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Abstract

PARAMETER INFERENCE AT THE LARGE HADRON COLLIDER USING
NEURAL LIKELIHOOD RATIOS, AND A MEASUREMENT OF THE HIGGS

BOSON DECAY WIDTH USING THE ATLAS EXPERIMENT

FEBRUARY 2025

JAY AJITBHAI SANDESARA

B.Sc., GUJARAT UNIVERSITY

M.Sc., DURHAM UNIVERSITY

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Prof. Rafael Coelho Lopes de Sá

A new statistical technique is developed for physics parameter estimation at the Large Hadron Collider

(LHC) that uses modern deep-learning tools to realize a more general and fundamental approach to

data analysis compared to the ad-hoc techniques commonly used. Coming under the general umbrella of

Neural Simulation-Based Inference (NSBI) techniques, the new work�ow uses a large number of Neural

Networks (NNs) to directly learn event-by-event likelihood ratios and thus handles high-dimensional

parameter estimation without the need to bin data into low-dimensional summary histograms. We

developed novel techniques for parameterizing the likelihood ratios as a function of a large number of

parameters common in LHC experiments and created modern computational work�ows that make it

possible to apply NSBI to a full-scale ATLAS experiment analysis.

A measurement of the Higgs boson in the o�-shell phase space is then performed using the new

work�ow, in the H � ! ZZ ! 4` channel. The evidence sensitivity is increased by a factor of3:1 using

the new technique in theH � ! ZZ ! 4` channel, compared to the previous measurement published

by ATLAS using the same Run-2 data with more standard techniques. A combination of this channel

with the o�-shell H � ! ZZ ! 2`2� channel is done �nding evidence for the o�-shell Higgs boson with

iii



3:7� con�dence level, superseding the last measurement. The o�-shell measurement is then combined

with the on-shell measurement for an indirect measurement of the Higgs boson decay width under

a few assumptions. The observed (expected) value of the Higgs boson width at 68% CL is4:3+2 :7
� 1:9

(4:1+3 :5
� 3:4) MeV.

This new method is promising for a wide range of measurements at the LHC, where no single

observable may be optimal to scan over the entire theoretical phase space under consideration, or where

binning data into histograms could result in a loss of sensitivity. It also o�ers easy re-interpretability

and broader use.
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4.3 The relativistic Breit-Wigner distribution of the Higgs boson resonance with a width
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4.12 The NN discriminant used as a summary statistic in the �rst Run-2 analysis of the o�-
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Introduction

At the Large Hadron Collider (LHC), the ATLAS and CMS experiments widely employ frequentist

composite hypothesis testing to detect evidence of fundamental interactions of elementary particles

produced during proton-proton collisions and to establish con�dence limits on relevant parameter

spaces. This hypothesis testing often involves reducing complex, multi-dimensional detector outputs

into low-dimensional distributions using speci�c mapping functions or discriminant variables that op-

timally separate Monte Carlo (MC) simulated signals from the backgrounds. Histogram templates

of these variables are constructed and used to �t the parameters of interest to the observed data,

while simultaneously pro�ling away the nuisance parameter e�ects associated with various sources of

uncertainty in the physics modeling and detector response. The �t is performed bin by bin using a

maximum likelihood estimation method, with the assumption that the number of events in each bin

follows a Poisson distribution.

These techniques have been optimized for resonance measurements at the LHC, aiming to minimize

Type II errors (false negatives) while remaining robust against Type I errors (false positives). As the

LHC enters a precision era, traditional resonance searches where the observables scale linearly with

the parameter of interest are being complemented or replaced by measurements of non-resonant e�ects

with observables that follow a more complex parameter dependence, such as those explored within

the E�ective Field Theory (EFT) framework. This increasing complexity and precision required in

LHC analyses necessitate the adoption of more general inference techniques that dont rely on ad-hoc

assumptions.

Neural Simulation-Based Inference (NSBI), also sometimes referred to as Simulation-Based In-

ference [1] or Likelihood-Free Inference [2], is a class of deep learning techniques for statistical in-

ference that e�ectively handles high-dimensional data without relying on low-dimensional summary

histograms. They are also by construction optimal throughout the parameter space being scanned

over, regardless of the complexity in the parameterization. In this thesis, I develop a type of NSBI

analysis to be applied to the ATLAS experiment, that utilizes over 10,000 neural networks to esti-

mate precise and accurate event-by-event parameterized likelihood ratios. These carefully estimated

per-event likelihood ratios are then directly used to �t the parameters of interest using the standard

negative log-likelihood ratio test statistic. While NSBI techniques in general have been widely em-

ployed in Bayesian settings and toy phenomenological models, this work represents the �rst application

of NSBI methods for frequentist parameter inference in a full-scale particle physics experiment. This

advancement was made possible through novel developments presented here that enable the param-

eterization of likelihood ratios as functions of an arbitrary number of uncorrelated parameters, as
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Figure 1: The invariant mass mZZ distribution of the H ! ZZ ! 4` decay channel shows a large
non-resonant Higgs boson signalgg ! H � ! ZZ ! 4` (S) o� its mass shell of 125 GeV, along with a
large quantum interference (S+I) with the background gg ! ZZ ! 4` (gg bkg.) in this phase space.
The measurement of the o�-shell Higgs boson production is measuring the S+I distribution shown in
the �gure.

well as the implementation of innovative computing work�ows leveraging large-scale GPU and CPU

infrastructures.

