity of the definition here employed of a category, which requires
that a set of arrows should be specified.
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2.1.1.4. For any composable arrows (C,x) LGN (D,y) LCIDIN (E, z) in Q, the composi-

tion is defined by
(G )] o [(F,9)] := [(F *a G, [(9, V)] r (rG..))]

where the functor F xq G : CP? x E — U — Get is defined to send a pair (2/,2') €
Ob(C°P? x E) to the set of equivalence classes with respect to R'(F,G, 2, 2") of pairs
(W', @) € F(a',y) x G(y',2') over varying ¢/, and the distinguished equivalence class of
pairs is [(V, )] r(r.c 0,)-

2.1.1.5. For (C,z) € Ob(R2), we define the identity arrow id(c ) : (C,x) — (C,z) to be
Z'd(ax) = [(Homc, id(C)(x))]R

i.e. it is defined by the pair consisting of the hom functor Home : CP? x C' — U — Get
and id, € Home(z, ).

2.1.2 Proposition

Every universe within a universe U € U’ has a unique category 2 € Ob(U’' — €at) as
constructed above.

Proof. The details of the proof are in the following subsections. As a set, () is determined
by the definition. It remains to show that it is a category, in particular, we will show in the
following that the composition defined in (2.1.1.4) is associative (see 2.1.2.2) and that the
identity properties hold (see 2.1.2.3). Associativity comes from the usual natural isomor-
phisms associating two different product functors, ((—; X —3) X —3) = (—1 X (—2 X —3)).
The identity is given by ido(cx)) := [(Home, id;)]. The required natural isomorphism for
the identity is found by applying (2.1.1.3) to any pair (f,g) € Homeg(a,x) X F(z,y) to
show that the arrow of functors given by (f, g) — F1y((f,id,))(g) is injective. Surjectivity
is obvious.

2.1.2.1. Recall the functors F xq G constructed in (2.1.1.4), with functors F' and G as in
that section.

2.1.2.2. (Associativity). For any composible arrows ((B, ¢) LGN (C,c) (G,

(D, d) LGLIIN (E,e)) € Arr(S2), define the associator «, the isomorphism of functors
required in (2.1.1.2), by sending each object (b,e) € Ob(B? x E) to the map of sets

a(b,e) : ((F xq G) xq H)(b,e) = (F xq (G xq H))(b, e)

defined by
Oé(l% 6) : [(Gy, [(wlaX/)]R’(F,G)>]R’(F*QG,H) = [([(¢/,W)]R'(G,H),X/)]R'(F,G*QH))

Obviously « is an isomorphism.
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2.1.2.3. (Identity). For any (C,x) SN (D,y) € Arr(Q), one must construct natural
isomorphisms F xq Homgc — F', for the left unit, and Homp xq F' — F', for the right unit
(See 2.1.1.4).

Define the left unit isomorphism by sending an object (z’,y") € Ob(C°PP x D) to the map
of sets
w(z',y') : (Homp xq F)(2',y") — F(2',y)

defined by
ul(xla y/) : [(1//7 ¢/)]R’(HomD,F) = F(wlvid(dom(c)(qﬁ’))((b/)'

The following gives the right unit isomorphism, mapping (z',3") € Ob(C? x D) to the
map of sets
u (', y) o (F xq Home)(2',y') — F(2', )

defined by
'LLT<CL'/, 3//) : [(W, (bl)}R’(F,HomC) — F(id(codom(D)(w’)a ¢I)(¢1)

2.1.2.3.1. One must show that u; and u, are isomorphisms of functors. The argument
is symmetric, and so only the right side (involving u,) will be explicitly written. First
injectivity.
Consider any objects

' € Ob(C),y,y",y" € Ob(D),

any arrows
Y € Homp(y",y') and ¢" € Homp(y",y),

and any elements
(ZS// E F(ml,y”) and (b/// E F($/7y///).

Suppose that u; sends two elements (equivalence classes of pairs) to the same element:
ur (2, Y ) ([, V") e aromp, ) = wr (2, Y ) (" 40" R (rromp, ) )-
Then the two elements of F'(2',y') are the same:
F(idy, ")(¢") = F(idy, ") (¢").
Therefore the relation of (2.1.1.3) implies an equality:
(", "R tromp,F) = [(F(ider, ") (¢"), idy ) r (Hromp,F) =

[(F(idw’v¢/,/)(¢,//)aidy’)]R’(HomD,F) = [((bma@bm)}R/(HomD,F)'
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2.1.2.3.2. Surjectivity of the map wu; is straightforward. Given any objects
' € Ob(C) and y' € Ob(D),

for any element ¢’ € Fio)(2',y'),
UT(QZ'/, y/)([(¢/> ZAdy’)]R/(HomD,F)) = ¢/'

2.1.2.3.3. So is the compatibility of the distinguished elements,

Ur(l',y)([(¢, idy)]R’(HomD,F)) = ¢ o Zdy = ¢

2.1.2.3.4. A symmetric argument should be given for u; and the left identity)
This completes the argument for the identity. [J

2.1.3 Convention

If a universe U is understood, then “2” should refer to the above category. If not, then
“Qu” will.

2.1.4 Remark

All hom sets in §2 are non-empty. To see this, let T be the terminal category, i.e.
that having only one object, ) € Ob(T), and one arrow, idy. Denote, for any objects

(C,z),(D,y) € Ob(Q), their terminal functors by C' % T <2 D. Then [(Homy o (ta? x
tp),idy)] € Homq((C,z),(D,y)).

2.1.5 Definition of the Canonical Functor s

For any category C, define the functor ko : €' — Q by sending objects x to (C,x),
i.e. so that z is distinguished within C', and arrows ¢ to [(Homc, ¢)], i.e. so that ¢ is
distinguished within the hom set given by C.

2.1.6 Remark

That k¢ () (the map on objects) is injective is trivial.
2.1.7 Lemma
For any (I,7) € Ob(R2), for any C' € Ob(U — €at), the functor Yoq(I,i) o k3" : CPP —

U — Get (where Yoq : Q — Homg,)_@t(QOpp, U' — Get) is the Yoneda functor), sends
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an object ¢ € Ob(C) to the set of pairs consisting of isomorphism classes of functors

F:Cc?» —H omgi e[, U — Get) with distinguished elements of the set F'(c)(i) given
by i.

2.1.8 Lemma
For any category C, k¢ is faithful iff the only automorphism of the identity functor
Idg : C — C is the identity, i.e. Aut, (C)(Idc) = {idja. }-

U—c¢

Proof. The failure of k¢ to be faithful would mean that there are distinct arrows ¢, :
x — y € Arr(C) such that there is an isomorphism

at2

(Home 2, Hom¢) € ArT(HomSzgatz(C’”’p x C,U — Get))

such that ®(z,y)(¢) = ¢ . Consider the map of sets f : Ob(C) — Arr(C) given by
f:c— ®(c,c)(id.). By a Yoneda-type argument, f is a non-trivial automorphism of the
functor Idc.

Now the reverse. If g : Idc — Idc is an natural isomorphism of functors, then define an
arrow of functors, ® : Homgc — Homg, by requiring that for any z,y € Ob(C), for any
¢ € Home(x,y),

Oz, y): o= dog(x) =g(y)o¢

Naturalness on either side follows from the naturalness of g. Since g is invertible, ® can
be inverted by

O Nz,y):d> pogla) " =gly) oo,

which is similarly also a natural transformation, since g~! is natural. [J

2.1.9 Lemma

Suppose that a category C' is generated by objects G C Ob(C'), i.e. that ngG Y oP(g) :
C — U — Get is faithful.

2.1.9.1. The functor k¢ is faithful iff the set of automorphisms of each generator g € G is
trivial.

2.1.9.2. If a category C' has an initial object e, then for any index category I the category
of functors from [ to C has a set of generators, given by the left Kan extensions of the
diagonal functors Az, c)(0) (g) for g € G, along the inclusions in [

7 ]Z-/ :i([) (Ob([)(i),id([)) ib) I

of the arrow categories under varying objects in I, where cob is the functor which remem-
bers the codomain object of an arrow.
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2.1.10 Corollary
For any universes U € U’ € U”, for any D € Ob(U — €at), k¢ for U” is faithful if C' is

e%Elﬁer H omS,)_ ca2(D, U —Get), H oms,)_ ez (D, U — €at) or some category of diagrams in
either.

2.1.11 Corollary
Every U — €at object has a faithful functor into the omega of U”.

2.1.12 Definition of Natural Transformations k;, r and Ko,

For any (C L D) € Arr(U — €at), define the x — twist of F' to be the function k., F :
Ob(C) — Arr(Q2) given by composing the Hom functor Homp with F°P? for one of the
arguments, with the identity arrow idp(.) in the codomain of F,

Kw,r = (= [(Homp o (F"" Xy _gat idp), idp(c))])ceob(c)-

The r — cotwist of F is similarly given by F and idp (), being a function e, r : Ob(C) —
Arr(Q), so that

Reotw,F +— (C = [(HomD o ((Zd%)p XU—¢eat F), idF(c))])ceOb(C)'

2.1.13 Lemma

Given a functor F' as above, the k-twist and x-cotwist of F' are natural transformations
of functors,
Rtw,F
kg —— Kp o F,

Keotw,F

Kkp o F' —— k¢,

i.e. arrows in the category H omg,)_ ez (O, Q) of functors.

