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SCHRODINGER MAPS AND THEIR ASSOCIATED FRAME SYSTEMS
ANDREA NAHMOD!, JALAL SHATAH?, LUIS VEGA®, AND CHONGCHUN ZENG

AsstracT. In this paper we establish the equivalence of solutionsdsen Schrodinger maps ing3 or H? and
their associated gauge invariant Schrodinger equatidesalso establish the existence of global weak solutions
into H? in two space dimensions. We extend these ideas for mapsdntpact hermitian symmetric manifolds
with trivial first cohomology.

1. INTRODUCTION

Schrodinger maps are maps from space-time into a Kahlarfohé with metrich and complex structure
J satisfying:u: R4 xR — (M, h, J)

(SM) du=1J Z Doy,
€

whereD denotes the covariant derivative an'T M. These maps are a generalization of the Heisenberg
model describing the magnetization spire S? c R3 in a ferromagnetic material

om=mx Am.
Form e S? the operator) = mx acting onT»S? is equivalent to complex multiplication byon C. Thus

Sm=mx Am= mx (Am+ [Vm2m) = JZ Did'm
i

where as befor®; = §; +(d;m, Ymdenotes the covariant derivative onTS?; and the Heisenberg model
can be written as

m=J Z D;d'm.
i

In one-space dimension the Heisenberg model can be tramsfiointo the focusing NLS

. 1
(NLS) i0q - 9%a - Sla*q =0
via the Hasimoto transformation. This transformation vederlgeneralized by N. H. Chang, J. Shatah, and
K. Uhlenbeck|[[CSUQQ] to study the regularity of Schrodingeaps. The idea in [CSUDO] was to disregard
the customary coordinates representation of the (SM) isystied to introduce instead a gauge invariant
nonlinear Schrodinger equations (GNLS) derived by usimmliback frame oru™TM. The GNLS is

given schematically by
D =i Z Diq +iFq.
k
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Using the Coulomb gauge, this sytem can be written as
0 = Aq+ A™a(0(d)]oq + O().

One of the consequences of such a representation was td tlegesemilinear nature of the Schrodinger
maps systems which led to the first regularity proof in 1 artirRensions for finite energy equivariant data
[CSUO0]. Here we would like to note that the 1-dimensional€g problem for (SM) is subcritical with
respect to the energy spadeec L2 and as such should be solvable for daa L2. However the only proof
of global well-posedness in this case was given for data H! and uses the GNLS system [CSU00]. The
desired goal would be to solve the Cauchy problem and to slyowaence when the derivative of the data
behaves like5(x); i.e. data scaling agu € H™/2,

Another consequence of introducing the GNLS was to showftratonstant curvaturéd the GNLS
system doesn’t depend explicitly anand therefore can be solved without any reference to theySkés.

Using this last observation a natural question to ask in timstant curvature case is: When do solutions
of the GNLS represent solutions of SM? For smooth solutibissguestion was answered in one dimension
by Terng and Uhlenbeck [TUD6] and in two dimensions, for ecedease, by N.H. Chang and O. Pashev
[CPO5].

In this paper we are interested in studying the correspaaeatween solutionsof the Schrodinger map
system and solutiong of its associated gauge invariant nonlinear Schrodingaeatons for low regularity
data. In particular we show the equivalence of the two systemsolutions where the problems are expected
to be well posed, i.equ e H 5-1 plus Strichartz estimates fdr= 2. One should remark that the interesting
cases for the equivalence of the SM system and GNLS systemspond tad = 1,2 or 3 since ind > 4,
du € H: 1 and equation (SM) holds a.e.; thus there is littl&edence between smooth afid € H%-1
solutions.

The outline of the paper is as follows: In sectldn 2 we pretlemframe system. In sectiéh 3 we study
the equivalence problem when the target is the sphere.dFerl we show the equivalence under the
conditionq € L2 and|g? € L?(H™Y). For higher dimension we show the equivalence of GNLS and SM
for data in critical spaces, i.e., invariant under the scali(t, X) — u(1%t, 1X). In sectiol % we study the
problem when the target 42, the hyperbolic space. Here we show equivalence of smodiiticzs and
for two space dimensions we show global existence of finigrggnsolutions. Finally in sectionl 5 we
describe the extension of these results for maps into canfigamitian symmetric manifolds with trivial
first conomology.

Throughout this paper we sum over repeated indices unlesxplieitly state the contrary, and we follow
the convention that Greek subscripts vary from @ tehile roman subscript vary from 1 thor n depending
on the context.

2. FRAME SysTtEm

The use of frames on the pullback bundle was introduceld IJ@$ and was later used successfully to
study the Cauchy problem for wave maps [S$02, NSU03b]. ILIBER] similar ideas as in [CSUDO] were
also used, starting with the pull-back of the conformal feaaf S? -which amounts to the stereographic
projection- followed by the Coulomb gauge transformation.

Frames on the pullback bundleLet ¢ : RY — (M, h, J) be a map into ar®dimensional Kahler manifold
and letD denote the covariant derivative gn'T M. SinceM is Kahler therD,J(¢(x)) = 0for¢£ =1,...,d.
With a slight abuse of language we will refer to sections¢ohT M as vectors. Letea}grz‘1 denote an
orthonormal frame op~1T M such thaes,n, = Je, fora= 1,...,n. Such a frame always exists sinké is
contractible andM is Kahler.
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Proposition 2.1. Fix the origin 0 € RY and introduce polar coordinateg, w) on R%. Given a smooth
¢ RY — (M, h, J), let {e,... .} denote an orthonormal set of vectors on'TM at x = 0 such that
€. = J€ and let{ey, ... ex} be the solution to the ODEs

Drea = O, ea(o, (U) = e;
Then{ey, ... ey} is an orthonormal frame fop 1T M with @, = Jesfora=1,...,n.