For a �rst application of this novel technique, a measurement of the o�-shell Higgs boson produc-

tion in the H � ! ZZ ! 4` decay channel is done. This production is an example of non-resonant

production with a large signal-background interference that lowers the optimality of standard tech-

niques in minimizing Type II errors. Fig. 1 shows the large signal-background interference distribution

compared to the non-resonant signalgg ! H � ! ZZ ! 4` distribution in the phase space regions

mZZ & 180:0 GeV. The measurement uses the 140 fb� 1 of integrated luminosity collected by the AT-

LAS detector during the Run 2 proton-proton collisions of the Large Hadron Collider at
p

s = 13 TeV

and supersedes the previous result in this decay channel using the same dataset.

The observed (expected) o�-shell Higgs boson production signal strength in theZZ ! 4` decay

channel, for which the NSBI techniques have been used, is0:87+0 :75
� 0:54 (1:00+1 :04

� 0:95) at 68% CL. The pre-

viously published result [3] using the same dataset did not achieve an expected sensitivity to quote a

two-sided interval at this CL, which the new measurement does due to improved sensitivity. The ex-

pected plus-side uncertainty is reduced by 10%, while the evidence for o�-shell Higgs boson production

has an observed (expected) signi�cance of2:5� (1:3� ) using the ZZ ! 4` decay channel only. The lat-

ter represents an observed (expected) improvement of 300% (260%) in excluding the background-only
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hypothesis, compared to the previously published analysis using the same data.

When the new measurement in theZZ ! 4` decay channel is combined with the most recent

ATLAS measurement of the o�-shell Higgs boson in theZZ ! 2`2� decay channel, which used standard

inference techniques, the evidence for o�-shell Higgs boson production has an observed (expected)

signi�cance of 3:7� (2:4� ). The o�-shell measurements in theZZ ! 4`; 2`2� channels are combined

with the measurement of on-shell Higgs boson production in theZZ ! 4` decay channel to obtain

constraints on the Higgs boson total width, under certain assumptions. The observed (expected) value

of the Higgs boson width is found to be4:29+2 :66
� 1:88 (4:10+3 :51

� 3:44) MeV at 68% CL, in agreement with the

SM value.

The work presented in this thesis has resulted in several publications:

ˆ The ATLAS collaboration, Measurement of o�-shell Higgs boson production in the

H � ! ZZ ! 4` decay channel using a neural simulation-based inference technique in 13 TeVpp

collisions with the ATLAS detector [4].

ˆ The ATLAS collaboration, An implementation of neural simulation-based inference for parameter

estimation in ATLAS [5].

ˆ Sandesara et al,ATLAS Data Analysis using a Parallel Work�ow on Distributed Cloud-based

Services with GPUs[6].

ˆ Barreiro Megino, et al, Operational Experience and R&D results using the Google Cloud for High

Energy Physics in the ATLAS experiment[7].

ˆ The ATLAS collaboration, Evidence of o�-shell Higgs boson production fromZZ leptonic decay

channels and constraints on its total width with the ATLAS detector[3].

ˆ The ATLAS collaboration, E�ective �eld theory interpretation of the measurement of o�-shell

Higgs boson production fromZZ ! 4` and ZZ ! 2`2� decay channels with the ATLAS detec-

tor [8].

The thesis is arranged in a pedagogical way, with a brief introduction to the ATLAS experiment

(Chap. 1) and the subsequent chapters going from the general review of the statistical framework

used at the LHC experiments (Chap. 2) to the introduction of the novel statistical method using NSBI

techniques (Chap. 3), followed by a full-scale analysis of the o�-shell Higgs boson and an interpretation

of this measurement to constrain the Higgs boson decay width (Chaps. 4, 5, 6, 7), and �nally going

into the details of the computational challenges involved in this measurement using NSBI techniques

with practical solutions for wide-scale use within the LHC (Chap. 8).
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Chapter 1

The ATLAS Detector

A brief description of the ATLAS detector is given here for completeness, partly based on the template

provided by the collaboration. Focus is on the Inner Detector track reconstruction to set a basis for the

introduction of some new developments done towards building low-level validation tools for the various

stages of the full track reconstruction chain. Note that this chapter is not essential to the development

of Neural Simulation-Based Inference techniques presented in the rest of the thesis.

The ATLAS detector [9] at the LHC covers nearly the entire solid angle around the proton�proton

collision point. It consists of an inner tracking detector surrounded by a thin superconducting solenoid,

electromagnetic and hadron calorimeters, and a muon spectrometer incorporating three large super-

conducting air-core toroidal magnets. The full layout can be seen in Fig. 1.1.

1.1 The ATLAS Coordinate System

The ATLAS experiment uses a right-handed coordinate system with its origin at the nominal interac-

tion point (IP) in the centre of the detector and the z-axis along the beam pipe. Thex-axis points from

the IP to the centre of the LHC ring, and the y-axis points upwards. Cylindrical coordinates(r; � )

are used in the transverse plane,� being the azimuthal angle around thez-axis. The pseudorapidity

is de�ned in terms of the polar angle� as � = � ln tan( �=2). Angular distance is measured in units of

� R �
p

(� � )2 + (� � )2. The geometric layout is shown in Fig. 1.2.