2.2 Q-Lifts

An Q-lift is essentially the construction of a structure sheaf associated to the topological
spec functor sp : R — T between categories, when the codomain of the concerned
functor has been given a Grothendieck topology, and a functorial notion of an open
immersion.

An admissibility structure is defined to be some sub-functor of a “fibre functor,” which
essentially assignes to each object in 7 a “category of open subsets.” For any functor
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O : R — S one constructs a sheaf on the the category assigned to each object sp(x) €
Ob(T), by sheafifying the Kan extension of O restricted to the pre-image category of the
functor which sends the arrow category in R over x to the arrow category in T over sp(z).

2.2.1 Definition of a Fibre Functor
For any universes U € U’, for any category C € Ob(U — €at) a functor (CPP - Cat)
is a fibre functor if the following, (2.2.1.1) and (2.2.1.2) hold.

2.2.1.1. For any c € Ob(C'), the category F'ib(c) is the category C). of objects in C' that
lie over ¢, i.e., of morphisms z — c.

2.2.1.2. For any (¢ ER c2) € Arr(C), the functor Fib(f) : Cj,, — C/, is the pullback
functor, i.e., it sends objects & = ¢, to their fibred products by f, i.e.

Fib(f): (x % c3) = (c1 Xy an c1);

and it sends an arrow ¢ : (v = cy) — (y N c2) (ie. ¢ :x — y with bo ¢ = a), to its
pullback ¢ X, 1., 1 ¢ X, ¢1 = Y X, €.

2.2.2 Lemma
Consider any arrow x LN y € Arr(C).
2.2.2.1. Define a category Ly € Ob(U — €at) by the following.

2.2.2.1.1. Tts objects are diagrams consisting of triples of arrows (u, f,v) € Arr(C)? such
that vo f =¢ou

2.2.2.1.2. Tts arrows are natural transformations (given by certain pairs of arrows (a,b) €
Arr(C)).

2.2.2.2. Define the functor For. : Ly — Fib(y), on objects by (u, f,v) — v, and on
arrows by (a, b) — b.

2.2.2.3. Define the functor Fory : L, — Fib(z), on objects by (u, f,v) — u, and on
arrows by (a,b) — a.

2.2.2.4. Suppose that G is a right adjoint functor to For..

2.2.2.5. Then Fib(¢) = Foryo G.

Proof. For any v € Ob(Fib(y)), (u, f,v) € Ob(Ly), v, f" € Arr(C),
(', f1) fibres(¢,v') =

Homy,((u, f,v),G(v")) =2 Hompay)(Forc((u, f,v)),v") =
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Hompiyy) (v,v") = Homy, ((u, f,v), (W, f/,0)),

where the last isomorphism F, sy @ Hompu)(v,v) = Homyg, ((u, f,v), (v, f',v")) is
given, for any b € Hompy,) (v, '), by

F(u,f,v):bl—>(a,b)<:>f/oa:bofandu’oa:u7

so that

F(;}fﬂ)) : (a,b) — b.

By the Yoneda lemma the right adjoint functor is determined to be the functor which
sends an arrow over y to its fibred product with ¢. [J

2.2.3 Remark

A fibre functor is a functor determined by fibre diagrams. The previous lemma (2.2.2)
expresses the notion that the data of the arrows f opposite to the arrows ¢ in the fibre
diagrams by which one constructs F'ib are implicitly retained. The arrows f are to be
used in the following as “localizations” of ¢.

2.2.4 Definition of an Admissibility Structure.
An admissibility structure ¢ is a subfunctor of a fibre functor, with an identity object.
L.e. it is a natural transformation
e: E— Fib
of Cat-valued functors, so that the following hold.
2.2.4.1. Fib is a fibre functor(C).
2.2.4.2. For any ¢ € Ob(C), ¢(c) : E(c) — Fib(c) is faithful.

2.24.3. For any ¢ € Ob(C), there exists some e € Ob(E(c)) such that e is terminal,
and e(c)(e) = (¢, id., o) (i.e. e is terminsl, and sent to the terminal object in the arrow
category, given by the identity arrow).

2.2.5 Definition of a Spec Datum.

For any universes U € U’, a spec datum(U,U’) is a tuple (sp, O, ,¢), consisting of two
functors (S ERE T) € Arr(U — €at) with the same domain, a Grothendieck topology

7 on codom(sp), and an admissibility structure ¢ € Arr(H omg,)_ ez (cOdom(sp), U — Cat))
onT.
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2.2.6 Remark

I believe that there ought to be a definition for a category, whose object set is the set of
spec data. I'd imagined at first the category of functors from the category with two arrows
with the same domain to the category of categories, with the codomain of one functor
having a topology and admissibility structure. But I am uncertain of which functors
should be allowed between the categories with the topology and admissibility, and the
“correct” direction of functors on the common domain category. I might imagine a path
category generated by all possibilities.

2.2.7 Definition of Q-lifts of arrows in R

For any spec datum (sp : R — 7,0 : R — §,7,¢), for any (¢ : x — y) € Arr(R),
we say that an arrow ¢ € Arr(Q) is an Q-lift of ¢ with respect to (sp, O, 7, ¢) iff ¢ is
constructed from the sheafification construction of a left Kan extension of O along a
“localization” of sp, i.e. iff gz~5 can be constructed by the following procedure.

To an object x € Ob(R) we associate an object & in €. The category component is
the product of the categories 7 and the category of S-valued sheaves on the category
E(sp(z)) assigned by the admissibility to sp(z),

T = (T x Sh((E(sp(x)), 1z), SPP)PP (sp(x),O,)) € Ob(Q).

Consider the functor between arrow categories, o : R/, — T/ep(r) induced by sp, and
the functor given by the admissibility e(sp(x)) : E(sp(x)) — T/sp)- The pre-image
(under sp) category R/, X7, £(sp(r)) is the domain of the fibred product of the
functors ¢ and e(sp(z)), and the codomain is the category 7, s). The distinguished
object (sp(x),O,) is roughly the sheafification of the left Kan extension of the functor
Qo : Rz X7,y E(sp(z)) —> S given by O.

The functor Qg is a restriction of O, which sends an object v : U — x over z, to
O(U) € Ob(S).

Let the functor Oy : E(sp(z)) — S be the left Kan extension of O along the pull-
back, & : R/e X7, E(sp(x)) — E(sp(x)), of the functor o. Let the functor O,
E(sp(x))" — S, be the opposite of Oy.

The functor @, : E(sp(x))"? — S is the sheafification of Oy””" with respect to the
pullback topology 7, on E(sp(x)) of the topology 7 on T.

Generally, an arrow ¢ = [(F, ¢')] € Arr(Q) consists of a functor F and some ¢ € F(z',y/),
where 2’ and vy’ are the distiguished objects in the domain and codomain respectively. For
any arrow ¢ : x — y in R, any 2-lift

(T Xu—ea SW((E(sp()), 7.), SP)P, (sp(), O,)) %
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(T xv—ea Sh((E(sp(y)), 7)), S7*)*, (sp(y), Oy))

has the corresponding functor

F i (T x Sh((E(sp(x)), 7), SPP)PPYPP 5 (T x Sh((E(sp(y)), ), S7)°P) — U — Get

(so that it is determined by ¢). It is the composition of the hom functor of the category
T x Sh((E(sp(y)), ), SPP)°P, with the pushforward functor

idy x sp(¢). : T x Sh((E(sp(x)), 72), S™)" — T x Sh((E(sp(y)), 1), S™*)*

given by the admissibility structure, i.e. the functor sp(¢). sends a sheaf F to the com-
position F o E(sp(¢))), so that

F' = Homr xsn(((sp(w)),m).sormyore © (i X sp(@)3)F X (1T xsn((B(spw)).my),so0m)om )

The second part of the arrow ¢, the distinguished element (sp(¢), ¢1), is a natural trans-
formation ¢y : Oy — sp(¢).(O,) in the category Sh(E(sp(y)),1,), S??). We view it as

an arrow in the opposite direction sp(¢).(O;) %, O, in Sh(E(sp(y)), 1), S%P)PP. We
require that the arrow ¢y is locally given by a choice of fibres of the arrow O(¢) in S. This
is to say, that for any u € Ob(E(sp(y))), there exists a cover I' C Arr(E(sp(y))) of u such
that for any arrow (v — u) € T, the arrow ¢4(u') € Arr(S), assigned to v’ by the natural

transformation ¢, is the fibre along t o O, (u'), of the arrow (O(x) o), O(y)) € Arr(S),
where t is the composition of the universal arrows associated to the Kan extension, from
applying the isomorphism

( ), ~
HOm 5]) Cat? (R/yXT/SP(y)E(SP(y))asopp) (HO’ITLU Cat? (Idsoppa )(Oy0)7 OyO)) &
Hom (Ul) cat2 (E(Sp(y)),sopp) (Oyo, OyO)

to idO; ,» and sheafification, from applying the isomorphism

Homsn((B(spy)).ry).527)(Oyo, Oyo) =

HomH O
U Cat

(O For o O)

(sp()).S°77) 0 a2 (Blsp(y)) S77)

to de: .

y0
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All together, one can write & =
[(HOomgwsh((E(sp(y)).my) sovw)ore © ((id7 X spZ )PP X (idT s Sh((E(sp(y))imy).Sovwyovr ), (8P(@), D4))]-

2.2.7.1. Define a functor
0d: Rz — Tsp(w)

between arrow categories over objects corresponding to the domain of ¢, induced by sp,
by (U % ) = (sp(U) 2 sp(x)).

