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Discrete breathers are ubiquitous structures in nonliaeharmonic models ranging from the prototypical
example of the Fermi-Pasta-Ulam model to Klein-Gordon imesalr lattices, among many others. We propose
a generalcriterion for the emergence of instabilities of discretedihers analogous to the well-established
Vakhitov-Kolokolov criterion for solitary waves. The aiton involves the change of monotonicity of the
discrete breather’s energy as a function of the breathquénecy. Our analysis suggests and numerical results
corroborate that breathers with increasing (decreasing)gg-frequency dependence are generically unstable
in soft (hard) nonlinear potentials.

Introduction. Discrete breathers, also referred to as intrin-known up to now.
sic localized modes, are time-periodic and exponentiaHy |
calized in space coherent structures that have been extgnsi
studied over the last three decades; see, &ld), [1, 2]. Tdleir
evance has been recognized not only theoretically but, impo
tantly, via physical experiments in areas as diverse apbese

son junction arrays [3,] _4], micro-me_chanical cantilever_ar ie., atH'(w) = 0, whereH is the breather’s energy. The
rays [5,[6], coupled antiferromagnetic layer5 (7], eleiti previously known lattices that exhibit energy thresholdis f

transmission lined [8], halide-bridged transition metaine discrete breathers like if [26.127] represent case exanoples

plexes [9], and torsionally-coupled pendulal[10] among nu- 4 instability transition. Yet, here we illustrate ten-

merous others. Remarkably, their areas of purview contlnugra"ty of such a conclusion both through an analytical theo

to grow With a recentﬁample bein_g, €.9. gfa““'af crystalgng through a number of prototypical numerical examples
in material science [11, 12]. Essentially, it is recognitfeat (KG, monoatomic FPU, and diatomic FPU). In the vicinity

broag.classlesfof nonll_inear dynamical Iatti(?ei, includihtg t of the bifurcation point, wherdl’(w) = 0, our asymptotic
p?ra igmatic ( obrl ”gﬁrﬁr suencel)l casE 0 tf eI Ferm ePdas analysis and numerical computations suggest the following
Ulam (FPU) proble 4], as well as that of Klein-Gordon yenéra| conclusion: Breathers with increasing (decregsin

(KG.) chains supporta pIe_thorg of S.UCh states. energy-frequency dependence are generically unstabtdtin s
Since the energy function is typically the only conserved .4y nonlinear potentials. On the other hand, breathers
quantity for the FPU and KG chains, stability criteria thatwith decreasing (increasing) energy-frequency deperedenc

are well-established for solitary waves, such as the famous, s (hard) ; : :
. I potentials are generally free of the insigbil
Vakhitov—Kolokolov (VK) slope conditiorl [15o not apply associated with this criterion, yet they may experience

to clas§ify their stability. As a result, most s.tudies Omta other instability forms (including e.g. period doublings,
ity ofdlscrgte _breathers_ch|eﬂy rely on nur_nencal experitse oscillatory instabilities, etc.[1.]2]). Let us mention tha
and aqualltanve_ analys_ls O_f e_|genv_alu_es in the FloquetEl here, the potential is referred to as hard (soft) when the
spectra of the time-periodic linearization operators [i9- energy-frequency dependence of individual oscillators is

Some analytical results on the stability of discrete bresth monotonically increasing (decreasing)28
for KG lattices were obtained by using the limit of small 4 9( 0)l[28]

coupling between nearest lattice sites, typically refir@ ) ) ) _

as the anti-continuum (AC) limif [20]. In this limit, asymp- ~ Mathematical SetupWe consider a one-dimensional (1D)
totic stability of the fundamental (single-site) breatheras chain of nonlinear oscillators under Newtonian dynamics:
established in[[21]. Spectral stability of excited (m:fl':gﬁre)

breathers was classified near the AC limit in the wor [22— . / _ _ e

24], depending on the phase difference in the nonlineat-osci " V' un) = Wittngs = tn) = Witn = tn-a), (1)
lations between different sites of the lattice. More relyent

nonlinear instability of spectrally stable two-site blteats wheren is defined on a 1D latticd; is an on-site (substrate)
was shown in[[25]. Nevertheless, an overarching criterion opotential andV is the inter-site potential for nearest-neighbor
breather stability tantamount to the VK criterion remains u interaction. Bothl” andWW are assumed smooth. The associ-