Proof. Solve the linear ODEs and use the fact thade, = JD, e, sinceM is Kahler. O
Write the frame agey,...en} = {e,...6ey, Je, ..., J6&) def {e, Jel. For any vectov € ¢~1T M with
coordinatey = 2?21 V€&, we introduce complex coordinates= (wy, - -+ ,Wy) € C", wherew, = vy +ivgyn,

on¢~1T M and writev = w- e where
2n n n n
V= e =) (Ve Vend)er = ) (Ve + Ven)er = ) weer =W- e,
(=1 (=1 =1 =1

In these complex coordinated— i on =T M.

The covariant derivative oM introduces a connectiof;} on ¢~1T M given byDe, = Agfeo for a =
1....,n, ¢=1,...,d. We simply write
(2.1) Die=A;-e
where then x n matricesA, = (Agg) e su(n). For any vector = w - e € ¢~1T M, with coordinatesv € C"
we have

Dv = Dy(w-€) = (Fw + Aw) - e = (Dw) - e

whereD denotes the covariant derivative n'T M expressed in terms of the frarte Je).

If one chooses another frant@ Jé} related to{e, Je} by a transformatiolg € SU(n), i.e.,€=g- ethen

Dé=A, -8
A, =g'Ag+glag.

Thus fixing a frame is equivalent to fixing the connectdgn.e. fixing a gauge. The matricésy},_,, which

are given by[(Z]1), have to verify the curvature equatioratT$ if we letdx¢ = gk - e and denote by

[D¢, Di] €2 = R(0k¢. 0¢p)€a = R(Gk - €, Q¢ - €)€y &« F(0r,Ok) - €a = Fk- €
then we have
(2.2) [Dr, Di] = 0cAc — kA + [Ar, Al = Fex.

Here it is worth mentioning that the frame constructed irppsition[2.1 corresponds to choosing a connec-
tion such that*A,(x) = 0. This gauge is referred to as the exponential (or Cromstgauge[Uh83]. For
this gauge the connectiohcan be easily recovered fromby the formula

1
(2.3) Ak(x):j; X Fa(sX) sds

Throughout this paper we are interested in a special framehadorresponds to the Coulomb gauge,
i.e., a frame for Whichzf d:Ar = 0. Local smooth Coulomb frames can always be constructedaas w
demonstrated by K. Uhlenbeck in [UH83]. This is done by smhe elliptic equation fog

0= 0,A; = 9,(g"*Acg + g20,9),

locally on balls inRY. Ford > 1 gluing these local solutions does not necessarily yieltbbal Coulomb
frame. Of course ih = 1 theng = exp(8) and the above equation is linear and can be solved glolzdly.
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the general problem Dell Antonio and Zwanziger [DZ91] shdwet the existence of a globdft Coulomb
frame.

Proposition 2.2. Given a smooth map : RY — (M, h, J) there exists a fram&, J& such that

D& = A( -e
d ~

Z 8,A; = 0.

=1

Sketch of the proofix a frame{e, Je} of 1T M and letA, be given byD,e = A, - e. For anyg € SU(n) let
A, = g A9 + g 18,9 and consider the variational problem

d
inf f A2dx = inf f > oA + g tacg dx
9 $J =

It is easy to verify that the infimum is achieved and tﬁﬁgl d¢A, = 0 [DZ91]. Thus the fram¢e, J&} is a
Coulomb frame wittke=g- e.

Remark. If ¢ € WE4(RY, M) andM is compact then by a result of Schoen and Uhlenbeck [SU8383E]4
can be approximated by smooth functions. Therefore by @itpn[2.1 and equatiof (2.3), the exponential

d
frame{e, J& on 1T M belongs tce e V\/Ii’(f. The local Coulomb gauge ih [UhB3] which satisfies

OcA— OA + [Ar A = Fpce L2
A =0

belongs td.% whencee e V\/I%)g| for d > 2. Ford = 2 we need to requirg € W-P for somep > 2.

GNLS. The relation of Schrodinger maps to Gauge invariant Stihgier equations is given through the
frame coordinates

(24) { 0aU=10q - €

D.,e=A,-e

fora =0,1,---,d. Given suchq,, A,}, letF.z = F(0, d,) = R(d. - € g5 - €) whereR denotes the Riemann
curvature tensor of1. We have,

Proposition 2.3. Given a smooth Schrodinger map: RY x R — M and a frame{e, J& on uT M; the
coordinatey(d,, A,) fora =0,1,--- ,d, given by(2.4) satisfy

Qo = iDee

D = D20 + iF sk,
(GNLS) (23 ke + 1F adCk

Dtk = Dk,

DaPs — pAq + | Au. Ag| = Fap
fork,(=1,--- ,dande,8=0,1,--- ,d; and where we summed on repeated indices.
Proof. Write q = (0o, g1, . - ., 0d) € C™@D. TheC" valued functions),, @ = 0,1, ..., d have to satisfy

(2.5) Qo = iDey since du = JD0u
(2.6) D, = Dy since D,dgu = Dgd,u



SCHRODINGER MAPS AND FRAME SYSTEMS 5
The equations for the matricéAa}g:O can be derived from the curvature equation

| Do D € = R(Gu, dt)ea = R(0s - € G - ©)€a = F(Gos Gs) - € = Fop - €.
Note thatF,z is bilinear in @, ds) and is calculated from the Riemannian curvature and thadran
u~lT M. Moreover in terms of the given frame we have
|Da Dg| = 0aAs — IpAa + [Aa Ag| = Fup.
Equations[(25) and (2.6) can be simplified by substitufth§)(in equation[(2]6) forr = 0 to obtain
Didr = DeGo = 1D Dy
By commuting PD,, Di] and using the fact thab,qx = Dxg, we obtain the (GNLS) system. O

Remarks.1. Givenu a solution of (SM) and a choice of framés Je} we can computd,, from D,e; =
A2 e,. By choosing another fram@, J&}, where€; = ge, andg € S U(n), the connectiord, &, = A2 &
can be determined from, by 9,02 + A2, S = gRAS,, or in matrix notation

A,=gAg+gt0,9 @=01,---,d.