The transverse momentumpT of a particle reconstructed in the ATLAS detector is given by

pT =
q

p2
x + p2

y ;

wherepx and py are the components of the momentum vector in the plane perpendicular to the beam

axis. The transverse energyET is similarly de�ned as ET = E sin � , whereE is the total energy and �

the polar angle relative to the beam axis. These transverse de�nitions are important because the initial

momentum along the beam axis is not precisely known, whereas the net initial transverse momentum

is always zero. The missing transverse energyE miss
T (or ~E miss

T ) is the negative of the vector sum of

measured transverse momenta of all the selected and calibrated physics objects in the detector, with
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Chapter 1. The ATLAS Detector

Figure 1.1: The layout of the full ATLAS detector at the Large Hadron Collider. The Pixel, Semi-
conductor and Transition radiation tracker constitute the Inner Detector, which is immersed in a2T
magnetic �eld parallel to the beam axis produced by the Solenoid magnet. The Inner Detector is fol-
lowed by electromagnetic and hadron calorimeters, and a Muon spectrometer chambers incorporating
three large superconducting Toroid magnets.

a soft term added to account for soft energy that is not associated with any of the selected objects

~E miss
T = �

X

i

pT;i �
X

pT;soft :

This quantity for example, captures transverse energy contributions from neutrinos or other weakly

interacting particles that escape detection, resulting in a non-zero sum in the transverse direction to

the beam pipe (or along with x � y plane). The transverse quantities de�ned here will be used in the

o�-shell Higgs boson analysis described in Chap. 5, with theE miss
T playing a key role in theZZ ! 2`2�

decay channel with neutrinos in the �nal state.

1.2 The Inner Detector

The inner-detector system (ID), shown in Fig. 1.3, is the innermost ATLAS sub-detector system. Its

entire volume is immersed in a 2T magnetic �eld along the axis from a solenoid magnet surrounding

it, and it is responsible for reconstructing the trajectories of charged particles originating from the the

LHC interaction point (IP) in the range j� j < 2:5. The layout and technology of the ID are hereby

described, followed by a brief account of the full chain of track reconstruction, and some corresponding

versatile tools for validations of the reconstruction chain at the low-level stages, before the �nal track

formation.
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Figure 1.2: The ATLAS detector coordinate system. The de�nitions of the various quantities are given
in Sec. 1.1. Figure source code taken and modi�ed from Ref. [10].

Figure 1.3: The ATLAS Inner Detector system. Figure taken from Ref. [11].
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1.2.1 Detector Layout and Technologies

The ID is organized in concentric cylindrical layers around the beam line, as shown in Fig. 1.4, extending

into forward regions with disk-like endcaps, shown in Fig. 1.3. The main detector technologies are

the Pixel Detector, the Semiconductor Tracker (SCT), and the Transition Radiation Tracker (TRT).

Together, they provide measurements of a charged particle's position over multiple radii, enabling

robust momentum determination and precise vertex reconstruction.

Pixel Detector

The Pixel Detector is the innermost subsystem of the ID and is located closest to the beam pipe. It

consists of silicon pixel sensors with a very �ne pitch. The pixel modules are arranged in cylindrical

�barrel� layers and �endcap� disks, as shown in Fig. 1.5, ensuring good acceptance in pseudorapidity up

to about j� j � 2:5. The barrel region consists of four concentric layers, and together with the endcap

disks comprises of roughly 92 million pixels, with an equal number of readout channels, providing

excellent spatial resolution.

The �rst layer is labeled Insertable B-Layer (IBL), a new tracking layer added before the start of

Run 2 and which is the closest to the beam pipe and designed to improve the precision and robustness

of ID track reconstruction. The remaining layers are labeled Layer 0 (L0), Layer 1 (L1) and Layer

2 (L2) in order of succession from the beam pipe. Each pixel in the detector sub-layers, achieves a

spatial resolution of about 10�m in the transverse plane and115�m along the beam pipe axis. In the

IBL, the longitudinal resolutions along the beam pipe axis are further reduced to60�m [12]. The four

layers of he Pixel Detector can provide up to four hits for a single particle, one per layer, each with

enough information to be converted into three-dimensional spacepoints as will be discussed in Sec. 1.3.

Semiconductor Tracker (SCT)

Surrounding the Pixel Detector is the Semiconductor Tracker (SCT), which employs silicon micro-strip

detectors (as opposed to individual pixels in the Pixel detector). Each module consists of two pairs

of back-to-back single-sided silicon strip sensors with a 40 mrad angle between them. This geometry

helps to resolve the two-dimensional position of particle hits, complementing the �ne granularity of the

pixel measurements. Like the pixel system, the SCT detector system is arranged in four barrel layers

and two endcaps with nine disks each, as shown in Figs. 1.3 and 1.4. The coverage is also the same as

Pixel detector system, covering particle trajectories withinj� j < 2:5. Each of the four SCT layers o�er

a precision of580�m along the beam pipe and17�m in the transverse direction, considerably lager

than the precision in the Pixel detector. As such, fewer readout channels are required adding up to

over 6 million for the full sub-detector system.