In this work, we fill in this important void by deriving a
universal energy criterioboth for the KG and FPU lattices.
In particular, we show that a transition from stability tctia-
bility of a discrete breather will occur at frequencywhere
the energy-frequency dependence features an extremum
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wherew,, is a perturbation ta:,,. According to the Floquet

/'\\ theory, we are looking for solutions of the linearized eéprat

% /) \ @) in the formw,, (t) = eMW,,(7), where € C is a spectral

o1 ““‘\\\\ parameter andlV,, (7 + 27) = W, (7). The spectral stability
(ORI

problem is then

SRS

0 gy 0 10 WW/(T) + 200W/(T) + N2 W, (1)
m

- y n VU () Wa(r) = CAW (7). (5)

15 18 The (continuous) spectral bands can be identified on the
3 517 unit circle in terms of the Floquet multipliegs = ¢*”. To
£ T, be precise, the two bands are locateghatf) = e+«

5 15 wherew () = /1 +4Csin® (£), 0 € [-m,7]. We assume

T P 559 5905 that the two bands are bounded away from the unit multi-

w 3 plier uo = 1, which corresponds to the isolated eigenvalue

1 1.04 Ao = 0 in the spectral probleni{5). Because of the transla-

103 tional invariance symmetry (in time), we note that the itada
13 eigenvalue\y = 0 is at least double. Indeed, the eigenvec-
=12 =102 tor W,,(r) = Uj,(7) satisfies[(b) forx = 0. Furthermore,

11 101 the generalized eigenvectdr,, (7) = 9,U,(7) satisfies the

derivative of [) in) for A = 0 given by
! 2.25 2.3('0 2.35 24 0.1985 089 0.995

(LOL,U ) (1) = 20U/ (1), (6)

FIG. 1: Breathers in a 2D KG lattice with a hard quartic pa&nt
in the case ofC = 0.5 (left panels) and a Morse potential with
= 0.2 (right panels). The top panels show the profile of two _ Ry 2y
unstable breathers with a portion of the unit circle showrthia (LW)n(7) = CAW)o (1) = VI (Un(7))Wa (7) = w W,/ (7)
inset, corresponding t&' = 0.5, w = 2.3 (left) andC = 0.2, .

w = 0.992 (right). Central panels shows the energy-frequency de'!S the linearized operator for the spectral probIEIn (5).
Let us assume that the kernel df is exactly one-

pendence, whereas the bottom panels display the Floquépheub

with |z > 1 (i.e., associated with instability) versus dimensional with the eigenvectd¥, (r) = U, (7). This
assumption is generally satisfied because no other symmetry

exists in the lattice[{1) besides the translational symynietr
ated energy function for the lattidgl (1) is given by time. The most typical scenario of a discrete breather becom
ing unstable occurs when a pair of Floquet multipliemn the
1. unit circle coalesces at, = 1 and splits along the real axis.
H= Z 5“721 + V(un) + Wlupsr — tn). (2) At the critical point, the eigenvalug, = 0 of the spectral
nez problem [b) is assumed to have a higher-than-two-algebraic
multiplicity. It is exactly that condition which will prode
us with the energy criterion for spectral stability of disier
breathers, as follows.

The condition that\; = 0 is at least quadruple (by Hamil-
tonian symmetry, it has an even multiplicity) is equivalent
the Fredholm condition of existence of a solution to the sec-
ond derivative of[(b) in\ for A = 0. Using the projection
techniquel[28] yields the solvability condition in the form