Thus the equations foh, in (GNLS) are underdetermined unless we fix a choice of theoadrmal ba-
sis {e, Jg. Throughout this paper we fix the frame by choosing the Coblgauge which is given by

oA = 0.

2. ForM a Riemann surface, the gauge groufid), g, € C, A, = ia, andF(q,,0s) = Fop = ifys

wherea,, f,z € R. In this case the (GNLS) system simplifies to

Dilly = iDEAe — k(U)(Dr, IOk

DOk = Dk

dcaj — 0jag = frj = k(U)X 1)

0cdg — Oray = fro = —k(U){qr, Djq;)
wherex is the Gauss curvature ®fl, and where for two complex numbezsandw we used the notation
(zzw) = Re(@w). In this case it is always possible to put the above systetharCoulomb gauge globally
by the gauge transformatiap = (expif)q andd, = a, + 9,0 whereAd = —d,a,. In this Coulomb gauge
equations[(2]7) transform into
Didly = iDge — K(U)(0r, iGKCK
DOk = Dk
Agj = Ik fkj = Ok(x(U)(k, i9;))

1
Aag = 9k fg = —0k (K(U)(6j<Qk, qj) — Eaqu”z))

okax = 0.

3. In general the system (GNLS) dependswwhich appears irf,5. For constant curvatur#, the
Schrodinger map does not appear explicitly in (GNLS). Thus we can considersystem (GNLS) on its
own as an evolution problem. In this case the equatibpg = Dy, should be viewed as a compatibility
condition which will be satisfied under the evolutionsgpfprovided they are satisfied initially. Thus one of
the questions we are interested in here is : GivgnA,) solutions of the (GNLS) in the Coulomb gauge, is
there a Schrodinger mapand a framde, Je such thav,u = ¢, - eandD,e = A, - €?

2.7)

(2.8)



6 NAHMOD, SHATAH, VEGA, AND ZENG

3. Maps INTO S2

One space dimensionA Schrodinger mapi : R x R — S2 c R2 is a solution to

(3.2) { 9tU = IDxOxU = U X Uxx = Ox(U X Ux), ue S?cRr®

u(0) = up.
In this case the associated GNLS system in the Coulomb gauge) is the nonlinear Schrodinger equation
. 1
ioq - 950 - Sla*a =0,
and the transformation betwearandqis given by
du=p-e=pe+puxe U0, X) = uo(X)

Oxu=(-e=Qgie+qguxe

(3.2) 1,
Die=die+ pu=—zlq-uxe €0, X) = ep(X)

Dye=0e+quu=0

wherep = igx.
For smooth solutions one can easily show the equivaleneeketsolutions to the (SM) and solutions to
the (NLS).

Proposition 3.1. 1. Given a smooth smooth solution u@t1)there exist a framée, u x e} for uTS? and
a solution to the NLS 8;q = i(92q + 3Ig1%q) such that

oxU=(-e=qe+quxe

Dye=0dxe+ quu=0.

2. Conversely given a smooth solution g to (NLS) with datagpoint me S? and \p € T,S? with [vo| = 1,
there exists a unique solution u @.1) and a frame{e, Jg for u™TS? such that(3.2) is satisfied with
u(0,0) = m and €0, 0) = vo.

Proof. 1. Letube a solution of {3]1)e, uxe} be any frame on1TS?, and let,u = q,-eandD,e = (ia,)-e.
Apply the gauge transformatiafy® = —a; to put the system in the Coulomb gauge= 0. Since in this
case the scalar curvature= 1 we conclude fron(2]18) tha = —%|q|2 and thaty'satisfies
(0 +180) = 954
which is the (NLS).
2. We start by constructing(0, x) def Up(X) ande(0, X) def eo(X) by solving the ODEs
OxUo = Qo1€p + Jo2Up X €
Oxe + goau =0
Uw@0)=m  &(0)=vo.
whereqop1(X) + iqo2(X) = go(X) = g(0, X). It is easy to check tha(x) L upg(X) and thafuy(X)| = |ep(X)| = 1.
To constructu ande we evolve the data in time using (8.2)
Oiu= pie+ puxe

1
e+ piu = —§|q|2u X e

u0.x) =uo(x) &0, X) = ep(x).
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wherep = igy, to find u(t, X) € S? ande e T,S?, |&(t, X)| = 1. To verify thatu solves & M) and thatDye = 0
we setdyu = §- eandDye = au x e. Thend{(0, x) = q(0, X) anda(0, xX) = 0 by construction. By commuting
derivatives, we have

- 1,
Didyu = Dydhu = G = i03q - ga+ i3]0

1 ~ ~
DiDxe — DxDre = R(U, U)e = dia -+ 510l = Gaflux + Golx:
Thereforeq™— q anda satisfy the ODEs

N [« s .
&m—m—hfm—m+ma

ora = (61 — g1)0ix + (G2 — G2)02xs
@-90.x=0 a0,x) =0,

which imply § = g anda = 0. Sincedu = (iqx) - e and Dye = 0 we conclude thati solves [[3.1l). The
uniqueness ot follows from the uniqueness of the solutions to the ODEs ah8 N O

For rough initial data we can show equivalence of solutiam$en weak integrability conditions.