Transition Radiation Tracker (TRT)

The TRT is the outermost part of the ID, composed of thin gas-�lled straw tubes interleaved with

radiator material. Charged particles crossing the boundaries of materials generate transition radiation,

which is more intense for lighter particles such as electrons compared to heavier charged particles. This
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Figure 1.4: A simpli�ed layout of the various sensors and structural elements constituting the ATLAS
Inner Detector. IBL stands for the Insertable B-layer introduced before the start of Run-2, followed
by the Pixel detectors, the Semi-conductor Trackers (SCT) and the Transition Radiation Trackers
(TRT). The red line shows a charged particle track with 10 GeV transverse momentumpT and � = 0 :3
traversing the Inner Detector. Figure taken from Ref. [13].

feature helps with electron identi�cation at intermediate and high momenta. The straw tubes also

measure drift times to provide a position measurement along the azimuthal coordinate, adding further

con�rmation of the track and improving overall tracking e�ciency and robustness.

1.3 Event Reconstruction in the ID

When a charged particle passes through the silicon or gas-based subdetectors of the ID, it leaves

localized energy deposits (hits). These hits are read out by the front-end electronics, digitized, and

sent to the data-acquisition (DAQ) system, if the event leaving the hits is accepted by the Level-1

trigger [14]. Tracks and vertices of charged particles are reconstructed using the hits in the ID, and

the corresponding information is used to reconstructphysics objectssuch as the electrons, muons or

hadronic jets. The simulations of the signatures left by these objects, both in the ID and other parts

of the detector, are shown in Fig. 1.6. Detailed algorithms for track and vertex reconstruction are

described in Ref. [15], but parts of it will be discussed here as a basis for the introduction of some

novel validation tools in Sec. 1.4.
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Figure 1.5: The schematic of the ATLAS Inner Detector (ID) system, in ther � z plane. Figure taken
from Ref. [13].

Figure 1.6: A simulation of the various particles interacting with the di�erent sub-detector systems in
the ATLAS detector. Figure taken from Ref. [16].
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Figure 1.7: General structure of an Athena application. More details in Ref. [18], from which this
�gure is taken.

The Athena framework

The entire codebase used for event reconstruction inside the ATLAS experiment is contained in the

open-source software framework called Athena [17]. An Athena application consists of dynamically-

loadable components, which implement the concepts of Algorithms, Services, and Tools, described

below:

1. Algorithms are used to process the data accessible from a shared event store. They read objects

from the shared store and write new objects back to the store for use in subsequent algorithms.

2. Services are objects used by other components. For example the event store itself is a service,

and so is error logging, and random number generation used in the reconstruction. The Service

class is designed to provide dedicated functionality during the entire program execution, e.g. the

central data storages (transient event store or the detector store) are realised as ATHENA Service

objects. Service instances are handled by a central ExtSvc manager, that regulates initialisation

and �nalisation.

3. Tools serve as helpers for other components in Athena. They may be uniquely owned by Algo-

rithms, Services, or even other Tools.

A typical reconstruction job in Athena thus makes use of hundreds of these Algorithms, Services, and

Tools, all of which must be correctly con�gured in order for the job to run. A schematic of a typical

Athena application is shown in Fig. 1.7. More details can be found in Ref. [18].

1.3.1 Track Reconstruction

The �rst step in reconstructing a collision event inside the ATLAS detector is the track reconstruction of

charged particles in the ID. The track reconstruction algorithm is described in Ref. [15], and additional
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Figure 1.8: A �owchart of the various stages of ID track reconstruction. A �rst inside-out primary
pass (top) is performed followed by an outside-in secondary backtracking pass (bottom). Figure taken
from Ref. [18].

details on the track reconstruction can be found in the dedicated paper [19]. The thousands of hits

produced in the silicon detectors of the ID, from each hard-scattering event stored for o�ine processing,

are converted into high-quality tracks through a successive execution of algorithms. As shown in

Fig. 1.8, this is divided into two passes - �rst, an inside-out approach starts from reconstruction using

the hits in the silicon layers (pixels and SCTs) of the ID, with outward extrapolation by searching

for hits in the TRT that are compatible with the silicon layer hits. This baseline approach for track

reconstruction is also known as the Primary Tracking Pass, and is followed by anoutside-in Back-

Tracking pass, where track segments reconstructed from the TRT hits are extrapolated inwards by

searching for compatible hits in the silicon layers. The focus of this section will be on the inside-

out primary tracking pass. The main algorithm within the Athena framework that encompasses this

inside-out stage of the track reconstruction isSiSpSeededTrackFinder 1.

Each ID track is parameterized by �ve parameters and a reference point,

(d0; z0; �; �; q=p ) (1.1)

using a perigee representation depicted in Fig. 1.9. The �rst two parameters are the transverse and

longitudinal impact parameters d0 and z0, de�ned as the transverse and longitudinal distances of the

single point of closest approach transverse to the reference point. The other three parameters are the

azimuthal angle � and the polar angle� of the track momentum at the reference point and the ratio

q=pof the charge of the reconstructed track divided by the magnitude of its momentum. The reference

point used is the average measured position of the proton�proton interactions, also referred to as the

beamspot position.

1The code corresponding to the algorithms and tools listed in this chapter can be found in the Athena framework [17].
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Figure 1.9: The perigee representation(d0; z0; �; �; q=p ) used to parameterize ATLAS ID tracks. Figure
taken from Ref. [20].