2.2.7.2. The functor o, on arrow categories over objects corresponding to the codomain
of ¢ is constructed in a similar fashion.

2.2.7.3. Functors py, pe, q4, g are chosen so as to be fibred products of the above functors
o4 and o, with the sub-category arrows

e(sp(x)) - E(sp(x)) — Fib(sp(x))

and

e(sp(y)) : E(sply)) — Fib(sp(y))
given to the respective objects by the admissibility structure. I.e.
(pa, qa) fibres(oq, e(sp(x))) and (pe, q.) fibres(oe, e(sp(y))).
2.2.7.4. Denote by

dobg = dob L(r) (idw—ea)(r), 0bw) (%)) : Rpw —> R

and
dob. = dob L) (idw-cayr): 0bw)(Y)) : Ry — R

the domain object functors, defined by sending an arrow to its domain object. Recall
that, for any category C' € Ob(€at), we denote by

Yot : CPP — Hom&)g(C, Set)

the Yoneda embedding. Choose morphisms between Get-valued functors

o 2 0 1 .
Dy YO;:mSIC p )(Od> — Yoé)fm(l) tQ(dom(pd)’S)(OodObdopﬁOHOmgj)_eatz (qa, ids)

(B(sp(2)),S @

and

D, : Yo (0.) = Yoo

Homy) o (E(sp(v)).S) Hongw(dom(pg,S)(

Oodob.op.)o HOmS),@@ (e, ids)

so that they should be isomorphisms of hom sets, determining the left Kan extensions Oy
of O odob, o pg along q; and O, of O o dob,. o p. along q., respectively.
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2.2.7.5. Choose arrows of functors (sq : Oy — @d) and (s, : 0. = @c) so that they are
universal arrows going from the sheafification of the Kan extension to the Kan extension
in the opposites of their respective categories of sheaves (originating from the adjunction
to the forgetful functor from sheaves to presheaves, the arrows having been reversed by
the self-adjunction of %P so as to agree with the direction in R).

2.2.7.6. Define the Grothendieck topology 7, C 241 (E(sp®))) to be that induced from the
topology 7 on T given by the spec datum. Le., for any set of arrows I' € 247 (E(spW) T ¢
7, iff the image of I" in 7" by the domain object functor composed with the admissibility
functor is a cover in T, i.e. iff

{doboe(sp(y))(c) € Arr(T);cel}er

where
dob = dob |y (id,0br(sp(y))) : Trspe) — T
is the domain object functor.

2.2.7.7. Suppose that of the maps of sets
e : Ob(E(sp(y))) — Arr(E(sp(y)))

and
eq : Ob(E(sp(x))) — Arr(E(sp(z)))

each sends an object u in its respective category to its terminal arrow u — t4, t. for some
fixed objects t; € Ob(E(sp(x))) and t. € Ob(E(sp(y))) satisfying (2.2.4.3).

2.2.7.8. Composition with the sub-category functor given by the admissibility structure,
E(sp(¢)), gives a functor from the category of sheaves over x to that of sheaves over y
(the “pushforward”). Let

9+ 5p(9)+(Oa) = Oc
be any arrow which satisfies the requirement, that for every object u € Ob(E(sp(y))) in
the admissibility structure on the codomain, there is a cover I' € 7, of u such that for

each v € ', the arrows in S given by ¢ and the terminal arrows from each domain of
an arrow of the cover, composed with s; and s., form with ¢; a fibre diagram in S, i.e.

(¢4(v), Pa(O:)(idg, ) © salta) © Oulea(E(sp(6))(v))))
Jibress)
(2c(0,)(idg,)  se(te) © Oy(ec(v)), O(6))
(which uses (2.2.4.3), to determine arrows from the Kan extensions on the terminal object

to the original objects O(x), O(y)).
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2.2.7.9. If the functor F' is given by the product of the hom functor of 7 with the hom
functor on the category of sheaves over the codomain composed with the product of the
the pushforward with the identity functor for the category of sheaves over the codomain,
i.e. by

F = Homyysn((E(sp(y)),m,),s) © (id1 % 5p(¢)+)

then ¢ = [(F, (sp(¢), ¢4))] € Arr(€).
2.2.7.10. The object markers (i.e. the domain and codomain) are (sp(x),(’jr) and
(sp(y), Oy)-

2.2.8 Remark

The arrows sp being determined by a product of functors and categories, two forgetful
functors suggest themselves, one being to the image of k7, and the other being to a sub-
category of () containing objects (Sh(...), sp(z)), for the various topologies on categories
given to objects of R by the admissibility structure.

2.2.9 Lemma
For any universes U € U’, for any spec datum(U,U’), (sp, O, T,¢), for a given O, and
O..as above, if the cover I' of the previous definition an be chosen so that for all v € T’

with associated terminal arrow e,, the arrow O.(e,) is monic, then ¢ is unique.

2.2.10 Example

Localization of rings is epic, and so monic in the opposite category.

2.2.11 Definition of an 2-lift Functor

For any universes U € U’, for any spec datum, (sp, O, T,¢), we say that a functor sp :
R — , is an Q-lift of (sp, O, 7,¢) iff for any arrow ¢ € Arr(R), the arrow sp(¢) is an
Q-lift of ¢ with respect to (sp, O, T,¢).

2.2.12 Proposition

There is an isomorphism of functors between any two Q-lifts having the same spec datum.
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2.2.13 Remark

One might define a sheaf of categories, by the € lift of the spec datum differing from the
original only in replacing O with a fibre functor on S composed with O. If each object in
the restrictions of such a sheaf over a given object sp(z) gives a different manifestation
of the resulting sheafification, then by the preceding proposition I'd imagine that the
functor category of Q-lifts should correspond to a group (if the preceding lemma holds,
and a fibre functor on S taken to be the neutral element, then the elements of the group
should be given by the objects), functorially determined on R, which for each = € Ob(R)
has elements in a one-to-one correspondence with the set of -lifts of sp restricted to the
arrow category over .

2.2.14 Lemma

Given a spec datum sp = (sp,O : R — S, 7,¢) an functor F' : § — &’ induces an arrow
of functors, one from the omega-lift of sp’ = (sp, F' o O, T, ¢) to that of the original

Sh(...,S)

: (1) .
T — K’tw(ZHomgleut(dom(s)(sp(z),S) (idr x Hom (F,idgr)))o

U—cat®

) O Reotw (Homg)_gag

Sh(...,S'
;5(sS)

RHomS)_@at(dom(a)(sp(z)ﬁ’) (U) © Feotw ( Hom%})_u,‘(dom(a)(sp(x),S’) ) )

Where u is the universal arrow from the sheafification.?

2.3 EndEndu)

(U—¢at?)

©) (Idc) and Hsp

In the present section we define a notion of the global sections functor 2 O II — S,
appropriate to such sub-categories of {2 as contain the images of a particular Q-lift. It
is defined with respect to a compatible collection of functors, whose domains are the
various categories of sheaves which appear in the objects defining the sub-category. We
first define, for every functor F': I — U — €at, a subcategory Il (F) C Q, whose arrows
are those in {2 generated by the compositions of hom functors of various categories (the
codomains of the functors F'(i)) with the functors F(i).

2.3.1 Definition of II(F)
Let F: I — U — Cat be a functor.

2Some smaller version might be desirable here
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2.3.1.1. Define the “category generated by F.” IIp(F') C Q to be the subcategory of
generated by arrows whose functors factor through the hom functor of some category and
some functor in the diagram F', i.e. are given by arrows of the form

[(Homcodom(F(i)) o (F(i)opp X idcodom(F(i)))7 ¢)] S ATT<Q)7

where i € Arr(I) and ¢ € Arr(codom(F\(i))).
2.3.1.2. Dually, define the “category co-generated by F',” Il.,rr) C €2 to be the subcate-

gory generated by arrows of the form

[(H omeodom(ri)) © (idomy x (i), ¢)] € Arr(Q),

codom(F ()

where ¢ € Arr(I) and ¢ € Arr(codom(F(i))).