Theorem 3.1. Let g € Lﬁl<T L2 oc Satisfying|ql* € Lﬁ|<T(H‘1) be the limit of smooth solutions, i.&lg

smooth solutions of (NLS) such that

2

2 2 _ 2 -1
txloc and |gkl° — [l ELt,IocH .

Ok —gelL

Then there exists a weak solutior uL|%|<T(H|%C) NCy<r(L2,) to BT)and a framele, ux e} of U1 TS? such

that ee Llf|<T(H|})C) N Cyy<1(LZ.). Moreover the solution is unigue up to isometries on the phe

Remarks. 1) In one dimension, Vargas-Veda [VV01] showed local welbguiness for the cubic NLS in
a space containingg? and scaling likeH"2/3(R). Their solutions belong tdlﬁfl<T L% (or Li LY. The
critical scaling for the 1d NLS is that ¢ ~Y/2(R). Below L2 however, the Galilean transformations are not
preserved and the problem is ill-posed in the Sobolev cleBYD1].

2) In [GRVO03] it is proved that a vortex filament can developiryslarity in the shape of a corner in
finite time. This shows the existence of a Dirac delta siniyléor the corresponding cubic NLS solution.

For NLS data in_2 such a behavior cannot occur due to mass conservation.

Proof. By proposition 3.1l we can construct frofm} smooth solutionsi, of (3.1) and framese, ux x &}
of u 1 TS? such that

OtUk = Pk - & = Pr1€k + P2 Uk X & Uk(0, X) = ug(X)

OxUk = Ok - & = Ok1€ + k2 Uk X &
(3.3) 1
Di& = 0 + Pralik = —§|le Uk X & &(0, X) = eg(X)

Dy&x = 0x& + Qi = 0

wherepk = igkx. By the hypothesis of the theorem we can pass to the limlit.B) @d thusi ande satisfy
equation[(3.R) in the sense of distributions. From the egostford,u anddye we conclude thati ande are
in L|%|<T(H|](.Jc)' From the equations faku andd:e we haveYy € C3(R) ¢u andge are inCyr(H*). From
computing

a f U(t, X) — U(to, )2 (x)dx = 2 f (p- €. u(t, X) - Ulto. X)e(X)dx
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where(, ) is the inner product irR3, and a similar expression far we conclude thati and e are in
Ci<T(L2 ). Note that in this cas€(3.2) implies that for every (—T, T), u(t, -) ande(t, -) are inH?.

loc
To show uniqueness, let,(€) and (i, &) be two such solutions that satisfy (8.2). Then by using the

isometries or§? we can assume thai0,0) = i(0,0) ande(0,0) = &0,0). Equation[(3R) implies that
u(0, x) = 0(0, x) ande(0, x) = &0, x) for all x. Setéu=u—1{i, sSe = e— & andéf =uxe—lx éthen

00U = proe+ poof

1
d6e = —p1ou — §|q|26f
(3.4)

1 2
00T = —p2du + §|q| oe

6u(0) = 0, 6e(0,x) =6f(0,x) =0
which can be written in matrix notation as
oV = BV V(0) = 0.

SinceB is skew symmetric and is locally i?H~* andV is locally in L2H* N L* then for anyC’ > ¢

d% f IV(t, X)[Pe(X)dx = 2 f (BV,V)pdx=0

and therefore/ = 0. O

Higher dimensional maps int&2. A Schrodinger mapi : R4 x R — S2 < R3 is a solution to
(3.5) Ot = U X AU = dx; (U X dy ).

In this case, sinca = 1, we havey, € C, A, = ia, andF(d,, 0g) = Fos = if,s Wherea,, f,z € R. Given a
Schrodinger map into S2 and a framde, Je} we recall (GNLS) for ¢, ax)

Dyl = i1DEGr — (G, IOk

Didr = DeOk

dcaj — 0jar = frj = (Qr, Q)

drag — Oray = fro = —(d¢r, D;Q;j)
and the transformation betwearandq

otu = Jo- €

ou=q;-e
(3.6) oo

Die=aguxe

Die=auxe
whereqp = iDkgk- In the Coulomb frame this system simplifies to
Dl = 1DFG — {0l ik
(3.7) Aaj = Ok fij = O(ok, idj)

1
Aag = fio = —0¢0i{q, qj) + §A|q,-|2
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along with the Coulomb frame equation and compatibilityditans
okax =0
DiQe = D¢k
dcaj — 0jag = frj = (Qr, 10j)
drag — Oray = fro = —(q¢, D;Q;)).

It is easy to verify that{(3]18) are satisfied by smooth sohsiof [3.7) for allt if they are satisfied at= 0
andadecays at infinity.