Clustering and Spacepoint formation

One of the �rst steps in track reconstruction is the formation of clusters and spacepoints from raw

digitized signals. This stage is crucial for measuring the positions of charged-particle hits in three

dimensions, enabling subsequent pattern recognition and track �tting. Clusters are formed using

signals from adjacent channels of pixels and SCT sub-detectors, interpreted as deposits left by in-

dividual traversing charged particles. The clusters from the single pixel-layer and from the pairs of

one-dimensional SCT clusters on either side of each sensor module, de�ned earlier, are then further

converted into three-dimensionalspace-points. These space-points are the beginning of the track re-

construction process, with the top-level algorithm SiTrackerSpacePointFinder . The clusterization

is done using thePixelClusterization and SCT_Clusterization algorithms, and the spacepoint

formation proceeds through theSiTrackerSpacePointFinder algorithm.

Track Seeding

The primary track reconstruction pass starts by forming track seeds, which are a combination of

three consecutive space-points (SP), in either the Pixel or SCT subdetectors. The seeding stage

is motivated to maximize the number of possible SP combinations that can potentially result in a

good quality track matched to a charged particle. This step of the reconstruction is handled by

the SiSPSeededTrackFinderalgorithm within Athena. To start, all possible combinatorial triplets are

tested as seeds, with their momentum and impact parameters estimated coarsely by assuming a perfect

helical extrapolated trajectory. These track seeds then have some loose selection criteria, based for

example on the impact parameter and momentum estimates, that are applied to abort reconstruction

of seeds that are guaranteed to produce low-quality tracks. Put another way, the seeds are checked

to be consistent with the expected helical (or nearly helical) trajectory of a charged particle in a 2 T
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magnetic �eld. If these seed patterns are con�rmed to be physically plausible (for instance, by checking

the compatibility of the curvature and directions with a real particle passing through the detector),

the algorithm attempts to attach additional hits from the surrounding layers or the TRT.

Track Extension and Ambiguity Solving

Once an initial track seed has been found, three-dimensional search roads are built through the re-

maining detector based on the estimated seed trajectory, searching for compatible hits in the next

layers. Compatible hits are those whose positions and errors (in conjunction with the estimated track

parameters) satisfy statistical criteria, typically a cut on the � 2 increment when incorporating a new

hit into the track �t. This iterative addition of hits continues outward, culminating in a complete track

candidate that spans multiple layers.

Due to the high occupancy in certain regions and the possibility that multiple seeds could converge

on the same physical trajectory,track ambiguity resolution steps are crucial. Algorithms score track

candidates based on the number of shared hits, the overall� 2, and the number of hits per track,

preferring tracks that exhibit the highest probability of representing a real trajectory while discarding

duplicate or spurious �ts.

Track Fitting and Momentum Determination

Once a set of hits is assigned to a given track candidate, a dedicated track-�tting algorithm re�nes the

trajectory and determines the particle's momentum. Commonly used �tting techniques include the

Kalman �lter, which updates track parameters (position, slope, curvature, etc.) as successive hits are

added. The Kalman �lter can also propagate the covariance matrix of the track parameters through

the inhomogeneous magnetic �eld and material layers, ensuring robust error estimates.

In ATLAS, material e�ects such as multiple scattering and energy loss are carefully modeled.

Multiple scattering in the ID layers can degrade the track resolution, while energy loss (mainly by

ionization) slightly alters the particle's momentum as it passes through the material. The �tting

algorithm corrects for these e�ects to provide an unbiased momentum estimate. A �nal global quality

assessment is performed, including a check of the �nal �t� 2 and the number of degrees of freedom.

1.3.2 Vertex Reconstruction

In parallel with or subsequent to track �tting, reconstructed tracks are used for vertex reconstruction.

Since the ID typically observes a high track multiplicity from each proton�proton collision, vertex-

�nding algorithms must disentangle multiple interaction vertices in a single event (the so-calledpileup).

The primary vertex (or vertices) is identi�ed by maximizing the probability that the observed ensemble

of tracks originates from a common point. Secondary vertices, such as those from long-lived heavy-

�avor hadrons, are searched for in a narrower subset of tracks that exhibit signi�cant impact-parameter

displacements from the primary vertex. This vertexing information is of particular importance for �avor

tagging in analyses that aim to identify b-jets and other processes involving displaced decays.

13
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1.3.3 Data Post-Processing

After the track-�tting and vertexing procedures, the reconstructed tracks are stored in data struc-

tures accessible by the event analysis framework. Additional algorithms perform data-quality checks

to evaluate detector performance, including hit e�ciencies, local alignment checks, and momentum

and impact-parameter resolution studies. These validation steps are critical to ensuring that the ID

performs according to design speci�cations and that subtle e�ects (such as misalignments or sensor

degradation) are properly corrected in the reconstruction.

1.4 ID Tracking Performance Validation

The Inner Detector track reconstruction must balance competing demands: it should achieve high

e�ciency in �nding genuine tracks (to avoid losing signal particles), maintain a low fake rate (so as

not to degrade analyses with spurious tracks), and operate within a reasonable time budget given the

enormous number of collisions recorded by ATLAS. Advances in algorithms, improved calibration, and

re�ned alignment procedures continue to push the performance envelope, allowing the ID to operate

e�ectively in increasingly challenging conditions, including higher instantaneous luminosities and more

complex event topologies. The detailed reconstruction chain presented in the previous chapter, from

hit formation and calibration, through pattern recognition and track �tting, up to vertex �nding and

quality validation, lies at the heart of the ID's capability to provide high-quality momentum, vertex,

and identi�cation information for charged particles.

