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ABSTRACT

TROPICALIZING THE GRAPH PROFILES
OF SOME COLLECTIONS OF TREES

SEPTEMBER 2024

MARIA DASCĂLU

B.A., COLGATE UNIVERSITY

M.S., UNIVERSITY OF MASSACHUSETTS AMHERST

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Annie Raymond

Many important problems in extremal graph theory can be stated as certifying polyno-

mial inequalities in graph homomorphism numbers, and in particular, many ask to certify

pure binomial inequalities. For a fixed collection of graphs U , the tropicalization of the

graph profile of U essentially records all valid pure binomial inequalities involving graph ho-

momorphism numbers for graphs in U . Building upon ideas and techniques described by

Blekherman and Raymond in 2022, we compute the tropicalization of the graph profile for

K1 and S2,1k-trees for 0 ≤ k ≤ m−1, that is, stars with k+1 branches, one of which is subdi-

vided. We call these almost-stars. This allows pure binomial inequalities in homomorphism

numbers (or densities) for these graphs to be verified through a linear program in m + 1

variables and m+5 constraints. We give a conjecture for the f -vector of this tropicalization.

We also present a conjecture for the tropicalization of the graph profile for K1, stars, and

almost-stars.
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INTRODUCTION

Many graphs are so large that it is hard to study them in their entirety. For example,

how can one understand the Facebook graph or the graph representing neural connections

in a human brain? The latter cannot even be inputted into a computer given its size! One

idea to study such graphs is to randomly sample the graph to determine the distribution of

some small substructures. Two questions can be asked:

1. If we know something locally about a graph, what can we say about its global proper-

ties?

2. What is even possible locally?

We focus on the second question, focusing on understanding all valid polynomial inequalities

in a particular quantity for a class of graphs.

The quantity we consider is graph homomorphism numbers. While we would like to

understand all valid inequalities for graph homomorphism numbers for trees, this is sadly

out of reach at the moment. In this thesis, we take a first step in that direction by restricting

our trees to be almost-stars, stars which have one subdivided edge. This turns out to

be significantly more complicated than the case where one restricts to stars (which was

previously done in [5]). We also present a conjecture when we consider stars together with

almost-stars. In whan follows we will motivate these ideas and make them more precise.

For simple undirected graphs F and G, a (graph) homomorphism of F in G is a not

necessarily injective map from V (F ) to V (G) such that edges of F are sent to edges of G.

We will denote the set of homomorphisms of F in G by Hom(F ;G), and the cardinality of

this set by hom(F ;G). We can also define the (graph) homomorphism density of F in G as

t(F ;G) := hom(F ;G)

|V (G)||V (F )| , where |V (G)||V (F )| is the number of maps from V (F ) to V (G).

1



Many problems in extremal graph theory can be framed as certifying inequalities in

either homomorphism numbers or in homomorphism densities. One famous inequality is

Sidorenko’s conjecture [44], which states that t(F ;G) ≥ t(P1;G)|E(F )| for any bipartite graph

F and for any graph G, where Pm denotes the path with m edges. Note that in this case,

P1 represents the edge and P0 the vertex. In homomorphism numbers, this is written as

hom(P0;G)2|E(F )|−|V (F )| · hom(F ;G) ≥ hom(P1;G)|E(F )|. Another well-known inequality is

the Kruskal-Katona Theorem [32, 28], which states that t(Kp;G)q ≥ t(Kq;G)p for 2 ≤ p < q

for any graph G, where Kn is the complete graph on n vertices. In homomorphism numbers,

this is written as hom(Kp;G)q ≥ hom(Kq;G)p for 2 ≤ p < q.

We define the (graph) density profile DU of connected graphs U = {F1, F2, . . . , Fs} to be

the closure of the set of all vectors

(t(F1;G), t(F2;G), . . . , t(Fs;G))

as G varies over all graphs. The (graph) number profile NU of U is the set of all vectors

(hom(F1;G), hom(F2;G), . . . , hom(Fs;G))

as G varies over all graphs. Graph profiles essentially capture all valid polynomial inequalities

in homomorphism numbers or densities for graphs in U . Note that determining the density

profile of U = {K2, H} where H is an arbitrary bipartite graph would require the resolution

of Sidorenko’s conjecture since K2 = P1. Very few graph profiles are known for pairs of

graphs: the density profile of {K2, Kn} was proved for n = 3 in [39], for n = 4 in [37], and

for general n in [40]. No graph profiles are known for nontrivial triples of graphs, although

some projections of the density profile of U = {K2, P2, K3} to planes are known [17, 24].

Graph profiles are quite complicated objects: they are not necessarily convex or semi-

algebraic [22], as seen in Figure 1 which represents the density profile for U = {K2, K3}.

Furthermore, in [26] Ioannidis and Ramakrishnan showed that given a positive integer s ≥ 9,

2
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Figure 1: The density profile of U = {K2, K3} given in [39].

finite graphs F1, . . . , Fs, and integers a1, . . . , as, it is undecidable to check whether a poly-

nomial expression in homomorphism numbers

a1 hom(F1;G) + . . .+ as hom(Fs;G) ≥ 0

is nonnegative on all graphs. In [21], Hatami and Norine showed that it is undecidable to

check whether the analogous statement in homomorphism densities

a1t(F1;G) + . . .+ ast(Fs;G) ≥ 0

is nonnegative on all graphs. Though this implies that there is no hope to understand all

graph profiles in general, graph profiles for particular collections U may still be computed.

One particular graph profile of interest is the graph profile of trees, of which very little is

known. To make the problem tractable, we study a simplification of the number profile for

a restricted collection of trees. It was previously known that this simplification is a rational

polyhedral cone by Theorem 3.2 in [5]. Our contribution is to offer a complete characteri-

zation of that cone. We focus on the number profile because one can write inequalities in

homomorphism densities as inequalities in homomorphism numbers by using the fact that

3



|V (G)| = hom(K1;G). Therefore if K1 ∈ U , the density profile can be obtained from the

number profile. However, it is not always possible to write an inequality in homomorphism

numbers as an inequality in homomorphism densities.

The tool we use to simplify the graph profile is tropicalization, a tool used in both

complex and real algebraic geometry. The tropicalization essentially replaces a variety with

its “combinatorial shadow” [12, 36]. For a set S ⊆ Rs
≥0, let log(S) denote the image of

S ∩ Rs
>0 under the map log(v) = (log v1, . . . , log vs). The tropicalization of S is also known

as its logarithmic limit set and is defined as

trop(S) = lim
τ→∞

logτ (S).

One can think of tropicalization as changing a ring’s multiplication operation to addi-

tion, and its addition to the max or min operation depending on the setting. For the number

profile, addition becomes the max operation. When S ⊆ Rs
≥0 is closed under coordinatewise

multiplication, trop(S) is a closed convex cone. It is also the closure of the conical com-

binations of points in log(S), and if 1 ∈ S, then trop(S) is also the closure of the convex

combination of points in log(S). Moreover, all of the tropicalizations computed thus far have

been rational polyhedral cones [5, 6, 11]. Though we do not know how complicated graph

profiles are in general [22], the tropicalization is a comparatively simple set. This is partially

because the tropicalization of the graph profile loses many of the inequalities defining the

graph profile.

And yet, the tropicalization does preserve many interesting inequalities. In [5], Blekher-

man and Raymond showed that trop(NU) records all of the pure binomial inequalities on

the number profile NU ; this result is extendable to density profiles. Both Sidorenko’s con-

jecture and the Kruskal-Katona Theorem are examples of pure binomial inequalities, in-

equalities of the form xα ≥ xβ, where x = (x1, . . . , xs) ∈ Rs
≥0 and α,β ∈ Rs

≥0, where

xα = (xα1
1 , x

α2
2 , . . . , x

αs
s ). Pure binomial inequalities xα ≥ xβ correspond to linear inequal-

ities in logarithms, inequalities of the form 〈α, log x〉 ≥ 〈β, log x〉. Regardless of the base

4



of the logarithm, this inequality holds; tropicalization therefore provides a base-independent

way of studying the image of the logarithm map.

In Chapter 2 of this dissertation we compute trop(NUA(m−1)) for

UA(m− 1) := {S0, S2,10 , S2,11 , . . . , S2,1m−1},

where S0 is the vertex and S2,1k is the tree with V (S2,1k) = {1, 2, 3, . . . , k+3} and E(S2,1k) =

{{1, j} | j ∈ {2, 3, . . . , k+2}}∪{{k+2, k+3}}, that is, a star where one branch is subdivided.

We call these almost-stars. Figure 2 shows the almost-star S2,13 .

Definition 2.0.1. We define

QA(m− 1) :=



y ∈ Rm+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−y1 + y2 ≥ 0

4y1 − 3y2 ≥ 0

3y1 − 3y3 + y4 ≥ 0

y1 + 2ym−1 − 2ym ≥ 0

y0 + ym−1 − ym ≥ 0

y0 − 2y1 + y3 ≥ 0

yi−1 − 2yi + yi+1 ≥ 0 ∀2 ≤ i ≤ m− 1

m · ym−1 − (m− 1) · ym ≥ 0



.

Theorem 2.0.2. We have that trop(NUA(m−1)) = QA(m− 1).

Figure 2: The S2,13 tree.
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There are two strategies to prove Theorem 2.0.2; both use the same argument to show that

trop(NUA(m−1)) ⊆ QA(m− 1), but differ in how to prove that QA(m− 1) ⊆ trop(NUA(m−1)).

We first present some of the tools needed to prove that trop(NU) ⊆ Q and a cone Q for some

general collection of graphs U .

Regardless of the strategy used, we first certify that all of the inequalities defining Q come

from pure binomial inequalites valid on the profile NU and thus show that trop(NU) ⊆ Q.

Certification can be done in many ways, but we focus on two methods: the use of a gluing

algebra on partially-labeled graphs, and some tools presented in [31]. When searching for

pure binomial inequalities
∏k1

i=1 αi log hom(Fi;G) ≥
∏k2

i=1 βi log hom(Hi;G) that are valid on

trop(NU) where the Fi’s and Hi’s are connected graphs, we can assume that there is only

one graph on the right-hand side. In other words, it suffices to search for pure binomial

inequalities of the form
∏k1

i=1 αi log hom(Fi;G) ≥ β log hom(H;G). Indeed it was shown in

[5] that each extreme ray of the dual cone trop(NU)∗ for any finite collection of connected

graphs U is spanned by a vector with at most one negative coordinate.

We present the gluing algebra on partially-labeled graphs first. A graph F is partially-

labeled if a subset L of its vertices are labeled with elements of N := {1, 2, 3, . . .} such that no

vertex receives more than one label. If no vertices of F are labeled, then F is unlabeled. Let

ϑ : L → V (G) be a labeling, which represents where the subset L of vertices of F are sent

to in G. Then for a partially-labeled graph F , hom(F ;G) is the number of homomorphisms

ϕ : V (F )→ V (G) that extend ϑ.

Furthermore, for two graphs (partially-labeled or not),

hom(F1;G) · hom(F2;G) = hom(F1F2;G)

where F1F2 is the graph obtained by gluing partially-labeled F1 and F2 along vertices with

the same labels, and replacing any doubled edge with a single edge. If neither F1 nor F2 are

partially-labeled, F1F2 is the disjoint union of the two graphs.

For a partially-labeled graph F ,
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Jhom(F ;G)K :=
∑

ψ:L→V (G)

hom(Fψ;G)

where Fψ corresponds to the partially-labeled graph where the vertices in L are sent to V (G)

according to ψ instead of ϑ. This operation yields the unlabeling of F , i.e., Jhom(F ;G)K =

hom(F ′;G) where F ′ is the unlabeled version of F . This is due to the fact that as we sum

over all ψ, we will obtain all possible homomorphisms.

To shorten notation, we will often use F as a shorthand for hom(F ;G), especially for the

purposes of writing inequalities. By F k, we denote both hom(F ;G)k and

hom(k disjoint copies of F ;G),

as they are equal.

Partially-labeled graphs allow for an adaptation of the AM-GM inequality as described

in, for instance, Theorem 2.1 of [45]). Let v = (F1, . . . , Fs) where the Fi are partially-labeled

graphs. Let a1, . . . , ak ∈ Ns, let α1, . . . , αk ∈ R>0 such that b :=
∑k

i=1 αiai ∈ Ns. We can

think of vai as being F ai1
1 · F ai2

2 · . . . · F ais
s . Then

Jva1Kα1 · · · JvakKαk ≥
q
vb

y
(1)

is the AM-GM inequality for partially-labeled graphs. We present all of these ideas fully in

Section 1.1 and Subsection 1.2.1.

The second method with which we certify inequalities uses the tools introduced by Kop-

party and Rossman in [31]. First, they gave a name to a concept frequently encountered in

extremal graph theory. For graphs F1 and F2 such that hom(F1;F2) ≥ 1, let the homomor-

phism domination exponent of F1 and F2, denoted by HDE(F1;F2), be

HDE(F1;F2) := sup{c ∈ R | hom(F1;G) ≥ hom(F2;G)c for all graphs G}.
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Any pure binomial inequality in homomorphism numbers (or densities) can be written in

terms of the homomorphism domination exponent. For example, Sidorenko’s conjecture can

be written as

HDE(FP
2|E(F )−|V (F )|
0 ;P1) = |E(F )|

for any bipartite graph F . The crux of the conjecture is to show that

HDE(FP
2|E(F )−|V (F )|
0 ;P1) ≥ |E(F )|,

as one can see that

HDE(FP
2|E(F )−|V (F )|
0 ;P1) ≤ |E(F )|

since there are two homomorphisms from any bipartite graph to the edge, and two homomor-

phisms from the vertex to the edge. The Kruskal-Katona Theorem can be similarly written

as HDE(Kp;Kq) = p/q for 2 ≤ p < q. The Erdős-Simonovits Theorem [16], recently proven

in [42] and then generalized in [5], states that

hom(P2u;G)2 · hom(P2v+1;G)2v−1−2u ≥ hom(P2v−1;G)2v+1−2u

for u < v (the original conjecture was for u = 0). Written in terms of the homomorphism

domination exponent, this is HDE(P2u · P 2v−1−2u
2v+1 ;P2v−1) = 2v + 1− 2u.

In addition, Kopparty and Rossman showed that a linear program in 2|V (F2)| variables

can be solved to obtain HDE(F1;F2) when F1 is chordal and F2 is series-parallel. Since trees

and forests are both chordal and series-parallel, this linear program was instrumental for

finding the necessary inequalities for the tropicalization of number profiles of trees, and is

used to prove one of the inequalities in Section 2.1.

For any set S, we let p(S) be the power set of S. Then for a series-parallel graph F2, let

P(F2) be the polytope consisting of normalized F2-polymatroidal functions p : p(V (F2))→ R

so that p satisfies these five conditions
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p(∅) = 0

p(V (F2)) = 1

p(A) ≤ p(B) ∀A ⊆ B ⊆ V (F2)

p(A ∩B) + p(A ∪B) ≤ p(A) + p(B) ∀ A,B ⊆ V (F2)

p(A ∩B) + p(A ∪B) = p(A) + p(B) ∀ A,B ⊆ V (F2) such that A ∩B

separates A\B and B\A.

In the definition above, A ∩ B is said to separate A\B and B\A if there is no path in

F2\(A ∩B) going from a vertex in A\B to a vertex in B\A.

With this polytope defined, we state Kopparty and Rossman’s result.

Theorem 1.2.9 (Kopparty-Rossman, 2011). Let F1 be a chordal graph and let F2 be a

series-parallel graph. Then

HDE(F1;F2) = min
p∈P(F2)

max
ϕ∈Hom(F1;F2)

∑
S⊆MaxCliques(F1)

−(−1)|S|p(ϕ(∩S))

where MaxCliques(F1) is the set of maximal cliques of F1 and ∩S is the intersection of the

maximal cliques in S.

After proving valid inequalities for trop(NU) and therefore that trop(NU) ⊆ Q, we show

that Q ⊆ trop(NU) by realizing the rays of trop(NU). We note that we often refer to a ray

by the vector that spans it. It is in showing Q ⊆ trop(NU) that the difference in the two

proof strategies arises. A ray r is realizable if there is a sequence of graphs Gn such that for

some α ∈ R≥0,

α(log hom(F1;Gn), log hom(F2;Gn), . . . , log hom(Fs;Gn))→ r

as n → ∞. Realizing a ray shows that it is contained in trop(NU). In certain instances,

blow-ups of the graphs in U allow us to realize the rays of trop(NU).
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While both proofs require us to realize rays, they differ in which rays are realized and

in how we show the inclusion Q ⊆ trop(NU). In the first strategy, applied in Section 2.3,

we realize all of the extreme rays of QA. Because trop(NU) contains the closure of conical

combinations of any of its rays, this shows that Q ⊆ trop(NU).

Let e0 = (1, 0, 0, . . . , 0), that is, the identity vector for the 0th coordinate, and let ~1 =

(1, 1, 1, . . . , 1), that is, the vector of all ones. We also define the following remaining extreme

rays.

Definition 2.2.3. Fix m ∈ N and let

• s1,m := (3, 6, 8, 10, 12, 15, . . . , 3(m− 1), 3m),

• s2,m := (6, 12, 16, 21, 27, 33, . . . , 6m− 3, 6m+ 3),

• s3,m := (2, 4, 5, 6, 8, 10, . . . , 2m),

• s4,m := (3, 6, 8, 10, 13, 16, . . . , 3m+ 1),

• r1,m,i := (6i− 15, 12i− 30, 16i− 40, 21i− 54, 27i− 72, 33i− 90, . . . , 6i2− 15i, 6i2− 9i−

15, 6i2 − 3i− 30, . . . , (6i− 15)m) for 5 ≤ i ≤ m− 1,

• r2,m,i := (i + 2, 3i, 4i, 5i, . . . , i(i + 2), (i + 1)(i + 2), . . . , (m − 1)(i + 2),m(i + 2)) for

5 ≤ i ≤ m− 1,

• r3,m,i := (3i − 9, 6i − 18, 8i − 24, 10i − 30, 13i − 40, 16i − 50, . . . , 3i2 − 12i + 10, 3i2 −

9i, 3i2 − 6i− 9, . . . , (3i− 9)m) for 5 ≤ i ≤ m− 1,

• r4,m,i := (2i − 5, 4i − 10, 5i − 12, 7i − 18, 9i − 24, . . . , 2i2 − 7i + 6, 2i2 − 5i, 2i2 − 3i −

5, . . . ,m(2i− 5)) for 5 ≤ i ≤ m− 1,

• r5,m,i := (i, i, . . . , i, i+ 1, i+ 2, . . . ,m) for 3 ≤ i ≤ m− 1, and

• r6,m,i := (i+1, 3i−1, 4i−2, 5i−3, . . . , i2+1, i2+i, i2+2i+1, . . . , (m−1)(i+1),m(i+1))

for 4 ≤ i ≤ m− 1.
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Now we can state the auxiliary theorem.

Theorem 2.3.1. The cone QA(m−1) ⊆ Rm+1 is the conical hull of the following rays, where

ellipses denote that the coordinates increase in arithmetic progression: e0, ~1, (1, 2, 2, 3, 4, . . . ,m),

(1, 3, 4, 5, . . . ,m + 2), (2, 4, 5, 7, . . . , 2m + 1), sj,m for j ∈ {1, 2, 3, 4}, and rj,m,i for j ∈

{1, 2, 3, 4, 5, 6}.

In the second strategy, applied in Section 2.4, we use some additional nice characteristics

of the tropicalization. One of these is that trop(NU) is max-closed : if (x1, . . . , xs), (y1, . . . , ys) ∈

trop(NU), then

(x1, . . . , xs)⊕ (y1, . . . , ys) := (max{x1, y1}, . . . ,max{xs, ys}) ∈ trop(NU).

The double hull of a cone S ⊆ Rs
≥0 is the smallest closed and max-closed convex cone that

contains S. We call a point p ∈ S max-extreme if whenever p = x ⊕ y for some x,y ∈ S,

then either p = x or p = y. Furthermore, p ∈ S is said to span a doubly extreme ray of S

if p spans an extreme ray of S and p is max-extreme. Blekherman and Raymond showed in

Theorem 2.13 of [5] that a closed and max-closed convex cone in Rs
≥0 is the double hull of

doubly extreme rays. Thus in the second strategy, we realize only the doubly extreme rays

of trop(NU) and show that Q is contained in the double hull of the doubly extreme rays by

using duality.

We can now state the theorem that will allow us to prove Theorem 2.0.2 using the second

strategy.

Theorem 2.4.1. The cone QA(m − 1) is the double hull of the rays in the following set,

where ellipses denote that the coordinates increase in arithmetic progression:

R := {e0,1, (1, 2, 2, 3, 4, . . . ,m), (1, 3, 4, 5, . . . ,m+ 2), (2, 4, 5, 7, . . . , 2m+ 1)}.

Additionally, we present a conjecture for the f -vector of trop(NUA(m−1)) in Section 2.5.

There we also include computations for the f -vector for m ∈ {3, 4, . . . , 11}.
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We define f ′6 = (1, 12, 39, 53, 34, 10, 1, 0, 0, 0, ...). This is the f -vector of the polyhedron

trop(NUA(5)) with trailing zeros.

Conjecture 2.5.1. The coordinates of the f -vector of the polyhedron trop(NUA(m−1)), de-

noted as fm = (fm,i)i, are given by

fm,i = f ′6,i + 6

(
m− 1

i

)
+

(
m− 2

i− 2

)
− 6

(
5

i

)
−
(

4

i− 2

)
,

where we let
(
n
i

)
= 0 when i > n or when i < 0. Equivalently,

fm,i = f ′6,i +
m−2∑
j=5

(
6

(
j

i− 1

)
+

(
j − 1

i− 3

))
.

The proof of Theorem 2.3.1 shows that fm,1 = 6(m − 4), that is, the tropicalization of

the number profile of almost-stars has 6(m − 4) extreme rays and 5 doubly extreme rays.

In comparison, the tropicalization of the number profile of stars has 2m extreme rays and 4

doubly extreme rays. One wonders how complicated the tropicalization of the union of these

collections is.

We address this question in Chapter 3 where we present a conjecture characterizing

trop(NUSA(m)) for

USA(m) := {S0, S1, S2, S2,11 , S3, S2,12 , S4, . . . , S2,1m−2 , Sm},

where Sk denotes the star with k branches.

Definition 3.0.1. We define
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QSA(m) :=

p ∈ R2m−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−z1 + z2 ≥ 0

2z1 − y1 ≥ 0

4z2 − 3y1 ≥ 0

−zk+1 + yk ≥ 0 ∀1 ≤ k ≤ m− 2

−yk + zk+2 ≥ 0 ∀1 ≤ k ≤ m− 2

zk+2 − yk ≥ 0 ∀1 ≤ k ≤ m− 2

z1 + zk − yk ≥ 0 ∀2 ≤ k ≤ m− 2

m · zm−1 − (m− 1) · zm ≥ 0

z0 − 2zk + y2(k−1) ≥ 0 ∀2 ≤ k ≤
⌊
m
2

⌋
z0 + zm−1 − zm ≥ 0

z1 − 3y1 + 2y2 ≥ 0

z1 + zk − yk ≥ 0 ∀2 ≤ k ≤ m− 2

zk−1 − 2zk + zk+1 ≥ 0 ∀1 ≤ i ≤ m− 1

yk−1 − 2yk + yk+1 ≥ 0 ∀1 ≤ i ≤ m− 3

yk + (k + 3) · zk+2 − (k + 3) · yk+1 ≥ 0 ∀1 ≤ k ≤ m− 3

m · ym−3 − ym−2 + zm ≥ 0

z0 + zk − 3zk+1 + y2k+1 ≥ 0 ∀0 ≤ k ≤
⌊
m−3
2

⌋
z0 − 3zk + zk+1 + y2k−3 ≥ 0 ∀2 ≤ k ≤

⌊
m+1
2

⌋
z0 + ym−3 − ym−3 ≥ 0

z1 + ym−3 + zm−1 − 2ym−2 ≥ 0

zk + (k + 1) · ym−3 − (2k + 1) · ym−2 + k · zm ≥ 0 ∀1 ≤ k ≤ m

zi + i · zk−1 − (2i− 1) · yk−1 + (i− 1) · yk ≥ 0 ∀2 ≤ i < k ≤ m− 2

zi + zk + zk+1 − 2yk ≥ 0 ∀2 ≤ i ≤ k ≤ m− 2

zi + yk + i · zk+2 − (i+ 1) · yk+1

∀2 ≤ i ≤ m− 2, i− 1 ≤ k ≤ m− 3

z0 + y2i−1 + 2zk + (2i+ 1) · zk+1 − (2i+ 1) · yk ≥ 0

∀1 ≤ i ≤
⌊
m−2
2

⌋
, 2i+ 1 ≤ k ≤ m− 2

z0 + y2i−1 + 2zk + (2i− 1) · zk+1 − (2i+ 1) · yk ≥ 0

∀1 ≤ i ≤
⌊
m−3
2

⌋
, 2i+ 1 ≤ k ≤ m− 2

z0 + y2i−1 + (2i+ 1) · zk − (4i) · yk + (2i− 1) · yk+1 ≥ 0

∀1 ≤ i ≤
⌊
m−4
2

⌋
, 2i+ 1 ≤ k ≤ m− 3

z0 + y2k−1 + (2k + 3) · ym−3 − 4(k + 1) · ym−2 + (2k + 1) · zm ≥ 0

∀1 ≤ k ≤
⌊
m−2
2

⌋


where p = (z0, z1, z2, y1, z3, . . . , ym−2, zm).
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Conjecture 3.0.2. Let

da,b,m := (a, 2b− 1, r2, r2,12 , r3, r2,13 , r4, . . . , r2,1m−1 , rm),

where rk := max{ka, (k + 1)a − k} and r2,1k−1 := max{(k + 1)a − 1, (k + 3)a − k − 1 −

b}. Let R := {da,b,m | a ∈ {2, 3, . . . ,m}, b ∈ {max{a, 2a − m + 2}, . . . , 2a − 2}} and

let S := {(1, 0, 0, . . . , 0),1, (1, 1, 2, 2, 3, 3, 4, . . . ,m − 1,m), (1, 2, 3, 4, 4, 5, 5, . . . ,m + 1,m +

1)}. Then trop(NUSA(m)) is the double hull of S ∪ R and we have that trop(NUSA(m)) =

proj2m−1(QSA(2m)), where proj2m−1(S) is the projection of S onto its first 2m−1 coordinates.

The strategy for the proof of this conjecture should be the same as that of Theorem 2.4.1.

We suggest this strategy because even at small values of m, the number of extreme rays is

very large, implying that a proof using all of the extreme rays may be difficult. For example,

at m = 6, there are 598 extreme rays, whereas at m = 10, there are 27,355. In contrast,

the number of doubly extreme rays is 16 for m = 6 and 46 for m = 10. However, even if

the number of doubly extreme rays grows, all but four of them are realized by one class of

graphs.

Outline

Chapter 1 contains a more in-depth explanation of the historical background and the

tools used in this thesis, as well as a proof of the tropicalization of the number profile of

stars, given in [5], to illustrate how a simple tropicalization can be computed. Chapter 2

contains the tropicalization of the number profile of almost-stars, along with a conjecture of

its f -vector in Section 2.5. Chapter 3 contains a conjecture on the tropicalization of almost-

stars together with stars, which is much more complicated than the tropicalization of either

stars or almost-stars on their own.
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(SELECTED) NOTATION

Graphs:

• For a simple undirected graph G, V (G) is the vertex set and E(G) is the edge set

• MaxCliques(G): set of maximal cliques of G

• Kn: complete graph on n vertices (K1 is the vertex, K2 is the edge)

• Sn: star graph with n branches (S0 is the vertex, S1 is the edge)

• Pn: path with n edges (P0 is the vertex, P1 is the edge)

• S2,1k : almost-star on k + 2 edges, i.e., Sk+1 with one subdivided edge

• Hom(F ;G): the homomorphisms from the graph F to the graph G

• hom(F ;G) := |Hom(F ;G)|, the number of homomorphisms from F to G

• t(F ;G): the homomorphism density from F to G

• HDE(F ;G) := sup{c ∈ R | hom(F ;T ) ≥ hom(G;T )c for all graphs T}

• FG: the disjoint union of two graphs F and G

• F ×G: the categorical product of two graphs F and G

Notation on sets:

• [n] := {1, 2, 3, . . . , n}

• ∩S: the intersection ∩S∈SS for a family of sets S; by convention in [31], ∩∅ = ∅

• p(S): power set of a set S

• P(G): the polytope of normalized G-polymatroidal functions

• dh(S): the double hull of S ⊆ Rs
≥0

• S∗ := {y ∈ Rs | y>x ≥ 0 ∀x ∈ S}, the dual of S

• Oi: the orthant of Rs consisting of all points where the i-th coordinate is nonpositive

and the other coordinates are nonnegative

• x⊕ y: the tropical sum, (max{x1, y1}, . . . ,max{xs, ys}) for two vectors x,y ∈ Rs

Notation for a tree T with V (T ) = [n]:

• p(ϕ) :=
∑
{i,j}∈E(T ) p({ϕ(i), ϕ(j)})−

∑n
i=1(deg i− 1)p({ϕ(i)})
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CHAPTER 1

BACKGROUND AND LITERATURE REVIEW

In this chapter we introduce in greater detail the tools and theorems needed for our

results and provide illustrative examples of their use.

In Section 1.1 we provide a selected exposition of extremal graph theory, introducing the

concept of graph homomorphisms and related mappings from one graph to another. We

consider inequalities in these mappings, focusing on inequalities in graph homomorphism

numbers, and introduce the graph number profile, which essentially encodes all polynomial

inequalities in graph homomorphism numbers. Throughout we present relevant or related

results by others in the field.

In Section 1.2, we present tools that allow us to certify polynomial inequalities, particu-

larly in homomorphism numbers.

In Section 1.3, we introduce one simplification of graph profiles, tropicalization, which

was first applied for this purpose by Blekherman, Raymond, Singh, and Thomas in [6]. We

include one theorem from [6] and many given by Blekherman and Raymond in [5] which

aided us greatly in obtaining our results, along with either sketches or reproductions of their

proofs, commentary, or illustrative examples.

Finally, in Section 1.4 we present the tropicalization of the graph profile of stars, given

in [5] and included here to illustrate how a simple tropicalization can be computed. This

tropicalization provides a rich point of comparison with both the tropicalization in Chapter 2

and with the conjecture for the tropicalization in Chapter 3.

16



1.1 Extremal graph theory

Many graphs are so large that it is hard to study them in their entirety. For example,

how can one understand the Facebook graph or the graph representing neural connections

in a human brain? The latter cannot even be inputted into a computer given its size! One

idea to study such graphs is to randomly sample the graph to determine the distribution of

some small substructures. Two questions can be asked:

1. If we know something locally about a graph, what can we say about its global proper-

ties?

2. What is even possible locally?

We focus on the second question. In Subsection 1.1.1 we present different mappings from one

graph to another. This allows us to introduce the history of some problems and conjectures

concerning the study of large graphs in Subsection 1.1.2. In Subsection 1.1.3 we present

illustrative examples and further information on our mappings; this allows us to motivate

our focus on one mapping: graph homomorphisms; Subsection 1.1.4 details the properties

of this map. Finally, in Subsection 1.1.5 we consider an object, the graph number profile,

which essentially encodes all polynomial inequalities in graph homomorphism numbers.

1.1.1 Different ways of counting

In this subsection, we discuss three types of maps from one graph to another, which will

aid us in giving an overview of some of the important problems in extremal graph theory

in the next subsection. Throughout this dissertation we consider only simple undirected

graphs. For a graph G, we will refer to its set of vertices as V (G), and to its set of edges as

E(G).