where

If W’(u) = Cu with coupling constant while V' satisfies
V'(0) = 0 andV”(0) > 0, the chain is referred to as the
Klein—Gordon (KG) lattice. If”'(u) = 0 while W satisfies
W’(0) = 0 andW”(0) > 0, the chain is referred to as the
Fermi—Pasta—Ulam (FPU) lattice. For clarity, we describe o
results for the KG lattice and draw parallels to the FPU case.
Discrete breathers of the KG lattice dfeperiodic solu-
tions withu,, (t+7') = wu,(t) for everyn. Setting the breather
frequency tav = 27/T, we can normalize the period of the 27
breather to2r usingu,(t) = U,(r), wherer = wt and 0 :/ ZU;(T) [2wd, U] (1) + U, (1) dr = TH'(w),
U,(t + 27) = Uy,(7). The profileU,, also depends on fre- 0 nez
guencyw. We then have
whereH (w) is the time-independent breather energy that fol-
WQU,’[(T) + V'(Un(1)) = C(AU), (1), (3) lows from [2). The higher multiplicity condition (signatin
the potential transition between stability and instajlits
where (AU),, denotes the discrete Laplacian. The spectrathus satisfied ifw is a critical point of the breather energy
stability of discrete breathers is determined by the liizeat H(w).
equations of motion The solvability condition’ (w) = 0 cannot be satisfied in
the AC limit, where the individual oscillator is always skab
Wy, + V' (un)w, = C(Aw),, (4)  with H'(w) > 0 for hard potentials and/’(w) < 0 for soft
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FIG. 2: Breathers in a monoatomic FPU chain with= —1, 5 = 1.
Left (right) panels corresponds to the Sievers—TakenogPapde.
The top panels show the breather profiles, in the strain hasidor

w = 2.1. The middle panel shows the energy-frequency dependenc
whereas the bottom panel displays modulus of the Floqueiptiul
ers with|u| > 1 versusw.

potentials [[28]. However, far from the AC limit such a bi-
furcation may (and often does) occur. If at the critical poin
Ao = 0 is exactly quadruple, i.e., if a pair of simple Floquet
multipliers coalesces with the double unit multipligy = 1
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FIG. 3: Gap breathers in a diatomic FPU chain fdraad potential
with o = —1, 8 = 1, e = 0.8 (left) and asoftpotential witha = 0,

g =-1 ande = 0.7 (right). The top panels show the breather
profiles, in the strain variable, far = 1.7 (left) andw = 1.4 (right).
Blue (red) dots correspond to the more (less) massive fewtithe
middle panel shows the energy-frequency dependence, ashére
bottom panel displays the modulus of the Floquet multiplieith
|| > 1 versusw.

connecting the two bases in a pair/[29].
Fig.[d shows the energy-frequency dependence for a fixed

at H'(w) = 0, then an expansion of the eigenvalue problemeqypling constant’, as well as the most unstable real Floguet

(8) near the bifurcation point yields:

NTH' (W) + MM+ 0O(\°) =0, 7)
whereM # 0. Then, if M > 0, the breathers are stable
if H'(w) > 0 and unstable iff’'(w) < 0, whereas ifM <

0, then the breathers are stableAf(w) < 0 and unstable

if H'(w) > 0. Detailed asymptotic analysis [28] suggests

that the former case is intrinsic for hard potentials and th
latter case is typical for soft potentials, at least in thekbm
amplitude limit of KG breathers.

The same conclusion is also drawn in the FPU case whe

reformulated in terms of the strain variable = w11 — un,
because it is the strain variable that decays to zero attifin
for FPU breather$ [28].

Numerical illustrations: 2D KG breathersie consider a
two-dimensional (2D) version of the KG lattice with the hard
¢* potential V(u) = u?/2 + u*/4 [6] and the soft Morse
potential V() (exp(—u) — 1)2/2. The latter has been
ubiquitously utilized for the study of breathers in DNA déna

uration settings where it is used to model the hydrogen bond?/2 + au3/3 + Bu*/4. In the monoatomic casé/,, =

multiplier (recall that instability is tantamount tp| > 1) for

both hard and soft potentials. We observe a perfect correla-

tion, as prescribed by the theory, between the stabilitpgka

and energy extrema. Indeed, the breather is stable (uaytabl

at the regions of increasing (decreasing) enéidy) for hard

potentials, and this trend is reversed for soft potentials.
Notice that in the case of the hard potential, the breather is

still stable for everyw past the upper limit shown in Fig] 1.

q—lowever, in the case of the Morse potential, an instability

emerges forw below the lower limit of the figure. This
instability not predicted by our energy criterion pertatns
the exchange of instability (precursor of breather maopilit
that typically occurs within the Morse potential [30].