2.3.2 Example

For any category C' € Ob(U — €at), if I is the constant functor
A v—eay(C) : I — U — Cat, which sends every i € Arr([) to the identity functor Idc,
then the category II(F') is the image in € of the functor ko : C — Q.

2.3.3 Example

For any § € Ob(U — €at), for any category T € Ob(U — €at) with an admissibility
structure (inclusion of U — €at-valued functors) € : E < Fib on T, define a functor
F : T — U — Cat, on objects by sending an object x € Ob(T) to the category of
S-valued sheaves on the category F(z), assigned by the admissibility structure to x.

x +— Sh((E(z),7x),S),

and on arrows by the usual pushforward,

fe Homl)  L(E(f)*, Ids) e,

being defined by the composition of any given sheaf with the arrow E(f) given by the
subfunctor given by the admissibility structure, where where e is the inclusion of the
category of sheaves into the category of presheaves. In this case IIp(F') can be thought
of as the category of spaces with S-valued sheaves, i.e. the objects are given by pairs
(x,0,), where x € Ob(T) and O, : E(z)?? — S is a sheaf on E(x).
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2.3.4 Definition of a Global Sections Datum

For any category I € Ob(U — C€at), let Iy € Ob(U — €at be the subcategory which
consists of the identity arrows of I, and € : [y — [ be the inclusion functor. A
global sections datum(I) is defined to be an element of the set Ob(I"), where I' € Ob(U —
Cat) is defined to be dom(p) = dom(q), where p, g € Arr(U—Cat) and (p, q) fibres(e*, sk.),
where

id.yyidg.)) —dby id.), idy..))

omM (I, U—6&¢at)) (

*
€ '¢<Hom“> <1,U—6¢at>>( U cat?

U—c¢at?
and

sk :\L(Hom(l) (In,U—&Cat)) (id.., idy.)) —>\l/(Hom(1) (In,U—&Cat)) (id..,idy..))

U—cat? U—cat?

where the functor sk : U — €at — U — GCat is the quotient functor defined by equating
naturally isomorphic functors (arrows of categories).

Le. it is a sk-natural transformation of (U — €at)-valued functors.

2.3.5 Definition of a Global Sections Functor, Transformation

Adopt the notation of (2.3.4). For any sk-natural transformation (F < G) € Ob(P) for
which F' is injective on objects (we essentially require the H om(Ulz ca2 L0, U — Cat) data
from the fibred product), we make the following constructions.

2.3.5.1. Define a functor
’Yt . HF(F) — HF(G)

on objects by the k-twist, i.e. for any i € Ob(I),
e (F(0), ) = (G(2),U(z)) = codom(kiwii)) = (F(1), )
and on arrows, so that for any f € Arr(1),

Y [(Homeodom(r(p) © (F'(f)™ X ideodom(r (1)), @)] =
[(Homcodom(G’(f)) o (G(f)opp X idcodom(G(f)))a t(COdOTTL(f))(Qb))],

2.3.5.2. Let I (F) 25 Q and TIp(G) =% Q be the inclusion functors.

Define an arrow of functors
KI—tw(t) * €O (F) —7 €Ip(G) O Mt

by the various r-twists, i.e. for any i € Ob(1), Kni—tw) (1) = Ktwt()-
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2.3.6 Proposition
The previous constructions are valid, i.e.
2.3.6.1. The map (2.3.5.2) defines a natural transformation.

2.3.6.2. Suppose that for any i € Ob(dom(F)), for any automorphism ¢ €
Autpnd, . »( r(i))({drp@), there exists an automorphism ¢ € Autpna, ., o F(y)(Ldp@) such
that
1 , N~ 1 ,
Homy! oo (1), 1dao)(9) = Homy) o o (I, 1(1))(9),

i.e. the automorphisms of Idp(;) “lift” to automorphisms of Idg;y. Then the map (2.3.5.1)
defines a functor.?

2.3.7

Suppose that F': T — U — €at is as in (2.3.3). Consider, for any = € Ob(T), the “global
sections functor,”

t(x) : Sh((E(x),e(z)"(1)),S) — S

defined by O — O(e), where e € Ob(E(z)) is the terminal object. Then the map of
sets t : Ob(T) — Arr(U — €at) is an sk-natural transformation of functors, ¢ : F' —

A u—ea (S).

2.3.8

If the canonical functor kg is faithful, then there exists a functor ' : IIp(F) — S, unique
such that ks o~ = ;.

2.3.9 Proposition on Diagrams in II}-(F')

For any functor F' : I — U — Cat and any category J € Ob(U — Cat, there exists a
functor F': I — U — €at such that there is an equivalence of categories

Hom'Y _,(J,IIp(F)) = O (F)

U—Cat?

given by the following.

30ne might slightly weaken this, by requiring only that those automorphisms should lift which might
equate two different arrows under the xp(; functor.
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2.3.9.1. Suppose that
e:J —U—Cat

is the functor defined on objects by sending j € Ob(J) to the category of arrows over it,
e:jrJyp =l (ids,0b.(5))

and on arrows by composition, so that for any arrow (j g k) € Arr(J), the functor
€(f> : J/j — J/k;

is defined on objects, so that for any g € Ob(.J);), map (g — fog). The map on arrows is
essentially the expected identity map, i.e. one sends a triangle g, o ¢ = g1 to the triangle

fogop=fog.
2.3.9.2. Define a function
p: HOmU/_Qaf(J, HF(F>> — HomU/_@f(J, U - Qlat)

by sending a functor X : J — TIp(F') to the functor p(X) : J — U — Cat defined by
sending an arrow X (f) to the functor F/(f) associated to it, i.e. it is defined by requiring
that, for any f € Arr(J), and for any f € Arr(I),

p(X): f = F(f)
iff there exists ¢ € Arr(codom(F(f))), such that

X(f) = [(Homcodom(F(f)) © (F(f)opp XU—€at [dcodom(F(f)))7 ¢>]

Define a function
p1: Arr(Hom'Y) L (J,TIp(F))) — Arr(HomS) (J,U — €at))

U'—Cat? I—Cat?

similarly, by sending a natural transformation of €at-valued functors ¢ : X L Y to the
tuple of functors associated to the given tuple of arrows in €2, i.e. for any j € Ob(J), and
for any f € I, require that pi(t)(7) = F(f) iff there exists ¢ € Arr(codom(F(f))), such
that

t(]) = [(HOmcodom(F(f)) © (F(f)opp XU—¢at Idcodom(F(tildef)))u (b)]
2.3.9.3. Define the functor

DT . 1)
F:.I:= HomU_Q.at2

(J,Ir(F)) — U — Cat

on objects by sending a functor X : J — IIp(F) to the category
}_?‘WE(U—Qat,XU,Qa() (L(J)J U - €at>(e7p(X))

where L(J) is the category J with the trivial U — €at enrichment, where a given hom
category is the category whose objects are given by the hom set in J, with only iden-
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tity arrows. Define F' on arrows by sending a natural transformation (X AN Y) €
Arr(H omg/)i ez (5 Hr(F))) to the functor given by the enriched composition of the dia-
gram category, i.e.

hw B —cat,x g1 en) (L(]), U — €at) (e, p(X))

0 IdX 7 _eqp1(t) OW E(U—Cat, X7 _gat)
— O o 7

hw B —cat,x o) (L(J), U — €at) (e, p(Y)),

where p is the right unit isomorphism I'd — Id Xyr_gq I, the functor I'd Xgr_gq p1(t) is
given by the representation by the unit I” of the objects functor, and ow g(—cat,x_eqr) 19
the enriched composition.

2.3.10 Conjecture on Enrichments

For any functor ' : I — (A,®) — €at and any tensor functor (For,p) : (A, ®) —

(U — Get, xy_ee), the category Ip(Forif %)~ (F)) carries a natural enrichment over

(A, ®).

2.3.11 Remark

Whether the functor ¢ is left or right exact in its image seems to depend upon the com-
patibility of automorphisms of the identity over various objects in C'. In particular, given a
functor F': I — C, with a limit ([, \) € Ob(C) ><Arr(Homg,)_eat(HomS)_@tQ (1,C)rr, U—
Get)), one might associate to any arrow of functors ¢ : A ko)) (@) = ke o F an arrow
of functors ¢ : A(1,0y(a) = ke by an explicit choice of arrows in C representing the arrows
appearing in ¢, hoping that the image by ¢ of the limit arrow A(¢) should be the limit
arrow associated to ¢. But such a choice seems difficult, since each arrow in I could a
priori be associated to its own automorphism Idc — Idc, whereas one would like to as-
sociate to each object in I such an automorphism. Furthermore, once the candidate limit
arrow is chosen, uniqueness seems to rely upon the idea that an assignment of objects in
I to automorphisms of Id, such as should relate the component arrows, would determine

an automorphism of Idq suitable for relating the limit arrows.