In discussing the following three types of maps, we will use nonstandard language. It

should be noted that we consider maps that yield subgraphs of G, not the subgraphs that

are yielded.
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Let F and G be graphs. Injective maps from V (F ) to V (G) that send edges of F to edges

of G and non-edges of F to non-edges of G describe induced subgraphs of F in G. Injective

maps from V (F ) to V (G) that send edges of F to edges of G, without paying attention to

where the non-edges of F are sent, describe subgraphs of F in G. Note that the set of induced

subgraphs is contained in the set of subgraphs for any F and any G. Finally, maps that are

not necessarily injective, but that send edges of F to edges of G denote homomorphisms from

F to G, that is, they yield graph homomorphisms of F in G. The set of homomorphisms

from F to G will be denoted by Hom(F ;G). We refer to the number of homomorphisms

from F to G as hom(F ;G).

Furthermore, we may want to consider the density of each of these mappings. The induced

subgraph density between F and G is the probability that a random injective map from V (F )

to V (G) yields an induced subgraph. Similarly, the subgraph density between F and G is the

probability that a random injective map from V (F ) to V (G) yields a subgraph. The number

of injective maps from V (F ) to V (G) is |V (F )|!
(|V (G)|
|V (F )|

)
. We refer to the induced subgraph

density as tind(F ;G) and to the subgraph density as tinj(F ;G). The homomorphism density

t(F ;G) between F and G is the probability that a random map from V (F ) to V (G) yields

a homomorphism. The number of maps from V (F ) to V (G) is |V (G)||V (F )|.

Thus,

t(F ;G) :=
hom(F ;G)

|V (G)||V (F )| .

We will revisit these maps and some of their properties in Subsections 1.1.3 and 1.1.4.

1.1.2 A short and selected history

In this subsection we consider some of the interesting conjectures and problems in ex-

tremal graph theory.

When randomly sampling a large graph to find smaller graph substructures, one of the

substructures we can consider is a subgraph. The Reconstruction Conjecture, due to Kelly

[29] and Ulam [47, 38], asserts that graphs are uniquely determined by some of their sub-

graphs. More precisely, given a graph G on n vertices, a vertex-deleted subgraph of G is
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a subgraph obtained by deleting a single vertex of G. For graphs G and H with at least

three vertices, the Reconstruction Conjecture states that if the multiset of isomorphism

classes of vertex-deleted subgraphs of G is equal to the multiset of isomorphism classes of

vertex-deleted subgraphs of H, then G and H are isomorphic.

The Edge Reconstruction Conjecture is a very similar conjecture, where we consider edge-

deleted subgraphs, subgraphs of G obtained by deleting one edge of G instead of considering

vertex-deleted subgraphs. This conjecture is due to Harary, who also suggested a stronger

version of the Reconstruction Conjecture [20]. Both conjectures provide a motivation for the

subgraph isomorphism problem, which we consider next.

Given two graphs G and H, the subgraph isomorphism problem asks whether G contains

a subgraph isomorphic to H. It is a generalization of both the maximum clique problem,

which asks what the maximum clique in a graph G is, and the problem of testing whether

G contains a Hamiltonian cycle. This problem is NP-complete [10]: whenever G has a

subgraph isomorphic to H, there exists a related set of decision problems whose solutions

can be verified in polynomial time, and we can use the subgraph isomorphism problem

to simulate every other NP problem. On the other hand, in 1967, Lovász showed that two

graphs G and H are isomorphic if and only if they have the same number of homomorphisms

from any graph F [33]. That is, hom(F ;G) = hom(F ;H) for any graph F if and only if G

and H are isomorphic.

Many problems in extremal graph theory can be stated as certifying polynomial inequal-

ities in either numbers or densities of the maps we defined in the previous section. For

example, Sidorenko’s Conjecture [44] says that

t(F ;G) ≥ t(K2;G)|E(F )|

for any bipartite graph F and for any graph G. In homomorphism numbers, this is written

as

hom(K1;G)2|E(F )|−|V (F )| · hom(F ;G) ≥ hom(K2;G)|E(F )|.
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Sidorenko’s Conjecture is known to hold when F is a tree [43], as well as other classes of

bipartite graphs [8, 9, 30, 46].

New polynomial inequalities in numbers or densities, or results related to these types of

inequalities, are often discovered in the field. For instance, qn(G), the smallest eigenvalue

of the signless Laplacian matrix of an n-vertex, triangle-free graph G is at most 15n
94

[3].

This result was proved in 2023 by showing that hom(P3;G) ≤ 15
94

hom(K1;G) · hom(P2;G)

holds, among other things. As another example, Brosch and Puges studied the inducibility,

or the maximum induced subgraph density, of rooted leaf-labeled binary trees mapped to

graphs whose number of vertices goes to infinity. For historical reasons, Brosch and Puges

consider these graphs to be only rooted leaf-labeled binary trees. In [7], they improve the

existing bounds on one specific tree, and obtain more than 300 new bounds. One example

is the inducibility of the tree T shown in Figure 1.1, which Brosch and Puges showed has

inducibility ≤ 0.4285723. Work has also been done in the realm of Turán-type problems

Figure 1.1: The rooted leaf-labeled binary tree T from [7].

for hypergraphs. For instance, when E3 denotes the 3-edge, C−` denotes the 3-uniform

hypergraph obtained by removing one hyperedge from the tight cycle on ` vertices, and H

denotes a 3-uniform hypergraph such that t(C−` ;H) = 0 for sufficiently large ` not divisible

by 3, t(E3;H) ≤ 1
4

[4]. For instance, let E3 denote the 3-edge and let C−` denote the

hypergraph obtained by removing one hyperedge from the 3-uniform cycle on ` vertices.
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Then for sufficiently large ` not divisible by 3, t(E3;H) ≤ 1
4

for all 3-uniform hypergraphs

H such that t(C−` ;H) = 0, [4].

In Subsection 1.1.5 we will see many other inequalities from the literature. Due to

the nice properties of homomorphism numbers that we discuss in Subsection 1.1.4, we will

focus on the certification of inequalities in homomorphism numbers rather than those in

homomorphism densities.

1.1.3 Different ways of counting: examples

In this subsection we revisit the maps we introduced in Subsection 1.1.1. We present

examples of what they are and some of the possible transformations between them. These

transformations allow us to justify why we consider only inequalities in homomorphism

numbers.

Recall that when we refer to induced subgraphs and subgraphs we are using nonstan-

dard language; we are considering the maps that yield these subgraphs, not the subgraphs

themselves.

Example 1.1.1. Consider the graph F = and its mappings to G = . We color the

vertices of F to show where they are sent in G under different maps. For injective maps, this

coloring is ; for non-injective maps, we will use . Note that the number of injective

maps from V (F ) to V (G) is 3!
(
4
3

)
= 24, and the number of maps from V (F ) to V (G) is

43 = 64.

.

There are 4 induced subgraphs of F in G and tind(F ;G) = 4
24

= 1
6
. Next, we will consider

subgraphs of F in G. Below we list only those subgraphs that are not induced subgraphs.

.

There are 10 subgraphs of F in G and tinj(F ;G) = 10
24

= 5
12

. Finally, we consider homo-

morphisms of F in G. Below we list only homomorphisms that are not subgraphs. In this

example, both edges of F are mapped to the same edge in G.
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.

There are 18 homomorphisms from F to G, so hom(F ;G) = 18 and t(F ;G) = 18
64

= 9
32

.

The existence of homomorphisms from one graph to another can give interesting addi-

tional information about the graphs. If hom(Kn;G) > 0, then G contains a clique with n

nodes. On the other hand, hom(G;Kn) > 0 implies that G is n-colorable. For a fixed F ,

we can check all possible maps V (F )→ V (G) and thus decide in time polynomial in V (G)

whether hom(F ;G) > 0. However, Hell and Nešetřil [23] proved that for a fixed nonbipartite

graph G, deciding whether hom(F ;G) > 0 is NP-complete. If P 6= NP, hom(F ;G) > 0 is de-

cidable in polynomial time in only two other cases. First, if G has no edges, hom(F ;G) > 0

if and only if F has no edge. Second, if G is bipartite, hom(F ;G) > 0 if and only if F is

bipartite.

Remark 1.1.2. Though we will present most of our historical results in terms of t(F ;G),

many of these problems were actually stated in terms of tind(F ;G) or tinj(F ;G) instead. We

introduce some important transformations for switching between the different maps.

Asymptotically in terms of the number of vertices in G, tinj(F ;G) approaches t(F ;G):

|tinj(F ;G)− t(F ;G)| ≤ 1

|V (G)|

(
|V (F )|

2

)
.

This is because as the number of vertices in G grows, the probability of two vertices in F

being mapped to the same vertex in G, i.e., that a map is not injective, approaches 0. The

righthand side of the inequality shows this probability.

One can obtain tinj from tind with a simple calculation

tinj(F ;G) =
∑
F ′⊇F

tind(F ′;G),

where F ′ denotes graphs obtained by adding edges to F without also adding new vertices.
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A similarly simple calculation provides the reversal of the above identity

tind(F ;G) =
∑
F ′⊇F

(−1)E(F ′)−E(F )tinj(F
′;G).

Example 1.1.3. We use the same F = and G = as in the previous example; we

use the injective coloring to make it clear what our mappings are. We obtain tinj( ; )

from tind( ; ). The formula indicates that

tinj( ; ) = tind( ; ) + tind( ; ).

In Example 1.1.1 we computed tinj( ; ) = 10
24

and tind( ; ) = 4
24

. For clarity, we

include the induced subgraphs of in below:

.

Thus

tinj( ; ) = tind( ; ) + tind( ; )

=
4

24
+

6

24

=
10

24
.

Example 1.1.4. We obtain tind( ; ) from tinj( ; ). Note that the induced sub-

graphs shown in Example 1.1.3 are the only subgraphs of in . Given the formula, we

have that

tind( ; ) = (−1)2−2tinj( ; ) + (−1)3−2tinj( ; )

= (1)

(
10

24

)
+ (−1)

(
6

24

)
=

4

24
.
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Additional information about these mappings, the transformations between them, and

alternative computations are listed in Section 5.2.3 of [34].

In our setting, homomorphism numbers allow for a more general statement than homo-

morphism densities. Recall that

t(F ;G) =
hom(F ;G)

|V (G)||V (F )| .

The number of maps from V (F ) to V (G) does not depend on the edges of F ; it only

depends on the number of vertices F has. Every map from a vertex to a graph is vacuously

a homomorphism. Therefore, we can rewrite

t(F ;G) =
hom(F ;G)

|V (G)||V (F )| =
hom(F ;G)

hom(K1;G)|V (F )| .

Example 1.1.5. Thus, we can change a polynomial inequality in homomorphism densities

to a polynomial inequality in homomorphism numbers. In particular, the corresponding

inequality will be in homomorphism numbers of the same graphs together with the vertex.

Suppose we wanted to write t(S6;G) ≥ t(S7;G) as an inequality in homomorphism

numbers. Then we could write

t(S6;G) ≥ t(S7;G)

⇐⇒ hom(S6;G)

|V (G)|7
≥ hom(S7;G)

|V (G)|8

⇐⇒ hom(S6;G)

hom(K1;G)7
≥ hom(S7;G)

hom(K1;G)8

⇐⇒ hom(K1;G) · hom(S6;G) ≥ hom(S7;G).

Similarly, suppose we wanted to write Goodman’s bound [19] as an inequality in homo-

morphism numbers. Then we could write
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t(K3;G) ≥ t(K2;G)(2t(K2;G)− 1)

⇐⇒ hom(K3;G)

hom(K1;G)3
≥ hom(K2;G)

hom(K1;G)2

(
2

hom(K2;G)

hom(K1;G)2
− 1

)
⇐⇒ hom(K3;G)

hom(K1;G)3
≥ hom(K2;G)

hom(K1;G)2

(
2

hom(K2;G)

hom(K1;G)2
− hom(K1;G)2

hom(K1;G)2

)
⇐⇒ hom(K3;G)

hom(K1;G)3
≥ 2

hom(K2;G)2

hom(K1;G)4
− hom(K2;G) · hom(K1;G)2

hom(K1;G)4

⇐⇒ hom(K1;G) · hom(K3;G) ≥ 2 hom(K2;G)2 − hom(K2;G) · hom(K1;G)2.

However, we cannot always change a polynomial inequality in homomorphism numbers

to a polynomial inequality in homomorphism densities.

Due to the transformations we have discussed and because in our setting homomorphism

numbers are more general than homomorphism densities, we will focus on certifying inequal-

ities in homomorphism numbers.

1.1.4 Properties of graph homomorphism numbers

In this section we present some of the properties of graph homomorphism numbers; the

tools we will introduce in Section 1.2 depend on these properties.

The disjoint union of two graphs F1 and F2 is denoted as F1F2. Note that because

there are no edges between F1 and F2 in F1F2, we can consider the homomorphisms from

F1 and F2 as independent from one another. Each homomorphism from F1F2 to G com-

prises one homomorphism from F1 to G and one homomorphism from F2 to G. Because

they are independent, for each homomorphism f1 : F1 → G there are hom(F2;G) possible

homomorphisms from F1F2 → G. Similarly, for each homomorphism f2 : F2 → G there are

hom(F1;G) possible homomorphisms from F1F2 → G. Thus the following identity holds for

homomorphism numbers:

hom(F1F2;G) = hom(F1;G) · hom(F2;G).
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Consider too the homomorphisms from a connected graph F to G1G2. Each homomorphism

is either a homomorphism from F toG1 or a homomorphism from F toG2; no homomorphism

can map vertices of F to both G1 and G2. Thus the following identity holds:

hom(F ;G1G2) = hom(F ;G1) + hom(F ;G2).

The categorical graph product is defined as G1×G2, where V (G1×G2) = V (G1)×V (G2)

and the vertices (v1, v2) and (v′1, v
′
2) where v1, v

′
1 ∈ V (G1) and v2, v

′
2 ∈ V (G2) are adjacent

if and only if v1 is adjacent to v′1 in G1 and v2 is adjacent to v′2 in G2. Figure 1.2 shows

an example. Every homomorphism fG1 ∈ Hom(F ;G1) and fG2 ∈ Hom(F ;G2) yields a

Figure 1.2: The categorical graph product K2 ×K3.

homomorphism (f(v) = fG1(v); fG2(v)) for every v ∈ V (F ). On the other hand, we can

consider the projections πG1 : G1×G2 → G1 by πG1(v1, v2) = v1 and πG2 : G1×G2 → G2 by

πG2(v1, v2) = v2. Then each homomorphism f ∈ Hom(F ;G1 × G2) yields a homomorphism

fG1 via πG1 and a homomorphism fG2 via πG2 such that f = fG1 × fG2 . Thus the following

identity holds:

hom(F ;G1 ×G2) = hom(F ;G1) · hom(F ;G2).

The following lemma states a useful result about homomorphism numbers.

Lemma 1.1.6. [Folklore] If there is a surjective homomorphism from F1 to F2 then

hom(F1;G) ≥ hom(F2;G).
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Proof. Let h be a surjective homomorphism from F1 to F2. Then for every homomorphism

f2 : F2 → G we can define a homomorphism f1 = f2 ◦ h : F1 → G. Note that f2 7→ f1

is injective because h is surjective, so the collection of homomorphisms from F1 to G gets

mapped to a set of distinct homomorphisms from F2 to G. Thus hom(F1;G) ≥ hom(F2;G).

For more information on homomorphism numbers, one can read [34].

Thus far we have only considered hom(F ;G) when F is an unlabeled graph. We can ex-

tend this definition to consider the case where F is a partially-labeled graph. This extension

will allow us to prove some inequalities in homomorphism numbers. A graph is partially-

labeled if a subset L of its vertices are labeled with elements of N := {1, 2, 3, . . .} such that no

vertex receives more than one label. If no vertices of H are labeled, then H is unlabeled. Let

ϑ : L → V (G) be a labeling, which represents where the subset L of vertices of F are sent

to in G. Then for a partially-labeled graph F , hom(F ;G) is the number of homomorphisms

ϕ : V (F )→ V (G) that extend ϑ. Furthermore, for two graphs (partially-labeled or not),

hom(F1;G) · hom(F2;G) = hom(F1F2;G)

where F1F2 is the graph obtained by gluing F1 and F2 along vertices with the same labels,

and replacing any doubled edge with a single edge.

Example 1.1.7. Consider the graphs 2
1 3 and 1

2 . Then we have

hom
(

2
1 3 ;G

)
· hom

(
1

2 ;G
)

= hom

(
1 2

3
;G

)
.

Note that multiplying two unlabeled graphs simply yields their disjoint union as we

discussed above.
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For a partially-labeled graph F ,

Jhom(F ;G)K :=
∑

ψ:L→V (G)

hom(Fψ;G)

where Fψ corresponds to the partially-labeled graph where the vertices in L are sent to V (G)

according to ψ instead of ϑ. This operation yields the unlabeling of F , i.e., Jhom(F ;G)K =

hom(F ′;G) where F ′ is the unlabeled version of F . This is due to the fact that as we sum

over all ψ, we will obtain all possible homomorphisms.

We will often use F as a shorthand for hom(F ;G), especially for the purposes of writing

inequalities. By F k, we denote both hom(F ;G)k and hom(k disjoint copies of F ;G) as they

are equal.

Example 1.1.8. Using the same graphs as in the previous example, we can write

r
hom

(
1

2 ;G
)z

= hom ( ;G) .

We can rewrite the equality presented in the previous example as

2
1 3

1
2 = 1 2

3
,

and unlabeling can be represented as
r

1
2

z
= .

1.1.5 Graph profiles: encoding polynomial inequalities

In Subsection 1.1.2, we saw Sidorenko’s Conjecture as an example of one of the problems

in extremal graph theory that can be stated as certifying a polynomial inequality in some

quantity. In Subsection 1.1.3 we saw that homomorphism numbers are a good candidate

for the quantity we consider. In this subsection, we give the definition of the graph profile

of a collection of graphs; characterizing the graph profile would allow us to understand

all valid polynomial inequalities in homomorphism numbers (or densities) of the graphs in
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that collection. We also show how different problems in extremal graph theory are about

tcertifying inequalities over various graph profiles, making a central object in the field.

We define the (graph) density profile DU of a collection of connected graphs

U = {F1, F2, . . . , Fs}

to be the closure of the set of all vectors

(t(F1;G), t(F2;G) . . . , t(Fs;G))

as G varies over all graphs. The (graph) number profile NU of U is the set of all vectors

(hom(F1;G), . . . , hom(Fs;G))

as G varies over all graphs. Note that determining the density profile of U = {K2, H} where

H is an arbitrary bipartite graph would require the resolution of Sidorenko’s Conjecture.

The study of density profiles began in [15] where it was shown that any density profile

is a closed, connected, and full-dimensional subset of [0, 1]s for any arbitrary s-tuple of

connected graphs. Similarly, any number profile is a subset of Ns. Due to the multiplication

and addition properties of homomorphism numbers discussed in Subsection 1.1.4, both NU

and DU are closed under coordinatewise multiplication and addition. One of the reasons to

focus on NU is that if the vertex is contained in U , one can obtain the density profile from the

number profile; in Example 1.1.5, we saw that any polynomial inequality in homomorphism

densities can be written in homomorphism numbers of the same graphs plus the vertex.

In [39], Razborov completely described the density profile of U = {K2, K3}. This is

shown in Figure 1.3 in a slightly distorted form so that its features are more apparent.

Of the infinite number of polynomial inequalities in homomorphism densities it contains, a

few are particularly worth mentioning. The Kruskal-Katona Theorem [32, 28], which states
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that t(Kp;G)q ≥ t(Kq;G)p for 2 ≤ p < q, is the inequality that upper bounds DU when

p = 2, q = 3.

0 1
0

1

t( ;G)

t(
;G

)

Figure 1.3: The density profile of U = {K2, K3}.

Mantel’s Theorem states that the maximum number of edges in a triangle-free graph with

n vertices is
⌊
n2

4

⌋
. In terms of homomorphism densities, this theorem states that we have the

inequality t(K2;G) ≤ 1
2

whenever t(K3;G) = 0. Some of the graphs for which this bound is

attained are the bipartite graphs Kbn
2
c,dn

2
e. This bound tells us (1

2
, 0) is the rightmost point

in the graph profile on the horizontal axis. We can further generalize Mantel’s Theorem by

forbidding Kr graphs, such as in Turán’s theorem, which states that the maximum number

of edges in a Kr-free graph on n vertices is attained on a complete (r−1)-partite graph with

parts as equal as possible. These graphs are called Turán graphs, and they form the points

where the “scallops” meet in Figure 1.3. Mantel’s theorem is implied by the Goodman bound

[19] which states that t(k3;G) ≥ t(K2;G)(2t(K2;G)− 1). Goodman’s bound is the parabola

through (0, 0) and the points where the scallops meet. Note that Mantel’s Theorem and the

Kruskal-Katona Theorem are both pure binomial inequalities, that is, they have the form

xα ≥ xβ, where x = (x1, . . . , xs) ∈ Rs
≥0 and α,β ∈ Rs

≥0.

We mentioned earlier Brosch’s and Puges’ study of the inducibility of rooted leaf-labeled

binary trees. They improved the existing bounds on one specific tree and obtained more
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than 300 new bounds in [7], one of which we mentioned in Subsection 1.1.2. In the same

paper, they also obtained the first outer approximations of tree-profiles, i.e., density profiles

for collections of trees where one looks at densities only in trees instead of in all graphs,

and for specific trees, proved those tree-profiles. The other inequalities we mentioned in

Section 1.1.2, including those on hypergraphs, can also be seen as certifying some inequality

in homomorphism densities (or numbers) over a graph profile or over a slice of a graph profile.

Of course, as we have seen, these problems are rarely formulated in that way.Studying graph

profiles is thus central to extremal graph theory. Later, we will simplify the graph profile

to retain these pure binomial inequalities, since we are about to see that graph profiles are

very complicated.

As seen in Figure 1.3, graph profiles are not necessarily convex or semialgebraic [22].

Furthermore, in [26] Ioannidis and Ramakrishnan showed that given a positive integer s ≥

9, finite graphs F1, . . . , Fs, and integers a1, . . . , as, it is undecidable to check whether a

polynomial expression in homomorphism numbers

a1 hom(F1;G) + . . .+ as hom(Fs;G) ≥ 0

is nonnegative on all graphs. In [21], Hatami and Norine showed that it is undecidable to

check whether the analogous statement in homomorphism densities

a1t(F1;G) + . . .+ ast(Fs;G) ≥ 0

is nonnegative on all graphs. Because of the nice multiplication that hom (and therefore t)

has, the linear expressions we have written are also polynomial expressions. “Undecidable”

means that there cannot exist an algorithm that can find a correct answer (is the expression

nonnegative or not) and finish in finite time for every instance of the problem. There could

be an algorithm that can theoretically find the correct answer, but will never finish, or there

could be an algorithm that finishes, but does not find the right answer for certain cases.
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Both of these results can be obtained by reducing to Hilbert’s 10th Problem, the solution to

which was stated by Yuri Matiyasevich in 1970.

Theorem 1.1.9 ([35]). Given a positive integer s and polynomial p(x1 . . . , xs) with inte-

ger coefficients, the problem of determining whether there exist x1, . . . xs ∈ Z such that

p(x1, . . . , xs) < 0 is undecidable.

Though this theorem was proved by Matiyasevich, the resolution of Hilbert’s 10th prob-

lem was made possible by the combined work of Martin Davis, Hilary Putnam, and Julia

Robinson. The polynomials in homomorphism numbers above have integer coefficients and

natural variables, allowing us to apply this theorem in a somewhat straightforward way.

Indeed, by changing xi to −xi as needed, where xi ∈ N, we can consider instead the

problem of determining whether there exist x1, . . . , xs ∈ N such that p(x1, . . . , xk) ≥ 0. When

considering homomorphism numbers, it is sufficient to show that for any such polynomial p

there exists a linear combination of graphs
∑k

i=1 ciHi where ci ∈ R and Hi are finite graphs

such that p(x1, . . . , xk) ≥ 0 for every xi ∈ N if and only if
∑k

i=1 ci hom(Hi;G) ≥ 0 for every

graph G. When considering homomorphism densities, some additional work is needed due

to the fact that t(Hi;G) is not necessarily an integer. Hatami and Norine use an auxiliary

polynomial whose nonnegativity is closely related to that of p, in addition to using the fact

that the natural numbers are captured in Figure 1.3 by the points where scallops meet.

Matiyasevich’s Theorem applies to the solvability of Diophantine equations. Because of this

application and refinements to the solution of that problem, we know that the question of

solvability of a Diophantine equation is undecidable for equations with nine natural number

variables [27]. This is where we obtain s ≥ 9 for homomorphism numbers above; due

to the transformations needed for polynomials of homomorphism densities, the number of

variables for which a polynomial inequality in homomorphism densities is undecidable is not

necessarily 9.

Because they are such complicated sets, very few graph profiles are known. The de-

scription of DU where U = {K2, K3} was extended by Nikiforov [37] to U = {K2, K4} and
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Reiher [40] to U = {K2, Kn}. Otherwise, we know very few graph profiles for pairs and no

non-trivial triples.

Some extremal graph theory problems are more naturally formulated in terms of induced

densities. Recall that for graphs on n vertices as n→∞ we can change between the induced

subgraph density and homomorphism density through a linear transformation as discussed

in Remark 1.1.2. Thus (asymptotic) inequalities in one type of densities can be translated to

inequalities in another type of densities; however the graphs involved as well as the nnumber

of graphs involved might be quite different. It thus sometimes makes sense to study similarly

defined profiles for induced densities. More precisely, the induced graph density profile IU of

(not necessarily connected) graphs U = {F1, F2, . . . , Fs} is the closure of the set of all vectors

(tind(F1;G), tind(F2;G), . . . , tind(Fs;G))

as G varies over all graphs.

Let U3 = {H0, H1, H2, H3} where Hi denotes the graph on 3 vertices with 0 ≤ i ≤ 3 edges.

In 2014, [25] determined the projection of IU3 to the plane (tind(H0;G), tind(H3;G)), and in

2017, [18] found the projection of IU3 to all other planes in the hopes of helping to understand

the full 3-dimensional profile. Note that simply calculating (tind(H0;G), . . . , tind(H3;G))

corresponding to a particular large graph G is nontrivial. The algorithm presented in

[13] can compute (tind(H0;G), . . . , tind(H3;G)) for some graph G on the same timescale as

counting only triangles, whereas the distributed algorithm presented in [14] can compute

(tind(H;G))H is a graph on 4 vertices for a graph G with millions of edges in a matter of minutes.

As we have seen, it can be said that a main objective of extremal graph theory is to certify

inequalities over graph profiles. However, because these include complicated, sometimes

undecidable polynomial inequalities, this is an exercise in frustration. Noting that many

important inequalities are pure binomial offers some hope for a simplification of the graph

profile. We first take a small detour to explain some concepts that will allow us to rapidly

speed up the certification (the affirmation of whether the inequality is valid or not) of pure
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binomial inequalities Fα1
1 ≥ Fα2

2 where F1, F2 are trees. These techniques can also be applied

to the situation where F1 and F2 are forests and even more general graphs, but in practice

we will assume that F1 is a forest and F2 is a tree for reasons that will become clear in

Section 1.3.

1.2 Certification of polynomial inequalities in homomorphism num-

bers

In this section, we present two tools which can be used to certify polynomial inequalities.

We focus on certifying polynomial inequalities in homomorphism numbers. Subsection 1.2.1

presents an adaptation of the AM-GM inequality to partially-labeled graphs, which we will

use to certify most of the inequalities in Section 2.1. Subsection 1.2.2 presents the concept

of the homomorphism domination exponent and a linear program for certifying inequalities

in homomorphism numbers for a special class of graphs, which includes trees.

1.2.1 The AM-GM inequality for partially-labeled graphs

One way of certifying inequalities Fα1
1 ≥ Fα2

2 is by using the inequality of arithmetic and

geometric means, also known as the AM-GM inequality, which states that for xi ∈ R,

x1 + x2 + . . .+ xn
n

≥ n
√
x1x2 · · ·xn.

This inequality can be adapted to partially-labeled graphs as described in, for instance,

Theorem 2.1 of [45]). Let v = (F1, . . . , Fs) where the Fi are partially-labeled graphs. Let

a1, . . . , ak ∈ Ns, and α1, . . . , αk ∈ R>0. Finally, let b =
∑k

i=1 αiai such that b ∈ Ns. We can

think of vai as being F a1
1 · F a2

2 · . . . · F as
s . Then

Jva1Kα1 · · · JvakKαk ≥
q
vb

y

is the AM-GM inequality for partially-labeled graphs.
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Example 1.2.1. We prove the inequality S2S4 ≥ S2
3 . This is one of the defining inequalities

of the cone described in Section 1.4. Let v = ( 1 , 1 ), a1 = (2, 0), a2 = (0, 2),

α1 = α2 = 1
2
, and . Then b = (1, 1), and we have by the AM-GM inequality that

s(
1
)2{ 1

2
s(

1
)2{ 1

2

≥
r

1 1
z
,

which yields that S2S4 ≥ S2
3 as desired.

1.2.2 Entropy through the Homomorphism Domination Exponent

In this subsection, we discuss the homomorphism domination exponent and present a

linear program that can compute it for certain classes of graphs. This allows us to find valid

inequalities in homomorphism numbers.

For graphs F1 and F2 such that hom(F1;F2) ≥ 1, we define the homomorphism domina-

tion exponent of F1 and F2, denoted by HDE(F1, F2), as

HDE(F1;F2) := sup{c ∈ R | hom(F1;G) ≥ hom(F2;G)c for all graphs G}.

This definition was first given by Kopparty and Rossman in [31].

We can easily rewrite the inequalities in the last section in terms of the homomorphism

domination exponent. For example, Sidorenko’s Conjecture can be written as

HDE(FK
2|E(F )−|V (F )|
1 ;K2) = |E(F )|

for any bipartite graph F . The Kruskal-Katona Theorem can be similarly written as

HDE(Kp;Kq) = p/q. The Erdős-Simonovits Theorem [16], recently proven in [42] and then

generalized in [5], states that hom(P2u;G)2 · hom(P2v+1;G)2v−1−2u ≥ hom(P2v−1;G)2v+1−2u

for u < v (the original conjecture was for u = 0). Written in terms of the homomorphism

domination exponent, this is HDE(P2u · P 2v−1−2u
2v+1 ;P2v−1) = 2v + 1− 2u.

Some basic properties of the homomorphism domination exponent follow.
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Lemma 1.2.2 ([31], Lemma 2.2(a)). If c = HDE(F1;F2), then hom(F1;G) ≥ hom(F2;G)c

for all graphs G. Thus we can write

HDE(F1;F2) := max{c ∈ R | hom(F1;G) ≥ hom(F2;G)c for all graphs G}.

Proof. If c exists and is attainable, then sup = max.

Lemma 1.2.3 ([31], Lemma 2.2(c)). We have that HDE(F1;F3) ≥ HDE(F1;F2)·HDE(F2;F3).

Proof. Let HDE(F1;F2) = c12, HDE(F1;F3) = c13, and HDE(F2;F3) = c23. Then

hom(F1;T ) ≥ hom(F2;T )c12 ≥ (hom(F3;T )c12)c23 = hom(F3;T )c12c23 .

Then since c13 = sup{c ∈ R | hom(F1;T ) ≥ hom(F3;T )c}, c13 ≥ c12c23.

Lemma 1.2.4 ([31], Lemma 2.2(d)). We have that HDE(Fm
1 ;F n

2 ) = m
n
·HDE(F1;F2) for all

positive integers m,n.

Proof. We will use properties of homomorphism numbers. We have that if c = HDE(F1;F2),

then for all graphs G,

hom(F1;G) ≥ hom(F2;G)c

⇐⇒ hom(F1;G)m ≥ hom(F2;G)cm

⇐⇒ hom(Fm
1 ;G) ≥ hom(F2;G)

cmn
n (hom(Fm

1 ;G) = hom(F1;G)m)

⇐⇒ hom(Fm
1 ;G) ≥ hom(F n

2 ;G)
cm
n (hom(F n

2 ;G) = hom(F2;G)n)

Then if c = HDE(F1;F2),
m
n
c = HDE(Fm

1 ;F n
2 ).