Identifying key regions that can be made more e�cient in future upgrades, especially towards

the High-Luminosity LHC era, remains an essential goal. Moreoever, novel developments in the ID

reconstruction algorithm have the possibility to introduce unwanted e�ects or drops in e�ciencies in

the reconstruction procedure and thus need detailed validations. To address these two goals, a new set

of low-level diagnostic tools have been developed for validation accross the various stages of the track

reconstruction.

Seed Maker Validation Ntuple

In the seed making step of the reconstruction chain, seeds are being produced from combinations

of three spacepoints in the pixel and SCT detector modules, as described in Sec. 1.3. A new tool,

called writeSeedNtuple , has been developed for theSiSPSeededTrackFinder algorithm in Athena,

that writes an ntuple 2 with seed information like its (d0; z0; pT ; � ) prediction as well as the(x; y; z; r )

coordinates of each of the three spacepoints used to make the seeds, and other useful quantities like

the event number corresponding to the seed and thedz=dr variable corresponding to top-central and

central-bottom space point pairs. In order to distinguish whether a seed in the ntuple is formed from

Pixel modules or SCT modules, a binaryseedTypevariable is also stored in the ntuple. Moreover the

written ntuple contains the pT and � predictions of track candidates formed by each of these seeds,

along with a binary givesTrack variable indicating if a seed is eventually used to form track candidates

2An ntuple or NTuple, in the context of particle physics, is a simpli�ed data structure that allows for straightforward
access to the parameters in an event.
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Figure 1.10: An example use of the ntuple created from thewriteSeedNtuple tool. The �gures show
the r � z correlation plots of the hits corresponding to the second spacepoint in a seed triplet inside
the Pixel layer of the ID. The right �gure shows the hits corresponding to spacepoints of the seeds
that go on to form tracks, with the left �gure corresponding to seeds that do not form tracks. The 3
layers correspond to the L0, L1 and L2 of the Pixel sub-detector. The IBL hits cannot correspond to
the second spacepoint and are thus invisible in this plot. Note the increased density of SPs in the 2nd
layer of the barrel region for seeds that go on to form track candidates.

or is discarded. The idea behind storing this low-level information corresponding to the seed-forming

stage of the ID reconstruction is to allow for detailed validations of novel and old algorithms as well

as motivate new developments towards more e�cient reconstruction algorithm.

The stored (r; z ) coordinates of the individual SPs, for example, allows one to make correlation

plots that help identify regions of hits that primarily result in track formation by using the givesTrack

entries in the stored ntuple. Along with the seed type information stored in aseedTypebinary variable,

this was used to make the Pixel detector hit plots in Fig. 1.10 using a sample dataset. They show how

the distribution of SPs in the di�erent Pixel layers in�uence the e�ciency of the corresponding seeds

to form viable preliminary track candidates. As can be seen from the two �gures, majority of good

quality seeds for track formation have the second SP hitting the L1 or the endcap layers. This type

of plots can help identify potential cuts and selections for improved e�ciency of the reconstruction

algorithm particularly in seed-�ltering stages, while also providing a robust debugging tool.

Another application of this tool concerns debugging of novel software releases still under devel-

opment that can potentially produce unwanted e�ects due to faulty algorithms or incorrectly used

con�gurations. As an example, consider the missing Pixel hits (and correspondingly more Pixel holes)

observed in a development release compared to the stable Master version shown in Fig. 1.12. The

new tool can be used to create an ntuple using the developmental release, with low-level information

stored for a detailed debugging run. Plotting the x � y correlation plots immedeately identi�ed the

problem to be coming from the outermost Pixel layer, shown on the right plot in Fig. 1.11. A faulty

con�guration of the L2 layer is evident from the peculiar alternating trend in the missing pixels. This

was further investigated usingz � � correlation plots with SP hits in the di�erent Pixel layers - with

the L2 layer showing the locations of the missing pixels, on the right plot of Fig. 1.13

The missing Pixel hits from a development Athena release shown in Fig. 1.12 were found to be
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Figure 1.11: An example use of the validation ntuple made using thewriteSeedNtuple tool. On the
left, is the x � y correlation plot in the barrel layer of the ID, using a stable software release. On the
right, is the same plot focused on the Pixel layers, where a problematic con�guration in a modi�ed
Athena release caused issues with the outermost L2 pixel layer having invisible alternating sensors. The
latter resulted in strange behavior in downstream validations, shown in Fig. 1.12, which was further
investigated and then resolved using this ntuple tool, showing its versatility in both development and
as a debugging tool.