(3.8)

Proposition 3.2. Given a smooth solutiofg, a) of (3.7) satisfying(3.8), a point me S and a vector
Vo € TmS? with [vo| = 1, then there exists a unique solution u of {B8e5) system and a framge, Je} for
u~1TS? such that(Z.2), i.e.,

OU=10Qy-©

D,e=ag,uxe
holds with 0, 0) = m and €0, 0) = vo.
Proof. Given (g, a) solution to [[3.7) we first construct the initial data foand for the framée, u x €}. This
will be done inductively on every coordinakg, Xo, - - - , X4. We start by solving
d1w1(x1) = a1(x1,0, ..., 0) - er(x1)
Die1(x1) = d1€1(%1) + (€1(Xa), dawa (X ))wa(X1) = a(x1, 0, ..., O)wa X €1(x1)
wi(0)=m, e (0) = vo.
It is easy to verify thafe;, w; x e} are a frame along the cur\vqlTsz. Repeat this process to construct
Wa(Xy, X2) and{ez, W, x &} from
62W2 = q2(X19 X29 0’ AR O) : Q
D26 = 0262 + (€2, 91 W)W = az(X1, X2, 0, ..., 0)wz X &
Wo(x1,0) = wi(x1),  €x(x1,0) = er(x).

This construction terminates by constructing™' wg(xa, - - - , X4) and{ep, Uy X €0} = {eq, Wy X €q).

To verify thatuy and{ey, Jey} satisfy [2.4) at = 0, we note that by construction the equations hold on
(x1,0,...,0) € R2. HereR? denotes thex; x,—plane. To show that the same holds for(am, x,, 0. ..,0) €

R? we compute

D2d1Ug = D102ug
(3.9)
D,D1eg = D1Doepy + R(a]_Uo,azUo)eo.

By our construction we have
dlg=C2-€ Doep=apUpxen (X1, X) € R
MUp=01-& Digg=&Upxe (X1, %) e€R?
(%1, 0) = ou(xa,--+,0) &1, 0) =au(xs, - ,0)
Substituting[(3.110) iN(319) we obtain the following ODEs

(3.10)

02(01 — qu) +iax(Gr — q1) = i(&1 — ag)op
92(81 — &) = fio— f12 = (G — 91, )
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where i, = (61,192). Since 0 is a solution of this ODE by uniqueness we h@ve ¢; andd, = gz in the
X1 Xo-plane. Repeating this process fat - - - , X4, we obtain the desired result.
To construcu(t, x) and{e, u x e} we solve the ODEs

ou=(p-e
Die=0ie+ qoau = agu x e
u0,x) =uo(x) &0, %) =en(X)
To verify thatu solves § M) and [Z2.4) holds we sé&;u = §, - eandD,e = d,ux eand defineD; = 9, + i3,.
Thend(0, X) = q(0, X) anda(0, X) = a(0, X) by construction. By commuting derivatives, we have
D1, = Dyt = iy = iDe0o = iDrDiCi
DiDre— D¢Dre = R(u;, e = 6id; — 2o = for,
wherefy, = —iF (0o, &¢). Thereforeq; — g, andd; — a; satisfy the ODEs

Di(@ — de) = —(&r — ) Dk
(B — ay) = for — for = (00, i(8r — ).
@ -a9)0,x)=0 (& —-ara(0,x) =0.

which imply §, = q, and&; = a;, and thus we conclude thatsolves [[3.ll). The uniqueness wfollows
from the uniqueness of the solutions to the ODEs and NLS. m|

Theorem 3.2. Given a solution gto (3.4) such that
tk € C([0, T], L*(RY) N L%([0, T], L3(RY) ford =2
o € C([0, T], L2RY N LYRY) ford >3

and assume thats the QL?) limit of smooth solutions, i.e3{qy,, } where g, — gk in C([0, T], L%). Then
there exists a solution & L®(H) n C(Lﬁ)c) of the Schrodinger maps equati@@.5) and a framele, J¢},

where ee L*(HY) nC(L2) for d > 2and ee L*(HL ) N C(L2 ) for d = 2, that satisfies the coordinates
equation(2.4)
OU=10Qy-€
{Dae = 0,8+ (Qp1iU=a,UuX e,
Moreover if there are two suchuy, e} and {{i, & that have the same coordinates given(By) with initial
data U0, Xo) = (0, Xo), €0, x0) = &0, Xo) at one Lebesgue poil, Xo), Xo € RY of u— &l and e &, then
u=Uande=é.

Remarks. 1) The assumption thaj € C(L%) n L%(L3) in two dimensions guarantees finite energy plus a
Strichartz norm. This is necessary to make sense of all thesta (2.4), such agp and is not needed for
the existence of weak solutions . Other Strichartz choiceslso possible.

2) The assumption tha € C(LY) for d > 3 is much weaker than the spa@(aH%‘l) which is the optimal
space for existence of solutions fo (3.7).

3) The assumption = u and€ = e at a Lebesgue point in the uniqueness statement can alsplbeee by
any decay to 0 ofi(0, -) — u(0, ) and€0, -) — &0, -) as|x| — oo.

Proof. From the expression fap anda; in (3.4)
Aaj = dxfkj = O(Qk, id)

. 1
A%=amm=—@mm&mn+§NmF
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we havea; € C(LY), ag € C(LY?) for d > 2 anda; € L3(L®), ag € L3(L%/?) for d = 2. By propositior. 3.2 we
can construct fronfaj)} smooth solutionsijy of (3.5) and frameseyj), uj) x &} of u(‘J%TS2 such that
9alU(j) = Qu(j) * &)
9a€(j) = ~Qa1(j)U(j) + Ba(j)U(j) X &))
By the reg_ularity hypothesis am given ir_1 the theorem we can pass to the limitin (3.11) and thasde
are inL*(HY) n C(Lﬁ)c) (ifd=2,e€ L“(HI})C)), they satisfy equation (2.4) in the sense of distribytemd
usolves[(3.b).
To show uniqueness assumandu are two solutions that satisfy (2.4) and agree at a pointGad).(\We

first show that the data farand are the same. Let = ux eandf = @i x & then from [Z.4) we have at
t=0

(3.11)