When HDE(F1;F2) ≥ 1 we say F1 homomorphism-dominates F2 and write F1 � F2. This

relation is reflexive by definition. Lemma 1.2.3 shows that the relation is transitive as well.

According to [31][Lemma 2.2(b)], � is also antisymmetric and thus � forms a partial order

on graphs. Furthermore, as a corollary of Lemma 1.1.6, we have that
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Lemma 1.2.5 ([31], Lemma 2.2(b)). If there exists a surjective homomorphism from F1

onto F2, then F1 � F2.

We now give some necessary notation. For a natural number n, let [n] denote the set

{1, 2, . . . , n}. The powerset of a set X is denoted by p(X). If S is a family of sets, let ∩S

denote the intersection ∩S∈SS. We adopt the convention that ∩∅ = ∅. Let MaxCliques(G)

denote the cliques maximal under inclusion in G. Denote the graph F restricted to a subset

A ⊂ V (F ) of its vertices as F |A.

We define F2-polymatroidal functions. These are functions p : p(V (F2)) → R so that p

satisfies the following four conditions

(0 at ∅) p(∅) = 0,

(monotone) p(A) ≤ p(B) ∀A ⊆ B ⊆ V (F2),

(submodular) p(A ∩B) + p(A ∪B) ≤ p(A) + p(B) ∀ A,B ⊆ V (F2),

(F2-independent) p(A ∩B) + p(A ∪B) = p(A) + p(B) ∀ A,B ⊆ V (F2)

such that A ∩B separates A\B and B\A.

In the definition above, A ∩ B is said to separate A\B and B\A if there is no path in

F2\(A∩B) going from a vertex in A\B to a vertex in B\A. If in addition p(V (F2)) = 1, we

say p is a normalized F2-polymatroidal function. The polytope consisting of normalized F2-

polymatroidal functions is denoted as P(F2). An example of a normalized P3-polymatroidal

function is in Table 1.1.

p′(∅) = 0 p′({1}) = 2
5

p′({2}) = 2
5

p′({3}) = 0
p′({4}) = 2

5
p′({1, 2}) = 3

5
p′({1, 3}) = 2

5
p′({1, 4}) = 4

5

p′({2, 3}) = 2
5

p′({2, 4}) = 4
5

p′({3, 4}) = 2
5

p′({1, 2, 3}) = 3
5

p′({1, 2, 4}) = 1 p′({1, 3, 4}) = 4
5

p′({2, 3, 4}) = 4
5

p′({1, 2, 3, 4}) = 1

Table 1.1: A polymatroidal function p′ on F2 where V (F2) = {1, 2, 3, 4} and
E(F2) = {(1, 2), (2, 3), (3, 4)}.
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We define some special types of graphs. A graph G is chordal if it does not contain

any induced cycle of size greater than or equal to 4. A vertex v is eliminable in G if the

neighborhood of v is a clique in G. An enumeration v1, v2, . . . , vn of V (G) is an elimination

ordering for G if vj is eliminable in F |{v1,...,vj} for all j ∈ [n]. One useful characterization is

that a graph is chordal if and only if it has an elimination ordering [41]. A 2-tree is a chordal

graph that contains no K4. A graph G is series-parallel if G is a subgraph of some 2-tree.

Our results are on trees, which are both chordal and series-parallel.

The following lemma will prove helpful for two of the computations we will have to do

in this subsection.

Lemma 1.2.6. We have that
∑n

i=2−(−1)i
(
n
i

)
= −(n− 1).

Proof. This result comes from a straightforward computation.

n∑
i=2

−(−1)i
(
n

i

)
=

n∑
i=0

−(−1)i(1)n−i
(
n

i

)
+ (−1)0

(
n

0

)
+ (−1)1

(
n

1

)
= −(1− 1)n + 1− n

= −(n− 1).

Lemma 1.2.7 ([31]). For a chordal graph with elimination ordering v1, . . . , vn, let the set

of neighbors of vi among v1, v2, . . . , vi−1 be denoted by nbhi−1(vi). If F2 is chordal, then for

every F2-polymatroidal function p : p(V (G)) → R and every elimination ordering v1, . . . , vn

for F2,

p(V (F2)) =
∑

S⊆MaxCliques(F2)

−(−1)|S|p(∩S)

=
n∑
i=1

p(nbhi−1(vi) ∪ {vi})− p(nbhi−1(vi)).

Proof. Denote the first sum by M(F2) and the second by N(F2). We will proceed by in-

duction on the number of vertices in F2. For our base case we assume F2 is the edge
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graph, so that V (F2) = {v1, v2} and E(F2) = {(v1, v2)}. So MaxCliques(F2) = {{v1, v2}}

as well. Then M(F2) = p({v1, v2}). Assume without loss of generality that the elimination

ordering on F2 is v1, v2. Then N(F2) = p({v1}) + p({v1, v2}) − p({v1}) = p({v1, v2}), and

p(V (F2)) = N(F2) = M(F2).

Suppose p(V (F2)) = N(F2) = M(F2) holds for any chordal graph F2 with n− 1 vertices.

Now consider a chordal graph F ′2 on n vertices with elimination ordering v1, v2, . . . , vn. Let

F2 be the subgraph induced by vertices v1, . . . , vn−1. Note that F2 is chordal.

We have that

N(F ′2) = N(F2) + p(nbhn−1(vn) ∪ {vn})− p(nbhn−1(vn))

= p(V (F2)) + p(nbhn−1(vn) ∪ {vn})− p(nbhn−1(vn))

= p(V (F ′2)),

where the first line holds by definition of N(F ′2), the second by our induction hypothesis, and

the third by the fourth property of polymatroidal functions, F2 independence. This states

that p(A) + p(B) = p(A ∪B) + p(A ∩B) when A ∩B separates A\B and B\A.

We also have that

N(F ′2) = N(F2) + p(nbhn−1(vn) ∪ {vn})− p(nbhn−1(vn))

= M(F2) + p(nbhn−1(vn) ∪ {vn})− p(nbhn−1(vn)).

If vn has no neighbors, then {vn} is a maximal clique of F ′2 that has empty intersection with

every maximal clique of F2. Thus N(F ′2) = M(F2) + p({vn}) = M(F ′2).

Consider the case where vn does have neighbors nbhn−1(vn). Because v1, . . . , vn is an

elimination ordering for F ′2, these vertices form a clique, and nbhn−1(vn)∪{vn} is a maximal

clique in F ′2.

If nbhn−1(vn) is a maximal clique in F2, then for any S ′ ⊆ MaxCliques(F2)\ nbhn−1(vn),

(nbhn−1(vn) ∪ {vn}) ∩ (∩S ′) = nbhn−1(vn) ∩ (∩S ′).
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That is,

M(F ′2) = M(F2) + p(nbhn−1(vn) ∪ {vn})− p(nbhn−1(vn)),

where the term −p(nbhn−1(vn)) cancels out p(nbhn−1(vn)) in M(F2). Therefore N(F ′2) =

M(F ′2).

Now consider the case where nbhn−1(vn) is not a maximal clique in F2. Then nbhn−1(vn)

must be contained in at least one maximal clique of F2; for any maximal clique K in F2

containing nbhn−1(vn), K ∩ (nbhn−1(vn) ∪ {vn}) = nbhn−1(vn). Consider all of the maximal

cliques T1, T2, . . . , Tk ∈ MaxCliques(F2), such that the intersection of any two Ti, Tj is

nbhn−1(vn) for 1 ≤ i < j ≤ k. We will treat the case where such pairs do not exist later.

Note that each Ti ∈ MaxCliques(F ′2) as well for i ∈ [k], and that the intersection of any

number of the Ti will also yield nbhn−1(vn).

Then we have that in F2, nbhn−1(vn) can arise as the intersection of
(
k
2

)
,
(
k
3

)
, . . . ,

(
k
k

)
of

the Tis, that is that the coefficient on p(nbhn−1(vn)) in M(F2) is

∑
S⊆{T1,...,Tk}

−(−1)|S| =
k∑
i=2

−(−1)i
(
k

i

)
= −(k − 1),

as computed in Lemma 1.2.6. In F ′2, however, nbhn−1(vn) can also arise as the intersection

of any number of the Ti’s with nbhn−1(vn) ∪ {vn}, that is, it can arise as the intersection of(
k+1
2

)
,
(
k+1
3

)
, . . . ,

(
k+1
k+1

)
sets, and therefore the coefficient on nbhn−1(vn) in M(F ′2) is

∑
S⊆{T1,...,Tk,nbhn−1(vn)∪{vn}}

−(−1)|S| =
k+1∑
i=2

−(−1)i
(
k + 1

i

)
= −(k + 1− 1) = −k.

Therefore, since F ′2 has the additional maximal clique nbhn−1(vn)∪{vn} compared to F2, we

have that M(F ′2) = M(F2) + p(nbhn−1(vn) ∪ {vn})− p(nbhn−1(vn)) = N(F ′2).

The case where there is no pair of Ti, Tj is the final case we will treat. Consider the case

where any pair of maximal cliques Ki, Kj that contains nbhn−1(vn) has an intersection that

contains nbhn−1(vn) along with at least one other vertex, such that there is no p(nbhn−1(vn))
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term in M(F2). In F ′2, the intersection of nbhn−1(vn) ∩ {vn} together with any number of

the Ki’s (including just one of them), will yield nbhn−1(vn). Assume there are k Ki’s, so

that nbhn−1(vn) can arise as the intersection of nbhn−1(vn) with
(
k
1

)
,
(
k
2

)
, . . . ,

(
k
k

)
sets. Using

the computation of Lemma 1.2.6 again we have that:

∑
S⊆{K1,...,Kk}

−(−1)|S|+1 = −
(
k

1

)
+

k∑
i=2

−(−1)i+1

(
k

i

)
= −k + (k − 1) = −1.

Note that we only considered the Ki’s in this sum since we require an intersection of those

sets with nbhn−1(vn) in order to obtain nbhn−1(vn). This adds the new term −p(nbhn−1(vn))

to M(F2)
′.

If none of the Ki’s exist then nbhn−1(vn) must have been a maximal clique in F2.

An example of this lemma follows.

Example 1.2.8. Consider F2 = S2,12 , which we can see in Figure 1.4. We will compute

p(V (F2)) using each of the sums in Lemma 1.2.7.

Figure 1.4: The graph S2,12 .

First, by using neighbors:

p(V (F2)) =
5∑
i=1

p(nbhi−1(vi) ∪ {vi})− p(nbhi−1(vi))

=(p({v1})− p(∅)) + (p({v1, v2})− p({v1})) + (p({v1, v3})− p({v1}))

+ (p({v1, v4})− p({v1})) + (p({v4, v5})− p({v4}))

=p({v1, v2}) + p({v1, v3}) + p({v1, v4}) + p({v4, v5})− 2p({v1}) + p({v4}).
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Second, by using MaxCliques(S2,12) = {{v1, v2}, {v1, v3}, {v1, v4}, {v4, v5}}:

p(V (F2)) =
∑

S⊆MaxCliques(S2,12 )

−(−1)|S|p(∩S)

=− (−1)1(p({v1, v2}) + p({v1, v3}) + p({v1, v4}) + p({v4, v5}))

− (−1)2(p({v1, v2} ∩ {v1, v3}) + p({v1, v2} ∩ {v1, v4}) + p({v1, v2} ∩ {v4, v5})

+ p({v1, v3} ∩ {v1, v4}) + p({v1, v3} ∩ {v4, v5}) + p({v1, v4} ∩ {v4, v5}))

− (−1)3(p({v1, v2} ∩ {v1, v3} ∩ {v1, v4}) + p({v1, v2} ∩ {v1, v3} ∩ {v4, v5})

+ p({v1, v2} ∩ {v1, v4} ∩ {v4, v5}) + p({v1, v3} ∩ {v1, v4} ∩ {v4, v5})

− (−1)4p({v1, v2} ∩ {v1, v3} ∩ {v1, v4} ∩ {v4, v5})

=− (−1)1(p({v1, v2}) + p({v1, v3}) + p({v1, v4}) + p({v4, v5}))

− (−1)2(p({v1}) + p({v1}) + p(∅) + p({v1}) + p(∅) + p({v4}))

− (−1)3(p({v1}) + p(∅) + p(∅) + p(∅))

− (−1)4p(∅)

=p({v1, v2}) + p({v1, v3}) + p({v1, v4}) + p({v4, v5})− 2p({v1})− p({v4}).

We now have enough of an understanding to state the theorem we will use to compute

the homomorphism domination exponent.

Theorem 1.2.9 ([31]). Let F1 be a chordal graph and let F2 be a series-parallel graph. Then

HDE(F1;F2) = min
p∈P(F2)

max
ϕ∈Hom(F1;F2)

∑
S⊆MaxCliques(F1)

−(−1)|S|p(ϕ(∩S))

where MaxCliques(F1) is the set of maximal cliques of F1 and ∩S is the intersection of the

maximal cliques in S.

In their paper, Kopparty and Rossman proved this theorem in two parts. First, when F2

is not necessarily series-parallel, HDE(F1;F2) is bounded below by the linear program hidden

in the righthand side. The proof of this lower bound is based on the concept of conditional
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entropy and uniform distributions on F2. The entropy function they used is a normalized

F2-polymatroidal function, so by using the identity in Lemma 1.2.7 together with the dual

expression of the homomorphism domination exponent

HDE(F1;F2) = inf
G:hom(F2;G)≥2

log hom(F1;G)

log hom(F2;G)
,

the lower bound arises.

In order to prove tightness, Kopparty and Rossman constructed a sequence of graphs Gm

so that

lim
m→∞

logm hom(F2;Gm) ≥ 1,

lim
m→∞

logm hom(F1;Gm) ≤ max
ϕ∈Hom(F1;F2)

∑
S⊆MaxCliques(F1)

−(−1)|S|p(ϕ(∩S)).

Tightness follows from the dual expression of the homomorphism domination exponent.

The graphs Gm are constructed based on MaxCliques(F2) together with a homomorphism,

then are patched together by a randomized gluing procedure to obtain a graph G.

Remark 1.2.10. For any polymatroidal function p and any tree F1,

∑
S⊆MaxCliques(F1)

−(−1)|S|p(ϕ(∩S)) =
∑

{i,j}∈E(F1)

p({ϕ(i), ϕ(j)})−
n∑
i=1

(deg i− 1)p({ϕ(i)}),

by an application of Lemma 1.2.6.

Remark 1.2.11. The linear program we used for our results is a simplified version of the linear

program suggested by Kopparty and Rossman. Rather than the decision variables being p(A)

for every A ⊆ V (F2), we only consider p(A) where A is either a vertex, the set of vertices of

an edge of F2 ,or the empty set. This simplification is possible because we are considering

trees, where maximal cliques have size 2, and because the values p(B) for any set B ⊆ V (F2)

of size greater than or equal to 3 are fixed by the choices of p(A). We consider normalized
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F2-polymatroidal functions and include the identity in Lemma 1.2.7, where p(V (G)) = 1.

In addition, we can choose to consider a minimization problem instead of the min max

program Kopparty and Rossman use by introducing a variable z that is greater than or

equal to
∑

S⊆MaxCliques(F1)
−(−1)|S|p(ϕ(∩S)) for every ϕ ∈ Hom(F1;F2). When we minimize

over z, we are thus minimizing the maximum value that
∑

S⊆MaxCliques(F1)
−(−1)|S|p(ϕ(∩S))

can take. Finally, by Remark 1.2.10, we can consider z ≥
∑
{i,j}∈E(F1)

p({ϕ(i), ϕ(j)}) −∑n
i=1(deg i− 1)p({ϕ(i)}) for every ϕ ∈ Hom(F1;F2) instead.

Due to these simplifications, the linear program we use is:

min z

subject to p({v}) ≥ 0 ∀v ∈ V (F2)

p({v}) ≤ 1 ∀v ∈ V (F2)

p({u, v})− p({u}) ≥ 0 ∀(u, v) ∈ E(F2)

p({u, v})− p({v}) ≥ 0 ∀(u, v) ∈ E(F2)∑
S⊆MaxCliques(F2)

−(−1)|S|p(∩S) = 1

∑
{i,j}∈E(F1)

p({ϕ(i), ϕ(j)}) +
n∑
i=1

(deg i− 1)p({ϕ(i)}) ≤ z ∀ϕ ∈ Hom(F1;F2).

Thus we have that HDE(F1;F2) is the minimum of the linear program above. In contrast

to Kopparty and Rossman’s linear program, our linear program has a linear number of

variables (in the number of vertices of F2). However, it does not have a linear number of

constraints. The simplification of the graph profile we will see in Section 1.3 does have a

linear number of constraints. The specific linear program for HDE(S3;S2) = 1 is shown in

Appendix A.

For specific graphs, solving the linear program above using a solver like Gurobi is suf-

ficient to prove a homomorphism domination exponent. However, in order to prove the

homomorphism domination exponent for general graphs, such as HDE(Sk;Sk−1), we gener-

ally prove the result for small k using the linear program, which can give us ideas for the
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proof in the general case. Finding a pattern is not always easy since the solver can return

any optimal solution.

In practice, we will obtain a lower bound for the homomorphism domination exponent

by considering homomorphisms from F1 to F2 (or convex combinations of homomorphisms).

We can obtain an upper bound by mapping F1 and F2 to any graph G. However, it will

be useful to sometimes consider a blow-up construction, which helps us to create sequences

of graphs. The limit of the graph sequence will be the graph to which we map F1 and F2.

This blow-up construction and some additional results will allow us to count the number of

homomorphisms from F1 to a blow-up of F2 by finding a maximum homomorphism from F1

to a weighted F2. The blow-up construction can also be used to realize rays for the cones

we will describe in the next section. We explain Kopparty and Rossman’s ideas for trees,

since that is all we require. The explanation is closely adapted from the discussion in [5] on

paths.

Let F2 be a tree where V (F2) = {1, 2, . . . , n}, and 1, 2, . . . , n is an elimination ordering.

Let p : V (F2)∪E(F2)→ R≥0 be a weight function on the vertices and edges of F2 such that

max{p({v}), p({w})} ≤ p({v, w}) ≤ p({v}) + p({w}) ∀{v, w} ∈ E(F2),

and such that ∑
{i,j}∈E(F1)

p({ϕ(i), ϕ(j)})−
n∑
i=1

(deg i− 1)p({ϕ(i)}) = n

for some n ∈ N. Recall from Remark 1.2.10 that the second requirement is equivalent

to
∑

S⊆MaxCliques(F2)
−(−1)|S|p(∩S) = n, and therefore the weight functions p satisfy the

requirements of normalized F2-polymatroidal functions when n = 1. Because our linear

program has integer coefficients, the optimal solution (that is, values of p) will be rational.

If we use our solver and it outputs a normalized F2-polymatroidal function p, we can obtain

a weight function p′ := kp for some k ∈ N with integral weights on each vertex and each

edge. Weight functions with integral weights are easier to compute by hand.
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We will define a p-blow-up Bp,m(F2) of F2 for every m ∈ N in the following way. Let

V (Bp,m(F2)) = {(v, a) | v ∈ V (F2), a ∈ [mp({v})]}, that is, for every vertex v ∈ V (F2) we

will construct a stable set with mp({v}) vertices. Then for every edge {i, j} in E(F2) (where

without loss of generality, j > i), each vertex (i, a) is adjacent to mp({i,j})−p({i}) vertices in

the stable set corresponding to j, and each vertex (j, a) is adjacent to mp({i,j})−p({j}) vertices

in the stable set corresponding to i. Thus there are mp({i,j}) edges between the stable sets

corresponding to vertex i and vertex j of F2, for every edge {i, j}. While it may not be

possible to construct a graph with the correct number of edges for every m, it will always

be possible to do so as m→∞.

2
5

2
5 0 2

5 2 2 0 2
3
5

2
5

2
5 3 2 2

Figure 1.5: P3 with two possible weight functions. On the left is the weight function
denoted by the polymatroidal function p′ in Table 1.1. On the right is the weight function

denoted by p′′ = 5 · p′.

Example 1.2.12. Consider the P3-polymatroidal function p′ in Table 1.1. We can compute

p′-blow-ups Bp′,m(P3) based on the normalized function shown in the table. Note that at

most values of m we will end up with fractional numbers of edges and vertices. Since

we are really interested in asymptotic values as m → ∞, these fractional exponents do

not matter. Alternatively, we can and will consider the function p′′ = 5 · p′, still a P3-

polymatroidal function, for simpler computation by hand. The two weight functions are

shown in Figure 1.5.

Using the weight function p′′, we present a blowup for m = 2 in Figure 1.6.

We will now give some results on the number of homomorphisms from a tree F1 (with

vertices [n]) to a p-blow-up Bp,m(F2). Given ϕ ∈ Hom(F1;F2), define

Homϕ,p = {ϑ ∈ Hom(F1;Bp,m(F2)) | ∀j ∈ [n],∃kj ∈ [mp({ϕ(j)})] such that ϑ(j) = (ϕ(j), kj)},
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22 22 20 22
23 22 22

Figure 1.6: The blow-up Bp′,2(P3) of P3 according to the weight function p′′ = 5 · p′, where
p′ is given in Table 1.1.

where the vertices of F1 are sent to the stable sets of Bp,m(F2) by ϕ. Similarly to our

discussion in Section 1.1, we let homϕ,p := |Homϕ,p |. Finally, for a homomorphism ϕ : F1 →

F2, we define p(ϕ) as

p(ϕ) :=
∑

{i,j}∈E(F1)

p({ϕ(i), ϕ(j)})−
n∑
i=1

(deg i− 1)p({ϕ(i)}),

where deg i denotes the degree of vertex i in F2. Note that

p(ϕ) =
∑

S⊆MaxCliques(F1)

−(−1)|S|p(ϕ(∩S))

when F1 is a tree, by Remark 1.2.10.

Lemma 1.2.13 ([5], Lemma 3.4). Let F1 and F2 be trees, let p be a F2-polymatroidal function,

and let ϕ : F1 → F2 be a homomorphism. As m→∞, we have that

1. homϕ,p = mp(ϕ), and

2. hom(F1;Bp,m(F2)) =
∑

ϕ∈Hom(F1;F2)
homϕ,p.

Note the nontraditional notation. Though these equalities do not hold for all values of m,

there will be infinitely many values of m where these equalities are exact, and this is what

we refer to when we use =.

Proof. We count the number of homomorphisms in Homϕ,p. Let the elimination ordering

on the vertices of F1 be 1, 2, . . . , n. Then vertex 1 has mp({ϕ(1)}) vertices it can be sent
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to in Bp,m(F2). Consider then the edges {1, j} ∈ E(F1) and fix a j. If p({ϕ(1), ϕ(j)}) =

p({ϕ(1)}) + p({ϕ(j)}), then there are mp({ϕ(j)}) choices for where vertex j is mapped to; this

is because the stable sets corresponding to ϕ(1) and ϕ(j) then form a complete bipartite

graph in Bp,m(F2). However, if there are fewer edges between those stable sets, then the

degree of each vertex in the stable set corresponding to 1, and therefore the number of

choices for where vertex j is sent, will be

mp({ϕ(j)})−(p({ϕ(1)})+p({ϕ(j)})−p({ϕ(1),ϕ(j)})) = m−p({ϕ(1)})+p({ϕ(1),ϕ(j)}).

This is because the total number of edges between the stable sets corresponding to 1

and j are mp({ϕ(1),ϕ(j)}), as previously discussed, but the degree of each vertex (1, a) is

m−p({ϕ(1)})+p({ϕ(1),ϕ(j)}).

In general, the degree of each vertex in the stable set of Bp,m(F2) corresponding to vertex

i in F1 and therefore the number of choices where vertex j can be sent, assuming there is an

edge {i, j} ∈ E(F1), is mp({ϕ(i),ϕ(j)})−p({ϕ(i)}). Thus the total number of homomorphisms in

Homϕ,p is

mp({ϕ(1)}) ·
∏

{i,j}∈E(F1),i<j

m−p({ϕ(i)})+p({ϕ(i),ϕ(j)}) = mp(ϕ).

This proves the first assertion. Note that equality would not hold if the edges were instead

{j, i} where j > i in the elimination ordering. To prove the second assertion, note that the

Homϕ,p partition Hom(F1;Bp,m(F2)).

Example 1.2.14. We compute the number of homomorphisms from S2,12 with the elimina-

tion ordering shown in Figure 1.4 to the blow-up Bp,m(P3) as given by the weight function

p′, the normalized P3-polymatroidal function defined in Table 1.1. For S2,12 and for any

p ∈ P(P3) and ϕ ∈ Hom(S2,12 ;P3),

p(ϕ) = p({ϕ(1), ϕ(2)}) + p({ϕ(1), ϕ(3)}) + p({ϕ(1), ϕ(4)}) + p({ϕ(4), ϕ(5)})

− 2p({ϕ(1)})− p({ϕ(4)}).
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i ϕi([1, 2, 3, 4, 5]) p(ϕi) p′(ϕi)
1 [1, 2, 2, 2, 1] 4p({1, 2})− 2p({1})− p({2}) 6/5
2 [1, 2, 2, 2, 3] 3p({1, 2}) + p({2, 3})− 2p({1})− p({2}) 1
3 [2, 1, 1, 1, 2] 4p({1, 2})− p({1})− 2p({2} 6/5
4 [2, 1, 1, 3, 2] 2p({1, 2}) + 2p({2, 3})− 2p({2})− p({3}) 8/5
5 [2, 1, 1, 3, 4] 2p({1, 2}) + p({2, 3}) + p({3, 4})− 2p({2})− p({3}) 6/5
6 [2, 3, 1, 1, 2] 3p({1, 2}) + p({2, 3})− p({1})− 2p({2}) 1
7 [2, 1, 3, 1, 2] 3p({1, 2}) + p({2, 3})− p({1})− 2p({2}) 1
8 [2, 3, 1, 3, 2] p({1, 2}) + 3p({2, 3})− 2p({2})− p({3}) 1
9 [2, 1, 3, 3, 2] p({1, 2}) + 3p({2, 3})− 2p({2})− p({3}) 1
10 [2, 3, 1, 3, 4] p({1, 2}) + 2p({2, 3}) + p({3, 4})− 2p({2})− p({3}) 1
11 [2, 3, 1, 3, 4] p({1, 2}) + 2p({2, 3}) + p({3, 4})− 2p({2})− p({3}) 1
12 [2, 3, 3, 1, 2] 2p({1, 2}) + 2p({2, 3})− p({1})− 2p({2}) 4/5
13 [2, 3, 3, 3, 2] 4p({2, 3})− 2p({2})− p({3}) 4/5
14 [2, 3, 3, 3, 4] 3p({2, 3}) + p({3, 4})− 2p({2})− p({3}) 4/5
15 [3, 2, 2, 2, 1] p({1, 2}) + 3p({2, 3})− p({2})− 2p({3}) 7/5
16 [3, 2, 2, 2, 3] 4p({2, 3})− p({2})− 2p({3}) 6/5
17 [3, 2, 2, 4, 3] 2p({2, 3}) + 2p({3, 4})− 2p({3})− p({4}) 6/5
18 [3, 4, 2, 2, 1] p({1, 2}) + 2p({2, 3}) + p({3, 4})− p({2})− 2p({3}) 7/5
19 [3, 2, 4, 2, 1] p({1, 2}) + 2p({2, 3}) + p({3, 4})− p({2})− 2p({3}) 7/5
20 [3, 4, 2, 2, 3] 3p({2, 3}) + p({3, 4})− p({2})− 2p({3}) 6/5
21 [3, 2, 4, 2, 3] 3p({2, 3}) + p({3, 4})− p({2})− 2p({3}) 6/5
22 [3, 4, 2, 4, 3] p({2, 3}) + 3p({3, 4})− 2p({3})− p({4}) 6/5
23 [3, 2, 4, 4, 3] p({2, 3}) + 3p({3, 4})− 2p({3})− p({4}) 6/5
24 [3, 4, 4, 2, 1] p({1, 2}) + p({2, 3}) + 2p({3, 4})− p({2})− 2p({3}) 7/5
25 [3, 4, 4, 2, 3] 2p({2, 3}) + 2p({3, 4})− p({2})− 2p({3}) 6/5
26 [3, 4, 4, 4, 3] 4p({3, 4})− 2p({3})− p({4}) 6/5
27 [4, 3, 3, 3, 2] p({2, 3}) + 3p({3, 4})− p({3})− 2p({4}) 4/5
28 [4, 3, 3, 3, 4] 4p({3, 4})− p({3})− 2p({4}) 4/5

Table 1.2: The homomorphisms from S2,12 to P3 and useful computation information for
each. Recall that S2,12 is the star with three edges, one of which is subdivided.

V (S2,12) = {1, 2, 3, 4, 5} and E(S2,12) = {{1, 2}, {1, 3}, {1, 4}, {4, 5}}. P3 is the path with
three edges, so that V (P3) = {1, 2, 3, 4} and E(P3) = {{1, 2}, {2, 3}, {3, 4}}. Recall that

p′(ϕ) was given in Table 1.1. The associated weight function on P3 is
p′({1}) = p′({2}) = p′({4}) = 2

5
, p′({3}) = 0, p′({1, 2}) = 3

5
, p′({2, 3}) = p′({3, 4}) = 2

5
. Let

ϕi([1, 2, 3, 4, 5]) denote [ϕi(1), ϕi(2), ϕi(3), ϕi(4), ϕi(5)]. Note that homomorphisms 6 and 7,
8 and 9, 10 and 11, 18 and 19, 20 and 21, 22 and 23 are yield the same p(ϕi).
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All of the homomorphisms ϕi from S2,12 to P3 are listed in Table 1.2 together with p(ϕi)

and their evaluation for p′, p′(ϕi).

Then

hom(S2,12 ;Bp′,m(P3)) =
28∑
i=1

homϕi,p′ =
28∑
i=1

mp′(ϕi) = 5m4/5 + 7m5/5 + 11m6/5 + 4m7/5 +m8/5.

Similarly, consider the number of homomorphisms from S2,12 to Bp′,m(P3), the blow-up given

by the weight function p′′ = 5 · p′ is 5m4 + 7m5 + 11m6 + 4m7 +m8. Thus when m = 2, there

are

5 · 24 + 7 · 25 + 11 · 26 + 4 · 27 + 28 = 1776

homomorphisms from S2,12 to Bp′′,2(P3).

Note that as m→∞, log(hom(F1;Bp,m(F2)))

logm
→ p(ϕ∗) where

ϕ∗ = argmaxϕ∈Hom(F1;Bp,m(F2)){p(ϕ)}.

Since we have that hom(F1;Bp,m(F2)) = O(mp(ϕ∗)), by taking the limit

lim
m→∞

log(hom(F1;Bp,m(F2)))

logm
= p(ϕ∗).

We call ϕ∗ a maximum homomorphism for p.

Example 1.2.15. We consider the maximum homomorphism from S2,12 to Bp′,m(P3). In this

example we consider homomorphism ϕ4 from Table 1.2 which yields ϕ4(1) = 2, ϕ4(2) = 1,

ϕ4(3) = 1, ϕ4(4) = 3, and ϕ4(5) = 2. This is a maximum homomorphism for p′ given that

p′(ϕ4) = 2p′({1, 2}) + 2p′({2, 3})− 2p′({2})− p′({3})

=
8

5

≥ p′(ϕi)
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for all i ∈ {1, 2, . . . , 28}, as computed in Table 1.2. The homomorphism is shown in Fig-

ure 1.7. Note that

1 2 3 4
1

4
52
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2
5

2
5 0 2
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Figure 1.7: The maximum homomorphism from S2,12 to P3 given the weight function p′,
namely ϕ4 from Table 1.2.

lim
m→∞

log(hom(S2,12 ;Bp,m(P3)))

logm
=

8

5
= p′(ϕ4).