Figure 1.12: An example of a discrepancy between a development release (20.0.16) of Athena and the
Master branch. The left plot shows the number of Pixel hits, and the right plot shows the number of
holes as a function of pseudo-rapidity� . The bottom plots are ratio plots between the development
release and the Master branch. On average, one pixel hit per track seems to be missing (plot on the
left) in the barrel, and instead a hole appears (plot on the right). To investigate the origins of this
discrepancy, the new validationwriteSeedNtuple tool was used, as is shown in Figs. 1.13 and 1.11.
This is just an example issue to showcase the versatility of the tool in general.
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Figure 1.13: An example use of the validation ntuple made using thewriteSeedNtuple tool. The z� �
correlation plots of the hits in the L2 sub-layer (�gure on the right) seems to show missing pixels in
alternate locations of the L2, as is also clear from the right plot in Fig. 1.11. For comparison the left
plot shows the samez� � with the third SP in a seed located in the L1 layer, with fewer missing pixels.
The black shadows in the �gure on the left can be further explained using the new tool, as shown in
Fig. 1.14.

coming from missing Pixels in the L2 layer of the Pixel sub-detector system due to a faulty con�gura-

tion.

Track Finder Summary Table

A summary table that dumps all the important summary logistics of the SiTrackMaker tool, which is

called by the SiSPSeededTrackFinder algorithm among others, has been ported to the newer release

of Athena with support for multi-threaded o�ine reconstruction runs. This summary table was aimed

to be helpful for tuning e�orts in the ID track reconstruction algorithm, and an example of this is

shown in Fig. 1.15. All the counters shown in the table have been made thread safe with the use of

mutexes.

1.5 The Calorimeter System

The calorimeter system covers the pseudorapidity rangej� j < 4:9. Within the region j� j < 3:2,

electromagnetic calorimetry is provided by barrel and endcap high-granularity lead/liquid-argon (LAr)

calorimeters, with an additional thin LAr presampler covering j� j < 1:8 to correct for energy loss

in material upstream of the calorimeters. Hadron calorimetry is provided by the steel/scintillator-

tile calorimeter, segmented into three barrel structures within j� j < 1:7, and two copper/LAr hadron

endcap calorimeters. The solid angle coverage is completed with forward copper/LAr and tungsten/LAr

calorimeter modules optimised for electromagnetic and hadronic energy measurements respectively.
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Figure 1.14: An example use of the validation ntuple made using thewriteSeedNtuple tool. A
problematic software release was diagnosed by investigating the peculiarities in ther � � correlation
plot at the SP formation level. The �gure on the left corresponds to the third SP in L1, forcing the
seed to have IBL+L0+L1 topology. These selections are also done using the information stored in the
ntuple written by the tool. The black shadows (blue circles) in the left plot correspond to a lack of
hits and potentially indicate dead pixels on the layers below. The �gure on the right, with SP hits in
the L0 layer was made to con�rm this (blue circles surrounding missing pixels) and subsequently used
to debug the software release.

Figure 1.15: This table is used to dump all the relevant logistics of the track �nding stage. It contains
useful statistics extracted mainly from the SiTrackFinder and SiCombinatorialTrackFinder tools. The
PPP, PPS, PSS and SSS stand for Pixel-Pixel-Pixel seed, Pixel-Pixel-SCT seed, and so on. DE stands
for detector elements and the term road stands for the 3D roads built during the track reconstruction
stage. The termbrem modelstands for bremstrahlung recovery model used in electron reconstruction.
The Track/Used row refers to the fraction of seeds that result in track formation compared to the total
number of seeds, as a function of the pseudo-rapidity� .
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1.6 The Muon Spectrometer

The muon spectrometer (MS) comprises separate trigger and high-precision tracking chambers mea-

suring the de�ection of muons in a magnetic �eld generated by the superconducting air-core toroidal

magnets. The �eld integral of the toroids ranges between2:0 and 6:0 Tm across most of the detector.

Three layers of precision chambers, each consisting of layers of monitored drift tubes, cover the region

j� j < 2:7, complemented by cathode-strip chambers in the forward region, where the background is

highest. The muon trigger system covers the rangej� j < 2:4 with resistive-plate chambers in the barrel,

and thin-gap chambers in the endcap regions.

1.7 Trigger System

Interesting events are selected by the �rst-level trigger system implemented in custom hardware, fol-

lowed by selections made by algorithms implemented in software in the high-level trigger [21]. The

�rst-level trigger accepts events from the 40 MHz bunch crossings at a rate below 100 kHz, which the

high-level trigger further reduces in order to record events to disk at about 1 kHz.

1.8 Physics Objects and Reconstructed Data

The detailed event reconstruction algorithms, brie�y presented here in the case of the ID sub-system,

are used to recosntruct physics objects and their corresponding four-momenta inside the ATLAS de-

tector for subsequent use in physics analysis. Following are some details of the main physics objects

used in the o�-shell Higgs boson analysis in theZZ ! 4` decay channel, with a more analysis-speci�c

description and corresponding pre-selections described in Sec. 5.2.

ˆ Electrons/Photons : Charged particles like electrons leave the �rst hits in the ID, subsequently

being absorbed by the electromagnetic calorimeter. The reconstructed tracks in the ID, using the

algorithms described in the sections above, are matched to the energy deposits in the calorimeter

for a robust electron object reconstruction. Photons do not play a direct role in the o�-shell

Higgs boson analysis, but can sometimes convert into an electron-positron pair via interactions

with the detector material - leaving tracks in the ID.

ˆ Muons : Muons are also charged particles that �rst interact with and leave tracks in the ID.

Muons, owing to their heavier masses, are not stopped inside the electromagnetic calorimeter

and propagate the entire length of the detector to the outermost MS detector sub-system. They

are primarily identi�ed by tracks or segments reconstructed in the MS and matched to the tracks

reconstructed in the ID.