Numerical lllustrations: 1D FPU breathersWe consider
both monoatomic and diatomic FPU chaihs [14]. In general,
these chains are modeled by the FPU equation

My, = W (Uups1 — un) — W (tp — un—1), (8)

with A7, being the particle masses. We chodséu)

1



4

for all sites, whereas, in the diatomic cadé, = 1 forn even  with the energy criterion for soft potentials, the instaipibf
andM,, = 1/¢% for n odd, where? is the parameter for mass such gap breathers is perfectly correlated with the inangas
ratio of the diatomic FPU chaif [18,]19]. energy-frequency dependence,

It was demonstrated if [27], for teonoatomic chairthat
the large-amplitude breathers possess a minimuril @f)
since their amplitude does not tend to zero at the band ed
w — 2. The energy threshold exists wharis taken below a
critical value ofa, = —/3/2 ~ —0.86 (for 3 = 1). How-
ever, in [27], the instability past the energy minimum was no
considered. Here we show that the energy threshold regults i
the change of stability of discrete breathers. Conclusions.In this work we have presented a systematic

As is typically the case in both FPU and KG chains, thereand general energy criterion for spectral stability of tinees
are two principal breathers, the so called Sievers—Takeni nonlinear dynamical lattices. The energy stabilityemiiin
(bond-centered) and Page (site-centered) modes. The fdier discrete breathers is strongly reminiscent of the Vk cri
mer is, in general, exponentially unstable. Figl 2 showsterion for solitary waves; in fact, as illustrated In[28] re-
as dictated by our stability criterion for hard potentialsat ~ ducesto the VK criterion in the small amplitude limit where
an exponential instability arises at the energy minimum forthe breathers can be approximated as solitary waves. In view
bothmodes whens — 2. In the Page mode, this transition Of that, the proposed criterion can be considered as thei-defin
manifests itself as the appearance of an exponential ihstabtive analogue of the VK criterion for breathers.

ity of the previously stable structure. In the already ublsta  \ye have then corroborated the validity of the energy crite-
Sievers-Takeno mode, a second unstable Floquet multipligfyp, for stability of discrete breathers via a wide range otin
appears as — 2 (for a secondary instability which rapidly g5 poth KG and FPU, both 1D and 2D, both homogeneous
overtakes the previous one as the instability with the kstrge 5,4 heterogeneous, showcasing that its generality tradsce
growth rates). - _ _ the specific such properties of the model. It follows from our

In thediatomic casethere is an opening of a frequency gap yymerical results that the breathers are unstable in haft) (s
within the phonon spectrum, potentials if the energy-frequency dependence is decrgasi
(increasing) and stable otherwise.

Finally, gap breathers also exist for hard potentials,
bifurcating from the top of the acoustic band, see the left
gr?anels on Fig[J3. Their stability and energetic properties a
similar to the breathers in the monoatomic FPU lattice, also
necessitating a non-zendfor the existence of energy minima.

22W"(0) < w? < 2W"(0).
Admittedly, a general classification of instabilities of

This allows the existence of breathers with frequendy the  breathers (more generally of periodic orbits, includingiho
gap of the phonon spectrum (so-callgab breathers Such localized ones, such as plane waves in Hamiltonian systems)
structures can exist even in the case of soft potenfials [31]n the same spirit as the well developed theory of solitary
bifurcating from the bottom of the optical phonon band; seewaves of the nonlinear Schrodinger equation is still ineom
also [11] for a relevant experimental manifestation of suchplete. Nevertheless, the present criterion we believesteon
modes. For the soft potential, see the right panels on[Fig. 3utes an important step towards future work in this direttio
no global energy minimum exists but extrema in the energyand on understanding nonlinear stability of breathers tn la
frequency curve may occur evemif= 0. In a full agreement tices.
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