Though we have computed the maximum homomorphism for p′, p′ is not the optimal

polymatroidal function to compute HDE(S2,12 ;P3) = 1. The optimal F2-polymatroidal

function p? outputted by the solver Gurobi is very simple, that is, p?(A) = 1 for all

∅ 6= A ⊆ V (P3) ∪ E(P3) and p?(∅) = 0, so we chose to illustrate these concepts with

the more interesting p′.

To compute the homomorphism domination exponent of general graphs, for example,

HDE(Sn;Sn−1), we can first consider cases for small n. The solutions to the linear program

in Theorem 1.2.9 can suggest possible proof ideas for general n.

Example 1.2.16. We will compute HDE(Sn;Sn−1) = 1. We let Sn have vertices [n + 1]

with the vertex with degree n being vertex 1. Using the solution to the linear program in

Appendix A and similar linear programs for small n, we can develop a strategy to prove the

homomorphism domination exponent for general n. It is clear that Sn � Sn−1 since there is a

surjective homomorphism from Sn to Sn−1. For a moment, let’s pretend we do not know this

already and present a different proof to illustrate how one can use the tools from Kopparty

and Rossman; the simplicity of the trees should allow the reader to focus on the details of

the proof.
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First we will show that HDE(Sn;Sn−1) ≤ 1 by considering the Sn−1-polymatroidal func-

tion p(∅) = 0, and p(A) = 1 for all other A from the vertices and edges of F2. The maximal

cliques in Sn are the edges {1, j} for j ∈ {2, 3, . . . , n, n + 1}. For any homomorphism

ϕ ∈ Hom(Sn;Sn−1), including the optimal one, we have that

∑
S⊆MaxCliques(Sn)

−(−1)|S|p(ϕ(∩S)) = n− (n− 1) = 1.

Indeed, each of the n edges of Sn contributes 1, and the center vertex 1 contributes −(n−1)

since it can be written in
(
n
2

)
ways as the intersection of two maximal cliques, in

(
n
3

)
ways

as the intersection of three maximal cliques, and so on, that is, we can apply Lemma 1.2.6

and obtain
n∑
i=2

−(−1)i
(
n

i

)
= −(n− 1).

As we are minimizing over all p ∈ P(Sn−1), this yields that HDE(Sn;Sn−1) ≤ 1 as desired.

We will now prove that HDE(Sn;Sn−1) ≥ 1. We will consider the homomorphism ϕ :

Sn → Sn−1 obtained by taking the average of the following n−1 homomorphisms from Sn to

Sn−1. In the context of a p-blowup, which underlies this proof, ϕ is a homomorphism even if

the edges of Sn−1 are covered by fractions of edges or vertices under ϕ. Let ϕj : Sn → Sn−1

denote the homomorphism where for every j ∈ {2, . . . , n},ϕj(1) = 1, and ϕj(i) = i for all

i ∈ {2, . . . , n + 1}. For each homomorphism ϕj, the edge {1, j} of Sn−1 is covered once by

each edge of Sn for a total of n times, and the center vertex of Sn−1 is covered by the image

of the center vertex of Sn which yields a multiplier of −(n− 1). The vertex j is not covered

by the image of any inner vertices under ϕj, nor are any of the other vertices in Sn−1, and

so they contribute a weight of 0. By taking the average of the n− 1 homomorphisms ϕj to

obtain ϕ, we find that under ϕ, each edge of Sn−1 is covered n
n−1 times, the center vertex is

covered with a multiplier of −(n− 1), and every other vertex contributes a weight of 0 since

it is not covered by any inner vertices of Sn. Then we have
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∑
S⊆MaxCliques(Sn)

− (−1)|S|p(ϕ(∩S))

=
n∑
j=2

n

n− 1
p({1, j})− (n− 1)p({1})

=
n∑
j=2

p({1, j})− (n− 2)p({1}) +
n∑
j=2

1

n− 1
p({1, j})− p({1})

= p(V (Sn−1)) +
1

n− 1

n∑
j=2

(
p({1, j})− p({1})

)
≥ p(V (Sn−1)) = 1.

Note that we used Lemma 1.2.7 to obtain the identity for p(V (Sn−1)) in the penultimate

line, and the monotone characteristic of polymatroidal functions to obtain a lower bound in

the last line. Because our linear program for the HDE maximizes over ϕ ∈ Hom(Sn;Sn−1),

we have that HDE(Sn;Sn−1) ≥ 1 and therefore HDE(Sn;Sn−1) = 1.

We now turn our attention to one simplification of graph profiles.

1.3 Tropicalization of graph profiles

Recall that graph profiles are complicated sets which are not necessarily convex or semi-

algebraic. We would like to simplify them to obtain a more tractable object. Tropicalization,

a tool from real and complex algebraic geometry, offers such a simplification by replacing

a variety, the set of real or complex solutions to a finite set of algebraic equations, with its

“combinatorial shadow” [12, 36]. Tropicalizations of real semialgebraic sets have not been

explored in as much detail [1, 2, 48].

Though it loses a lot of inequalities from the graph profile, the tropicalization of a graph

profile does preserve the pure binomial inequalities, that is, inequalities of the form xα ≥ xβ,

where x = (x1, . . . , xs) ∈ Rs
≥0 and α,β ∈ Rs

≥0. As discussed in Section 1.1, many of the

inequalities we seek to certify are in fact pure binomial. A pure binomial inequality is

equivalent to a linear inequality in logarithms : 〈α, log x〉 ≥ 〈β, log x〉. Regardless of the
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base of the logarithm, this inequality holds; tropicalization provides a base-independent way

of studying the image of the logarithm map.

The tropicalization of the density profile when U = {K2, K3} is shown in Figure 1.8.

Note that the constraint on the left is given by 3 log t(K2;G) − 2 log t(K3;G) ≥ 0, that is,

it corresponds to the Kruskal-Katona Theorem that defines the upper bound in Figure 1.3.

The other constraint of the cone is given by the logarithm of t(K2;G) ≤ 1. It is evident from

comparing Figure 1.3 and Figure 1.8 that the tropicalization of this graph profile is much

simpler than the graph profile itself.

log(t( ;G))

log(t( ;G))

Figure 1.8: trop(DU) where U = {K2, K3}.

For a set S ⊆ Rs
≥0, let log(S) denote the image of S ∩ Rs

>0 under the map log(v) =

(log v1, . . . , log vs) for v ∈ S. The tropicalization of S is also known as its logarithmic limit

set and is defined as

trop(S) = lim
τ→∞

logτ (S).

One can think of this operation as changing a ring’s multiplication operation to addition,

and its addition to the max or min operation, depending on the setting. This is due to the

behavior of the log function. The field was given its name by French mathematicians in

honor of the Hungarian-born Brazilian mathematician Imre Simon, who was one of the first

people to work with tropicalizations.
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A set S ⊆ Rs is a cone if S is closed under multiplication by nonnegative scalars. We do

not assume that a cone is convex. The dual cone of S, which we denote by S∗, is given with

respect to the standard inner product. That is,

S∗ = {y ∈ Rs | y>x ≥ 0 ∀x ∈ Rs}.

S∗ is a convex cone whether or not S is.

Unless otherwise noted, the results in this section are due to Blekherman and Raymond

in [5].

Lemma 1.3.1 ([6], Lemma 2.2). Suppose S ⊆ Rs
≥0 is closed under coordinatewise multipli-

cation. Then

1. trop(S) is a closed convex cone.

2. trop(S) = cl(cone(log(S))).

3. If 1 ∈ S, then trop(S) = cl(conv(log(S))).

Proof sketch. For this proof it is easier to think of the tropicalization of S by changing the

base so that

trop(S) = lim
τ→0

log 1
τ
(S) = lim

τ→0

−1

loge τ
log(S).

We will only sketch the proof of the first assertion, since its proof requires some additional

notation and technicalities we will not use again. The result that trop(S) is a closed cone

is due to Proposition 2.2 in [1]. They define a notion of a limit T = limt→0 Tt on sets

Tt ⊂ Rs, and by the sequence definition of set closure, T is closed. By considering trop(S) =

limτ→0 log 1
τ
(S), where T = trop(S), t = τ , and Tt = log 1

τ
(S), we have that trop(S) is closed

as well. Proving trop(S) is a cone follows from using sequences as in the definition of the

limit T , and so does convexity, though the latter is due to [6].
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The proof of the second assertion is as follows. To show trop(S) ⊆ cl(cone(log(S))) we

can consider y ∈ trop(S). By definition, there is a sequence y(k) ∈ S ∩ Rs
>0 and τk ∈ (0, ε)

for some ε > 0 such that as τk → 0,

log 1
τk

y(k)→ y.

Since log y(k) ∈ log(S) and −1
log τk

> 0, log 1
τk

y(k) ∈ cone(log(S)) for all k, and thus, y ∈

cl(cone(log(S))). We want to show that for any v ∈ S, log(v) ∈ log 1
τ
(S) for infinitely

many values of τ as τ → 0, and therefore that log(v) ∈ trop(S). Since S is closed under

coordinatewise multiplication, v ∈ S implies that vk ∈ S for all positive integers k. Then

since log v ∈ log(S), k log v ∈ log(S) for any positive integer k. It holds that log 1
τ

vk =

−k
log τ

log v, and since there are infinitely many values of τ as τ → 0 for which − log τ is a

positive integer, log v ∈ log 1
τ
(S) for infinitely many values of τ as τ → 0. Thus log(v) ∈

trop(S) for any v ∈ S and therefore log(S) ⊆ trop(S). Since trop(S) is a closed cone,

cl(cone(log(S))) ⊆ trop(S).

The third assertion comes from the fact that if 1 ∈ S then 0 = log 1 ∈ log(S). All

positive integer multiples of a point in log(S) are also in log(S) since S is closed under

coordinatewise multiplication. Then cl(conv(log(S)) = cl(cone(log(S))).

Thus trop(NU) = cl(cone(log(NU))). The extreme rays of the dual cone trop(NU)∗ gener-

ate all of the pure binomial inequalities valid on NU . When we refer to a ray we will usually

refer to it by the vector that spans it.

We define the tropical sum of two vectors x and y in Rs as

x⊕ y = (max{x1, y1}, . . . ,max{xs, ys}).

We call a set S ⊆ Rs max-closed if for any x,y ∈ S we have x⊕ y ∈ S.

A semiring is a generalization of a ring, without the requirement that each element have

an additive inverse.
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Lemma 1.3.2 ([5], Lemma 2.2). Let S ⊂ Zs≥0 be a semiring under coordinatewise addition

and coordinatewise multiplication. Then trop(S) is a max-closed convex cone.

The proof of this lemma is a straightforward application of definitions. A limit that is

key is that for x,y ∈ S and α1,α2 ∈ N,

lim
l→∞

log(xα1l + yα2l)

l
= log(xα1)⊕ log(yα2) = α1 log(x)⊕α2 log(y).

This shows us that we can take conical combinations and the max-closure of rays in trop(S)

and obtain a ray that is also in trop(S).

Corollary 1.3.3 ([5], Corollary 2.3). Let U = {F1, . . . , Fs} be a finite collection of connected

graphs. Then trop(NU) is a max-closed convex cone.

Proof. By the properties discussed in Section 1.1, hom(F ;G1)+hom(F ;G2) = hom(F ;G1G2)

and hom(F ;G1) · hom(F ;G2) = hom(F ;G1 × G2), so NU is closed under coordinatewise

addition and multiplication, and Lemma 1.3.2 applies.

The following proposition makes precise the fact that the dual cone of trop(S) essentially

encodes the valid pure binomial inequalities on S.

Proposition 1.3.4 ([5], Proposition 2.4). Let S ⊂ Zs≥0 be a semiring under coordinatewise

addition and coordinatewise multiplication such that S is not contained in a coordinate hy-

perplane. Let α ∈ trop(S)∗. Write α = α+ −α− where α+,α− ∈ Rs
≥0 are the positive and

negative parts of α. If α− 6= 0, then xα+ ≥ xα− is a valid binomial inequality on S.

This is proved by taking a strictly positive point a ∈ S where a− = 0, and for which the

binomial inequality described holds, then constructing a point b ∈ S to obtain a contradic-

tion.

We will now explain Minkowski addition, which is named after the German mathe-

matician of Jewish descent, Hermann Minkowski. He did foundational work on the four-

dimensionality of space and time, and was good friends with David Hilbert.
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The Minkowski sum of two sets of position vectors A and B is given by

A+B = {a + b | a ∈ A,b ∈ B}.

The Minkowski sum of the position vectors denoting the vertices of two triangles is shown

in Figure 1.9. The Minkowski sum of two cones is shown in Figure 1.10. Some properties of

the Minkowski sum follow.

1 2 3 4

1

2

3

4

1

1

2 3 4

2

3

4

Figure 1.9: The Minkowski sum of the sets A = {(0, 1), (0, 2), (1, 2)} denoted by discs in
the graph on the left and B = {(1, 0), (2, 0), (2, 1)} denoted by filled-in squares in the graph

on the left is A+B = {(1, 1), (2, 1), (1, 2), (2, 2), (2, 3), (3, 2), (3, 3)}, denoted by empty
squares in the graph on the right.
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Figure 1.10: The Minkowski sum of the two cones A and B, where A has the extreme rays
(0, 1) and (1, 2) and B has the extreme rays (1, 1) and (2, 1) is the cone A+B given by the

extreme rays (0, 1) and (2, 1).
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Lemma 1.3.5 (Basic properties of Minkowski sums, from folklore). Let + and
∑

denote

Minkowski addition.

1. For non-empty subsets A, B of a real vector space, conv(A) + conv(B) = conv(A+B).

Thus for convex sets A and B, the Minkowski sum A+B is convex.

2. For cones A and B, the Minkowski sum A+B is a cone.

3. For cones A1, . . . , An, (
⋂n
i=1Ai)

∗ =
∑n

i=1A
∗
i .

4. For cones A1, . . . , An, (
∑n

i=1Ai)
∗ =

⋂n
i=1A

∗
i .

For i ∈ {1, . . . , s}, let Oi be the orthant of Rs consisting of all points where the i-th

coordinate is nonpositive and the rest are nonnegative.

Lemma 1.3.6 ([5], Lemma 2.6). Let S ⊂ Rs
≥0 be a cone and let

M = ∩si=1(S +Oi)

where + denotes Minkowski addition. Then M is a max-closed cone contained in Rs
≥0, and

it is the smallest max-closed cone containing S.

Proof. First, note that M is a cone contained in Rs
≥0 since the intersection of the S +Oi’s

does not contain any points with negative coordinates; ∩si=1Oi = 0. We will show that

x ∈ M if and only if there exist y1, . . . ,ys ∈ S such that x = ⊕sk=1yk, that is, if x is in the

max closure of s points of S.

Let x = ⊕sk=1yk, and let xj and ykj denote the jth coordinate of x and yk, respectively.

We must show x ∈ M. For each i ∈ [s], there is a k such that xi = yki. Then write

x = yk + pi, where pi ∈ Oi and is defined as (x1 − yk1, x2 − yk2, . . . , xi−1 − yk(i−1), 0, xi+1 −

yk(i+1), . . . , xs − yks). Then x ∈ S +Oi for all i ∈ [s] and thus x ∈M.

To show the other direction, take x ∈ M. We will find y1, . . . ,ys ∈ S such that x =

⊕sk=1yk by building a box around x so that x is the maximum corner, that is, each coordinate
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of x attains the maximum value it can within the box. Since x ∈ ∩si=1(S +Oi), there exist

ui ∈ S and pi ∈ Oi such that x = ui + pi for every i ∈ [s]. Let uij and pij denote the jth

coordinate of ui and pi respectively. Then xj = uij+pij for every i, j ∈ [s]. Because pi ∈ Oi,

pii ≤ 0 and pij ≥ 0 for j 6= i. Then xi ≤ uii and xj ≥ uij for j 6= i. Thus max{uij | j 6= i}

≤ xi ≤ uii, and we’ve defined a box around x.

Now we want to show that x is the maximum corner of that box, that is, xi = uii for

every i ∈ [s]. If not, we can build a new box that contains x and where x is the maximum

corner. If there is an i for which xi < uii, we will replace ui with u′i := λui, where λ ∈ [0, 1]

such that xi = λuii =: u′ii. Since S is a cone, u′i ∈ S. We can define a point p′i ∈ Oi such that

p′ii := 0 and p′ij := pij + (1−λ)uij ≥ pij ≥ 0, so that x = u′i + p′i. Then let I ⊂ [s] be the set

of indices for which xi = uii. Then define our new box by replacing ui by u′i for all i ∈ [s]\I.

By the definition, x is the maximum corner of this box, and x = (⊕i∈Iui)⊕ (⊕i∈[s]\Iu′i).

To showM is max-closed, take a,b ∈M, and we will show a⊕b ∈M. Let a = ⊕sk=1yk

and b = ⊕2s
k=s+1yk. Then a⊕b = ⊕2s

k=1yk. Let aj, bj, and (aj⊕bj) denote the jth coordinate

of a, b, and a⊕b respectively. For every aj, there exists a k ∈ [s] such that aj = ykj, and for

every bj there exists a ` ∈ {s+ 1, . . . , 2s} such that bj = y`j. Then max{ykj, y`j} = (aj ⊕ bj).

Let K be the set of all k ∈ [s] such that max{ykj, y`j} = ykj for some j ∈ [s], and let L

be the set of all ` ∈ {s + 1, . . . , 2s} such that max{ykj, y`j} = y`j and y`j 6= ykj. Note that

|L|+ |K| = s. Then

a⊕ b = (⊕k∈Kyk)⊕ (⊕`∈Ly`).

Thus there are s points yk ∈ S whose tropical sum is a⊕ b, and so a⊕ b ∈M.

Corollary 1.3.7 ([5], Corollary 2.7). Let S ⊂ Rs
≥0 be a convex cone. The max-closure of S

is a convex cone.

The finite intersection of convex cones is a convex cone, as is the Minkowski sum of

convex cones.
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Corollary 1.3.8 ([5], Corollary 2.8). Let S ⊂ Rs
≥0 be a max-closed convex cone. Then

S∗ =
s∑
i=1

(S∗ ∩ Oi),

where
∑

denotes Minkowski addition.

This corollary follows from Lemma 1.3.6 and basic properties of Minkowski sums. Note

that Oi is self-dual: O∗i = Oi for all i.

Corollary 1.3.9 ([5], Corollary 2.9). Any extreme ray of the dual cone trop(NU)∗ is spanned

by a vector with at most one negative coordinate.

Proof. We obtain this result by applying Corollary 1.3.8 with S = trop(NU), since trop(NU)

is a max-closed convex cone. An extreme ray of trop(NU)∗ is also an extreme ray of

trop(NU)∗ ∩ Oi for some i ∈ [s]. Therefore the extreme ray is spanned by a vector with

at most one negative coordinate.

In our setting, this result tells us we can restrict our search to inequalities of the form

HDE(F1;F2) = c where F2 is a tree, something that significantly simplifies our code. Consider

the following example with stars.

Example 1.3.10. Let F1, F2 ∈ U = {S0, S1, . . . , Sm}. Recall that where G is unambiguous,

we write F1 for hom(F1;G). If HDE(F1;F2) = c, a valid inequality in trop(NU) is logF1 ≥

c logF2. Corollary 1.3.9 states that

logS2 + logSm−2 + logSm ≥ logS1 + 2 logSm−1

is not a defining inequality of trop(NU) because F2 is a forest containing non-isomorphic

trees, that is, the righthand side has more than one term, whereas if F2 were a forest

containing isomorphic trees, we might have a defining inequality. Indeed, the inequality is a

conical combination of logS2 ≥ logS1 and log Sm−2+logSm ≥ 2 logSm−1, which are defining

inequalities for the tropicalization of the graph profile of stars, fully described in Section 1.4.
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Note that HDE(S2Sm−2Sm;S1S
2
m−1) ≥ 1, but is not necessarily 1.

Definition 1.3.11 ([5], Definition 2.10). Let S ⊂ Rs
≥0 be a cone. The double hull of S,

denoted as dh(S), is the smallest max-closed convex cone containing S.

We call a point p ∈ S max-extreme if whenever p = x ⊕ y with x,y ∈ S, then either

p = x or p = y. A point p is max-extreme if and only if any point on the ray spanned by p

is also max-extreme in S. Let S ⊂ Rs
≥0 be a closed convex cone. If p ∈ S spans an extreme

ray of S and is max-extreme, we say that it spans a doubly extreme ray of S.

Theorem 1.3.12 ([5], Theorem 2.12). Let S ⊂ Rs
≥0 be a closed and max-closed cone. Then

S is equal to the max-closure of its max-extreme rays.

Proof. Let p ∈ S. For every i ∈ [s], let

Si = {x ∈ S | x1 ≤ p1, x2 ≤ p2, . . . , xi−1 ≤ pi−1, xi = pi, xi+1 ≤ pi+1, . . . , xs ≤ ps},

and note that Si is a compact set. For i ∈ [s] we will construct points yi so that they are

lexicographically minimal points of Si, that is, for any x ∈ Si, yi1 ≤ x1; if yi1 = x1, then

yi2 ≤ x2; if yi2 = x2, then yi3 ≤ x3, and so on, where yij denotes the jth coordinate of yi. We

then claim that yi are max-extreme points of S. Suppose that yi = v ⊕w with v,w ∈ S.

If yii = vi or yii = wi, then v or w, respectively must be contained in Si because yii = pi.

Then yi = v or yi = w, respectively, because yi is lexicographically minimal. Thus yi is

max-extreme for every i ∈ [s] and we have that p = ⊕si=1yi.

Figure 1.11 depicts an example of a cone S, a point p, and lexicographically minimum

y1 and y2 such that p = y1 ⊕ y2.

Theorem 1.3.13 ([5], Theorem 2.13). Let S ⊂ Rs
≥0 be a closed convex cone that is also

max-closed. Then S is equal to the double hull of its doubly extreme rays.

Proof. Since S is a closed, convex, and max-closed cone, it must contain the double hull of its

doubly extreme rays. To show the other inclusion, we want to show that any max-extreme

point of S is contained in the convex hull of its doubly extreme rays.

62



1 2 3 4

1

2

3

4

p

y1

y2

Figure 1.11: S, shaded in gold, has the extreme rays (4, 1) and (1, 2) depicted in blue.
Given a point p = (2, 2) in S, the associated S1 and S2 are {(2, x2) | x2 ∈ [1

2
, 2]} and

{(x1, 2) | x1 ∈ [1, 2]} respectively. Within these sets the lexicographically minimum points
y1 and y2 are (2, 1

2
) and (1, 2) respectively, and therefore p = y1 ⊕ y2. Note that the

extreme rays are also max-extreme.

Let p 6= 0 be a max-extreme point of S. Then p is on the boundary of S, and it is also

on the relative interior of a face F of S.

We will show that any point v ∈ F is max-extreme. Suppose v ∈ F is not max-

extreme. Then v = x ⊕ y, where x,y 6= v. Since p is on the relative interior of F and

S is convex, we can write p = λv + (1 − λ)w for some w ∈ F and λ ∈ (0, 1). But then

p = (λx + (1− λ)w)⊕ (λy + (1− λ)w), a contradiction to the fact that p is max-extreme.

Any extreme rays of F are naturally extreme rays of S, and we have shown they are also

max-extreme rays of S, that is, they are doubly extreme rays of S. Any max-extreme point

of S is a convex combination of the doubly extreme rays of S. Thus, any max-extreme point

of S is in the convex hull of doubly extreme rays of S, and by Theorem 1.3.12, S is the

double hull of its doubly extreme rays.

Finally, we define a polyhedral cone, the intersection of finitely many half-spaces intersect-

ing at the origin. Such a cone is rational polyhedral if the coefficients within the inequalities

are rational numbers. All of the figures depicting cones in this section depict rational poly-

hedral cones.
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In [5], Blekherman and Raymond described the tropicalizations of the number graph pro-

files of even cycles, odd cycles, complete graphs, stars, and paths, as well as some non-graph

tropicalizations. Previously in [6], Blekherman, Raymond, Singh, and Thomas described

the tropicalizations of the density graph profiles of star and complete hypergraphs. Each of

these tropicalizations is a rational polyhedral cone, leading to the following conjecture (an

open question in [6]).

Conjecture 1.3.14 ([5], Conjecture 2.14). Let U be a finite collection of finite connected

simple graphs. Then trop(NU) is a rational polyhedral cone.

By using the linear program developed by Kopparty and Rossman together with Corol-

lary 1.3.9, Blekherman and Raymond showed that the conjecture holds for the following

class of graphs.

Theorem 1.3.15 ([5], Theorem 3.2). For any family U consisting of finitely many chordal

series-parallel graphs, trop(NU) is a rational polyhedral cone.

Recall that in Subsection 1.2.2 we discussed the linear program we use for finding the

homomorphism domination exponent of two graphs, say HDE(F1, F2) = c where F1 is the

disjoint union of graphs in U and F2 ∈ U , which implies that hom(F1;G) ≥ hom(F2;G)c is a

valid inequality. While that linear program has a number of variables linear in the number of

vertices of F2, it does not have a linear number of constraints; since we need one constraint for

each homomorphism from F1 to F2, there are at least hom(F1;F2) constraints. The above

result tells us that once we prove the inequalities whose logarithms determine trop(NU),

we can verify the validity of any pure binomial inequality in homomorphism numbers (or

densities) of graphs in U by means of a linear program with a linear number of variables.

We will show that in our setting, we only need a linear number of constraints. In particular,

we check whether the log of the inequality we are interested in is a conical combination of

the inequalities that determine trop(NU). This is a significant improvement over the linear

program discussed in Subsection 1.2.2.
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1.4 The tropicalization of the graph profile of stars

This tropicalization and the results in this section are due to [5]. We include it here as

an illustrative example.

Theorem 1.4.1 ([5], Theorem 2.17). Let US(m) = {S0, S1, . . . , Sm} where Sk is the star

graph with k branches. Then

trop(NUS(m)) =


y ∈ Rm+1

∣∣∣∣∣∣∣∣∣∣∣∣∣

−y1 + y2 ≥ 0

y0 + ym−1 − ym ≥ 0

yi−1 − 2yi + yi+1 ≥ 0 ∀1 ≤ i ≤ m− 1

m · ym−1 − (m− 1) · ym ≥ 0


.

Proof. Let QS(m) be the cone on the righthand side of the equation in the theorem. We will

prove this tropicalization with three claims. First, we will show that trop(NUS(m)) ⊆ QS(m),

that is, the inequalities defining QS(m) are valid inequalities for trop(NUS(m)). Second, we

will find the extreme rays of QS(m). Third, we will show that the extreme rays of QS(m) are

in trop(NUS(m)), implying that QS(m) ⊆ trop(NUS(m)) and thus that QS(m) = trop(NUS(m)).

Claim 1: We have that trop(NUS(m)) ⊆ QS(m).

These inequalities can all be proved by using the linear program defined in Remark 1.2.11

either directly or by developing a proof strategy from observing the results of the linear

program. However, these inequalities were already known, based on the following simple

formula for homomorphisms from star graphs. Let G be a graph on n vertices, where the

degree of each vertex vi is given by the ith coordinate of the degree sequence d = (d1, . . . , dn).

Then

hom(Sk;G) = dk1 + . . .+ dkn = ||d||kk.

Indeed, this is because once you decide to which vertex of G to send the center of the star,

say v, you have dv choices of where to send each of the k leaves of the star. For m = 0, we

define 00 = 1. The inequalities on homomorphism numbers corresponding to the inequalities

for QS(m) are known inequalities, for example, Hölder inequalities, for `p norms of real

nonnegative vectors applied to the degree sequence d.
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Claim 2: Let e0 = (1, 0, 0, . . . , 0), that is, the identity vector for the 0th coordinate.

The extreme rays of QS(m) are e0, (1, 2, 3, 4, . . . ,m+ 1), ri = (r0, r1, . . . , rm) for 2 ≤ i ≤ m

where

rj =


i if j ≤ i,

j if j ≥ i,

and si = (s0, s1, . . . , sm) for 1 ≤ i ≤ m− 1 where

sj =


i+ j(i− 1) if j ≤ i,

i+ i(i− 1) + (j − i)i if j ≥ i.

Note that there are m + 2 inequalities that define QS(m). Since y ∈ Rm+1, an extreme

ray must be tight with a linearly independent set of m of the defining inequalities of QS(m).

We will call the inequalities yi−1 − 2yi + yi+1 ≥ 0 for 2 ≤ i ≤ m − 1 gap inequalities since

they can be rewritten in terms of the gaps between coordinates: yi+1 − yi ≥ yi − yi−1. Each

of the rays listed is contained in QS(m), that is, they are points in QS(m) since they all

satisfy all of the inequalities defining QS(m). The ray spanning (1, 0, . . . , 0) is tight with all

inequalities except y0 − 2y1 + y2 ≥ 0 and y0 + ym−1 − ym ≥ 0. Similarly, the ray spanning

(1, 2, 3, . . . ,m+1) is tight with all inequalities except y2−y1 ≥ 0 and mym−1−(m−1)ym ≥ 0.

For 2 ≤ i ≤ m − 1, each ri is tight with all inequalities except yi−1 − 2yi + yi+1 ≥ 0 and

y0 + ym−1 − ym ≥ 0. The ray spanning rm = m · 1 is tight with all inequalities except

y0 + ym−1 − ym ≥ 0 and m · ym−1 − (m − 1) · ym ≥ 0. Finally, the rays spanning each si is

tight with all inequalities except y2 − y1 ≥ 0 and yi−1 − 2yi + yi+1 ≥ 0. One can check that

these sets of tight inequalities are linearly independent.

We have shown these are extreme rays. We now need to show no other extreme rays exist.

Note that each of the rays we formed is tight with either y2−y1 ≥ 0 or with y0+ym−1−ym ≥ 0,

but not with both, and that there cannot be any more rays that are tight with exactly one

of these inequalities. This offers a strategy for our proof. We will first show there does not

exist an extreme ray tight with both of these inequalities by using contradiction. We will

66



then show there does not exist an extreme ray that is tight with neither of these inequalities,

again by using contradiction. Consider a point z = (z0, z1, . . . , zm) ∈ QS(m) such that

zm = zm−1 + z0 and z1 = z2. From the inequality y0 − 2y1 + y2 ≥ 0 and z1 = z2, we have

that z0 ≥ z2. From the inequality mym−1 − (m − 1)ym ≥ 0 and zm = zm−1 + z0 we obtain

zm−1 ≥ (m− 1)z0. We can use these two inequalities to bound the average gap zi+1 − zi for

2 ≤ i ≤ m− 2:

zm−1 − z2
m− 3

≥ (m− 1)z0 − z0
m− 3

=
m− 2

m− 3
z0 > z0.

Thus there exists 2 ≤ j ≤ m− 2 such that zj+1 − zj > z0. Let j∗ be the biggest such index.

Then zj∗+1−zj>z0 and zj∗+2 − zj∗+1 ≤ z0, and zj∗ − 2zj∗+1 + zj∗+2 < 0, which contradicts

z ∈ QS(m).

Now we will show there is no extreme ray that is not tight with either y2 − y1 ≥ 0 or

with y0 + ym−1 − ym ≥ 0. Because there are two inequalities that are not tight, the other

m inequalities must be tight. This means that all of the gap inequalities must be tight,

implying that for every 2 ≤ i ≤ m − 2, zi+1 − zi = zi − zi−1 = z2 − z1 =: k where k > 0

by y2 − y1 > 0. This implies we can write zj = z1 + (j − 1)k for every 0 ≤ j ≤ m. In

particular, since zm−1 = z1 + (m − 2)k, zm = z1 + (m − 1)k, we can use the last inequality

mzm−1 − (m− 1)zm ≥ 0 to write

m(z1 + (m− 2)k) = (m− 1)(z1 + (m− 1)k),

which implies that k = z1, and therefore zj = jk for 0 ≤ j ≤ m. Therefore z0 + zm−1− zm =

0 + (m− 1)z1 −mz1 < 0, a contradiction. So there is no extreme ray where y2 − y1 > 0 and

y0 + ym−1 − ym > 0.