OkU =0k €= Cae+ ef
oke = —QU + & f
ok = —Qou — axf
and the same fait, &, ). Sinceqy(0, -) € LY(RY), for d = 2, it is straight forward to prove thak(0, -) is in

the dual space df' n L7z for anyr > 2 and ford > 2, a(0, ) € LY. Thusay(0, ) is in Lﬁ)c. Therefore we
may take diferences in the above linear equations to obtain

lu-0P +|e-8&2+|f - f|? = constant
Sinceu(0, 0) = i(0, 0) ande(0, 0) = &0, 0) thenu = Glande = éatt = 0.
To show thatu = {i for all t we use the time derivative part ¢f (2.4)
dtu = p-e=goie+ qozf
ote = —Qoru + aof
Oif = —Qo2u — age
and the same foii, & f}. Again sincep andag are in LiC(H‘l) we have
H(u-TP +le—&2+|f-fP) =0

and since at=0,u =0 ande= g thenu=lande= g V(t,X) € R X RY, O

4. SCHRODINGER MAPS INTO H2

The Cauchy problem for Schrédinger maps into the hypestmiéineu : R9xR — H? has two dfficulties
that are not present when the targe§s The first dificulty is due to the fact tha&i? cannot be embedded
isometrically and equivariantly ii®X. The second is due to the non compactnes#%fwhich makes
controllingu an issue.

The first dificulty can be avoided by embedding? in the Lorentz space RE,n) where
n = dia(-1, 1, 1) and the embedding is given by

H? = {ue (R n); U3 + U2 + U3 = -1, up > O}.

The embedding is isometric and equivariant as becomes eppatiter introducing the coordinatels =
coshy, u; = sinhy cosd andu, = sinhy sinf. The tangent space and the normal space for this embedding
are given by

TH? = {v e R (nu,v) = 0}
NuH? = {yu;y € R}.



12 NAHMOD, SHATAH, VEGA, AND ZENG
The unit normal ati € H? is the vectowu since(nu, uy = —1. For a vector € T,H? we introduce the notation

IMP? = v, p)] = =V§ + V] + 3,
and for a magpu : RY — H2 with w € u1TH?2

Wiz, = f IW(x)II* dx
Given a map : RY — H? c R3, the covariant derivative op 1 TH? is given by
DkV = 0V =V, ndkg)é.
The complex structure oRH? can be represented by
Jv=n(uxv)

wherex is the usual cross product &F¥. This is a consequence af, 7Jv) = (v,nJv) = 0 andJ? = —I.
Using the embedding? c (R3,7) Schrodinger maps : RY x R — H? can be written in divergence form
as

(4.2) % = n(u x (Au — (Vu,nVuy)) = n(u x Au) = ndk(u x dyu)
or equivalently
(4.2) n(u X %) = -Au+ (Vu,nVu)u

In hyperbolic coordinates this system reduces to

(sinhy)6; = Ay — sinhy coshy|Vé[?
(sinhy)xt = — div(sink? y Vo).

Given a smooth solution t@_(4.2) we can easily construct mdrge} in the Coulomb gauge and from
sectior[ 2 the coordinatéku = g,e satisfy

D = 1D + (e, iKYk

DOk = D0

(4.3) dcaj — djar = frj = —(Qp, 19;)
dcao — oty = fro = —(Qr,190)
okak =0

whereqp = iDjq;. Conversely given a solution tb (4.3) one can repeat theteai®n given for the sphere
in propositior 3.1 to obtain

Proposition 4.1. Given a smooth solution t@.3), a point me H? and a vector y € T,H? with [|vo|| = 1,
then there exists a unique smooth solution to the Schrédimgps equation

otu = Ua,g(u X agU)
ueH?c (R3n)

and a frame{e, Jg for u"1TH? such that (0, 0) = m, €0, 0) = vp, and (Z.4) holds.
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Weak finite energy solutions fronR?*! into H?. The dificulty of the non compactness HF appears in
constructing weak solutions and it can be overcome by riquihe mapu to converge to a point as— .
In particular, fix a poinb € H? and embedi? into Lorentz space with — (1,0, 0). We will consider maps
u:R? - H? c (R, 7) such thau — (1,0,0) asx — co and

f(uo —1)dx= f(cosh)( —1)dX < co.
This is a reasonable assumption since, like the energy

VU2, = f 2 + sint?.y[VoRdx

f (up — 1)dxis also a conserved quantity of the Schrédinger maps.
Consider the Cauchy problem
O0tu = n(u x Au) = ndg(u x dku)
IVU()Il € L(R?).  uo(0) - 1 € LX(R?).

Since the equation is in divergence form then it is easy t@loole that the weak limit of finite energy
smooth solutions is a weak solution.

(4.4)

Proposition 4.2. Let {ux} be a sequence of smooth solutions to the Schrodinger magpsies(4.4) such
that

IVull?, < C and f (ug, — 1)dx< C

thend a subsequence that converges w* to a weak solutiog@df) u € L°°(V\/|%;f) for any p< 2.

Proof. From conservation of energy and the divergence form of tatemn we have

f IVu()|Idx < C, f (Ugk(t) — 1)dx < C.