2.3.12 Definition of Ilg,,

For any given spec datum sp = (T <= R N S,7,¢), for any Q—1ift(U, sp), sp: R — €,
let F': T — U — €at be as in (2.3.3), and let

T A u—eay(T) X F = A v—can(T)
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be the projection. Define a subcategory Ilses(sp, sp) C IIr(Ary—eay(T) x F) C Q so

that its arrows are those arrows (z 4 y) € Arr(Ip (A u—eay(T) X F)), such that subsets
Cy, Cy C Arr(Ilp (A1, u—eayy (T) x F)) exist such that the following hold.

2.3.12.1. The image of C, under 7x(,) is a cover of v, (x), and the image of C, under
Yr(y) 18 & cover of vy, in (IM(KT), Trm(sr)), Where Trm.,) is the topology generated by
all the images of all elements of 7 (i.e. coversin (7,7)).

2.3.12.2. Each of the arrows in C,, when composed with ¢, yields an arrow factoring
through an omega lift of some arrow in R, i.e., for any u € C,,, there exists ¢’ € Arr(R),
such that there exists v € Cy, such that v o sp(¢') = ¢ o u.

2.3.13 Remark

The functor P : €at — Cat is its own adjoint, implying a fortiori that it preserves limits,

and therefore that (7" x Sh((dom(e)(sp(y)), (e(sp(y)))*o

(dob L7y (id, ober)(sp(y))))*(7)), R))P* = T x (Sh((dom(e)(sp(y)),

(<(sp(y))" o (dob L) (icr, obgry(sp(y)))*(7)), R))™ . Thus isomorphisms of functors
which identify representations of arrows in {2 might be thought of in a piecewise fashion.

2.3.14 Proposition on Finite Diagrams

For any spec datum sp = ... with an Q-lift sp, for any category I € Ob(U — €at) such
that the set Arr(I) is finite, there exists a spec datum

Hom!V (Idy,0) Hom!V (Idg,sp)

sp' = (o yoeed Homglgatg([,R) ved o,...)

with an Q-lift sp’, such that Homs,)_eatg(l, s (8P, $p)) = Mgen(SP', sP').

2.3.15 Lemma

For any ring k, AUtEndgjwa)(k—wg)Ud’f—%!) = {idra,_a,}

Proof. If k = {0}, then the category of k-algebras is the category with one arrow, and
the result is trivial. If £ has at least two elements, then consider the free ring in one
variable k[z]. But if there were a non-trivial automorphism of /dy_g as in the preceding
lemma, then there would exist A € Ob(k — lg) such that the arrow a(A4) : A — A
associated to A would be other than the identity. Therefore there would exist a € A
such that «(A)(a) # a, implying that, if f : k[z] — A were the arrow given by x — a,
a(k[z]) = idyp would imply that a = f(x) = foa(klz])(z) = a(A)o f(z) = a(A)(a) # a,
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a contradiction. Therefore a(k[x]) # idypy). Therefore the arrow assigned by the natural
transformation to k[z] would be other than the identity, and by naturality, it would have to
commute with every other arrow k[z] — k[z]. The only automorphisms are = +— ax + b,
composed with automorphisms of k. But if £ has at least two elements, then a map
x + cx + d can be found which should make the required commuting square impossible.
0]

2.3.16 Remark

I've a more general notion of a free object x over an object k with respect to a “forgetful”
functor F, being that Y oP?(z) = Y 0P (k) x F'. 1 get the sense that the corollary might be
extended. At any rate, I've the sense that the notion of freedom ought to be generalized
and made precise, so far as possible, the inducement being thoughts of expressing “finite
type” in a recursive fashion, and examining the relationship between it (an “algebraic”
notion) and compactness, a property referring only to the topology. codom(F') seems
somewhat flexible, assuming that the category in question is enriched over codom(F'), so
that the functor category should inherit the enrichment. I suspect that this should involve
the vague hopes on constructing spec functors described below.

2.3.17 Corollary

For any ring k, kj_qyg is faithful.

2.3.18 Corollary

If spec = (Top <& Ring Ldina, PRing, ) is the usual topological spectrum data and spec
is its 2-lift, then the following hold.

2.3.18.1. The functor spec is faithful.

2.3.18.2. The left Kan extension of the usual inclusion functor Ring — Gch along the
natural factor of the Q-lift spec’ : Ring — TI(spec, spec) through its image (i.e. the func-
tor such that er(spec,spec) © spec’ = spec), is an equivalence of categories II(spec, spec) —

Gech.

Proof. In this case O = Idy_;_aug, so that the global sections functor exists, and by the
usual arguments I' o spec = Idj_gy. An arrow of schemes is uniquely determined by its
open affine fibres. [
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2.4 Separateness and Extensions of II(sp, O, ...)

We interpret separateness as “the sufficiency of the sheaf category component of & =
(T x Sh(X), (x,0,)) to determine points,” by the following conjecture.

2.4.1 Definition of Separateness

For any sk-natural transformation of functors F,G : I — Q, t : FF — G, for any
x € Ob(IIp(F)), we say that z is separated(t) iff for any y € Ob(IIp(F)), the function
Ye(y, z) : Hommy(ry(y, ) — Hommy o, (v(y), 1(z)) is injective.

2.4.2 Remark

By (2.3.9) and (2.3.14) there are at least two ways in which a category of diagrams
in some Ilg.;($p, sp) can be realized as a subcategory of some II(F). The former is
intrinsic to I, and essentially involves tuples of functors e(j) — X(j) (in this case F'
of that construction would be the product of the functor in (2.3.3) with /dr). The latter
essentially restricts the spec functor to appropriate diagrams in R, and uses the product

of the functor of (2.3.3) with Id, o LT In either case, I expect that the natural
U—c€at2}’

transformation determining separateness on the diagram category in Ig.(sp, sp) should
be given by the “projection which forgets the constant 7 component.”

2.4.3 Conjecture on Separateness

Adopt the conditions and notation of (2.3.3). Let

T A(T,U—@at)<T) xF—F

be the projection. For any x € Ob(Il(sp, sp)), = is separated(sp,sp) iff for any y €
Ob(I1(sp, sp)), V= (y, z) is injective.

Suppose that (X, X ER S,0) € Ob(&ch) is a scheme over Y. Then the notions of sepa-

. A . . . . .
rateness coincide, i.e. X = X xg X is closed, an immersion iff X is separated(sp, sp).

2.4.4 Remarks on Correspondences

If sp is an Q-lift of sp, S is separated(sp, sp), and if COLIM denotes a functor

H om(Ulz ea2([; A) — A which sends a functor to its colimit (in this case, I = A), and

Yo_opp denotes a Oxx ,y —Mod-enriched hom functor (i.e. for any M € Ob(Ox x4y —Mod),

_ Yo (1) Homgjl)—CuLQ(l)(idA’For)
Y 0opp(M) : a — Hom#(M, a), so that Yo = (A — Hom (4, A) /

U—¢at?
o), then it is expected that the set of arrows of the form

66



COLIM(OXXSy)—iDToD

[(Fory_eu o COLIM o COLIM o Yo

Sh((XxsY,Tx x oy ), Ring) *\O %
OFOTOXXS:ifmo)D( sy O ®Sh((X><SY:TX><5Y)vmi“Q) © ((p ) P Xeat )7¢)] S ATT(Q)a

where (p, q) fibressa) (X ER S,Y % S), should be isomorphic to the set of correspon-
dences from X to Y. 4

We also expect that restricting the “sub-object diagram” by replacing COLIM o Yo

with COLIM o Homg)_ea£2 <5i7id0msy—9ﬁoo) o Yo in the above arrow in 2, where ¢; <

Oxxgv — Mod is the inclusion of modules with an epic map @;:1 Oxxgy — M, yields
the set of correspondences given by subschemes Z < X XgY of codimension 1.

However they would appear here as arrows (Sh(X)?, Ox) — (Sh(Y), Oy) in €, rather
than having (Sh(X), Ox) as the domain, since the tensor functor ® is covariant in each
variable.

2.5 Addenda
2.5.1 Remark

For any category I, consider a limit (i,l) of some diagram D : J — I, ie. i €

Ob(I) and | : Ap(i) — D is a universal arrow of functors, where Ay : C —

(1)
U—Cat?

factors uniquely through some Ay (f) : Ay (i) = Ay (i). Then for any arrow [(F, ¢)] €
Arr(2), the distinguished element of the set, ¢ € F'(c, ), determines compatible elements
F(ide, 1(5))(¢) € F(c,D(j)), where j € Ob(J). This is to say that one can also distin-
guish collections of elements in various sets by using a limit object i € Ob(I) for the
distinguished element in the object (I,4) which determines a representable functor in €.