Claim 3: The extreme rays ofQS(m) are in trop(NUS(m)), and henceQS(m) = trop(NUS(m)).

We want to show that each ray is realizable, that is, for each ray r, there is a graph G so

that log(hom(Si;G)) = ri or a sequence of graphsGn on n vertices such that log hom(Si;Gn)
logn

→ ri

as n→∞ for all i.
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For ~1 := (1, 1, 1, . . . , 1) and (1, 2, 3, . . . ,m + 1) the single edge and the complete graph,

respectively, realize these rays. For (1, 0, 0, . . . , 0) the graph with n vertices and one edge as

n→∞ provides the necessary sequence. We have that log hom(Si;Sn)
logn

→ i as n→∞ for i ≥ 1

and log hom(S0;Sn)
logn

→ 1, so (1, 1, 2, 3, . . . ,m) ∈ trop(NUS(m)) as well.

We can use tropical sums and conical combinations of these four rays to obtain the ri

and the si as follows.

ri = (1, 1, 2, 3, . . . ,m)⊕ i(1, 1, . . . , 1),

and

si = i(1, 1, 2, 3, . . . ,m)⊕ ((i− 1) · (1, 2, 3, . . . ,m+ 1) + (1, 1, 1 . . . , 1)).

This implies that trop(NUS(m)) is in the double hull of (1, 0, 0, . . . , 0), 1, (1, 1, 2, 3, 4, . . . ,m),

and (1, 2, 3, . . . ,m+ 1).

Corollary 1.4.2 ([5], Theorem 1.17, Claim 4). The set trop(NUS(m)) for U = {S0, S1, . . . , Sm}

is the double hull of the following doubly extreme rays: 1, (1, 0, 0, . . . , 0), (1, 1, 2, 3, . . . ,m),

and (1, 2, 3, 4, . . . ,m+ 1).

We proved the rays listed are extreme rays and that trop(NUS(m)) is in the double hull

of these rays in the proof of Theorem 1.4.1. To prove they are also max-extreme, one would

use contradiction for each extreme ray r, that is, assume that r is not a max-extreme ray

and that there are rays a,b ∈ trop(NUS(m)) where r = a⊕ b and r is neither a nor b.
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CHAPTER 2

THE TROPICALIZATION OF THE GRAPH PROFILE OF
ALMOST-STARS

We give a description of the tropicalization of almost-stars, that is, trop(NUA(m−1)) when

UA(m− 1) = {S0, S2,10 , S2,11 , . . . , S2,1m−1}.

Sections 2.1, 2.2, and 2.3 were published as part of our paper [11].

Definition 2.0.1. We define

QA(m− 1) :=



y ∈ Rm+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−y1 + y2 ≥ 0

4y1 − 3y2 ≥ 0

3y1 − 3y3 + y4 ≥ 0

y1 + 2ym−1 − 2ym ≥ 0

y0 + ym−1 − ym ≥ 0

y0 − 2y1 + y3 ≥ 0

yi−1 − 2yi + yi+1 ≥ 0 ∀2 ≤ i ≤ m− 1

m · ym−1 − (m− 1) · ym ≥ 0



.

Theorem 2.0.2. We have that trop(NUA(m−1)) = QA(m− 1).

In Section 2.1 we prove valid pure binomial inequalities for NUA(m−1) by using the AM-

GM inequality together with the gluing algebra, as well as by using the linear program given

by Kopparty and Rossman in Theorem 1.2.9.
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In Section 2.2, we realize the rays d ∈ R, defined in Theorem 2.4.1 below, by showing

there exists a sequence of graphs Gn on n vertices so that

α(log hom(S0;Gn), log hom(S2,10 ;Gn), . . . , log hom(S2,1m−2 ;Gn))→ (d0, d1, . . . , dm)

as n → ∞ for some constant α ∈ R≥0, that is, we show that each doubly extreme ray is

contained in trop(NUA(m−1)). We also describe the extreme rays of trop(NUA(m−1)) by writing

them as tropical sums of multiples of d ∈ R. However, in this section, we do not prove that

the rays described are extreme or doubly extreme; this will be done in the next two sections.

We present two proofs of Theorem 2.0.2. Both proofs require that we use the inequalities

proven in Section 2.1 to show that trop(NUA(m−1)) ⊆ QA(m − 1). The two proofs differ in

the way we show QA(m− 1) ⊆ trop(NUA(m−1)).

In Section 2.3, we prove Theorem 2.0.2 using an auxiliary theorem. We show that all of

the rays realized in the previous section are the extreme rays of QA(m − 1); this requires

a good amount of work since the (m + 1)-dimensional cone QA(m− 1) is defined by m + 5

inequalities. Let e0 = (1, 0, 0, . . . , 0), that is, the identity vector for the 0th coordinate, and

let ~1 = (1, 1, 1, . . . , 1), that is, the vector of all ones. We first define the remaining extreme

rays:

Definition 2.2.3. Fix m ∈ N and let

• s1,m := (3, 6, 8, 10, 12, 15, . . . , 3(m− 1), 3m),

• s2,m := (6, 12, 16, 21, 27, 33, . . . , 6m− 3, 6m+ 3),

• s3,m := (2, 4, 5, 6, 8, 10, . . . , 2m),

• s4,m := (3, 6, 8, 10, 13, 16, . . . , 3m+ 1),

• r1,m,i := (6i− 15, 12i− 30, 16i− 40, 21i− 54, 27i− 72, 33i− 90, . . . , 6i2− 15i, 6i2− 9i−

15, 6i2 − 3i− 30, . . . , (6i− 15)m) for 5 ≤ i ≤ m− 1,
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• r2,m,i := (i + 2, 3i, 4i, 5i, . . . , i(i + 2), (i + 1)(i + 2), . . . , (m − 1)(i + 2),m(i + 2)) for

5 ≤ i ≤ m− 1,

• r3,m,i := (3i − 9, 6i − 18, 8i − 24, 10i − 30, 13i − 40, 16i − 50, . . . , 3i2 − 12i + 10, 3i2 −

9i, 3i2 − 6i− 9, . . . , (3i− 9)m) for 5 ≤ i ≤ m− 1,

• r4,m,i := (2i − 5, 4i − 10, 5i − 12, 7i − 18, 9i − 24, . . . , 2i2 − 7i + 6, 2i2 − 5i, 2i2 − 3i −

5, . . . ,m(2i− 5)) for 5 ≤ i ≤ m− 1,

• r5,m,i := (i, i, . . . , i, i+ 1, i+ 2, . . . ,m) for 3 ≤ i ≤ m− 1, and

• r6,m,i := (i+1, 3i−1, 4i−2, 5i−3, . . . , i2+1, i2+i, i2+2i+1, . . . , (m−1)(i+1),m(i+1))

for 4 ≤ i ≤ m− 1.

Now we can state the auxiliary theorem.

Theorem 2.3.1. The cone QA(m−1) ⊆ Rm+1 is the conical hull of the following rays, where

ellipses denote that the coordinates increase in arithmetic progression: e0, ~1, (1, 2, 2, 3, 4, . . . ,m),

(1, 3, 4, 5, . . . ,m + 2), (2, 4, 5, 7, . . . , 2m + 1), sj,m for j ∈ {1, 2, 3, 4}, and rj,m,i for j ∈

{1, 2, 3, 4, 5, 6}.

In Section 2.4, we prove Theorem 2.0.2 again using a second auxiliary theorem where

QA(m− 1) is the double hull of the five rays realized in Section 2.2. Given Lemma 1.3.8, we

can use duality for this purpose.

Theorem 2.4.1. The cone QA(m − 1) is the double hull of the rays in the following set,

where ellipses denote that the coordinates increase in arithmetic progression:

R := {e0,1, (1, 2, 2, 3, 4, . . . ,m), (1, 3, 4, 5, . . . ,m+ 2), (2, 4, 5, 7, . . . , 2m+ 1)}.

The f -vector of a polyhedron encodes information about the number of faces of that poly-

hedron in each dimension. In Section 2.5, we give the f -vector of trop(NUA(m−1)) explicitly

for m ∈ {3, 4, . . . , 11} and present a conjecture for the f -vector of every m ≥ 3.
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It is worth comparing the tropicalization of the graph profile of stars with that of the

tropicalization of the graph profile of almost-stars. The two tropicalizations contain similar-

ities, as one would expect from the definitions of the graphs. However, because almost-stars

contain longer paths than stars, their tropicalization is also more complicated.

2.1 Valid binomial inequalities for S2,1k-trees

Recall that our goal is to show that trop(NUA(m−1)) is equal to the cone QA(m−1) defined

in Definition 2.0.1. To show that trop(NUA(m−1)) ⊆ QA(m−1), we need to show that all of the

inequalities of QA(m−1) come from valid pure binomial inequalities on the profile NUA(m−1).

In this section, using the techniques described in Section 1.2, we derive some valid pure

binomial inequalities for NUA(m−1) whose logarithms yield inequalities defining QA(m− 1) in

Definition 2.0.1, thus showing that these are valid inequalities for trop(NUA(m−1)). Recall that

V (S2,1k) = {1, 2, . . . , k+ 3}, and E(S2,1k) = {{1, j} | j ∈ {2, 3, . . . , k+ 2}}∪{{k+ 2, k+ 3}}.

We show that trop(NUA(m−1)) ⊆ QA(m− 1). For ease for reading, in this section, we will use

F as a shorthand for hom(F ;G) whenever there is no confusion.

First note that S2,11 − S2,10 ≥ 0 and S4
2,10 − S3

2,11 ≥ 0 are inequalities involving only

paths with two and three edges, and that these inequalities are already known (see [31] for

example). The following inequality is also trivially true.

Theorem 2.1.1. We have that S0S2,1m−2 ≥ S2,1m−1 is a valid inequality for all graphs G.

Proof. The inequality holds since there is a surjective homomorphism ϕ from S0S2,1m−2 to

S1,2m−1 . Indeed, labeling the vertex S0 as 0, let ϕ(i) = i for 1 ≤ i ≤ m − 1, ϕ(0) = m,

ϕ(m) = m+ 1, ϕ(m+ 1) = m+ 2.

We will use the consequence of the AM-GM inequality described in Subsection 1.2.1 to

prove the following theorems.

Theorem 2.1.2. We have that S3
2,10S2,13 ≥ S3

2,12.
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Proof. Applying AM-GM, we have that

[[
2

1 4

]] [[(
1 2

3

)3
]] 1

3

≥
[[

2
1 4

1 2
3

]]

is a valid inequality, which proves the inequality above.

Theorem 2.1.3. We have that S2,10S
2
2,1m−2 ≥ S2

2,1m−1.

Proof. Applying AM-GM, we have that

[[(
1
)2]] 1

2


 1

2
3

.

.

.

m− 1

m m + 1


 ≥


 1

1

2
3

.

.

.

m− 1

m m + 1




is a valid inequality, which proves the inequality above.

Theorem 2.1.4. We have that S2,1i−2S2,1i ≥ S2
2,1i−1 for i ≥ 2.

Proof. Applying AM-GM, we have that



 1

2

3
.
.
.
i− 1

i i + 1


2


1
2


 1

2
3

.

.

.
i− 1

i i + 1

2



1
2

≥


 1

2

3
.
.
.
i− 1

i i + 1
1

2
3

.

.

.
i− 1

i i + 1




is a valid inequality, which proves the inequality above.

Note that the inequality in Theorem 2.1.4 could also have been seen as an application

of Hölder’s inequality to a sequence of products of certain powers of degrees of endpoints of

edges.

Theorem 2.1.5. We have that Sm2,1m−2 ≥ Sm−12,1m−1 for m ≥ 3. Furthermore, when m = 2,

this is a valid inequality in paths.
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Proof. When m = 2, applying AM-GM, we have that

[[
2

1 3

]] [[
3

2 4

]]
≥
[[

2
1 3

3
2 4

]]

is a valid inequality, which yields ≥ as desired.

When m ≥ 3, applying AM-GM, we have that



 3

4
5

.

.

.
m
m + 1

2 1


m−1


1

m−1

 3

4
5

.

.

.
m
m + 2

2 1


 ≥


 3

4
5

.

.

.
m
m + 1

2 1 3

4
5

.

.

.
m
m + 2

2 1




is a valid inequality which is equivalent to


 3

4
5

.

.

.
m
m + 1

2 1




 3

4
5

.

.

.
m
m + 2

2 1



m−1

≥


 3

45

m

m+1 m+2

2 1



m−1

which proves the inequality above.

We now use Theorem 1.2.9 to prove the validity of other important binomial inequalities

for NUA(m−1).

Theorem 2.1.6. We have that HDE(S0S2,12 ;S2,10) = 2, and thus that S0S2,12 ≥ S2
2,10.

Proof. We first show that HDE(S0S2,12 ;S2,10) ≤ 2. For every ∅ 6= S ⊆ V (S2,10), let p(S) = 1,

and let p(∅) = 0. One can check that p ∈ P(S2,10).

For any homomorphism ϕ from S0S2,12 to S2,10 (including the optimal one), since the

maximal cliques in S0S2,12 are the vertex in S0 and the edges in S2,12 , we have that

∑
S⊆MaxCliques(S0S2,12 )

−(−1)|S|p(ϕ(∩S)) = 1 + 4− 3 = 2.

Indeed, the vertex S0 contributes 1, the four edges of S2,12 each contributes 1, the vertex of

degree two in S2,12 contributes −1 as it is the intersection of two maximal cliques (edges), and
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the vertex of degree three in S2,12 contributes−2 since it can be written in three different ways

as the intersection of two maximal cliques, and in one way as the intersection of three maximal

cliques. As we are minimizing over all p ∈ P(S2,10), this yields that HDE(S0S2,12 ;S2,10) ≤ 2

as desired.

We next show that HDE(S0S2,12 ;S2,10) ≥ 2. Consider the homomorphism ϕ from S0S2,12

to S2,10 such that ϕ(0) = ϕ(4) = 3, ϕ(1) = ϕ(5) = 2, and ϕ(2) = ϕ(3) = 1 (see Figure 2.1).

Figure 2.1: Illustration of ϕ.

Every edge of S2,10 is covered by the image of an edge of S2,12 (each of which is a maximal

clique thus contributing a weight of 1) twice. The inner vertex of S2,10 is covered by the

image of the center vertex of S2,12 , which yields a multiplier −2 (because it can be written as

the intersection of three maximal cliques, and as three different intersections of two maximal

cliques). One end vertex of S2,10 is not covered by the image of any inner vertices and leaves

of S2,12 contribute weights of 0 given that they cannot be written as intersections of maximal

cliques. The other end vertex of S2,10 is covered by S0 (which contributes a weight of 1

since it is a maximal clique) and the inner vertex of the two-edge branch of S2,10 (which

contributes a weight of −1 since it is the intersection of two maximal cliques), yielding a

multiplier of 0. Thus we have
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∑
S⊆MaxCliques(S0S2,12 )

− (−1)|S|p(ϕ(∩S))

= 2p({1, 2}) + 2p({2, 3})− 2p({2})

= 2p({1, 2, 3})

= 2,

where the penultimate line follows from the last constraint of polymatroidal functions (letting

A = {1, 2} and B = {2, 3}, we have p({2}) + p({1, 2, 3}) = p({1, 2}) + p({2, 3}) since {2}

separates {1} and {3}), and the last line follows from the fact that we are considering

normalized polymatroidal functions, meaning that p(V (F2)) = 1.

Therefore for every p ∈ P(S0S2,12), there exists a homomorphism that yields 2, and since

we are maximizing over all homomorphisms, we have HDE(S0, S2,12 ;S2,10) ≥ 2. This proves

that HDE(S0S2,12 ;S2,10) = 2.

We have thus proved the following lemma.

Lemma 2.1.7. By taking the log of the inequalities

• S2,11 − S2,10 ≥ 0,

• S4
2,10 − S3

2,11 ≥ 0,

• S0S2,1m−2 ≥ S2,1m−1,

• S3
2,10S2,13 ≥ S3

2,12,

• S2,1i−2S2,1i ≥ S2
2,1i−1 for i ≥ 2,

• Sm2,1m−2 ≥ Sm−12,1m−1 for m ≥ 2,

• S0S2,12 ≥ S2
2,10,

proven to be valid for NUA(m−1) in Section 2.1, we have that trop(NUA(m−1)) ⊆ QA(m− 1).
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2.2 Rays of trop(NUA(m−1))
Recall again that our goal is to show that trop(NUA(m−1)) is equal to the cone QA(m− 1)

defined in Definition 2.0.1. To show that QA(m − 1) ⊆ trop(NUA(m−1)) for Theorem 2.3.1

we need to find all extreme rays of QA(m− 1) and show that these rays are realizable. For

Theorem 2.4.1, we need to find all doubly extreme rays of QA(m − 1) and show that these

rays are realizable. In this section, we show that different rays are in trop(NUA(m−1)). In

Section 2.3, we will see that the rays dj,m are doubly extreme rays and the rays sj,m and

rj,m,i are the remaining extreme rays of trop(NUA(m−1)). In Section 2.4, we will focus only

on the rays dj,m, show that QA(m − 1) is contained in their double hull, and that they are

max-extreme.

Definition 2.2.1. Fix m ∈ N, and let

• d1,m := (1, 0, 0, . . . , 0),

• d2,m := ~1 = (1, . . . , 1),

• d3,m := (1, 2, 2, 3, 4, . . . ,m),

• d4,m := (1, 3, 4, 5, . . . ,m+ 2), and

• d5,m := (2, 4, 5, 7, . . . , 2m+ 1)

be vectors in Rm+1.

Lemma 2.2.2. The rays dj,m are in trop(NUA(m−1)) for each 1 ≤ j ≤ 5.

Proof. We show how to realize each ray as

α(log hom(S0;Gn), log hom(S2,10 ;Gn), . . . , log hom(S2,1m−1 ;Gn))

for some sequence of graphs Gn on n vertices as n→∞ for some constant α ∈ R≥0.
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1. Consider the graph Gn consisting of n − 2 isolated vertices and one edge, which has

n vertices. Then hom(S0;Gn) = n and hom(S2,1k ;Gn) = 2 for 0 ≤ k ≤ m − 1. As

n → ∞, we have log(hom(S0;Gn))
log(n)

= 1 and
log(hom(S

2,1k
;Gn))

log(n)
→ 0 for 0 ≤ k ≤ m − 1, thus

showing that d1,m ∈ trop(NUA(m−1)). Note that we cannot only n isolated vertices as

we would have that hom(S2,1k ;Gn) = 0, and thus couldn’t take the logarithm.

2. To realize d2,m = ~1, consider the graph G consisting of a single edge. Note that

hom(S0;G) = hom(S2,1k ;G) = 2 for 0 ≤ k ≤ m−1. Thus log(hom(S0;G))
log(2)

=
log(hom(S

2,1k
;G))

log(2)
=

1 for 0 ≤ k ≤ m− 1, and so d2,m ∈ trop(NUA(m−1)) as desired.

3. To realize d3,m = (1, 2, 2, 3, 4, . . . ,m), consider Sn, the star with n branches. Then

hom(S0;Sn) = n + 1 and hom(S2,1k ;Sn) = nk+1 + n2 for 0 ≤ k ≤ m − 1 (where

the first term comes from sending the center of S2,1k to the center of Sn, and the

second term comes from sending it to one of the n leaves of Sn). As n→∞, we have

log(hom(S0;Sn))
log(n)

→ 1,
log(hom(S2,10 ;Sn))

log(n)
→ 2 and

log(hom(S
2,1k

;Sn))

log(n)
→ k+ 1 for 1 ≤ k ≤ m− 1,

thus showing that d3,m ∈ trop(NUA(m−1)).

4. To realize d4,m = (1, 3, 4, 5, . . . ,m + 2), consider the complete bipartite graph Kn,n.

Then we have hom(S0;Kn,n) = 2n and hom(S2,1k ;Kn,n) = 2n · nk+1 · n for 0 ≤ k ≤

m − 1. As n → ∞, we have log(hom(S0;Kn,n))

log(n)
→ 1 and

log(hom(S
2,1k

;Kn,n))

log(n)
→ k + 3 for

0 ≤ k ≤ m− 1, thus showing that d4,m ∈ trop(NUA(m−1)).

Figure 2.2: An explicit blow-up graph for Case 5 of Lemma 2.2.2 when n = 2.

5. To realize d5,m = (2, 4, 5, 7, . . . , 2m+ 1), let G2n2+1 be a tripartite graph with parts of

size 1, n2 and n2, and where there are n2 edges between the first and second part, n3
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edges between the second and third part, and no edges between the first and third part,

i.e., this is a blow-up graph of a path of length two. Furthermore, the degree of every

vertex in the second part is n+ 1 and the degree of every vertex in the third part is n.

Then we have that hom(S0;G2n2+1) = 2n2+1, hom(S2,10 ;G2n2+1) = (n2)2+n2·(n+1)2+

n2 ·n2, and hom(S2,1k ;G2n2+1) = (n2)k+1(n+ 1) +n2(n+ 1)k+1(n2 +n) +n2nk+1(n+ 1)

for 1 ≤ k ≤ m− 1 where the different terms come from sending the center of S2,1k to

the different parts of G2n2+1 (see Figure 2.3 for some examples). For S2,10 the center

is the degree 2 vertex. However, this does not change the results. As n→∞, we have

log(hom(S0;G2n2+1))

log(n)
→ 2,

log(hom(S2,10 ;G2n2+1))

log(n)
→ 4 and

log(hom(S
2,1k

;G2n2+1))

log(n)
→ 2k + 3 for

1 ≤ k ≤ m− 1, thus showing that d5,m ∈ trop(NUA(m−1)).

Figure 2.3: Some possible ways of sending S2,12 to G2n2+1 for Case 5 of Lemma 2.2.2. Note
that the degree of every vertex in the middle column is 3, and the degree of every vertex in

the rightmost column is 2.

We now define additional families of rays. In Theorem 2.0.2, we will prove that these

consist of the remaining extreme rays of trop(NUA(m−1)).

Definition 2.2.3. Fix m ∈ N and let

• s1,m := (3, 6, 8, 10, 12, 15, . . . , 3(m− 1), 3m),

• s2,m := (6, 12, 16, 21, 27, 33, . . . , 6m− 3, 6m+ 3),

• s3,m := (2, 4, 5, 6, 8, 10, . . . , 2m),
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• s4,m := (3, 6, 8, 10, 13, 16, . . . , 3m+ 1),

• r1,m,i := (6i− 15, 12i− 30, 16i− 40, 21i− 54, 27i− 72, 33i− 90, . . . , 6i2− 15i, 6i2− 9i−

15, 6i2 − 3i− 30, . . . , (6i− 15)m) for 5 ≤ i ≤ m− 1,

• r2,m,i := (i + 2, 3i, 4i, 5i, . . . , i(i + 2), (i + 1)(i + 2), . . . , (m − 1)(i + 2),m(i + 2)) for

5 ≤ i ≤ m− 1,

• r3,m,i := (3i − 9, 6i − 18, 8i − 24, 10i − 30, 13i − 40, 16i − 50, . . . , 3i2 − 12i + 10, 3i2 −

9i, 3i2 − 6i− 9, . . . , (3i− 9)m) for 5 ≤ i ≤ m− 1,

• r4,m,i := (2i − 5, 4i − 10, 5i − 12, 7i − 18, 9i − 24, . . . , 2i2 − 7i + 6, 2i2 − 5i, 2i2 − 3i −

5, . . . ,m(2i− 5)) for 5 ≤ i ≤ m− 1,

• r5,m,i := (i, i, . . . , i, i+ 1, i+ 2, . . . ,m) for 3 ≤ i ≤ m− 1, and

• r6,m,i := (i+1, 3i−1, 4i−2, 5i−3, . . . , i2+1, i2+i, i2+2i+1, . . . , (m−1)(i+1),m(i+1))

for 4 ≤ i ≤ m− 1.

For now, we only show that all of these rays are also in trop(NUA(m−1)).

Lemma 2.2.4. The rays sj,m and rl,m,i are in trop(NUA(m−1)) for 1 ≤ j ≤ 4 and 1 ≤ l ≤ 6.

Proof. Instead of finding explicit graphs to realize these rays as in the previous proof, we

write them by taking tropical sums (i.e., by taking the maximum componentwise) of conical

combinations of the rays dj,m for 1 ≤ j ≤ 5. Since we have already shown that dj,m ∈

trop(NUA(m−1)) for 1 ≤ j ≤ 5 in Lemma 2.2.2 and since trop(NUA(m−1)) is a max-closed

closed convex cone, this shows that these rays are also in trop(NUA(m−1)). Note that the

homomorphism properties discussed in Subsection 1.1.4 explain how one could use this to

come up with explicit graphs to realize these rays. In particular, one can take disjoint unions

and categorical graph products of the graphs that realize the rays dj,m for j ∈ [5].

• s1,m = (3, 6, 8, 10, 12, 15, . . . , 3(m− 1), 3m) = 3d3,m ⊕ 2d4,m.

• s2,m = (6, 12, 16, 21, 27, 33, . . . , 6m− 3, 6m+ 3) = 3d5,m ⊕ 4d4,m.

80



• s3,m = (2, 4, 5, 6, 8, 10, . . . , 2m) = 2d3,m ⊕ d5,m.

• s4,m = (3, 6, 8, 10, 13, 16, . . . , 3m+ 1) = (d3,m + d5,m)⊕ 2d4,m.

• r1,m,i = (6i− 15, 12i− 30, 16i− 40, 21i− 54, 27i− 72, 33i− 90, . . . , 6i2− 15i, 6i2− 9i−

15, 6i2−3i−30, . . . , (6i−15)m) = (4i−10)d4,m⊕ (6d4,m+3(i−4)d5,m)⊕ (6i−15)d3,m

for 5 ≤ i ≤ m− 1.

• r2,m,i = (i + 2, 3i, 4i, 5i, . . . , i(i + 2), (i + 1)(i + 2), . . . , (m − 1)(i + 2),m(i + 2)) =

id4,m ⊕ (i+ 2)d3,m for 5 ≤ i ≤ m− 1.

• r3,m,i = (3i−9, 6i−18, 8i−24, 10i−30, 13i−40, 16i−50, . . . , 3i2−12i+10, 3i2−9i, 3i2−

6i−9, . . . , (3i−9)m) = (d2,m+(i−5)d3,m+d4,m+(i−3)d5,m)⊕2(i−3)d4,m⊕(3i−9)d3,m

for 5 ≤ i ≤ m− 1.

• r4,m,i = (2i − 5, 4i − 10, 5i − 12, 7i − 18, 9i − 24, . . . , 2i2 − 7i + 6, 2i2 − 5i, 2i2 − 3i −

5, . . . ,m(2i− 5)) = (2d4,m + (i− 4)d5,m)⊕ (2i− 5)d3,m for 5 ≤ i ≤ m− 1.

• r5,m,i = (i, i, . . . , i, i+ 1, i+ 2, . . . ,m) = id2,m ⊕ d3,m for 3 ≤ i ≤ m− 1.

• r6,m,i = (i+1, 3i−1, 4i−2, 5i−3, . . . , i2+1, i2+i, i2+2i+1, . . . , (m−1)(i+1),m(i+1)) =

(2d2,m + (i− 1)d4,m)⊕ (i+ 1)d3,m for 4 ≤ i ≤ m− 1.

2.3 Main results with extreme rays

In this section, we prove our main results using the extreme rays of QA(m− 1). We use

the following auxiliary theorem, whose rays were defined in Definitions 2.2.1 and 2.2.3.

Theorem 2.3.1. The cone QA(m−1) ⊆ Rm+1 is the conical hull of the following rays, where

ellipses denote that the coordinates increase in arithmetic progression: e0, ~1, (1, 2, 2, 3, 4, . . . ,m),

(1, 3, 4, 5, . . . ,m + 2), (2, 4, 5, 7, . . . , 2m + 1), sj,m for j ∈ {1, 2, 3, 4}, and rj,m,i for j ∈

{1, 2, 3, 4, 5, 6}.
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To show that trop(NUA(m−1)) is equal to the cone QA(m − 1) in Theorem 2.0.2, we use

the inequalities proven in Section 2.1 to show that trop(NUA(m−1)) ⊆ QA(m − 1), and the

rays realized in Section 2.2 to show that QA(m − 1) ⊆ trop(NUA(m−1)). Most of the proof

consists of showing that the rays we realized are actually the extreme rays of QA(m − 1).

This requires some work as the (m + 1)-dimensional cone QA(m − 1) is defined by m + 5

inequalities.

Proof of Theorem 2.3.1. Any extreme ray of QA(m− 1) must be tight with a linearly inde-

pendent set of m of the inequalities defining QA(m − 1) and respect all other inequalities.

Note that there are m − 2 inequalities of type yi−1 − 2yi + yi+1 ≥ 0 (which we call gap

inequalities) for 2 ≤ i ≤ m − 1. In particular, observe that we will never discuss the gap

between y0 adnd y1. Moreover, there are seven other inequalities (which we call non-gap

inequalities) for a total of m + 5 inequalities. So there could potentially be
(
m+5
m

)
extreme

rays. However, many of these intersections are not feasible. To better understand which of

these
(
m+5
m

)
intersections we need to consider, it is useful to first look at the projection of

trop(NUA(m−1)) onto coordinates y0, y1, y2, y3, y4, ym−1, ym (i.e., the coordinates in the seven

non-gap inequalities) which we call C. Computing C is non-trivial for a general m, so we

end up giving a larger set C ′ that contains C (as the defining inequalities of C ′ are all valid

for C) and which sufficiently restricts our search of extreme rays.

We first prove a few valid inequalities for C which we use to define C ′. Observe that

yi ≤ (i+2)y0 for all i ∈ [m] since S2,1i−1 has i+2 vertices. Moreover, from the gap inequalities,

we know the gap yi+1−yi is greater or equal to the gap yi−yi−1 for 2 ≤ i ≤ m−1, i.e., gaps are

non-decreasing, and so this implies that ym−1 ≥ y3+(m−4)(y4−y3), ym ≥ y3+(m−3)(y4−y3),

and that y3−y4−ym−1+ym ≥ 0. Also, the conical combination of gap inequalities
∑m−1

i=5 (i−

4)(yi−1 − 2yi + yi+1 ≥ 0) yields the inequality y4 − (m − 4)ym−1 + (m − 5)ym ≥ 0. Finally,

the conical combination (−y1 + y2 ≥ 0) +
∑j

i=2(yi−1 − 2yi + yi+1 ≥ 0) yields −yj + yj+1 ≥ 0

which implies that y1 through ym are non-decreasing. Therefore, we let
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C ′ :=



y ∈ R7

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−y1 + y2 ≥ 0

4y1 − 3y2 ≥ 0

3y1 − 3y3 + y4 ≥ 0

y1 + 2ym−1 − 2ym ≥ 0

y0 + ym−1 − ym ≥ 0

y0 − 2y1 + y3 ≥ 0

m · ym−1 − (m− 1) · ym ≥ 0

y1 − 2y2 + y3 ≥ 0

y2 − 2y3 + y4 ≥ 0

3y0 − y1 ≥ 0

4y0 − y2 ≥ 0

5y0 − y3 ≥ 0

6y0 − y4 ≥ 0

(m+ 1)y0 − ym−1 ≥ 0

(m+ 2)y0 − ym ≥ 0

(m− 5)y3 − (m− 4)y4 + ym−1 ≥ 0

(m− 4)y3 − (m− 3)y4 + ym ≥ 0

y3 − y4 − ym−1 + ym ≥ 0

y4 − (m− 4)ym−1 + (m− 5)ym ≥ 0

−y2 + y3 ≥ 0

−y3 + y4 ≥ 0

−y4 + ym−1 ≥ 0

−ym−1 + ym ≥ 0



⊇ C.