In hyperbolic coordinates we have
f IVyk(®)Pdx< C f (coshy(t) - 1)dx < C.
Thus|yk(t)lH1rz) < C and from Moser-Trudinger inequality we haveompact set§) c R?

f O dx < C(Q, yily) < C(Q),
Q

for somea > 0. These bounds gy(t) imply the following Euclidean bounds an(t)
lu(t)lLer@) <C Y1<p<oo
which in turn gives the Euclidean bounds
|Uk||_oo(wl,p(g)) <C Vi1<p<?2
Ot s w-1p@p<C V1< p<2
Thus by going to a subsequence and a diagonalization argumedmavey compactQ ¢ R?
U — ueLl®WHPQ) 1<p<2
U — ue C(LP(Q)) l<p<oo.

and this implies
Uk AVuk = UuAVue L®(LP(Q) 1l<p<2
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From the above and Fatou’s lemma we conclude uhsta weak solution of the Schrodinger maps equation
with

f (up(t) — 1)dx < C.
In order to show

f IVu(®)|l?dx < C,

we take an isometric embeddidyg: H2 — R" satisfying®(0) = 0 and consideu, = @ o u,. Sincey is the
geodesic distance won H? and the intrinsic metrigl - || on TH? coincides with the metric induced k¥,
we havelﬂk(t)lzHl < C. Due to the pointwise convergenceuwpfto u, we haveuy — i 2 ® o uin H! and

2 ~2
IVUlly, = VU, < C.

O

To construct a sequenéey} such thabux — nd.(ux x d.ux) — 0 in the sense of distribution and such that
[IVuk(t)ll 2 < C and|ug(t) — 1|, < C, we introduce the parabolic perturbation

e0tu — n(u x diU) = Au— (Vu,nVuyu

and show by using the frame coordinatisthat the above equation has global smooth solutions wéth th
desired bounds.

Proposition 4.3. Givene > 0 and a function wy) € H? such that
u,—(10,0) e LY(R?), Vu, € L2(R? TH?), Ddu, € L2(R?, TH?),
there exists a unique global classical solution to
£du — n(u x du) = Au—(Vu,nVuyu
(4.5) )
u(0,y) = u.(y) € H7,

such that ue H? and
f IVu(t)|’dx < C, f (Up(t) - 1)dx<C, ¢ f f Idu(t)|?dxdt< C, ande f f IDAU(t)|*dxdt < C.

Proof. To show that solutions to equatidn (4.5) stayifiwe take the inner product of the equation withn
to obtain

1 1
580K 7U) = SACU W) + VU, nVuy(1 + (u,nu))
U, nWl=o0 = -1.
which implies thau(t) € H? . To construct solutions Iet be the Coulomb frame coordinatesauf, then
(e - DG = DFYr — i(q, i)k
(4.6) Aaj = —0i(k. i9;)
Aag = 9¢(q, do)-

where €-1i)go = Djq;. By standard fixed point argument systém4.6) has local gmsmutions for initial
data inHS for s suficiently large. Moreover the system has a conserved energshvean be obtained by
dividing the above equation by ¢ i), multiplying by g, and taking the real part

d 1 2 —& 2 ; 2
d_tleqfl = l+82f|@sz| + KOk, 19)]°.
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This implies global bounds

1 £ t .
Eo=5 [ WPt 1 [ [ ID@OF + Kot ()P dxa
2 l+e 0
We will obtain theH(R?) estimate org by looking atDg. In fact,
10kClel® < 1Dl + el
Using the equation faa, and Sobolev inequalities we conclude
1002, < 1D0?, + (lalZaldl 2)* < C(Eo)lDalZ,

where the Sobolev inequality was used in the last step @dtheplaced byDq which is true due to the
observation

10Klal?] = 20, DAl < 2qllDxkal € L.
To obtainH1 bounds org multiply equation[(4.6) byD,q, and take the real part to obtain

2 r f 1Dkl + f (G QX Dk 19¢) + (Gr, Q)DL iOk) + &l DiGel? =

Writing D for the spatial covariant derivative, the second term cabpdumded by

4.7)

1 2 2 4
f Kk, Qo)X Dile» iG)1dX <| Dkl 2ldolelalfs < 1Dl 2100l 1D00l ol 104,
7 1 2
<C(E0)IDd| [0l 1Dl >,
8 2 . .
<C(E0)IDdl 1Dl ’, since € —i)do = Djq;
<7C(EO)|DQ| |Dq0||_25

and the third term by

. . C(E
f Gk, 101Dy, i) ldx < ClafSelDyciel 2 < (80)

Using the identitieg)kqo = Dk, the above inequality, and equatién (4.7), we have

C(E
= f Dl + f D2 <« < °)|Dq| f Dl

Since by the energy identltsyfo |1)q(t)|L2 dt < Eg we obtain global bounds abq

2 ' )
lekqf(t)l +Sj; f|@tq5| <Ce 2 |

which implies the desired bound .
Using this smooth solutiog we can construct a global smooth solutioiyy means of proposition 4.1.
To show thau belongs to the stated spaces we only need to show that

f(u0 ~ 1)dx < C.

&
IDallz + 71Dl

In fact, equation[(415) is equivalent to

1
o = —(Vu,pVuyu)).
W=7 (Vu,nVuyu))

Integrating the first component we obtain

G [-1=-

coshydx < 0.
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O

Weak solutions to Schrodinger maps iiif can be constructed as weak limits of the above solutions as
e— 0.

Theorem 4.1. Given u € HY(R?, H?) such that(u,, — 1)dx < oo there exists a global weak solution to the
Schrodinger maps system

0

a—ltj = 1d¢(U X d,U) u(0) = u,

with [[Vul| € L®(L%(R?)), u e C(L2 (R?)) and ) - 1 € C(L(R?)).