Hom (J,C) sends an object to its constant functor, so that any f : Ay (7)) = D

2.5.2 Remark

I expect that the representatives of many sorts of functors 2 O II — &S, in II may be
sought by the colimits of the relevant dob |(q) functors from arrow categories in €2 over

4The forgetful functor, from sheaves of rings over (in opp) the pullback of the base structure sheaf
to modules over the structure sheaf of the fibre, seems suspect. I believe that correspondences are
usually in the literature restricted to smooth schemes over a field (and projective, I imagine so that
X xgY xgZ 5 X xg Z should be closed for the sake of composition, but I debate whether this
is necessary in the above formulation), and I wonder therefore whether one should replace For with
lef : Sh((X Xs }/, TXXSy), %ing)_“QXXSY_gmoa.
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(I,1), i.e. by constructing right adjoints to inclusion functors II < II, where II is IT with
a single extra object.
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CHAPTER 3

(WEAK) U — ¢at-VALUED SHEAVES AND STEPS TOWARD
HOMOTOPY GROUPS, AND (CO)-HOMOLOGY

We intend, in future work, to derive at least “the” homotopy groups from admissibility
structures, by imitating the description of 7 in terms of covering spaces and adopting
the notion that m,1(z) = 7,(A(x)) for some endofunctor A : TT — TI.

It is intended that (1.4.14) should be applied to such admissibility structures as appear
in the lemma (3.1.14) below, them being in the place of the £(5) of (1.4.14.2), to define
functors Il — n — €at, so that “the n-categery attached to an object should contain its
homotopy data.” To this end we define, in (3.2), a certain functor €at — PreGroup.

3.1 Augmented Admissibility Structures

It is expected that one should desire to consider €at-valued pseudo-functors attached
to a space, such that composition might be respected only up to isomorphism. We use
the k-twists attached to the concatenation functors Path(7) — T to construct, from an
admissibility structure on 7, an Cat-valued functor on a category 7°P, where 7 C T C Q.
If k7 is faithful, then the restriction of this functor to 7°PP is a subfunctor of a fibre functor,
so that the categories of functors with domains given the new “admissibility” should be
equivalent to categories of pseudo-functors with domains given by the old admissibility.

3.1.1 Definition of the Category of Pre-Categories

Define the category of pre-categories to be the category of sets with hom set assignments,
but no composition structure. Explanation follows.

3.1.1.1. For any universe U, define the category U — Pre€Cat € Ob(U’' — €at) to be the
category of U-small pre-categories. Its set of objects is the set of triples (O, A, h), where
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O and A are sets and h : O? — 24 assigns to every pair of “objects” a “hom set,” so that
distinct objects have disjoint hom sets.

{(0, A, h) € U*""h € Homg_ew(0? 2%)7 and
"Va,b,c,d € O,"(a,b) # (c,d)" = "h((a,b)) NA((c,d)) =07}

Its set of arrows is the set of “pre-functors,” pairs F' = (Fp, F}) between the object sets
and the arrow sets which are compatible with the hom sets, i.e. for any two pre-categories

(Oc, Ac, he), (Op, Ap, hp) € Ob(U — Pre€at), define
Homy _spreeat((Oc, Ac, he), (Op, Ap, hp)) =
{(Fo,Fl) S U; Fy OC — Op and F) : AC — Ap and
vcl? C2 € OC7 [m<F1‘hC(Cl,02)) g hC(FO(Cl), FO(CQ))}

3.1.1.2. Define the functor Forg:gi@at : U — €at — U — Pre€at to be the expected
forgetful functor, with the arrow map given by the identity.

3.1.2 Definition of the Functor “Path”
Define the functor Path : U — €at — U — €at as follows.

For any category C' € Ob(U — €at), define the category Path(C') to be the path category
of C, so that its objects Ob(Path(C')) = Ob(C), are the same, and arrows are composible
sequences of arrows in C,

HOmpath(c)(.iE, y) = {@} U H H 1:[ HomC(Z(i)> Z(Z + 1))a

neNT z:{1,...,n}—0b(C);z(1)=xz and z(n)=y i=1

with composition given by concatenation.

For any functor ' : C — D, define the functor Path(F') : Path(C) — Path(D) so
that for any objects =,y € Ob(C),

n—1

P(Lth(F”HGmPam(c)(m’y) = id{@} U H H H FHomC(z(z‘),z(z‘—i-l))

neNt z:{1,...,n}—0b(C);z(1)=z and z(n)=y i=1

3.1.3 Lemma

F org:g%i{e@at has a left adjoint L, which when composed with the forgetful functor yields
Path = Lo Forg:%ﬁ@t.
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3.1.4 Lemma
For any category C' € Ob(U — €at), Kpawn(c) is faithful.

3.1.5 Remark on a Generalization

There should be a version of this for WE4 ) for any associative tensor category
((A,®), a, o), which satisfies a pentagonal requirement for « and o, i.e. that the associator
is canonical for larger tensors.

3.1.6 Proposition

For any C' € Ob(U' — €at), ) is faithful.

I{Hom(l)

) on2 (Path(C),U~at

3.1.7 Lemma

Suppose that 7' € Ob(U —€at) is a category, such that s is faithful. If P : Pathy(T) —
T is the concatenation functor (universal arrow from adjunction), then for any admissi-
bility structure ¢ on any T' € Ob(U — €at), there is a unique admissibility structure &
on the subcategory of 2 generated by the image of k7 such that for any x € Ob(T), the
category dom(e’)(x) C €/x,(2) is that whose objects are the set

{[(Homy o (PP xr_ew Idr),w)] € Arr(Q);u € Im(e(x))}U
{[(Homz,u)] € Arr();u € Im(e(x)}
and whose arrows are the set
{[(Hompanry, )] € Arr(Q); P(u) € Im(e(2))}U

{[(Homz o (P Xy _¢a Idr),u)] € Arr(Q);u € Im(e(x)) }U
{[(Homp,u)] € Arr(Q);u € Im(e(x)}

3.1.8 Corollary on Iterated “Path Augmentation”

Suppose that II € Ob(U — €at) has an admissibility structure g. Then there is an
admissibility structure € on Im(kqar)) C €2 such that for every n € NU {oo}, there exists
¢’ C g, such that for any « € Im(kou), dom(e’)(x) =2 Path"(dom(eo)(x))
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3.1.9 Remark

In light of the fact that xpum(c) is faithful, this domain for €at-valued functors is natu-
rally attached in 2 by arrows to a domain for €Cat-valued pseudo-functors. In particular,

the set of objects of the category of functors Homg,)_ut2 (Path(C),U — €at) is by the

adjunction isomorphic to the set Homy:_gqreeat(F org:%few(C), F org::%iiw(U — Cat)) of
pseudo-functors .

3.1.10 Remark

For any spec datum (sp: R = T, 0,7, ), if Ko(codom y_eq(sp)) Were faithful then it would
be an isomorphism onto its image, and the latter could be given structures so that (ko)
sp, O, 7', ¢’) should be a spec datum as well.

3.1.11 Remark

Since the subcategory denoted by II associated to Q-lifts has objects of the form (7
Xu—eat(0) (Sh((X,7x),R))?",(X,Ox)) the previous lemma can be used to extend the
admissibility structure on II in a component-wise fashion.

3.1.12 Lemma
Suppose that F': [ — U — €at and (I, \) is a (Gtel) — limit(F).

Suppose that ¢ : I — [[;cop(p) £'(¢) is the map induced by the definition of the (sk)—limit
as a colimit (as in lemma on sk-limits having unique maps into them when the arrow
from the (sk)-limit to the product is monic) and that ¢ is monic (faithful). Then VG C
Ob(1),"Vi € Ob(I),"{m; 0 c(g); g € G} generates F (i) = "G generates [

x € Ob(dom—gaty(A;)) from those of the components, such that Vi € Ob(I), A5 (x) = g,
g; being some generator of F(i)

3.1.13 Corollary

K'Q(limigNPath(i)(C)) is faithful.

3.1.14 Lemma on Gluing Admissibility Structures
If categories Iy, Ily € Ob(U — €at), such that xp, and kp, are faithful, have admissibility

structures &1, e9 respectively, then a functor (II; N II,) € Arr(U — €at) determines an
admissibility structure on the subcategory of {2 generated by arrows of the form fcopuw(a) (),
where o € Ob(A), or contained in the image of either r, or kp,. Explanation follows.
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3.1.14.1. Let A : II; — II5 be a functor between U-categories.
3.1.14.2. Suppose that sy, is faithful, for 7 € {1,2}.
3.1.14.3. Let ; be an admissibility structure on II;, for i € {1,2}.

3.1.14.4. Let II C () be the subcategory generated by the union of the images of the
r-functors, with the set of arrows appearing in k-cotwists, i.e. the set

Im(km,1) U Im(kii,1) U {Keotwa)(2) € Arr(Q); x € Ob(I1y)}

3.1.14.5. Then there is a unique admissibility structure ¢ € Arr(H omg,)_ cq (PP U —

Cat)) formed from gluing the arrows appearing in the original admissibility structures by
the k-twist arrows, i.e. such that the following hold.

3.1.14.5.1. For any object x € Ob(Il;), the objects of the category assigned to (II},z) €
Ob(II) are compositions of arrows appearing in the original admissibility structures, i.e.