We can compute all the faces of C ′ (for example in Sage or Polymake) to see which of

the non-gap inequalities can be tight simultaneously. If the intersection of the hyperplanes

corresponding to some of the non-gap inequalities with C ′ yields 0, then we know their

intersection with C will also yield 0. Moreover, even if a particular set of k of the first seven
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−
y 1

+
y 2
≥

0

4y
1
−

3y
2
≥

0

3y
1
−

3y
3

+
y 4
≥

0

y 1
+

2y
m
−
1
−

2y
m
≥

0

y 0
+
y m
−
1
−
y m
≥

0

y 0
−

2y
1

+
y 3
≥

0

m
·y

m
−
1
−

(m
−

1)
·y

m
≥

0

S1 * * * * *
S2 * * * * *
S3 * * * * *
S4 * * * *
S5 * * * *
S6 * * * *
S7 * * * *
S8 * * * *
S9 * * * *
S10 * * *
S11 * * *
S12 * * *
S13 * * *
S14 * *

Table 2.1: Cases of non-gap inequalities that can be tight simultaneously.

inequalities (our original non-gap inequalities) does not yield 0 in C ′, we know that extreme

rays in C, which are tight for those k inequalities, will require m−k of the gap inequalities to

be tight. In particular, if k = 4 (respectively k = 3 and k = 2), then only two (respectively

one and zero) gap inequalities aren’t tight, and so at least one (respectively two and three)

of y1 − 2y2 + y3 ≥ 0, y2 − 2y3 + y4 ≥ 0 and (m− 5)y3 − (m− 4)y4 + ym−1 ≥ 0 must be tight

in order for there to potentially be an extreme ray in C where these non-gap inequalities are

tight. Taking all of this into consideration, Table 2.1 gives the set of non-gap inequalities

that can potentially be tight with extreme rays of C. For each set, we find which extreme

rays can be recovered.
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Case S1: From the tight inequalities in this set, we have that y1 = y2 = 0 and ym−1 = ym.

Since gaps are non-decreasing, this means that all gaps are 0, and so this yields the extreme

ray d1,m = (1, 0, . . . , 0) which is tight with all m− 2 gap inequalities.

Case S2: From the tight inequalities in this set, we have that y0 = a, y1 = y2 = 2a,

y3 = 3a, ym−1 = (m − 1)a, ym = ma for some a ≥ 0. Since the gap between y2 and y3

is the same as the gap as between ym−1 and ym and gaps are non-decreasing, this yields

the extreme ray d3,m = (1, 2, 2, 3, 4, 5, . . . ,m − 1,m) which is tight with m − 3 of the gap

inequalities.

Case S3: From the tight inequalities in this set, we have that y0 = 3a, y1 = 6a, y2 = 8a,

ym−1 = 3(m − 1)a, ym = 3ma for some a ≥ 0. We know there are at most three gap

inequalities that are not additionally tight. Two cases arise: either y1− 2y2 + y3 ≥ 0 is tight

or it is not.

In the first case, we then have y3 = 10a which in turn implies that y4 = 12a since

3y1 − 3y3 + y4 = 0. Note that the average gap between y4 and ym has size 3ma−12a
m−4 = 3a.

Since the gap from ym−1 to ym is 3a and gaps are non-decreasing, all gaps between y4 and ym

must have size 3a. This yields the extreme ray s1,m = (3, 6, 8, 10, 12, 15, . . . , 3(m − 1), 3m)

which is tight with m− 3 of the gap inequalities.

In the second case when y1 − 2y2 + y3 > 0, let y3 = 10a + b for some b > 0. Then,

since 3y1 − 3y3 + y4 = 0, y4 = 12a + 3b, and so y2 − 2y3 + y4 > 0 as well. We know

that gaps are non-decreasing, so the gap between y3 and y4 is at most the gap between

ym−1 and ym which means that 2b ≤ a. Note that we cannot have 2b = a since then

every gap from y3 to ym would be 3a, and so ym = 10a + b + (m − 3) · 3a 6= 3ma. So

2b < a and y4 − y3 < 3a, and since the gap between ym−1 and ym is 3a, there is one last

gap inequality that isn’t tight, say yi−1 − 2yi + yi+1 > 0 for some 4 ≤ i ≤ m − 1. So

yi = 10a + b + (i − 3)(2a + 2b) and yi+1 = 10a + b + (i − 3)(2a + 2b) + 3a, and we also

know since all gaps thereafter are 3a and ym = 3ma, yi+1 = (i + 1)3a. Thus, b = (i−4)a
2i−5 .

This yields the family of rays r1,m,i = (6i − 15, 12i − 30, 16i − 40, 21i − 54, 27i − 72, 33i −

90, . . . , 6i2 − 15i, 6i2 − 9i− 15, 6i2 − 3i− 30, . . . , (6i− 15)m) which are tight with m− 5 of
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the gap inequalities. For example, for m = 7, we have r1,7,5 = (15, 30, 40, 51, 63, 75, 90, 105)

and r1,7,6 = (21, 42, 56, 72, 90, 108, 126, 147). Finally, observe that we do not include i = 4 in

this family as this would make the inequality y1 − 2y2 + y3 = 0, and bring us back to s1,m.

Case S4: From the tight inequalities in this set, we have that y0 = 6a, y1 = 12a, y2 = 16a,

y3 = c, y4 = 3c− 36a, ym−1 = 2b and ym = 6a+ 2b for some a, b ≥ 0. Furthermore, we know

that at most two gap inequalities aren’t tight. Again, two cases arise: either y1−2y2+y3 ≥ 0

is tight or it is not.

In the first case, we get that c = 20a, which implies that y4 = 24a. The average gap

between y4 and ym must thus be 6a+2b−24a
m−4 = 2b−18a

m−4 . However, we know that mym−1 − (m−

1)ym > 0, which is equivalent to b > 3a(m − 1). Thus, the average gap is bigger than 6a,

which is a contradiction since the largest gap is 6a.

In the second case when y1 − 2y2 + y3 > 0, let y3 = c = 20a + d for some d > 0. Then

y4 = 24a + 3d. Further, note that y2 − y1 = 4a, y3 − y2 = 4a + d, y4 − y3 = 4a + 2d

(which are all distinct), and ym − ym−1 = 6a and since at most two gap inequalities aren’t

tight, we must have that 4a + 2d = 6a, and thus that d = a. We thus get the ray s2,m =

(6, 12, 16, 21, 27, 33, . . . , 6m− 3, 6m+ 3) which is tight with m− 4 of the gap inequalities.

Case S5: From the tight inequalities in this set, we have that y0 = b, y1 = 3a, y2 = 4a,

y3 = 6a − b, y4 = 9a − 3b, ym−1 = c, and ym = b + c for some a, b, c ≥ 0. Since gaps are

non-decreasing, we have that a ≤ 2a− b ≤ 3a− 2b ≤ b which implies that a = b and that all

gaps are a. This thus yields the ray d4,m := (1, 3, 4, 5, 6, . . . ,m + 2) which is tight with all

gap inequalities.

Case S6: From the tight inequalities in this set, we have that y0 = b, y1 = 3a, y2 = 4a,

y3 = c, y4 = 3c − 9a, ym−1 = (m − 1)b, ym = mb for some a, b, c ≥ 0. Since gaps are

non-decreasing, we have that a ≤ c− 4a ≤ 2c− 9a ≤ b, but we know that at most two gap

inequalities aren’t tight, so not all of these can be distinct.

If a = c − 4a, then c = 5a and c − 4a = 2c − 9a as well. Suppose there are two gap

inequalities that aren’t tight, say yi−1 − 2yi + yi+1 > 0 and yj−1 − 2yj + yj+1 > 0 with

4 ≤ i < j ≤ m − 1 (since we have assumed the inequalities for i ∈ {2, 3} are tight),
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then the m − i + 1 variables y0, yi+1, yi+2, . . . , ym would be involved in m − i − 2 tight

gap inequalities and the tight inequality y0 + ym−1 − ym = 0, and therefore, this cannot

result in a ray. So we know that in this case, we can assume that there is at most one

gap inequality that isn’t tight, say yi−1 − 2yi + yi+1 > 0 for some 4 ≤ i ≤ m − 1. Then

yi = (i + 2)a = ib which implies that b = i+2
i
a. This yields the family of rays r2,m,i =

(i+2, 3i, 4i, 5i, . . . , i(i+2), (i+1)(i+2), . . . , (m−1)(i+2),m(i+2)) which are tight with m−3

of the gap inequalities. For example, for m = 7, we have r2,7,5 = (7, 15, 20, 25, 30, 35, 42, 49),

r2,7,6 = (8, 18, 24, 30, 36, 42, 48, 56). Finally, observe that we do not include i = 4 in this

family as this would make the inequality y1 + 2ym−1 − 2ym ≥ 0 tight.

Now let’s consider the case when a < c − 4a, say c = 5a + d, which in turn implies

that c − 4a < 2c − 9a, and since at most two gap inequalities aren’t tight, we must have

that 2c − 9a = b = a + 2d. We thus have that ym = m(a + 2d) = y3 + (m − 3)(a + 2d) =

5a + d + (m − 3)(a + 2d), and so a = 5d
2

. In turn, this gives that y1 = 15d
2

, ym = m9d
2

and

ym−1 = (m− 1)9d
2

, and therefore, y1 + 2ym−1 − 2ym < 0, a contradiction.

Case S7: From the tight inequalities in this set, we have that y0 = 3a, y1 = 6a, y2 = 8a,

y3 = b, y4 = c, ym−1 = 3(m − 1)a and ym = 3ma for some a, b, c ≥ 0. Suppose that

y1 − 2y2 + 2y3 = 0. In that case, b = 10a and since 3y1 − 3y3 + y4 > 0, let c = 12a + d for

some d > 0. We know there are at most two gap inequalities that aren’t tight, and the three

gaps present are 2a ≤ 2a+d ≤ 3a which are all distinct since d > 0 and since if 2a+d = 3a,

then ym would be equal to 10a+ (m− 3)3a 6= 3ma. We already know that y2− 2y3 + y4 > 0.

Suppose yi−1− 2yi + yi+1 > 0 as well for some 5 ≤ i ≤ m− 1. Then yi = 3ia = 10a+ (i−

3)(2a + d), which implies that d = i−4
i−3a. This thus yields the family of rays r3,m,i = (3i −

9, 6i−18, 8i−24, 10i−30, 13i−40, 16i−50, . . . , 3i2−12i+10, 3i2−9i, 3i2−6i−9, . . . , (3i−9)m)

which are tight with m−4 gap inequalities. For example, r3,7,5 = (6, 12, 16, 20, 25, 30, 36, 42)

and r3,7,6 = (9, 18, 24, 30, 38, 46, 54, 63). Finally, observe that we do not include i = 4 in this

family as this would make the inequality 3y1 − 3y3 + y4 ≥ 0 tight.

Now suppose that y1 − 2y2 + 2y3 > 0 and let y3 = b = 10a+ d. Since 3y1 − 3y3 + y4 > 0,

let y4 = c = 12a + 3d + f for some f > 0. There are thus four gaps present, namely
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2a < 2a + d < 2a + 2d + f ≤ 3a and since at most two gap inequalities are not tight, we

must have 2a+ 2d+ f = 3a, which implies that y4 = ym− (m− 4)3a = 12a 6= 12a+ 3d+ f ,

a contradiction.

Case S8: From the tight inequalities in this set, we have that y0 = a, y1 = 2a, y2 = c,

y3 = b, y4 = 3b− 6a, ym−1 = (m− 1)a, ym = ma for some a, b, c ≥ 0.

Suppose that y1 − 2y2 + y3 = 0 and let y2 − y1 = d for some d > 0 (since y2 − y1 > 0),

which implies that y2 = 2a + d, y3 = 2a + 2d, y4 = 6d. Since 4y1 − 3y2 > 0, we have that

d < 2a
3

. Moreover, since gaps are non-decreasing, we know that y4 − y3 ≥ d, which implies

that d ≥ 2a
3

, a contradiction.

Now suppose that y1 − 2y2 + y3 > 0, and let y2 = 2a + d and y3 = 2a + 2d + f for

some d, f > 0, which implies that y4 = 6d + 3f . There are thus four gaps present, namely

d < d+ f ≤ 4d+ 2f − 2a ≤ a, and since at most two gap inequalities are not tight, we need

to have either that 4d+ 2f − 2a = a or d+ f = 4d+ 2f − 2a.

If 4d + 2f − 2a = a, then ym = ma = 2a + 2d + f + a(m − 3), which implies that

6a = 12d+ 6f , contradicting 4d+ 2f − 2a = a.

If d + f = 4d + 2f − 2a and the change from gaps of size d + f = 4d + 2f − 2a

to gaps of size a happens at position 4 ≤ i ≤ m − 1, i.e., yi−1 − 2yi + yi+1 > 0, then

yi = (i+2)d+(i−1)f = i3d+f
2

, which implies that f = i−4
i−2d. This thus yields the family of rays

r4,m,i = (2i−5, 4i−10, 5i−12, 7i−18, 9i−24, . . . , 2i2−7i+6, 2i2−5i, 2i2−3i−5, . . . ,m(2i−5))

which are tight with m−4 gap inequalities. For example, r4,7,5 = (5, 10, 13, 17, 21, 25, 30, 35)

and r4,7,6 = (7, 14, 18, 24, 30, 36, 42, 49). Finally, observe that we do not include i = 4 in this

family as this would make the inequality 4y1 − 3y2 ≥ 0 tight.

Case S9: From the tight inequalities in this set, we have that y0 = a, y1 = 2a, y2 = b,

y3 = 3a, y4 = 4a, ym−1 = (m − 1)a, ym = ma for some a, b ≥ 0. Since we know that gaps

are non-decreasing, we know that yi = ia for 3 ≤ i ≤ m.

If y1 − 2y2 + y3 = 0, then y2 = b = 5
2
a, and so the only gap inequality that isn’t tight is

y2 − 2y3 + y4 ≥ 0. This yields the ray s3,m = (2, 4, 5, 6, 8, 10, . . . , 2m).

If y2 − 2y3 + y4 = 0, then y2 = b = 2a, but then −y1 + y2 = 0, a contradiction.
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Finally, note that we can’t have an extreme ray for which both y1 − 2y2 + y3 > 0 and

y2 − 2y3 + y4 > 0 since then no tight inequality would involve y2.

Case S10: From the tight inequalities in this set, we have that y0 = b, y1 = a, y2 = a,

y3 = 2a− b, ym−1 = (m− 1)c, ym = mc for some a, b, c ≥ 0. Note that there is at most one

gap inequality that isn’t tight, and there are three gaps already present: 0 ≤ a − b ≤ c, so

at least two of those must be equal.

If a − b = 0 and the gap switches from 0 to c at position 2 ≤ i ≤ m − 1, i.e., yi−1 −

2yi + yi+1 > 0, this yields the family of rays r5,m,i = (i, i, . . . , i, i + 1, i + 2, . . . ,m). Finally,

observe that we do not include i = 2 in this family as this would make the inequality

y1 + 2ym−1 − 2ym ≥ 0 tight.

If a− b = c, then y2 = a = 2c since each gap after y2 is c, but then y1 + 2ym−1− 2ym = 0,

a contradiction.

Case S11: From the tight inequalities in this set, we have that y0 = 3a
2

, y1 = 3a, y2 = 4a,

y3 = c, ym−1 = b − 3a
2

, ym = b for some a, b ≥ 0. We know that there is at most one gap

inequality that isn’t tight, say yi−1 − 2yi + yi+1 > 0.

If i ≥ 4, then y3 = 5a and y4 = 6a, which means that 3y1− 3y3 + y4 = 0, a contradiction.

If i = 3, this yields the ray s4,m = (3, 6, 8, 10, 13, 16, . . . , 3m+ 1).

If i = 2, this implies that y3 = 11a
2

and y4 = 7a which implies that 3y1 − 3y3 + y4 < 0, a

contradiction.

Case S12: From the tight inequalities in this set, we have that y0 = a, y1 = 2a, y3 = c,

y4 = 3c− 6a, ym−1 = b− a, ym = b for some a, b, c ≥ 0. We know that there is at most one

gap inequality that isn’t tight, so the gap between y3 and y4, 2c− 6a, must be either equal

to the gap between ym−1 and ym, namely a, or to the gap between y2 and y3.

If y4 − y3 = a, then y4 = c + a = 3c − 6a, which implies that a = 2c
7

. Moreover, either

y1 − 2y2 + y3 = 0 or y2 − 2y3 + y4 = 0. In the first case, this implies that y2 = 11c
14

, but then

4y1 − 3y2 < 0, a contradiction. In the second case, this implies that y2 = 5c
7

and yields the

extreme ray d5,m = (2, 4, 5, 7, . . . , 2m− 1, 2m+ 1).
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If y4 − y3 = y3 − y2 but y4 − y3 < a, then we must have that y2 − y1 = y3 − y2 as well

since there is at most one gap inequality that isn’t tight. So y0 = a, y1 = 2a, y2 = 2a + d,

y3 = 2a+ 2d, y4 = 2a+ 3d for some d ≥ 0. Since 3y1 − 3y3 + y4 = 0, we have that 2a = 3d,

but then 4y1 − 3y2 = 0, a contradiction.

Case S13: From the tight inequalities in this set, we have that y0 = a, y1 = b, y3 = 2b−a,

ym−1 = (m− 1)a and ym = ma for some a, b ≥ 0. We know that at most one gap inequality

isn’t tight with any extreme ray in this setting, so y1 − 2y2 + y3 = 0 or y2 − 2y3 + y4 = 0.

If y1 − 2y2 + y3 = 0, y2 = 3b−a
2

. We already have two gaps present: b−a
2

< a (note

that they cannot be equal since 4y1 − 3y2 > 0. Suppose that the switch from one gap to

the other happens at position i, i.e., yi−1 − 2yi + yi+1 > 0 for some 3 ≤ i ≤ m − 1. Since

yi = 2ia = (i + 1)b − (i − 1)a, we have that b = (3i−1)a
i+1

which yields the family of rays

r6,m,i = (i+ 1, 3i− 1, 4i− 2, 5i− 3, . . . , i2 + 1, i2 + i, i2 + 2i+ 1, . . . , (m− 1)(i+ 1),m(i+ 1)).

For example we have r6,7,6 = (7, 17, 22, 27, 32, 37, 42, 49), r6,7,5 = (6, 14, 18, 22, 26, 30, 36, 42)

and r6,7,4 = (5, 11, 14, 17, 20, 25, 30, 35). Note that we exclude i = 3 since in that case

y1 + 2ym−1 − 2ym = 0, a contradiction.

If y1 − 2y2 + y3 > 0, then y2 − 2y3 + y4 = 0 and the gap between y2 and y3 must be

equal to the gap between ym−1 and ym, namely a, which implies that we have that yi = ia

for 2 ≤ i ≤ m. Moreover, we also have y2 = 2b − 2a and y4 = 2b. So b = 2a, but then

−y1 + y2 = 0, a contradiction.

Case S14: From the tight inequalities in this set, we have that y1 = a and y2 = a for

some a ≥ 0. Moreover, we know that all gap inequalities must be tight, so yi = a for

1 ≤ i ≤ m. Finally, since y0 − 2y1 + y3 = 0, we have that y0 = a. This yields the ray

d2,m = (1, 1, . . . , 1).

We now prove our main results.

Proof of Theorem 2.0.2. From Lemma 2.1.7 we have that trop(NUA(m−1)) ⊆ QA(m− 1).

In Lemmas 2.2.2 and 2.2.4 we realized the extreme rays of Definition 2.0.1 in trop(NUA(m−1)).

We showed in the proof of Theorem 2.3.1 that QA(m − 1) is the conical hull of the rays
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from Definitions 2.2.1 and 2.2.3. Because these rays are contained in trop(NUA(m−1)) and

trop(NUA(m−1)) is a closed and convex cone, we have that QA(m− 1) ⊆ trop(NUA(m−1)).

Thus trop(NUA(m−1)) = QA(m− 1).

2.4 Main results with doubly extreme rays

In this section we prove Theorem 2.0.2 using doubly extreme rays. We use the following

auxiliary theorem.

Theorem 2.4.1. The cone QA(m − 1) is the double hull of the rays in the following set,

where ellipses denote that the coordinates increase in arithmetic progression:

R := {e0,1, (1, 2, 2, 3, 4, . . . ,m), (1, 3, 4, 5, . . . ,m+ 2), (2, 4, 5, 7, . . . , 2m+ 1)}.

In Subsection 2.4.1, we explain the strategy for the double hull proof. In Subsection 2.4.2,

we introduce notation and some helpful observations for the proof. In Subsection 2.4.3, we do

the necessary casework. In Subsection 2.4.4, we consider all the inequalities that arose in the

previous subsection and show that they are valid for QA(m−1). Finally, in Subsection 2.4.5,

we will show that the rays in R are doubly extreme rays of QA(m − 1) and conclude our

second proof of Theorem 2.0.2.

2.4.1 Strategy for the double hull proof

We first give an overview of the proof of Theorem 2.4.1.

In Section 2.2 we showed that the rays inR = {dj,m | j ∈ [5]}, i.e., {e0, 1, (1, 2, 2, 3, . . . ,m),

(1, 3, 4, . . . ,m+ 2), (2, 4, 5, . . . , 2m+ 1)} are in trop(NUA(m−1)) by realizing each ray.

Because the rays in R are in trop(NUA(m−1)) and trop(NUA(m−1)) is a max-closed convex

cone, dh(cone(R)) ⊆ trop(NUA(m−1)) since dh(cone(R)) is the smallest max-closed convex

cone containing R by Definition 1.3.11. Since trop(NUA(m−1)) ⊆ QA(m−1) by Lemma 2.1.7,

we thus have that dh(cone(R)) ⊆ QA(m − 1). So we need to show that QA(m − 1) ⊆

dh(cone(R)).
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Let S = cone(R), and define D := dh(S). We want to show that QA(m − 1) ⊆ D. We

will do this using duality. Let D∗ denote the dual of D with respect to the standard inner

product, and suppose that we knew that D∗ = cone({a1, . . . , aN}). This would imply that

D∗∗ = {y|a>j y ≥ 0 ∀j ∈ [N ]}. Since D is closed and convex, we would also know that

D∗∗ = D. Then if we could show that a>j y ≥ 0 is a valid inequality for QA(m− 1) for every

j ∈ [N ], then we would have containment as desired. So our task is two-fold: (1) to find

some set of vectors {a1, . . . , aN} such that D∗ = cone({a1, . . . , aN}), e.g., the set of extreme

rays of D∗, and (2) to show that a>j y ≥ 0 is a valid inequality for QA(m−1) for each j ∈ [N ].

To do so, recall from Lemma 1.3.8 that D∗ =
∑m

i=0 S∗ ∩ Oi, where Oi is the orthant

of Rm+1 consisting of all points where the coordinate corresponding to yi is nonpositive,

and all other coordinates are nonnegative, and where
∑

denotes the Minkowski sum. The

extreme rays of D∗ are thus contained in the union of the extreme rays of the cones S∗ ∩Oi

for i ∈ {1, . . . ,m + 1}. As in the proof of Theorem 2.3.1 in Section 2.3, we will look at

the intersection of various sets of supporting hyperplanes of defining inequalities for S∗ ∩Oi

for each i to come up with possible extreme rays. In certain cases, we will get that their

intersection is 0. These are the cases that are represented with a × in Table 2.2. In

other cases, their intersection will yield a ray aj such that a>j y ≥ 0 is a defining inequality of

QA(m−1), and therefore automatically a valid inequality for QA(m−1). Finally, in yet other

cases, their intersection will yield a ray aj such that a>j y ≥ 0 is not a defining inequality of

QA(m−1). In those cases, we will show that a>j y ≥ 0 is still a valid inequality for QA(m−1)

by writing it as a conical combination of the defining inequalities of QA(m−1). In Table 2.2,

we put the number of the lemma where the conical combination is given in such cases.

Note that each S∗ ∩Oi is defined by the m+ 1 inequalities defining the orthant Oi, and

by the five inequalities d>j,mz ≥ 0 for j ∈ [5]. The number of cases to consider is thus quite

large as each S∗ ∩Oi is defined by m+ 6 inequalities and the intersection of the supporting

hyperplanes of any m defining inequalities may produce an extreme ray. Observe that this

implies that none of the inequalities d>j,mz ≥ 0 may be tight with a particular ray, and so
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we must check what happens when any subset of these inequalities d>j,mz ≥ 0 for j ∈ [5] are

tight.

Table 2.2 offers a summary of all of these cases and Subsection 2.4.3 shows work for all

these cases. Together, these subsections form the proof that QA(m− 1) ⊆ D, and thus that

QA(m− 1) = dh(cone(R)) Finally, in Subsection 2.4.5, we will show that the rays in R are

doubly extreme rays of QA(m− 1).

2.4.2 Notation and helpful observations for the double hull proof

Recall that our first step is to find extreme rays of the cone S∗∩Oi for i ∈ {0, 1, 2, . . . ,m}.

These rays must be tight with at least m inequalities. In each case, we will consider a ray

r = (r0, r1, r2, . . . , rm) ∈ S∗∩Oi which is tight with m inequalities, with n of them among the

five inequalities of the form d>j,mz ≥ 0 for j ∈ [5]. Of the inequalities describing Oi, namely

e>j z ≥ 0 for j ∈ {0, 1, . . .m}\{i} and e>i z ≤ 0, at least m− n must be tight with r, that is,

the corresponding coordinates of r must be zero. As there are m+ 1 inequalities describing

each Oi, this implies that at most n+ 1 coordinates of r will be non-zero. Furthermore, we

will assume that d>j,mz = 0 whenever there is a ∗ in Table 2.2.

Remark 2.4.2. If less than n + 1 coordinates are nonzero, say n′ + 1 with n′ < n, then

m − n′ > m − n of the inequalities describing Oi are tight. So we have m − n′ + n > m

inequalities tight with r. Assuming that r is an extreme ray, m of these inequalities must be

linearly independent. Since the m − n′ inequalities describing Oi that are tight with r are

linearly independent, we know that we can find n′ of our n inequalities of the form d>j,mz ≥ 0

for j ∈ [5] that are tight with r to form a set of m linearly independent inequalities that

define r. Thus r would also appear in the case when we consider these n′ inequalities being

tight. Below, since we consider all possible ways in which different d>j,mz ≥ 0 can be tight,

we can assume without loss of generality that the number of nonzero coordinates is exactly

one plus the number of tight inequalities d>j,mz ≥ 0 tight with r.

Remark 2.4.3. Note that if r is tight with e>i z ≤ 0, then ri = 0 and so r ≥ 0 since r ∈ Oi.

This implies that, if r 6= 0, none of the inequalities d>j,mz ≥ 0 for j ∈ {2, 3, 4, 5} can be tight
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since all the coefficients in those inequalities are positive. Thus, m of the defining inequalities

of Oi must be tight with r, say all except e>j z ≥ 0 for some j 6= i. Without loss of generality,

r = ej, and e>j y ≥ 0 is indeed a valid inequality for QA(m− 1) for all 0 ≤ j ≤ m as shown

in Lemma 2.4.7. So from now on, we assume that r is not tight with e>i z ≤ 0, and so will

assume that ri < 0.

Remark 2.4.4. Note that d>1,mz = e>0 z ≥ 0 is a defining inequality for Oi as well when i 6= 0,

and so we only need to keep one copy of the inequality. We will keep the copy for Oi in those

cases. When i = 0, we have both the inequality d>1,mz = e>0 z ≥ 0 and e>0 z ≤ 0, and since r

must satisfy both, we know that r0 = 0 and r is thus tight with e>0 z ≤ 0. As we have seen

in the previous paragraph, this implies that, without loss of generality, r = ej for j 6= 0. So

from now on, we only consider i ≥ 1 and get rid of d>1,mz ≥ 0 as this is already a defining

inequality for Oi.

As stated above, for each case, there are at most n + 1 coordinates of r that are non-

zero, say ri1 , ri2 , . . . with i1 < i2 < . . .. Note that i ∈ {i1, i2, . . .}. We will often have to

consider four cases: i1 = 0 and i2 = 1, i1 = 0 and i2 > 1, i1 = 1, and finally, i1 > 1.

The intuition behind the need for these four cases comes from looking at the rays dj,m

as arithmetic progressions that break at different points. Note that other than the zeroth

and first coordinate, the `th coordinate of each ray dj,m is given by (d2,m)` = 1, (d3,m)` =

`, (d4,m)` = ` + 2, (d5,m)` = 2` + 1. Because of this, we do not have to verify an arbitrary

number of cases despite considering rays of arbitrary length m+ 1.

There are cases where the intersection of the supporting hyperplanes of the tight inequal-

ities is the origin. We will not present a proof if it can be easily checked with mathematical

software. We present a small concrete example of how this is done.

Example 2.4.5. Consider the case where d>5,mr = 0, and where we are trying to find an r

that has exactly two nonzero coordinates, say ri1 and ri2 , where 0 ≤ i1 < i2 ≤ m. When

i1 = 0 and i2 = 1, we have that 2r0 + 4r1 = 0, that is that r0 = −2r1. Due to Remark 2.4.4,

we know that i = 1, that is, r1 ≤ 0. However, due to d>4,mr ≥ 0, we know that
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r0 + 3r1 ≥ 0

⇐⇒ − 2r1 + 3r1 ≥ 0

⇐⇒ r1 ≥ 0.

If r1 > 0, this implies that r0 < 0 and thus that i = 0, a contradiction. So r1 = 0 and

therefore r0 = 0, implying that r = 0.

We now turn our attention to the casework for the double hull proof.

2.4.3 Casework to find the potential extreme rays of S∗ ∩ Oi

In this section, we consider rays r = (r0, r1, . . . , rm) ∈ S∗∩Oi for some i ∈ {0, 1, 2, . . . ,m}

and which are tight with m inequalities according to Table 2.2. In each case, we consider

d>j,mr = 0 when there is a * in its column. If not, we still have that d>j,mr ≥ 0.

Case C1: We have that d>2,mr = 0. Therefore r must also be tight with at least m − 1

of the inequalities defining Oi, which implies that at least m − 1 coordinates of r are zero.

This in turn implies that there are at most two coordinates of r that are non-zero.

From Remark 2.4.2, we can assume that if r 6= 0, then there are exactly two non-zero

coordinates, say ri1 and ri2 where 0 ≤ i1 < i2 ≤ m (with i ∈ {i1, i2}). Since r must satisfy all

the inequalities of S∗∩Oi as well as d>2,mr = 0, i.e., ri1 +ri2 = 0, which implies without loss of

generality that we have that ri1 = −1 and ri2 = 1 and rj = 0 for all j ∈ {0, 1, . . . ,m}\{i1, i2}

(and so i = i1). Further, we can assume i1 > 0 since we have already established the case

i = 0 in Remark 2.4.4. Then r yields the inequality −yi1 +yi2 ≥ 0 which we show is valid for

any 1 ≤ i1 < i2 ≤ m for QA(m−1) in Lemma 2.4.6. Note that when (i1, i2) = (1, 2), we have

a defining inequality for QA(m − 1) and that d>3,mr = 0 as well. Without our assumption

in Remark 2.4.2 about the number of coordinates that are nonzero, this inequality would

reappear in case C5, but as we will assume that we have three coordinates that are nonzero,

it won’t; it will only reappear in case C2.