Proof. Approximate the initial data by smooth functiong so that||Vu*k||f2(R2) and|u.o — 1 1(r) are

uniformly bounded and the geodesic distance betwegfx) and u.(x) on H? converges to 0 in.?(R?).
Even thoughH? is not compact, this can still be done singé is diffeomorphic toR?. In fact, using
hyperbolic coordinatesy = coshy, u; = sinhy cosf andu, = sinhy sing, one can first approximaie. by
a map whose image is in a compact set and then modify it intoamgmmap by standard methods. In the

hyperbolic coordinates, the boundednesﬁw*knfz(Rz) and|u.xo — 1 1(r2) takes the form

f(|VX*k|2 + sint? y.ulVOul?)dx < C  and f(cosh)(*k - 1)dx<C.
From Propositio 4]3 we have a global smooth solution to

1
OrU + EU(Uk X Uy,) = nd¢(Uk X O¢Uy)
Uk(0, X) = u.k(0, X)

(4.8)
such that
f VUt dx = f V(B2 + sinhi®) V(B2 dx < Eo

f (Uok(t) — 1)dx = f (coshyk — 1)dx < C.

Thusyy is bounded iL®(H?) and by Moser-Trudinger inequality compactQ c R?

f exp

Q
for some positiver. This implies as in Propositidn 4.2 that for a subsequence

2
o/"‘—(t)) dx < C(Q)
Eo

Yk — x weaks in L¥(HY)
Ug— U weaks in LX(W:P), pell,2)

loc

where|[Vu(t)ll 2gzy < C andf(uo(t) —1)dx < C. Moreover for every cutfd functiony € Cg"(]R2 X R)

1
Or(pUk) — OrpUx + EU(‘PUK X Uk) = n0¢(@Uk X d¢Uk) — ndepUi X Al

which implies thatpuy is bounded irHI%)C(R, W-LP(R?)), 1 < p < 2. Consequently we have a subsequence
where
U — u inC(LP) locally and a.e.

These bounds allow us to pass to the limit in equafion (4.8ptain
otu = Ua,g(u X agU)
u(0, X) = u.(x)
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in the sense of distributions. O

5. BriLoGUE

The results stated in this paper can be generalized to cdrif@mitian symmetric Kahler manifolds
(M, g, J). The equivalence of the Schrodinger maps system andaheefsystem can be done in an identical
manner provided there exist global smooth Coulomb framesnwhe dimension oM is greater than 2.
To show global existence of weak solutions in any space dsinanve need to write the Schrodinger map
system in divergence form. Therefore we have to restrictelues to the case wheéw has vanishing first
cohomology group. In such a setting one uses the Killingarefields to define weak solutions to the
Schrodinger map system (SM)

Otu = JDguoku.

in the following manner:

A vector fieldX € T M is called Killing if £xg = 0 and£LxJ = 0. Consequently if one considers the one
form w defined byw(V) = g(JX V) thenw is a closed one form sindd is Kahler. Moreover since the first
cohomology vanishes is exact. Whence there is a functidg such thatw = dfx, and for a solutioru to
the (SM) system we have

Ot fx(u) = w(u) = g(IX(U), ur) = —(X(u), Dxdku)
= —0k(X(U), dku) + (DX (U), akU) = =KX (u), Ik

since X is Killing. If the 2n-dimensional manifoldVl is compact and has Killing vector fields {Xa}7! |
such thafl M = spariXy, ..., Xy}, then the (SM) system is equivalent to

at fxa(u) = _ak<Xa(u), aku>, a= 1’ - ,m.

Remarks. ThoughH? is not compact, actually the definition (#.1) of weak solasi@f Schrodinger maps
targeted orH? can also be viewed in this formulation with two Killing vectizelds X; = JV(sinhy cost)
andX; = JV(sinhy sing).

Weak solutions in higher dimensions can also be construid) the idea i [Sh83, Sh97, Fi96]. In this
case we 1) embell isometrically and equivariantly iR- [MS80], and 2) definel(u) the distance function
from M to u and leto- > 0 be so thatl(u) is smooth in the tubular neighborho@i= {u € R" | d(u) < o} of
M. Extendd globally as a smooth function

FU) = ¢(d)d+ (1 -¢(d)o,  d=d(u)

wherep € C’(-0,0) and 0< ¢ < 1 andyl-g ¢} = 1. 3) Extend] smoothly to act o RL. This can be
achieved by first extending(p) for p € M to act onTR" = ToM @ TyM* by first projecting oril M and
then applyingl. This operator can be extended@as a constant in the directions normaMgoi.e.,Yu € O
decomposes = p + nwherep € M andn L TpM and defineJ(u) = J(p) acting onT,O. Finally define
J(u) = (d(u))J(u) for u € RE. Itis clear that] is skew-symmetric. 4) Solve the equation
N 1
£02u— J(U)du — Au + SF(u)F’(u) =0
u0, x) = u.(x) € M, o0wu(0, x) = 0.

which has conserved energy

1
f &lBUl? + VUl + glF(u)lzdx= f IVu,|?
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By the energy method, the above equation has global sotuiiod®. For any Killing vector fieldX € T M,
from the equivariance of the embeddingcan be extended to a vector fiedd R- — TR which generates
an isometry orR- and satisfieX L. F(u)F’(u). Therefore, we have

£0(X(U), By — (X(U), J(U)Aru) — Bi(X(U). Bk = O
By letting s — 0 we have from the energy identity— M in the L2 sense and whence the limit satisfies
£0y(X(u), drU)y + 0 Tx(u) — A(X(U), dkuy = 0.
Finally ase — 0 we obtain the Schrodinger map system in conservation.form

Theorem. Given u : RY — M such thatVu, € L2, the Schrodinger map system
otu = JDyoku
u(0, X) = u.(x),

has a global weak solution such thatlC(R, L2) n L®(H?Y).
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