Ob(dom(e)(x)) = {[(Homm, o (Idy} Xy—ea A),w)] o [(Homm,,v)] € Arr(Q);
u € I'm(ei(x)) and v € Im(ea(A(dom(u)))) U
{[(Homg,u)] € Arr(Q);u € Im(ei(x)},
and the set of arrows of the category assigned to (II;,x) € Ob(II) is the pre-image of

the original admissibility structures, i.e. arrows of the form [(Homy,,v)], where v €
Im(eo(A(z))) or the form [Homy,,u)], where u € I'm(e1(x)).

3.1.14.5.2. For any object = € Ob(Ily), define the category assigned to the object (Ily, ) €
Ob(Q)) so as to agree with the original admissibility structure, i.e.

dom(e)((Ily, z)) = dom(ez)(x)

3.2 Remarks toward Invariants from Categories

We define a functor U — €at — Pre®Grp, intended to send the category of functors
Homg,2(E(z), E(x)) to a pre-group (without inversion) containing the fundamental group

7T1(£L’).

3.2.1 Remark

If domy:_egaty(P) has U-small limits, then P has a left adjoint and if it has U-small
colimits, and P preserves them, then it has a right adjoint. This is a general categorical
construction. I think of the standard example of an admissibility structure, the open
subsets in a topological space, when considering the feasibility of the existence of the
right adjoint.
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3.2.2 Definition of Sweep

Define the “sweep functor” by sending a category C' to the set of equivalence classes of
ordered lists of arrows in C', where the equivalence is that generated by allowing the com-
positions of consecutive pairs of arrows in the list. Composition is given by concatenation.

3.2.3 Lemma

Sweep is functorial.

3.2.4 Remark

We hope, in future work, to associate to each spec datum sp = (...,e : E < Fib) a Cat
valued functor, which would attach, to each x € Ob(T), the category of endofunctors of
E(z). The expectation is that any two Q-lifts of the same arrow in R should be related
by automorphisms of the fibres used to determine the -lifts, which would determine an
isomorphism in the endofunctor category.
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APPENDIX

MISCELLANEOUS VARIATIONS

A.1  An Older Definition of n-Categories

This construction is simpler than that which appears in the main text, but does not
involve defining a sequence of skeleton functors sk(n) : n — €at — - to weaken the
required equalities (e.g. associativity).

The following five definitions
Ford™-¢ U(n) — €at — U — Cat

v (n)-eatOb(U (n) — €at)® — Arr(U(n) — Cat)
XUmst)—cat - U(n+1) = Cat Xpr_e U(n 4+ 1) — Cat — U(n + 1) — Cat
UU(n+1)—€a£ . Ob(U(n + 1) - Q:le)Q — A’FT(U(’R + ].) - Q:Clt)
U(n) — Cat € Ob(U' — Cat)
are simultaneously made, for any n € N\{0},! so that the category of (n+1)-categories

(the fifth of these definitions) should be defined as the category of weakly (n — €at)-
enriched categories. 2

For any pair of universes U € U’, for any tuple S = (51, Ss, S5, S4, 55) € Ob(U" — Get),
we say that S defines higher categories in U € U’ iff

and

!The expected case of sets, for n = 0, is excluded, since a set does not seem naturally to be an enriched
set (S, h, o), unless it takes the enrichment over Get given by the trivial category functor Get — Cat.

2The definition applies the unary map of the comprehension schema, attached to the open statement
described below, to the universe U’. It makes use of the absolute “=" sign, a relation on the one type,
to compare the sets S; below, a priori existing, though uncharacterized, to certain sets constructed from
them.
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S ={(n,(F1 = {((C, h,0),C) € U';3c € Ob(U'—€at), (C, h,o0) € Ob(c) and (n,c) € S5},

Ey = {((fo, f1), f2), (fo, f1)) € U”;
dec € Ob(U' — €at), ((fo, f1), f2) € Arr(c) and (n,c) € S5}))

e (N\{0}) x U’}

For any n € N\{0}, Forgﬁ)a_tw : U(n) — €at — U — Cat is given by (C,h,o0) —

C, the underlying category functor or the n-forgetful functor i.e. a pair Forg(_"g;%t =
For?;f(F’ld). The underlying objects functor for n, Fy(n)—eat : U(n) — Cat — U — Get is

given by (C,h, o) — Ob(C).

(ii) The set Sy consists of all pairs of the form (n + 1, As), where n € N and As is a
U’-function (set of pairs), consisting of all pairs of the form ((a, b, ¢), (F, F»)), where there
exists some U’-category C such that (n + 1,C) € S5 (i.e. C can be identified with the
category of n + 1-categories), a = (ag, ha, ©4), b = (bo, hp, %), ¢ = (o, he, 0c) € Ob(C'), and
if ', b, € Ob(U — €at) are such that (a,a’), (b,0), (c,c) € s and (n+1,s) € S; for some
s € U', (i.e. s provides an (n + 1)-forgetful functor), then F; is a function which sends a
pair of triples ((za,%s), Zc), (Yas ), Ye) € Ob((a’ x ') x ) to o iff there exists o € U’
such that (n,a’) € Sy (i.e. o provides an n-associator), and o is assigned by o’ to the

triple (ha(Zas Ya): ho(To, Up), he(e, Ye))-
So ={(n+1,{((a,b,c), (F, Fy)) € U';
3C € Ob(U' — €at),(n+1,C) € S5 and a,b,c € Ob(C) and
dd’, b, ¢ € Ob(U — €at), Is,
(n+1,s) €Sy and (a,d’), (b,b),(c,d') € s and F = a(d,b', ') and
do’ € U', (n,d) € Sy and Va4, y, € Ob(d'),Vay, yp, € Ob(V), V., y. € Ob(d),Va" € U’,
((((za, 1), 7c), ((Yas 96), ye)), @) € Fy iff
((ha(Za, Ya): ho(Tp, Yo)s he(e, ye)), @) € a'}) € U'}
The associator aym)—eat : Ob(U(n) — €at)® — Arr(U(n) — €at) is inductively defined

so that for any n € N for which ay(n)—ea and Xy (n41)—cae are defined, for any a,b,c €
Ob(U(n+1) — €at)

aunt1)—eat(a, 0, ¢) 1 (@ Xymit)—eat D) Xumt1)—eat € — @& Xpm+1)—cat (b XU (n+1)—cat €)
is given by the usual associator ay_¢qs on the underlying category

Forgﬁ”gi)‘m((a X U(nt1)—€at b) XU(nt1)—cat €) =
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(Fory e (a) xv-ea Fory "™ (8)) xu—ea Fory et~ ()

and
aU(n)ant(ha<xa7 ya); hb<xb> yb)> hc<xca yc))
on each of the hom n-categories.

(iii) The set Ss is defined to consist of pairs (n+1, (Fy, F1)), so that Fy and Fj are functions,
defined so that (a). F, consists of pairs associating to the pair ((C' = (C,h¢,0¢), D =
(D, hp,op)), where there exists Ca € Ob(U’' — €at), (n+1,Ca) € S5 (i.e. Ca is identified
with the category of n + l-categories) such that C', D € Ob(Ca), the product category
C x D, enriched by taking the n-products of each hom object, and (b). F) associates
to a pair & = (¢, ¢9), ¥ = (Y, 9) € Arr(Ca) the product functors on the underlying
categories, paired with the function which sends a pair of pairs ((x., xq), (Ye, ¥a)) to the
n-product of ¢9 and )s.

Sz = {(n +1, ({((é = (07 thoC)’D = (D’hD’OD))v

(C xXy_ea D, {(((a, ), (c,d)), x(hc(a,c),hp(b,d)));Ix € U', (n, x) € S3},0));
3Ca € Ob(U' — €at), (n +1,Ca) € S5 and C, D € Ob(Ca)}, {Arrows})) € U’}
The product Xy(mi1)—cat : U(n +1) = Cat Xgr_egqe U(n + 1) — €at — U(n + 1) — Cat is

defined, for any n € N such that Xy (m)—cat, QU@m)—cats a0d 0y (n)—cat : Ob(U(n) — Cat)? —
Arr(U(n) — €at) are already defined so as to be given by

((aa ha, Oa)? (ba hy, Ob)) = (aXU*CG’tZL (((mav xb)? (yav yb)) = ha(xm ya) XU(”)—Qﬂfhb(x% yb))a )

with the composition defined component-wise (using the n-symmetrizer and associator
maps).

(iv). The set Sy is defined so as to consist of pairs of the form (n + 1, Sym), where Sym
is a set consisting of pairs ((C, D), (F, Fy)), where for some Ca € Ob(U’ — €at) such that
(n+1,Ca) € S5, C,D € Ob(Ca), F is the usual symmetrizer, and F, sends a pair of
pairs ((z¢, Za), (Ye, ¥a)) to the n-symmetrizer.