Case C2: Here, d>3,mr = 0. As in the previous case, r must also be tight with at least

m− 1 of the inequalities defining Oi, which implies that at least m− 1 coordinates of r are

95



1
>
z
≥

0

(1
,2
,2
,3
,4
,.
..
,m

)>
z
≥

0

(1
,3
,4
,5
,.
..
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+
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>
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≥

0

(2
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,5
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,.
..
,2
m

+
1)
>
z
≥

0

i 1
=

0,
i 2

=
1

i 1
=

0,
i 2
>

1

i 1
=

1

i 1
>

1

C1 * Remark 2.4.4 Remark 2.4.4 2.4.6 2.4.6
C2 * × × Section 2.1 2.4.8
C3 * 2.4.9 2.4.9 Section 2.1 ×
C4 * × × 2.4.10 ×
C5 * * × × Section 2.1 B.0.3
C6 * * 2.4.11 2.4.11 2.4.17 2.4.17
C7 * * × × × 2.4.17
C8 * * × 2.4.16 × 2.4.17
C9 * * × 2.4.16 2.4.12 2.4.17
C10 * * 2.4.13 2.4.16 2.4.14 2.4.17
C11 * * * Section 2.1; 2.4.15 2.4.17 2.4.17 †
C12 * * * × 2.4.17 2.4.17 †
C13 * * * × 2.4.17 2.4.17 †
C14 * * * 2.4.16 † 2.4.17 †
C15 * * * * † † † †

Table 2.2: In each case, we consider which d>j,mz ≥ 0 for inequalities j ∈ {2, 3, 4, 5} are
tight with some ray r ∈ S∗ ∩ Oi (denoted by *) and track whether their intersection is

trivial (denoted by ×). If not, we reference the lemma that proves the resulting inequality
is valid. Some cases would yield an extreme ray were it not for Remark 2.4.2. We denote
these cases by †. When the inequality is a defining inequality of QA(m− 1), we reference
Section 2.1. We do not reference this section when a special case of the inequality we find

is a defining inequality.
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zero. This in turn implies that there are at most two coordinates of r that are non-zero. From

Remark 2.4.2, we can assume that if r 6= 0, then there are exactly two non-zero coordinates,

say ri1 and ri2 where 0 ≤ i1 < i2 ≤ m. We now consider multiple cases for the values of i1

and i2.

If i1 ∈ {0, 1} such that (i1, i2) 6= (1, 2), one can check that the intersection of the sup-

porting hyperplanes of the inequalities at play is trivial, i.e., r = 0. If (i1, i2) = (1, 2), we

get that d>2,mr = 0 too and we obtain the ray r1 = −1 and r2 = 1 that we already saw in

the previous case.

If i1 > 1, r must satisfy all the inequalities of S∗ ∩ Oi as well as d>3,mr = 0, that is,

i1ri1 + i2ri2 = 0. Without loss of generality, we thus have that ri1 = i2, ri2 = −i1 and rj = 0

for all j ∈ {0, 1, . . . ,m}\{i1, i2} (and so i = i2). Then r yields the inequality i2yi1− i1yi2 ≥ 0

which we show is valid for any 2 ≤ i1 ≤ i2 ≤ m for QA(m − 1) in Lemma 2.4.8. Note that

when (i1, i2) = (m− 1,m), this is a defining inequality for QA(m− 1).

Case C3: Here, d>4,mr = 0. As in the previous two cases, we can assume that if r 6= 0, then

there are exactly two coordinates of r that are non-zero, say ri1 and ri2 where 0 ≤ i1 < i2 ≤ m.

We now again consider multiple cases for the values of i1 and i2.

If i1 = 0, since r must satisfy all of the inequalities of S∗∩Oi as well as r0+(i2+2)ri2 = 0,

we have without loss of generality that r0 = i2 + 2, ri2 = −1 and rj = 0 for all j ∈ [m] \ {i2}

(and so i = i2). Then r yields the inequality (i2 + 2)y0 − yi2 ≥ 0 which we prove is valid for

any 1 ≤ i2 ≤ m for QA(m− 1) in Lemma 2.4.9.

If i1 ≥ 1, since r must satisfy all the inequalities of S∗∩Oi as well as (i1+2)ri1+(i2+2)ri2 =

0, one can check that we get r = 0 except when (i1, i2) = (1, 2), in which case we get without

loss of generality that r1 = 4, r2 = −3 and rj = 0 for all j ∈ {0}∪{3, . . . ,m} (and so i = 2).

Then r yields the inequality 4y1 − 3y2 ≥ 0, which is a defining inequality for QA(m− 1).

Case C4: Here, d>5,mr = 0 and we can assume that if r 6= 0, then there are exactly two

non-zero coordinates, say ri1 and ri2 where 0 ≤ i1 < i2 ≤ m.

If i1 = 0, one can check that the intersection of d>5,mr = 0 with S∗ is trivial.
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If i1 = 1, since r must satisfy all the inequalities of S∗∩Oi as well as 4r1+(2i2+1)ri2 = 0,

we have without loss of generality that r1 = 2i2 + 1 and ri2 = −4 for 3 ≤ i2 ≤ m and

rj = 0 for j ∈ {0} ∪ [m] \ {1, i2} (and so i = i2). This corresponds to the inequalities

(2i2 + 1)y1 − 4yi2 ≥ 0, which we prove are valid for any 3 ≤ i2 ≤ m for QA(m − 1) in

Lemma 2.4.10. When (i1, i2) = (1, 2), one can check the intersection of the supporting

hyperplanes of the inequalities is trivial.

If i1 > 1, one can check that the intersection of the supporting hyperplanes of the

inequalities at play is trivial, that is, r = 0.

Case C5: In this case, d>j,mr = 0 for j ∈ {2, 3}, and we can assume that if r 6= 0, then there

are exactly three nonzero coordinates of r, say ri1 , ri2 , and ri3 where 0 ≤ i1 < i2 < i3 ≤ m.

When i1 ∈ {0, 1}, we have that the intersection of the supporting hyperplanes of the

inequalities at play is trivial, except in the case where (i1, i2, i3) = (0, 1, 3). Here we have

r0 + r1 + r3 = 0,

r0 + 2r1 + 3r3 = 0,

and without loss of generality we get that r0 = 1, r1 = −2, and r3 = 1 (and so i = i2). This

yields the inequality y0 − 2y1 + y3 ≥ 0, a defining inequality for QA(m− 1). Note that here

d>4,mr = 0 as well, so with the m−2 inequalities from Oi tight with r, there is a total of m+1

inequalities tight with r. Observe that r is defined by the aforementioned m − 2 equations

from Oi with any two of the three inequalities of d>j,mr = 0 for j ∈ {2, 3, 4}. Therefore, r

will appear again in C6 and C8 where we will refer to it as r4. It would also appear in C11

were it not for Remark 2.4.2.

When i1 > 1, then we have that r must satisfy all the inequalities of S∗ ∩ Oi as well as

ri1 + ri2 + ri3 = 0,

i1ri1 + i2ri2 + i3ri3 = 0,
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implies without loss of generality that ri1 = i3− i2, ri2 = −1− i3, ri3 = 1 + i2, and rj = 0 for

j ∈ [m]\{i2, i3} (and so i = i2). We show that (i3−i2)yi1−(i3−i1)yi2+(i2−i1)yi3 ≥ 0 is a valid

inequality for QA(m−1) in Lemma 2.4.17. Moreover, note that d>4,mr = 0 and d>5,mr = 0. So

with the m− 2 inequalities from Oi tight with r, there is a total of m+ 2 inequalities tight

with r. There are many subsets of m inequalities that are linearly independent that fully

define r. In particular, r would appear in all remaining cases if it weren’t for Remark 2.4.2.

However, since this ray has three nonzero coordinates, it will only appear in cases C6 through

C10. As it will keep coming back, we dub it our favorite ray r?. Note that when i2 − i1 = 1

and i3 − i2 = 1, r? yields the defining inequality yi2−1 − 2yi2 + yi2+1 ≥ 0.

Case C6: In this case, d>j,mr = 0 for j ∈ {2, 4}, and we can assume that if r 6= 0, then there

are exactly three nonzero coordinates of r, say ri1 , ri2 , and ri3 where 0 ≤ i1 < i2 < i3 ≤ m.

We will consider multiple values of i1, i2, and i3.

If i1 = 0, then we have that r must satisfy all the inequalities of S∗ ∩ Oi as well as

r0 + ri2 + ri3 = 0,

r0 + (i2 + 2)ri2 + (i3 + 2)ri3 = 0,

which, when (i2, i3) 6= (1, 2), implies without loss of generality that ri1 = i3−i2, ri2 = −1−i3,

ri3 = 1 + i2, and rj = 0 for j ∈ [m] \ {i2, i3} (and so i = i2). We show that (i3 − i2)y0 −

(1 + i3)yi2 + (1 + i2)yi3 ≥ 0 is a valid inequality for QA(m− 1) in Lemma 2.4.11 except for

(i2, i3) = (1, 2). (Note that this is equivalent to r4 from case C5 when (i2, i3) = (1, 3) which

yields the defining inequality y0−2y2+y3 ≥ 0 .) When (i2, i3) = (1, 2), the intersection of the

supporting hyperplanes is trivial (the previous solution is invalid in that case as d>3,mr < 0).

If i1 ≥ 1, then we obtain our favorite ray r?. Note that one difference here is that i1 ≥ 1

instead of i1 > 1 as in the previous case. However, this is not problematic since Lemma 2.4.17

covers the possibility of i1 = 1. So r? yields valid inequalities for QA(m− 1) here too.

Case C7: In this case, we have d>j,mr = 0 for j ∈ {2, 5}, and we can assume that if r 6= 0,

then there are three nonzero coordinates of r, say ri1 , ri2 , and ri3 where 0 ≤ i1 < i2 < i3 ≤ m.
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One can check that we get the trivial inequality if i1 ≤ 1. When i1 > 1, we obtain our favorite

ray r?.

Case C8: In this case, we have d>j,mr = 0 for j ∈ {3, 4}, and we can assume that if r 6= 0,

then there are three nonzero coordinates of r, say ri1 , ri2 , and ri3 where 0 ≤ i1 < i2 < i3 ≤ m.

We will consider multiple cases for the values of i1, i2, and i3.

When i1 = 0 and i2 = 1, or when i1 = 1, we get that the intersection of the supporting

hyperplanes of the inequalities at play is trivial except when i3 = 3, in which case we get r4

from case C5.

When i1 = 0 and i2 > 1, we have that r must satisfy all the inequalities of S∗ ∩ Oi as

well as

r0 + i2ri2 + i3ri3 = 0

r0 + (i2 + 2)ri2 + (i3 + 2)ri3 = 0,

so we get without loss of generality r0 = i3 − i2, ri2 = 1, ri3 = −1, and rj = 0 for all

j ∈ {2, 3, . . . ,m} \ {i2, i3} (and i = i3). We show that (i3 − i2)y0 + yi2 − yi3 ≥ 0 is valid

for QA(m − 1) in Lemma 2.4.16. Moreover, note that d>5,mr = 0 as well, so this ray, which

we will now denote as r◦, will appear also in cases C9 and C10. It won’t appear in case C14

because of Remark 2.4.2. When i2 = m− 1 and i3 = m, r◦ yields y0 + ym−1− ym ≥ 0, which

is a defining inequality for QA(m− 1).

When i1 > 1, we obtain our favorite ray r?.

Case C9: In this case we have d>j,mr = 0 for j ∈ {3, 5}, and we can assume that if r 6= 0,

then there are three nonzero coordinates of r, say ri1 , ri2 , and ri3 where 0 ≤ i1 < i2 < i3 ≤ m.

We will consider multiple cases for the values of i1, i2, and i3.

When i1 = 0 and i2 = 1, we get that the intersection of the supporting hyperplanes of

the inequalities is trivial.

When i1 = 0 and i2 > 1, we obtain r◦, the ray we found in case C8.
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When i1 = 1, since r must satisfy the inequalities of S∗ ∩ Oi as well as

2r1 + i2ri2 + i3ri3 = 0

4r1 + (2i2 + 1)ri2 + (2i3 + 1)ri3 = 0,

we get without loss of generality that i = i3, r1 = i3− i2, ri2 = 2, ri3 = −2, and rj = 0 for all

j ∈ {0, 2, 3, . . . ,m} \ {i2, i3}. This yields the inequality (i3 − i2)y1 + 2yi2 − 2yi3 ≥ 0, which

we prove is valid for QA(m− 1) in Lemma 2.4.12. When i2 = m− 1 and i3 = m, this is the

defining inequality y1 + 2ym−1 − 2ym ≥ 0.

Finally, when i1 > 1, we obtain our favorite ray r?.

Case C10: Here, d>j,mr = 0 for j ∈ {4, 5}, and we can assume that if r 6= 0, then there

are three nonzero coordinates of r, say ri1 , ri2 , and ri3 where 0 ≤ i1 < i2 < i3 ≤ m. We will

consider multiple cases for the values of i1, i2, and i3.

When i1 = 0, i2 = 1, and i3 ≥ 3, since r must satisfy the inequalities of S∗ ∩ Oi as well

as

r0 + 3r1 + (i3 + 2)ri3 = 0,

2r0 + 4r1 + (2i3 + 1)ri3 = 0,

we have without loss of generality that r0 = 2i3 − 5, r1 = 3, ri3 = −2, and rj = 0 for

j ∈ [m]\{1, i3} (and so i = i3). For i3 ≥ 3, this yields the inequality (2i3−5)y0+3y1−2yi3 ≥ 0,

which we prove is a valid inequality for QA(m − 1) in Lemma 2.4.13. When (i1, i2, i3) =

(0, 1, 2), the intersection of the supporting hyperplanes of the inequalities at play is trivial.

When i1 = 0 and i2 > 1, we obtain r◦ from case C8.

When i1 = 1, since r must satisfy the inequalities of S∗ ∩ Oi as well as

3r1 + (i2 + 2)ri2 + (i3 + 2)ri3 = 0

4r1 + (2i2 + 1)ri2 + (2i3 + 1)ri3 = 0,
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we get without loss of generality that i = i2, r1 = 3(i3 − i2), ri2 = 5− 2i3, ri3 = 2i2 − 5, and

rj = 0 for all j ∈ {0, 2, 3, 4, . . . ,m} \ {i2, i3}. Then r yields the inequality 3(i3− i2)y1 + (5−

2i3)yi2 +(2i2−5)yi3 ≥ 0. We will prove this inequality is valid for QA(m−1) in Lemma 2.4.14.

Note that when i2 = 3 and i3 = 4, this is the defining inequality 3y1 − 3y3 + y4 ≥ 0.

When i1 > 1, we obtain our favorite ray r?.

Case C11: In this case, we have d>j,mr = 0 for j ∈ {2, 3, 4}, and we can assume that if

r 6= 0, then there are four coordinates of r that are nonzero, say ri1 , ri2 , ri3 and ri4 where

0 ≤ i1 < i2 < i3 < i4 ≤ m. We will consider multiple cases for the values of i1, i2, i3, and i4.

When i1 = 0 and i2 = 1, since r must satisfy the inequalities of S∗ ∩ Oi as well as

r0 + r1 + ri3 + ri4 = 0

r0 + 2r1 + i3ri3 + i4ri4 = 0

r0 + 3r1 + (i3 + 2)ri3 + (i4 + 2)ri4 = 0,

so we get without loss of generality that r0 = i4−i3, r1 = −2(i4−i3), ri3 = i4−3, ri4 = 3−i3,

and rj = 0 for all j ∈ {2, 3, . . . ,m} \ {i3, i4} (and so i = 1). If ri4 < 0, then r is not in Oi

for any i, and so i3 ∈ {2, 3}. If i3 = 3, then ri4 = 0 and r = r4. If i3 = 2, then r yields the

inequality (i4 − 2)y0 − 2(i4 − 2)y1 + (i4 − 3)y2 + yi4 ≥ 0. We will prove this inequality valid

for QA(m− 1) in Lemma 2.4.15.

When i1 = 0 and i2 > 1, we get that r0 = 0 and thus obtain our favorite ray, r?.

When i1 = 1, we get that r1 = 0 and thus again obtain our favorite ray, r?.

When i1 > 1, we have

ri1 + ri2 + ri3 + ri4 = 0

i1ri1 + i2ri2 + i3ri3 + i4ri4 = 0

(i1 + 2)ri1 + (i2 + 2)ri2 + (i3 + 2)ri3 + (i4 + 2)ri4 = 0.
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Note that the third equation is equal to twice the first equation plus the second equation.

Therefore, any extreme ray tight with these equations must be tight with another inequality

(either another d>j,mr = 0 or an inequality from Oi), and was thus considered in a previous

case.

Case C12: In this case, we have d>j,mr = 0 for j ∈ {2, 3, 5}, and we can assume that if

r 6= 0, then there are four coordinates of r that are nonzero, say ri1 , ri2 , ri3 , and ri4 where

0 ≤ i1 < i2 < i3 < i4 ≤ m. We will consider multiple cases for the values of i1,i2, i3, and i4.

When i1 = 0 and i2 = 1, the intersection of the supporting hyperplanes of the inequalities

at play is trivial.

When i1 = 0 and i2 > 1, since r must satisfy the inequalities of S∗ ∩ Oi as well as

r0 + ri2 + ri3 + ri4 = 0

r0 + i2ri2 + i3ri3 + i4ri4 = 0

r0 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0,

and we get without loss of generality that i = i3, r0 = 0, ri2 = i4−i3, ri3 = i2−i4, ri4 = i3−i2,

and rj = 0 for all j ∈ [m] \ {i2, i3, i4}, i.e., we get our favorite ray r?.

When i1 = 1, since r must satisfy the inequalities of S∗ ∩ Oi as well as

r1 + ri2 + ri3 + ri4 = 0

2r1 + i2ri2 + i3ri3 + i4ri4 = 0

4r1 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0,

and so similarly we get without loss of generality that i = i3, r1 = 0, ri2 = i4−i3, ri3 = i2−i4,

ri4 = i3 − i2, and rj = 0 for all j ∈ [m] \ {i2, i3, i4}, i.e., we again get our favorite ray r?.

When i1 > 1, we have
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ri1 + ri2 + ri3 + ri4 = 0

i1ri1 + i2ri2 + i3ri3 + i4ri4 = 0

(2i1 + 1)ri1 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0.

Note that the third equation is equal to the first equation plus twice the second equation.

Therefore, any extreme ray tight with these equations must be tight with another inequality

(either another d>j,mr = 0 or an inequality from Oi), and was thus considered in a previous

case.

Case C13: In this case we have d>j,mr = 0 for j ∈ {2, 4, 5}, and we can assume that if

r 6= 0, then there are four coordinates of r that are nonzero, say ri1 , ri2 , ri3 , and ri4 where

0 ≤ i1 < i2 < i3 < i4 ≤ m. We will consider multiple cases for the values of i1,i2, i3, and i4.

When i1 = 0 and i2 = 1, the intersection of the supporting hyperplanes of the inequalities

at play is trivial.

When i1 = 0 and i2 > 1, since r must satisfy the inequalities of S∗ ∩ Oi as well as

r0 + ri2 + ri3 + ri4 = 0

r0 + (i2 + 2)ri2 + (i3 + 2)ri3 + (i4 + 2)ri4 = 0

r0 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0,

and we get without loss of generality that i = i3, r0 = 0, ri2 = i4−i3, ri3 = i2−i4, ri4 = i3−i2,

and rj = 0 for all j ∈ [m] \ {i2, i3, i4}, i.e., we obtain our favorite ray r?.

When i1 = 1, since r must satisfy the inequalities of S∗ ∩ Oi as well as

r1 + ri2 + ri3 + ri4 = 0

2r1 + (i2 + 2)ri2 + (i3 + 2)ri3 + (i4 + 2)ri4 = 0

4r1 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0,
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and so similarly we get without loss of generality that i = i3, r1 = 0, ri2 = i4−i3, ri3 = i2−i4,

ri4 = i3 − i2, and rj = 0 for all j ∈ [m] \ {i2, i3, i4}, i.e., we again obtain our favorite ray r?.

When i1 > 1, we have

ri1 + ri2 + ri3 + ri4 = 0

(i1 + 2)ri1 + (i2 + 2)ri2 + (i3 + 2)ri3 + (i4 + 2)ri4 = 0

(2i1 + 1)ri1 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0.

Note that the third equation is equal to twice the second equation minus three times the first

equation. Therefore, any extreme ray tight with these equations must be tight with another

inequality (either another d>j,mr = 0 or an inequality from Oi), and was thus considered in a

previous case.

Case C14: Here, we have d>j,mr = 0 for j ∈ {3, 4, 5}, and we can assume that if r 6= 0,

then there are four coordinates of r that are nonzero, say ri1 , ri2 , ri3 , and ri4 where 0 ≤ i1 <

i2 < i3 < i4 ≤ m. We will consider multiple cases for the values of i1,i2, i3, and i4.

When i1 = 0 and i2 = 1, we have

r0 + 2r1 + i3ri3 + i4ri4 = 0

r0 + 3r1 + (i3 + 2)ri3 + (i4 + 2)ri4 = 0

2r0 + 4r1 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0,

and we get without loss of generality that i = i4, r0 = i4 − i3, r1 = 0, ri3 = 1, ri4 = −1, and

rj = 0 for j ∈ [m] \ {i3, i4}, i.e., we obtain r◦ from case C8.

When i1 = 0 and i2 > 1, we have

r0 + i2ri2 + i3ri3 + i4ri4 = 0

r0 + (i2 + 2)ri2 + (i3 + 2)ri3 + (i4 + 2)ri4 = 0

2r0 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0.
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Note that the third equation is equal to 3
2

times the first equation plus 1
2

times the second

equation. Therefore, any extreme ray tight with these equations must be tight with another

inequality (either another d>j,mr = 0 or an inequality from Oi), and was thus considered in a

previous case.

When i1 = 1, we have

2r1 + i2ri2 + i3ri3 + i4ri4 = 0

3r1 + (i2 + 2)ri2 + (i3 + 2)ri3 + (i4 + 2)ri4 = 0

4r0 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0,

so without loss of generality we get that r1 = 0, ri2 = i4 − i3, ri3 = i2 − i4, ri4 = i3 − i2, and

rj = 0 for j ∈ [m] \ {i2, i3, i4}, i.e., we get our favorite ray r?.

When i1 > 1, we have

i1ri1 + i2ri2 + i3ri3 + i4ri4 = 0

(i1 + 2)ri1 + (i2 + 2)ri2 + (i3 + 2)ri3 + (i4 + 2)ri4 = 0

(2i1 + 1)ri1 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 = 0,

Note that the third equation is equal to 3
2

times the first equation plus 1
2

times the second

equation. Therefore, any extreme ray tight with these equations must be tight with another

inequality (either another d>j,mr = 0 or an inequality from Oi), and was thus considered in a

previous case.

Case C15: Here, we have d>j,mr = 0 for j ∈ {2, 3, 4, 5}, and we can assume that if

r 6= 0, then there are five nonzero coordinates of r, say ri1 , ri2 , ri3 , ri4 , and ri5 where

0 ≤ i1 < i2 < i3 < i4 < i5 ≤ m. We will consider multiple cases for the values of i1,i2, i3, i4,

and i5.

When i1 = 0 and i2 = 1, the inequalities imply without loss of generality that r0 = r1 = 0,

which yield rays we saw earlier when we had only two tight inequalities with r.
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When i1 ∈ {0, 1} and i2 > 1, the inequalities imply that ri1 = 0, which yield rays we saw

earlier when we assumed there were only three tight inequalities with r.

When i1 > 1, we have

ri1 + ri2 + ri3 + ri4 + ri5 = 0

i1ri1 + i2ri2 + i3ri3 + i4ri4 + i5ri5 = 0

(i1 + 2)ri1 + (i2 + 2)ri2 + (i3 + 2)ri3 + (i4 + 2)ri4 + (i5 + 2)ri5 = 0

(2i1 + 1)ri1 + (2i2 + 1)ri2 + (2i3 + 1)ri3 + (2i4 + 1)ri4 + (2i5 + 1)ri5 = 0.

The rank of this system is two: the third equation can be obtained by taking twice the

first equation plus the second, and the fourth equation can be obtained by taking the first

equation plus twice the second equation. So for r to be an extreme ray, we are guaranteed

to have more coordinates of r be zero, and thus for r to have already been considered in

previous cases.

2.4.4 Validity of different inequalities for QA(m− 1)

In this subsection, we will prove that the inequalities corresponding to the extreme rays

of S∗ ∩ Oi that we found in Subsection 2.4.3 are valid for QA(m− 1).

Lemma 2.4.6. The inequality yi2 − yi1 ≥ 0 is valid for QA(m− 1) when 1 ≤ i1 < i2 ≤ m.

Proof. We can write the inequality yi1+1 − yi1 ≥ 0 for i1 ≥ 2 as the following conical

combination:

y2 − y1 ≥ 0

+

i1∑
k=2

(yk−1 − 2yk + yk+1 ≥ 0).

To obtain yi2 − yi1 ≥ 0, take the following sum:

i2−1∑
k=i1

(yk+1 − yk ≥ 0).

107



This completes the proof.

Lemma 2.4.7. The inequality yi1 ≥ 0 is valid for Q when 0 ≤ i1 ≤ m.

Proof. When i1 = 0, this inequality can be written as the following conical combination:

(−y1 + y2 ≥ 0)

+(y0 + ym−1 − ym ≥ 0)

+
m−1∑
k=2

(yk−1 − 2yk + yk+1 ≥ 0).

When i1 = 1, the inequality can be written as the following conical combination:

2(y2 − y1 ≥ 0)

+(y1 + 2ym−1 − 2ym ≥ 0)

+
m−1∑
k=2

(yk−1 − 2yk + yk+1 ≥ 0).

For all other i1 ≥ 2, we can use the conical combination:

(y1 ≥ 0)

+(yi1 − y1 ≥ 0),

where yi1 − y1 ≥ 0 is given by Lemma 2.4.6.

Lemma 2.4.8. The inequality i2yi1 − i1yi2 ≥ 0 is valid for QA(m − 1) when 1 ≤ i1 < i2 ≤

m− 1.

Proof. Note that when i2 = m and i1 = m − 1, this inequality is a defining inequality for

QA(m− 1). To show the validity of the inequality i2yi1 − i1yi2 ≥ 0, we will use two auxiliary

inequalities.
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First, we will consider the inequality myi1 − i1ym ≥ 0 for i1 ≥ 1. We can write this

inequality as the following conical combination:

(m− i1)(mym−1 − (m− 1)ym ≥ 0)

+
m−1∑
k=i1+1

m(k − i1)(yk−1 − 2yk + yk+1 ≥ 0).

Next, we will consider the inequality (i1 + 1)yi1 − iyi1+1 for 1 ≤ i1 ≤ m − 2, which can

be written as the following linear combination:

(mym−1 − (m− 1)ym ≥ 0)

+
m−1∑
k=i1+1

k(yk−1 − 2yk + yk+1 ≥ 0).

Finally, to prove i2yi1 − i1yi2 ≥ 0, derive the inequality i2yi2−1 − (i2 − 1)yi2 ≥ 0 then use

the proof for myi1 − i1ym ≥ 0 where m = i2 to achieve the desired inequality. Explicitly,

(i2 − i1)(i2yi2−1 − (i2 − 1)yi2 ≥)

+

i2−1∑
k=i1+1

k(yk−1 − 2yk + yk+1 ≥ 0).

Lemma 2.4.9. The inequality (i2 + 2)y0− yi2 ≥ 0 is valid for QA(m− 1) when 1 ≤ i2 ≤ m.

Proof. For the case where 1 ≤ i2 ≤ m − 1, we can write this inequality as the following

conical combination:
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(i2 + 1)(y0 + ym−1 − ym ≥ 0)

+(y0 − 2y1 + y3 ≥ 0)

+ min{2, i2}(y1 − 2y2 + y3 ≥ 0)

+ min{4, i2 + 1}(y2 − 2y3 + y4 ≥ 0)

+

i2−1∑
k=4

(k + 1)(yk−1 − 2yk + yk+1 ≥ 0)

+
m−1∑

k=max{4,i2}

(i2 + 1)(yk−1 − 2yk + yk+1 ≥ 0).

For the case where i2 = m, we can write this inequality as the following conical combi-

nation:

(i2 + 2)(y0 + ym−1 − ym ≥ 0)

+(y0 − 2y1 + y3 ≥ 0)

+ min(2, i2)(y1 − 2y2 + y3 ≥ 0)

+ min(4, i2 + 1)(y2 − 2y3 + y4 ≥ 0)

+
m−1∑
k=4

(k + 1)(yk−1 − 2yk + yk+1 ≥ 0).

Note that the coefficient on the first inequality is the only significant change to the case

where i2 6= m.

Lemma 2.4.10. The inequality (2i2+1)y1−4yi2 ≥ 0 is valid for QA(m−1) when 3 ≤ i2 ≤ m.

Proof. The following conical combination gives the inequality above.

(2i2 − 5)(y1 + 2ym−1 − 2ym ≥ 0)

+
m−1∑
k=4

(4 ·min(i2 − 3, k − 3) + 2)(yk−1 − 2yk + yk+1 ≥ 0)

+2(3y1 − 3y3 + y4 ≥ 0).
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Lemma 2.4.11. The inequality (i3−i2)y0−(i3+1)yi2 +(i2+1)yi3 ≥ 0 is valid for QA(m−1)

when 1 ≤ i2 < i3 ≤ m, except when i2 = 1, i3 = 2.

Proof. When i2 > 1, the following conical combination gives the inequality above.

(i3 − i2)(y0 − 2y1 + y3 ≥ 0)

+2(i3 − i2)(y1 − 2y2 + y3 ≥ 0)

+(i3 − i2)
i2∑
k=3

(k + 1)(yk−1 − 2yk + yk+1 ≥ 0)

+(i2 + 1)

i3−i2−1∑
k=1

(i3 − i2 − k)(yk+i2−1 − 2yk+i2 + yk+i2+1 ≥ 0).

When i2 = 1 and i3 = 3, this is a multiple of a defining inequality for QA(m − 1), namely

2 · (y0 − 2y1 + y3 ≥ 0). If i2 = 1 and i3 = 4, the following conical combination gives the

inequality above.

3(y0 − 2y1 + y3 ≥ 0)

+(y1 − 2y2 + y3 ≥ 0)

+2(y2 − 2y3 + y4 ≥ 0).

If i2 = 1 and i3 ≥ 5, the following conical combination gives the inequality above.

(i3 − 1)(y0 − 2y1 + y3 ≥ 0)

+(i3 − 3)(y1 − 2y2 + y3 ≥ 0)

+2

i3−1∑
k=3

(i3 − k)(yk−1 − 2yk + yk+1 ≥ 0).
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Lemma 2.4.12. The inequality (i3 − i2)y1 + 2yi2 − 2yi3 ≥ 0 is valid for QA(m − 1) when

2 ≤ i2 < i3 ≤ m.

Proof. The following conical combination yields the inequality above.

(i3 − i2)(y1 + 2ym−1 − 2ym ≥ 0)

+

i3−1∑
k=i2+1

2(k − i2)(yk−1 − 2yk + yk+1 ≥ 0)

+ 2(i3 − i2)
m−1∑
k=i3

(yk−1 − 2yk + yk+1 ≥ 0).

Lemma 2.4.13. The inequality (2i3 − 5)y0 + 3y1 − 2yi3 ≥ 0 is valid for QA(m − 1) when

i3 ≥ 3.

Proof. The following conical combination of defining inequalities for QA(m− 1) proves that

this inequality is also valid for QA(m− 1):

(2i3 − 5)(y0 + ym−1 − ym ≥ 0)

+(3y1 − 3y3 + y4 ≥ 0)

+

i3∑
k=4

(2k − 5)(yk−1 − 2yk + yk+1 ≥ 0)

+
m−1∑
k=i3+1

(2i3 − 5)(yk−1 − 2yk + yk+1 ≥ 0).

Lemma 2.4.14. The inequality 3(i3 − i2)y1 + (5 − 2i3)yi2 + (2i2 − 5)yi3 ≥ 0 is valid for

QA(m− 1) when 3 ≤ i2 < i3 ≤ m.
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Proof. The following conical combination yields the inequality above:

(i3 − i2)(3y1 − 3y3 + y4 ≥ 0)

+(i3 − i2)
i2∑
k=4

(2(k − 3) + 1)(yk−1 − 2yk + yk+1 ≥ 0)

+(2i2 − 5)

i3−1∑
k=i2+1

(i3 − k)(yk−1 − 2yk + yk+1 ≥ 0).

Lemma 2.4.15. The inequality (i4 − 2)y0 − 2(i4 − 2)y1 + (i4 − 3)y2 + yi4 ≥ 0 is valid for

QA(m− 1) when 3 ≤ i4 ≤ m.

Proof. When i4 = 3, this inequality is a defining inequality for QA(m − 1). When i4 ≥ 4,

this inequality is given by the following conical combination:

(i4 − 2)(y0 − 2y1 + y3 ≥ 0)

+

i4−1∑
k=3

(i4 − k)(yk−1 − 2yk + yk+1 ≥ 0).

Lemma 2.4.16. The inequality (i3 − i2)y0 + yi2 − yi3 ≥ 0 is valid for QA(m − 1) when

2 ≤ i2 ≤ i3 ≤ m.

Proof. When i2 = m−1 and i3 = m, this is a defining inequality of QA(m−1). The following

conical combination yields the above inequality:

(i3 − i2)(y0 + ym−1 − ym ≥ 0)

+

i3∑
k=i2+1

(k − i2)(yk−1 − 2yk + yk+1 ≥ 0)

+
∑

k = i3 + 1m−1(i3 − i2)(yk−1 − 2yk + yk+1 ≥ 0)
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Lemma 2.4.17. The inequality (i3−i2)yi1+(i1−i3)yi2+(i2−i1)yi3 ≥ 0 is valid for QA(m−1)

when 1 ≤ i1 < i2 < i3 ≤ m.

Proof. When i2 − i1 = 1 and i3 − i2 = 1 this inequality is the defining inequality yi2−1 −

2yi2 + yi2+1 ≥ 0 for 2 ≤ i2 ≤ m− 1. Otherwise, the following conical combination yields the

inequality above:

i2∑
n=i1+1

(i3 − i2)(n− i1)(yn−1 − 2yn + yn+1 ≥ 0)

+

i3−1∑
n=i2+1

(i3 − n)(i2 − i1)(yn−1 − 2yn + yn+1 ≥ 0).

This inequality is generalized in Appendix B.

2.4.5 The double hull proof

In this section, we prove our main results using the doubly extreme rays of QA(m−1). We

first prove that the rays inR = {dj,m | j ∈ [5]}, that is, {e0,1, (1, 2, 2, 3, . . . ,m), (1, 3, 4, . . . ,m+

2), (2, 4, 5, . . . , 2m + 1)} are doubly extreme in QA(m − 1). We then prove Theorem 2.4.1,

that QA(m− 1) is the double hull of these doubly extreme rays. Finally, we prove our main

results.

Lemma 2.4.18. The rays dj,m are doubly extreme in trop(NUA(m−1)) for each 1 ≤ j ≤ 5.

Proof. We need to show that each dj,m is both an extreme ray of QA(m−1) and max-extreme.

We have already proven that each dj,m is an extreme ray n the proof of Theorem 2.3.1 in

Section 2.3, so we only need to show the latter. Suppose that dj,m is not max-extreme for

some j. Then dj,m = t⊕t′ for some t := (t0, t1, . . . , tm), t′ := (t′0, t
′
1, . . . , t

′
m) ∈ trop(NUA(m−1))

such that t 6= dj,m and t′ 6= dj,m.

1. For d1,m = (1, 0, 0, . . . , 0), we have that ti = t′i = 0 for i ∈ [m] since max{ti, t′i} = 0

for all i ∈ [m] and, since t, t′ ∈ trop(NUA(m−1)), ti ≥ 0 and t′i ≥ 0 by Lemma 2.4.7.

Moreover, max{t0, t′0} = 1, so at least one of t and t′ must equal d1,m, a contradiction.
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2. For d2,m = 1, we have that max{ti, t′i} = 1 for all i ∈ {0, 1, . . . ,m} which also implies

that ti, t
′
i ≤ 1 for all i ∈ {0, 1, . . . ,m}. Without loss of generality, assume that t1 = 1.

Since t ∈ trop(NUA(m−1)), by Lemma 2.4.6, we know that ti+1 ≥ ti for all i ∈ [m− 1],

which implies that ti = 1 for all i ∈ [m]. Moreover, t must also satisfy t0− 2t1 + t3 ≥ 0

which is one of the defining inequalities of trop(NUA(m−1)), and so t0 ≥ 1. Thus

t = d2,m, a contradiction.

3. For d3,m = (1, 2, 2, 3, 4, . . . ,m), we have that max{ti, t′i} = i for i ∈ {2, 3, . . . ,m} which

also implies that ti, t
′
i ≤ i for all i ∈ {2, 3, . . . ,m}. Similarly, t0, t

′
0 ≤ 1 and t1, t

′
1 ≤ 2.

Assume without loss of generality that t3 = 3. Since t ∈ trop(NUA(m−1)), from its

defining inequalities, we know that ti−1 − 2ti + ti+1 ≥ 0 for all 2 ≤ i ≤ m − 1. In

particular, this means that t2 + t4 ≥ 2t3 = 6, and thus that t2 = 2 and t4 = 4. This

in turn implies that t3 + t5 ≥ 2t4 = 8, and so t5 = 5, and so on. Thus ti = i for

i ∈ {2, 3, . . . ,m}. Further, t must satisfy t0 + tm−1 − tm ≥ 0 which is one of the

defining inequalities of trop(NUA(m−1)), and so t0 ≥ 1. Similarly, t must also satisfy

t1 + 2tm−1 − 2tm ≥ 0 which is another defining inequality of trop(NUA(m−1)), and so

t1 ≥ 2. Thus t = d3,m, a contradiction.

4. For d4,m = (1, 3, 4, 5, . . . ,m + 2), we have that max{ti, t′i} = i + 2 for i ∈ [m] which

also implies that ti, t
′
i ≤ i+ 2 for all i ∈ [m]. Similarly, t0, t

′
0 ≤ 1. Assume without loss

of generality that t2 = 4. As in the previous case, we know that ti−1 − 2ti + ti+1 ≥ 0

for all 2 ≤ i ≤ m − 1. In particular, this means that t1 + t3 ≥ 2t2 = 8, and thus that

t1 = 3 and t3 = 5. This in turn implies that t2 + t4 ≥ 2t3 = 10, and so t4 = 6, and so

on. Further, t must satisfy t0 + tm−1 − tm ≥ 0 which is one of the defining inequalities

of trop(NUA(m−1)), and so t0 ≥ 1. Thus t = d4,m, a contradiction.

5. For d5,m = (2, 4, 5, 7, . . . , 2m+1), we have that max{ti, t′i} = 2i+1 for i ∈ {2, 3, . . . ,m.

Similarly, t0, t
′
0 ≤ 2 and t1, t

′
1 ≤ 4. Assume without loss of generality that t3 = 7. As

in the previous two cases, we know that ti−1 − 2ti + ti+1 ≥ 0 for all 2 ≤ i ≤ m− 1. In

particular, this means that t2 + t4 ≥ 2t3 = 14, and thus that t2 = 5 and t4 = 9. This in
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turn implies that t3 + t5 ≥ 2t4 = 18, and so t5 = 11, and so on. Further, t must satisfy

t0 + tm−1 − tm ≥ 0 which is one of the defining inequalities of trop(NUA(m−1)), and so

t0 ≥ 2. Similarly, t must also satisfy t1 + 2tm−1 − 2tm ≥ 0 which is another defining

inequality of trop(NUA(m−1)), and so t1 ≥ 4. Thus t = d5,m, a contradiction.

We can now prove that QA(m− 1) is the double hull of these rays.

Proof of Theorem 2.4.1. In Lemma 2.2.2 we realized the doubly extreme rays of QA(m− 1)

in trop(NUA(m−1)). Because these rays are contained in trop(NUA(m−1)) and trop(NUA(m−1))

is a closed, convex, and max-closed cone, we have that dh(cone(R)) ⊆ trop(NUA(m−1)) since

dh(cone(R)) is the smallest max-closed convex cone containing R by Definition 1.3.11. Since

trop(NUA(m−1)) ⊆ QA(m− 1) by Lemma 2.1.7, we have that dh(cone(R)) ⊆ QA(m− 1).

We now show QA(m−1) ⊆ dh(cone(R)). Let S = cone(R), define D := dh(S), and let D∗

denote the dual ofD with respect to the standard inner product, as stated in Subsection 2.4.1,

which also contains a detailed explanation of the strategy we use. Note that since D is closed

and convex, we have that D∗∗ = D. From Lemma 1.3.8 we know that D∗ =
∑m

i=0 S∗ ∩ Oi.

In Subsection 2.4.3 we found the extreme rays ofD∗, that is, the set of vectors {a1, . . . , aN}

such that D∗ = cone({a1, . . . , aN}) by using the identity above. Each extreme ray aj of D∗

corresponds to an inequality a>j y ≥ 0 in D∗∗ = D = {y|a>j y ≥ 0 ∀j ∈ [N ]}. Some of these

inequalities are defining inequalities of QA(m− 1).

In Subsection 2.4.4 we showed that each a>j y ≥ 0 that is not a defining inequality of

QA(m− 1) is a valid inequality in that cone.

We showed in Lemma 2.4.18 that the rays in R are doubly extreme in QA(m− 1).

Thus we have that QA(m − 1) ⊆ D, and therefore QA(m − 1) is the double hull of the

rays in R.

We can now prove our main results.
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m = 11
m = 10
m = 9
m = 8
m = 7
m = 6
m = 5
m = 4
m = 3

1 42 249 718 1294 1596 1386 846 354 96 15 1
1 36 195 501 782 812 574 272 82 14 1

1 30 147 332 439 371 203 69 13 1
1 24 105 205 223 146 57 12 1

1 18 69 114 98 46 11 1
1 12 39 53 34 10 1

1 9 23 23 9 1
1 6 12 8 1

1 3 3 1

Figure 2.4: The f -vector of trop(NUA(m−1)) where UA(m− 1) is the collection of the vertex
together with the almost-stars up to m+ 1 edges, from m = 3 to m = 11. Note that fm+1,i

is diagonally below and to the left of fm,i, and that the difference between the two is
6
(
m−1
i−1

)
+
(
m
i−3

)
.

Proof of Theorem 2.0.2. From Lemma 2.1.7 we have that trop(NUA(m−1)) ⊆ QA(m− 1).

In Lemma 2.2.2 we realized the doubly extreme rays of QA(m − 1) in trop(NUA(m−1)).

We showed in the proof of Theorem 2.4.1 that QA(m − 1) is the double hull of its doubly

extreme rays. Because these rays are contained in trop(NUA(m−1)) and trop(NUA(m−1)) is a

closed, convex, and max-closed cone, we have that QA(m− 1) ⊆ trop(NUA(m−1)).

Thus trop(NUA(m−1)) = QA(m− 1).

2.5 A conjecture for the f-vector

The f -vector of a polyhedron P ⊆ Rs is a vector (f0, f1, f2, . . . , fs) where fi denotes the

number of faces of dimension i in P . Since trop(NUA(m−1)) ⊆ Rm+1 is a polyhedron, we can

compute its f -vector. We give the f -vector of trop(NUA(m−1)) explicitly for m ∈ {3, 4, . . . , 11}

and present a conjecture for the f -vector of every m ≥ 3.

Let fm denote the f -vector of trop(NUA(m−1)) where UA(m−1) = {S0, S2,10 , S2,11 , . . . , S2,1m−1},

that is, the almost-stars with up to m+ 1 edges. Thus for f6 we have (1, 12, 39, 53, 34, 10, 1).

Other known f -vectors can be seen in Figure 2.4.

Let fm,0, fm,1, . . . , fm,m, fm,m+1 be the coordinates of fm. We can extend fm by adding

trailing zeros such that
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f ′m = (fm,0, fm,1, . . . , fm,m, fm,m+1, 0, 0, . . .).

Then we can state the conjecture.

Conjecture 2.5.1. The coordinates of the f -vector of the polyhedron trop(NUA(m−1)), de-

noted as fm = (fm,i)i, are given by

fm,i = f ′6,i + 6

(
m− 1

i

)
+

(
m− 2

i− 2

)
− 6

(
5

i

)
−
(

4

i− 2

)
,

where we let
(
n
i

)
= 0 when i > n or when i < 0. Equivalently,

fm,i = f ′6,i +
m−2∑
j=5

(
6

(
j

i− 1

)
+

(
j − 1

i− 3

))
.
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CHAPTER 3

A CONJECTURE ON THE TROPICALIZATION OF THE
GRAPH PROFILE OF STARS AND ALMOST-STARS

Consider USA(m) = {S0, S1, S2, S2,11 , S3, S2,12 , S4, . . . , S2,1m−2 , Sm}, or the tropicalization

of stars and almost-stars up to m edges. In comparison to the tropicalization of the graph

profile of stars seen in Section 1.4 and the tropicalization of the graph profile of almost-stars

seen in Chapter 2, the tropicalization of the graph profile of the union of these two collections

seems much more complicated.

Definition 3.0.1. We define
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QSA(m) :=

p ∈ R2m−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−z1 + z2 ≥ 0

2z1 − y1 ≥ 0

4z2 − 3y1 ≥ 0

−zk+1 + yk ≥ 0 ∀1 ≤ k ≤ m− 2

zk+2 − yk ≥ 0 ∀1 ≤ k ≤ m− 2

z1 + zk − yk ≥ 0 ∀2 ≤ k ≤ m− 2

m · zm−1 − (m− 1) · zm ≥ 0

z0 − 2zk + y2(k−1) ≥ 0 ∀2 ≤ k ≤
⌊
m
2

⌋
z0 + zm−1 − zm ≥ 0

z1 − 3y1 + 2y2 ≥ 0

z1 + zk − yk ≥ 0 ∀2 ≤ k ≤ m− 2

zk−1 − 2zk + zk+1 ≥ 0 ∀1 ≤ i ≤ m− 1

yk−1 − 2yk + yk+1 ≥ 0 ∀1 ≤ i ≤ m− 3

yk + (k + 3) · zk+2 − (k + 3) · yk+1 ≥ 0 ∀1 ≤ k ≤ m− 3

m · ym−3 − ym−2 + zm ≥ 0

z0 + zk − 3zk+1 + y2k+1 ≥ 0 ∀0 ≤ k ≤
⌊
m−3
2

⌋
z0 − 3zk + zk+1 + y2k−3 ≥ 0 ∀2 ≤ k ≤

⌊
m+1
2

⌋
z0 + ym−3 − ym−2 ≥ 0

z1 + ym−3 + zm−1 − 2ym−2 ≥ 0

zk + (k + 1) · ym−3 − (2k + 1) · ym−2 + k · zm ≥ 0 ∀1 ≤ k ≤ m

zi + i · zk−1 − (2i− 1) · yk−1 + (i− 1) · yk ≥ 0 ∀2 ≤ i < k ≤ m− 2

zi + zk + zk+1 − 2yk ≥ 0 ∀2 ≤ i ≤ k ≤ m− 2

zi + yk + i · zk+2 − (i+ 1) · yk+1 0

∀2 ≤ i ≤ m− 2, i− 1 ≤ k ≤ m− 3

z0 + y2i−1 + 2zk + (2i+ 1) · zk+1 − (2i+ 1) · yk ≥ 0

∀1 ≤ i ≤
⌊
m−2
2

⌋
, 2i+ 1 ≤ k ≤ m− 2

z0 + y2i−1 + 2zk + (2i− 1) · zk+1 − (2i+ 1) · yk ≥ 0

∀1 ≤ i ≤
⌊
m−3
2

⌋
, 2i+ 1 ≤ k ≤ m− 2

z0 + y2i−1 + (2i+ 1) · zk − (4i) · yk + (2i− 1) · yk+1 ≥ 0

∀1 ≤ i ≤
⌊
m−4
2

⌋
, 2i+ 1 ≤ k ≤ m− 3

z0 + y2k−1 + (2k + 3) · ym−3 − 4(k + 1) · ym−2 + (2k + 1) · zm ≥ 0

∀1 ≤ k ≤
⌊
m−2
2

⌋


where p = (z0, z1, z2, y1, z3, . . . , ym−2, zm).

120



Conjecture 3.0.2. Let

da,b,m := (b, 2a− 1, r2, r2,11 , r3, r2,12 , r4, . . . , r2,1m−2 , rm),

where rk := max{ka, (k + 1)a − k} and r2,1k−1 := max{(k + 1)a − 1, (k + 3)a − k − 1 −

b}. Let R := {da,b,m | a ∈ {2, 3, . . . ,m − 1}, b ∈ {max{a, 2a − m + 3}, . . . , 2a − 2}} and

let S := {(1, 0, 0, . . . , 0),1, (1, 1, 2, 2, 3, 3, 4, . . . ,m − 1,m), (1, 2, 3, 4, 4, 5, 5, . . . ,m + 1,m +

1)}. Then trop(NUSA(m)) is the double hull of S ∪ R and we have that trop(NUSA(m)) =

proj2m−1(QSA(2m)), where proj2m−1(S) is the projection of S onto its first 2m−1 coordinates.

Resolving this conjecture would require certifying the majority of the following inequal-

ities. A few of these inequalities have already been certified. They are indicated below by

?, and we list them now. As shown in [5] and reproduced in Section 1.4, we know that

S2 ≥ S1, S
m
m−1 ≥ Sm−1m , and Sk−1Sk+1 ≥ S2

k are valid inequalities for stars. We also know

that S2
1 ≥ S2,11 is a valid inequality for paths due to the existence of a surjective homo-

morphism. Similarly, S1Sk ≥ S2,1k is a valid inequality in stars and almost-stars due to the

existence of a surjective homomorphism.

S2 ≥ S1 (?)

S2
1 ≥ S2,11 (?)

S4
2 ≥ S3

2,11 (?)

S2,1k ≥ Sk+1 1 ≤ k ≤ m− 2 (3.1)

Sk+2 ≥ S2,1k 1 ≤ k ≤ m− 2 (3.2)

Smm−1 ≥ Sm−1m (?)

S0S2,12(k−1) ≥ S2
k 2 ≤ k ≤

⌊m
2

⌋
(3.3)

S0Sm−1 ≥ Sm (?)

S1S
2
2,12 ≥ S3

2,11 (3.4)
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S1Sk ≥ S2,1k 2 ≤ k ≤ m− 2 (?)

Sk−1Sk+1 ≥ S2
k 1 ≤ k ≤ m− 1 (?)

S2,1k−1S2,1k+1 ≥ S2
2,1k 1 ≤ i ≤ m− 3 (?)

S2,1kS
k+3
k+2 ≥ Sk+3

2,1k+1 1 ≤ k ≤ m− 3 (3.5)

Sm2,1m−3Sm ≥ Sm2,1m−2 (3.6)

S0SkS2,12k+1 ≥ S3
k+1 0 ≤ k ≤

⌊
m− 3

2

⌋
(3.7)

S0S2,12k−3Sk+1 ≥ S3
k 2 ≤ k ≤

⌊
m+ 1

2

⌋
(3.8)

S0S2,1m−3 ≥ S2,1m−2 (?)

S1S2,1m−3Sm−1 ≥ S2
2,1m−2 (3.9)

SkS
k+1
2,1m−3S

k
m ≥ S2k+1

2,1m−2 1 ≤ k ≤ m (3.10)

SiS
i
k−1S

i−1
2,1k
≥ S2i−1

2,1k−1 2 ≤ i < k ≤ m− 2 (3.11)

SiSkSk+1 ≥ S2
2,1k 2 ≤ i ≤ k ≤ m− 2 (3.12)

SiS2,1kS
i
k+2 ≥ Si+1

2,1k+1 2 ≤ i ≤ m− 2, i− 1 ≤ k ≤ m− 3 (3.13)

S0S2,12i−1S2
kS

2i+1
k+1 ≥ S2i+1

2,1k
1 ≤ i ≤

⌊
m− 2

2

⌋
, 2i+ 1 ≤ k ≤ m− 2 (3.14)

S0S2,12i−1S2
kS

2i−1
k+1 ≥ S2i+1

2,1k
1 ≤ i ≤

⌊
m− 3

2

⌋
, 2i+ 1 ≤ k ≤ m− 2 (3.15)

S0S2,12i−1S2i+1
k S2,1k+12i−1 ≥ S4i

2,1k 1 ≤ i ≤
⌊
m− 4

2

⌋
, 2i+ 1 ≤ k ≤ m− 3 (3.16)

S0S2,12k−1S2k+3
2,1m−3S

2k+1
m ≥ S

4(k+1)

2,1m−2 1 ≤ k ≤
⌊
m− 2

2

⌋
(3.17)

Note that this is a lifted representation of the inequalities for trop(NUSA(m)). Giving all

of the inequalities of trop(NUSA(m)) would yield more complicated inequalities than those

found in QSA(2m).

We stated our conjecture in terms of the double hull because even at small values of m,

the number of extreme rays is very large, implying that a proof using all of the extreme rays

may be difficult. For example, at m = 6, there are 598 extreme rays in QSA(m), whereas
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at m = 10, there are 27,355 extreme rays in QSA(m). In contrast, the number of doubly

extreme rays is 16 for m = 6 and 46 for m = 10.
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APPENDIX A

THE LINEAR PROGRAM FOR HDE(S3;S2) = 1

We use Gurobi to solve our linear programs. Here we consider the linear program needed

to solve HDE(S3;S2). Let V (S2) = {v1, v2, v3} where E(S2) = {{v1, v2}, {v1, v3}}.

min z

subject to p({v1}) ≥ 0

p({v2}) ≥ 0

p({v3}) ≥ 0

−p({v1}) ≥ −1

−p({v2}) ≥ −1

−p({v3}) ≥ −1

p({v1, v2})− p({v1}) ≥ 0

p({v1, v2})− p({v2}) ≥ 0

p({v1, v3})− p({v1}) ≥ 0

p({v1, v3})− p({v3}) ≥ 0

p({v1, v2}) + p({v1, v3})− p({v1}) = 1

z − p({v1, v2})− 2p({v1, v3}) + 2p({v1}) ≥ 0

z − 3p({v1, v3}) + 2p({v3}) ≥ 0

z − 3p({v1, v3}) + 2p({v1}) ≥ 0

z − 2p({v1, v2})− p({v1, v3}) + 2p({v1}) ≥ 0

z − 3p({v1, v2}) + 2p({v1}) ≥ 0

z − 3p({v1, v2}) + 2p({v2}) ≥ 0

The optimal value is 1.0, with p({v1} = p({v2}) = p({v3}) = p({v1, v2} = p({v1, v3} = 1.

124



APPENDIX B

MORE GENERAL INEQUALITIES FOR trop(NUA(m−1))

The inequalities in this section are a more generalized version of the inequality yielded

by our favorite ray r?.

Lemma B.0.1. The inequality a(i4−i3)y0+b(i4−i3)yi2+(a−b(i4−i2))yi3+(b(i3−i2)−a)yi4 ≥

0 is valid for QA(m− 1) when 2 ≤ i2 < i3 < i4 ≤ m, b(i3 − i2) ≤ a ≤ b(i4 − i2), and b ≥ 0.

Proof. We will consider the case where exactly one of yij for j ∈ {1, 2, 3, 4} has a negative

coefficient. The parameters a, b may take any integer value that guarantees this condition,

that is, b(i3 − i2) ≤ a ≤ b(i4 − i2), and b ≥ 0. The following conical combination gives the

inequality:

a(i4 − i3)(y0 + ym−1 − ym ≥ 0)

+

i3∑
k=i2+1

b(i4 − i3)(k − i2)(yk−1 − 2yk + yk+1 ≥ 0)

+

i4∑
k=i3+1

(a(k − i3) + b(i3 − i2)(i4 − k))(yk−1 − 2yk + yk+1 ≥ 0)

+
m−1∑
k=i4+1

a(i4 − i3)(yk−1 − 2yk + yk+1 ≥ 0).

The inequality in Lemma B.0.3 is generalized from the three general inequalities we saw

in C15 in Subsection 2.4.3. The following example shows some of the valid inequalities of this

type in QUA(m−1)) for some values of m.
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Example B.0.2. The following inequalities are valid in QUA(m−1) as we will prove in Lemma

B.0.3.

1. 3y3 − 5y5 + 2y8 ≥ 0 is a valid inequality for QA(m− 1), when m ≥ 8. We obtain this

from the case in C15 with three nonzero coordinates of r.

2. 20y2 + 30y3 − 82y9 + 32y19 ≥ 0 is a valid inequality for QA(m − 1) for m ≥ 19. We

obtain this from the case in C15 with four nonzero coordinates of r where a1 = 2 and

a2 = 3, so this is equivalently written as 2(19− 9)y2 + 3(19− 9)y3− (2(19− 2) + 3(19−

3))y9 + (2(9− 2) + 3(9− 3))y19 ≥ 0.

3. The inequality 90y3−153y6+45y7+15y17+3y26 ≥ 0 is a valid inequality for QA(m−1)

for m ≥ 26. We obtain this from the case in C15 with five nonzero coordinates of r

where a1 = 10, a2 = −17, a3 = 5, so this is equivalently written as 10(26 − 17)y3 −

17(26− 17)y6 + 5(26− 17)y7− (10(26− 3)− 17(26− 6) + 5(26− 7))y17 + (10(17− 3)−

17(17− 6) + 5(17− 10))y26 ≥ 0.

Lemma B.0.3. The inequality
∑k−2

`=1

(
a`(ik − ik−1)yi` − a`(ik − i`)yik−1

+ a`(ik−1 − i`)yik
)
≥

0, where k ≥ 3 and 2 ≤ i1 < i2 < i3 < . . . < ik ≤ m, is valid for QA(m−1) with the following

conditions on the values of the coefficients aj.

• either aj > 0 for every j ∈ {1, 2, . . . , k − 2}, or

• exactly one aj < 0 for some j ∈ {1, 2, . . . , k − 2} and
∑j−1
`=1 a`(ik−i`)+

∑k−2
`=j+1 a`(ik−i`)

ik−ij
<

|aj| <
∑j−1
`=1 a`(ik−1−i`)+

∑k−2
`=j+1 a`(ik−1−i`)

ik−1−ij
.

Proof. We will consider the case where exactly one coefficient of yi` where ` ∈ {1, 2, . . . , k}

is negative. Note that if one of the coefficients a` = 0 where ` ∈ {1, 2, . . . , k − 2}, this is

equivalent to the case with k − 1 terms. Thus we will assume that none of the coefficients

a` for ` ∈ {1, 2, . . . , k − 2} is 0. In the table below we give some conditions for the validity

of the inequality given this assumption.
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i inequality is valid for QA(m− 1) when

ik never

ik−1 for all values of aj > 0 for j ∈ [k − 2]

ij for j ∈ [k − 2]
∑j−1
`=1 a`(ik−i`)+

∑k−2
`=j+1 a`(ik−i`)

ik−ij
< |aj| <

∑j−1
`=1 a`(ik−1−i`)+

∑k−2
`=j+1 a`(ik−1−i`)

ik−1−ij

The above inequality is given by the following conical combination

k−2∑
`=1

 ik−1∑
n=i`+1

a`(ik − ik−1)(n− i`)(zn ≥ 0) +

ik−1∑
n=ik−1+1

a`(ik − n)(ik−1 − i`)(zn ≥ 0)

 ,

where zn ≥ 0 is the inequality yn−1 − 2yn + yn+1 ≥ 0.

We now will prove that in the valid cases, this conical combination has positive coefficients

on each zn ≥ 0 for n ∈ {i1 + 1, i1 + 2, . . . , ik − 1}.

When aj > 0 for j ∈ {1, 2, . . . , k − 2}, the coefficient on zn ≥ 0 for n ∈ {i1 + 1, i1 +

2, . . . , ik − 1} is clearly positive.

When i = ij, aj < 0 for some j ∈ {1, 2, . . . , k − 2}, the coefficients on zn ≥ 0 for

n ∈ {i1 + 1, i1 + 2, . . . , ij − 1} are unaffected by the negative value of aj, and thus they

are positive. Because the coefficient on yij is negative, the coefficient on yik−1
must be

positive, so
∑k−2

`=1 −a`(ik − i`) > 0. Similarly, the coefficient on yik must be positive, so∑k−2
`=1 a`(ik−1 − i`) > 0. Thus this implies that the following double-sided inequality holds:

∑j−1
`=1 a`(ik − i`) +

∑k−2
`=j+1 a`(ik − i`)

ik − ij
< |aj| <

∑j−1
`=1 a`(ik−1 − i`) +

∑k−2
`=j+1 a`(ik−1 − i`)

ik−1 − ij
.

(B.1)

Note that when j = 1, these inequalities can never hold. When j = k− 2, these inequalities

always hold. Furthermore, in order for these inequalities to hold for 2 ≤ j ≤ k − 3, we

require that

j−1∑
`=1

a`(ij − i`) >
k−2∑
`=j+1

a`(i` − ij). (B.2)
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We will next show that the coefficient on zik−1
≥ 0 is positive. The coefficient is

j−1∑
`=1

a`(ik − ik−1)(ik−1 − i`)− |aj|(ik − ik−1)(ik−1 − ij) +
k−2∑
`=j+1

a`(ik − ik−1)(ik−1 − i`)

with the term (ik − ik−1) removed, this is equivalent to

j−1∑
`=1

a`(ik−1 − i`)− |aj|(ik−1 − ij) +
k−2∑
`=j+1

a`(ik−1 − i`),

which by the righthand side of Equation B.1 is positive. We will now use the lefthand side of

Equation B.1 together with Equation B.2 to show that for ij + 1 ≤ n ≤ ik−1, the coefficients

sn of zn ≥ 0 are strictly decreasing.

From the lefthand side of Equation B.1 we have that

|aj|(ik − ij) >
j−1∑
`=1

a`(ik − i`) +
k−2∑
`=j+1

a`(ik − i`)

=

j−1∑
`=1

a`(ik − ij) +

j−1∑
`=1

a`(ij − i`) +
k−2∑
`=j+1

a`(ik − i`)

>

j−1∑
`=1

a`(ik − ij) +
k−2∑
`=j+1

a`(i` − ij) +
k−2∑
`=j+1

a`(ik − i`) (Equation B.2)

=

j−1∑
`=1

a`(ik − ij) +
k−2∑
`=j+1

a`(ik − ij).

Thus |aj| >
∑j−1

`=1 a`+
∑k−2

`=j+1 a`. We know that the coefficient sj+1 =
∑j

`=1 a`(ij+1− i`)(ik−

ik−1), and that for ij +2 ≤ n ≤ ij+1 , sn = sn−1 +
∑j

`=1 a`(ik− ik−1). For ij+1 +1 ≤ n ≤ ij+2,

sn = sn−1+
∑j+1

`=1 a`(ik−ik−1), etc, up until ik−2+1 ≤ n ≤ ik−1, sn = sn−1+
∑k−2

`=1 a`(ik−ik−1).

In each of these cases, sn < sn−1. Since the coefficient sik−1
is also positive, we now know

that for i1 + 1 ≤ n ≤ ik−1, sn > 0. Furthermore, since
∑k−2

`=1

∑ik−1
n=ik−1+1 a`(ik − n)(ik−1 − i`)

is positive for every n, the coefficient sn for those n is also positive.

Thus the conical combination is valid, and the inequality is valid for Q under the circum-

stances outlined in the table.
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[29] Kelly, Paul J. A congruence theorem for trees. Pacific Journal of Mathematics 7 (1957),
961–968.

130



[30] Kim, Jeong Han, Lee, Choongbum, and Lee, Joonkyung. Two approaches to Sidorenko’s
conjecture. Trans. Amer. Math. Soc. 368, 7 (2016), 5057–5074.

[31] Kopparty, Swastik, and Rossman, Benjamin. The homomorphism domination exponent.
European Journal of Combinatorics 32, 7 (2011), 1097–1114.

[32] Kruskal, Joseph. The number of simplices in a complex. 1963.
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