Sy ={(n+1,{((C = (C,h¢,o0),D = (D,hp,op)), (F, F,)); F = o(C, D) and
By = {(((ze, xa), (Ye, ya)), 0') € U'; 30" € U', (n,0") € Sy and
((hey(@e, Ye), ho(za,ya)),0') € 0"}}) € U';3Ca € Ob(U' — €at), (n+1,Ca) € S5 and
C,D € Ob(Ca)}
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The symmetrizer oy (11)—cat : Ob(U(n + 1) — €at)> — Arr(U(n + 1) — €at) is defined for
any n € N for which oy (n)—¢at and Xy (n41)—eat are defined, using the usual associator on
the underlying categories and o7(n)—¢at On the hom n-categories, so that

UU(n—i—l)—Cat(ay b):a XU(n+1)—eat 0 — b XU (ny1)—cat @

for any a,b € Ob(U(n + 1) — Cat).

(v). The set S5 consists of all pairs of the for (n+ 1, D), where there exist D’ € Ob(U’ —
Cat), F, x € U, for which (n,D') € S5, F' = Fory(n)—cat is the underlying objects functor
for n, x is the n-product (i.e. (n,x) € S3), p: (F o X) = Xy_get © (F Xpr_eat F) is
an isomorphism of functors, given by the identity on each set, and D is the category of
weakly (D', F, p, x)-enriched categories.

Ss ={(n+ 1, WEeu((Ca, F), x)) € U;(n,Ca) € S5 and (n, F) € S; and (n, x) € S3}U
{(1,U — Cat)}

For any n € N for which U(n)— €at and X y(n)—eqt are defined, U(n+1) — Cat is defined to
be the category of all categories weakly enriched over U(n) — €at, i.e. U(n+ 1) — Cat :=
WE((U(n) — €at, Xym)-cat), Fum)—eat)-

A.2 Lemma
Fu(—eats QU()—eats XU()—cats OU()—cat; and U() — Cat are well defined functions N — U".

Proof. If U(n + 1) — Cat is uniquely determined, then oy m+1)—cats XU (nt1)—cat, and
OU(n+1)—cat are defined directly from ay(n)—cats Xv(n)—cats a0d Opyn)—car- U(n+1) — Cat is
defined from ay(n)—cats Xv(n)—cats OUm)—cat, and U(n) — Cat. Apply induction. Fym)—cat
is straightforward, using only U(n) — €at and the usual object functor. O

A.3 Inducing Enrichments of H om(ﬁla)tg(] ,C) from Enrichments of C

The following is an older version of the hom set enrichment which appears in the main
body. The exact relation should be worked out.

A.4 Lemma

(Hom-Cat Enrichment)
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Suppose that the amnesia F' : A — Get of a weak (sk : A — B)-associative enrichment
(C, h,o0) over ((A,®), «) is co-represented by a unit object

:F — Yo o)1)
with unit arrows (natural transformations)

wldy —I®—and u, : [dy — —® 1

(4, C)

Then for any category J one can construct a very weak enrichment of H om!
over (A, ®) by the following.

(i). Choose for each pair G,H € Ob(HomU e, €)) of functors, products Dia =
H¢€ATT(J) h(G(dom(¢)), H(codom(¢))) and Hor ;= Hanb(J) h(G(a), H(a)).

(ii). Choose, for each G, H € Ob(HomU ca2($,C)) arrows f,g : Hor — Dia in A,
determined by the construction of Dia as a product, so that f is given by associating
¢ € Arr(J) with

U€t2

Hor 5 h(G(dom(e)), H(dom($))) > T ® h(G(dom()), H(dom(e))) ~=2@),

h(H (dom(¢)), H (codom(¢))) @ h(G (dom(e)), H (dom(¢))) =
h(G(dom(¢)), H (codom(¢)))
and g is given by associating ¢ € Arr(J) with

Hom = h(G(codom(g)), H(codom())) 2> h(G(codom(s)), H (codom(g))) @ I =,

h(G (codom(e)), H(codom(¢))) @ h(G(dom(¢)), G(codom(¢))) =
WG(dom(¢)), H(codom(¢)))
(iii). Let [ : Ob(HomU ea2(4:C))? = Ob(A) assign to each pair (F,G) the (sk, g)-limit

of the diagram D(F, &) consisting of the two arrows f and g, where ¢ is the inclusion of
the sub-category of dom(D(F,G)) with the same objects, and only identity arrows.

(iv). Suppose that for each G1,Gq, G3 € Ob(HOmU cai2($C)),

5(Gh, G2, Gy) = colim(® o (Pp(Ga,Gs) X PD(G1,Ga))) — COLM(PD(Ga,c)) @ cOlim(pp(cy,a»))

is defined to be that which is induced by sending ((a, c), (b, 3)) € Ob(Pp(cs,c4) % Pp(Gr,¢))
to the tensor of its colimit arrows, e, ® eg : a ® b — colim(pp(a,,as)) @ colim(pp(c,,a»)),
and that s(G1, G, G3) is an isomorphism.
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(v). Suppose that for each G1, G5 € Ob(Hom
the colimit arrow A
T; 0 Az O A

v ez C)), for any (a, a) € Ob(Ppa, 6.)),
DGy .y (@ @) 0@ = colimit(pp(cy,,)) 1s the unique arrow for which
a,a) = a(i) for each i € Ob(dom(D(G1,G2))), where

PD(G1,G9) (

Ar s colim(ppay,as)) — H D(G1, G2)(i)
i€0b(dom(D(G1,G2)))

is induced by the arrows (i) for (a, @) € Ob(Pp(c,c,))-*

(vi). Deﬁne a function ¢ : Ob(Hom(l) (J,C))* — Arr(A) so that for any Gy, Gs,G3 €

U—¢at?
Ob(Hom"") w24 0)),

t(Gl, GQ, Gg) . colzm(@ @) (pD(Gg,Gg) X pD(Gl,G’Q))) — COlim(pD(Gl,G3)>

is the colimit arrow assigned to (colim(® o (Pp(as,as) X PD(G1,Ga))> ) € Ob(Pp(ci.as)),
where if Ob(dom(D(G1, G2))) = Ob(dom(D(G2,G3))) = Ob(dom(D(G1,G3))) = {c,d, m}
so that

¢ corresponds to H h(Gi(codom(¢)), Gj(codom(¢))) and

pcArr(J)
d corresponds to H h(Gi(dom(¢)), G;(dom(¢))) and
peArr(J)
m corresponds to H H(G;(dom(¢)), G(codom(¢))),
peArr(J)

then o @ Aggom(eo),4) (colim(® o (Pp(ca,cs) X Pp(G1,ca))) — D(G1,Gs) o g is given by

a(c) : colim(® o (® © (PD(Gs,Gs) X PD(G1,G2))) — H h(G1(codom(d)), Gs(codom(¢)))
peArr(J)

corresponding to the assignment (¢ — oo ®((m40 3(c), T4 0v(c))))pearr(s) for any (b, B) €
Ob(PD(G%GS)) and any (Cv 7) € Ob(PD(Gl,GQ))7

a(d) : colim(® o (® o (pD(Gz,G3) X pD(Gl,G2)>> — H h(G1(dom(¢)), Gs(dom(¢)))
peArr(J)

corresponding to the assignment (¢ — oo ®((my0(d), 75 0v(d))))scarr(s) for any (b, 5) €
Ob(PD(Gg,Gg)) and any (C, ’7) - Ob(PD(Gl,GQ))7

3This condition is as in the conclusion of the uniqueness via monic lemma of II.1

80



and any

a(m) : colim(® o (® o (Pp(Gs,Gs) X PD(G1,Gs))) — H h(G1(dom(¢)), Gs(codom(s)))
peArr(J

for which (colim(® o (Pp(Ga,c4) X PD(G1,G2)), ) € Ob(Ppa,,cs)). (Herein is a choice
required in the construction)

(vii). Then 6 = ((G1, Gz, Ga) = H(G1, Go, Gy)os(Gr, G, G3)71)G1,G27G3€Ob(HomS>,¢ut2(Jvc))

implies that (Ob(HOmS)_catg(J, ()),1,0) is a very weak A-enrichment.

(viii). If the enrichment is F-associative, then the above construction yields a weak
enrichment over the category whose objects are functors J — C' and arrows are
HGl’GQGHomU%M(‘LC) Fl0)(A(G1,G2)), with composition given by application of F{y to the
enriched composition arrows in A.

A.5 Example

In the case in which C' = U — €at and sk = Skel, if F' is the object functor, then the
underlying category in the second part of the lemma would have as objects the functors
and arrows weak natural transformations, for which G2(¢) o faom(g) = feodom(s) © G1(@).

A.6 Lemma

(Induced Enrichments on Categories of Diagrams in (A4, ®) — Cat, given sk : A — B). If
the amnesia is representable, and there is an isomorphism Xy_gq 0 (F X F) — Fo® (i.e.
the amnesia can made into a “strong” arrow in T€at), then (A, ®) — €at, has a natural
weak enrichment over itself.

A.7 Corollary
Auto-enrichment of (b, ®) — Cat.

A.8 Lemma

A full functor p whose domain is weakly enriched over some (A, ®) induces a weak en-
richment over the same on the codomain. ... ...
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