ˆ Jets : Jets are collimated sprays of particles formed as a result of hadronization of color-charged

or hadronic particles in the �nal state as they traverse through the detector. Jets used in the

o�-shell Higgs boson analysis are reconstructed from particle-�ow objects [22] using the anti-

kt algorithm [23, 24] with radius parameter R = 0 :4. The jet-energy scale is calibrated using

simulation and further corrected with in situ methods [25].
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Neural Simulation-Based Inference

This chapter starts with a review of the general statistical framework for parameter measurements at

the LHC for completeness, followed by a discussion on general limitations of the traditional inference

techniques commonly used. A new inference framework using Neural Simulation-Based Inference tech-

niques is then developed, followed by a cross-section measurement example. The outlook of the new

formalism, including some simpli�cations, will also be discussed.

2.1 Review of the Statistical Framework

The probability density for an inelastic processpp ! A in a particle collision experiment is character-

ized by the n-dimensional inclusive di�erential cross-sectiond� pp! A =dx of the observed �nal state ofA

as a function of the reconstructed observablesx = ( x1; x2; : : : ; xn ) measured by the ATLAS detector,

constituting the physics objects and their corresponding track kinematics described brie�y in Chap. 1

(or some reduced version thereof, using well-motivated summary functions):

p(x j� ) =
1

� pp! A (� )
d� pp! A

dx
(xj� ) (2.1)

where � is a parameter which represents an underlying physics hypothesis. This probability density in

Eq. 2.1 is normalized using the total cross-section of the particular �nal stateA:

Z
d� pp! A

dx
(xj� ) dx = � pp! A (� ) (2.2)

The aim of a typical analysis is to �t the parameter � values given the observed set of independent and

identically distributed (i.i.d) data Dobs = f x i g at the ATLAS detector. Given a dataset with Ndata

events, the joint probability model is then given by:

p(Dj � ) = Pois(Ndata j� pp! A (� ))
N dataY

i

p(x i j� )

= Pois(Ndata j� pp! A (� ))
N dataY

i

1
� pp! A

d� pp! A

dx
(x i j� )

(2.3)

20



Chapter 2. Neural Simulation-Based Inference

where � pp! A (� ) = L � � pp! A (� ) is the expected number of inelastic processespp ! A written as

a function of the integrated luminosity L and Pois refers to the Poisson distribution function. The

Poisson term in Eq. 2.3 is used to account for the variability in the total number of observed events

which itself depends on the parameters� .

In principle, all the collision events x i recorded and processed by the experiment could be used for

inference in Eq. 2.3. In practice, the number of recorded collisions can exceed1010, and only a small

subset carry signi�cant information about a given process. The events that are e�ectively used for

parameter inference as said to bepre-selected. The details of the pre-selection used in the analysis of

the o�-shell Higgs boson presented in this thesis will be given in Sec. 5.2.

The total cross-section� pp! A can be broken down as a sum of cross-sections from the various signal

and background processes that contribute to the �nal state of interest:

� pp! A =
X

c

� c
pp! A (2.4)

This gives us the general probability model used in LHC analysis:

p(Dj � ) = Pois

 

Ndata j
X

c

� c
pp! A (� )

!

�
N dataY

i

"
X

c

1
� c

pp! A (� )

d� c
pp! A

dx
(x i j� )

#

(2.5)

The probability density Eq. 2.5 gives us ajoint model for the observation of i.i.d. eventsD = f xg

given some underlying hypothesis� , which can then be used to perform a composite hypothesis test

on the parameters� . The probability density function in Eq. 2.5 is the same as the likelihood function

to be used for statistical inference, if the input dataD is �xed to be either the Asimov (expected) or

the observed dataset, and �oat the � parameters. The terms likelihood and probability density will

thus be used interchangeably in this thesis.

2.1.1 Modelling in the presence of uncertainties

The parameter vector� consists of not just the parameters to be measured but alsonuisance parameters

(NPs) that a�ect the model but are not used in the hypothesis testing. As such, the full parameter

vector � is generally broken down into two components:

� = ( � ; � ) (2.6)

where � refers to the measured parameters of interest (POI) whereas� = f � m g is a vector with

NPs. Here� can either represent a single parameter or a vector of parameters, and the formalism ac-

commodates both cases. The NPs are introduced to quantify the uncertainty in the simulation model

of Eq. 2.5. Each part of the simulation chain shown in Fig. 2.1 contributes to the full uncertainty

model parameterized using� . For example, the hard-scattering and parton-shower calculations have

theoretical modelling uncertainties due to the missing higher orders in the perturbative QCD calcu-

lations. There are also a range of experimental uncertainties associated with the detector limitations

such as the limited physics object reconstruction e�ciencies, uncertainty in the measured energy scale
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and resolution as well as the uncertainty in the overall recorded luminosity during the LHC operation.

Some of the uncertainties relevant to the o�-shell Higgs measurements will be discussed in Sec. 4.6.

Each parameter� m 2 � is associated with a particular uncertainty and having a dedicated auxiliary

measurement. While in principle, the full model from the auxiliary measurment can be combined with

the nominal analysis model to constrain the parameters, in practice only the maximum likelihood

estimate am , also known as theglobal observableor in this work the auxiliary observable(AO), and a

standard error � p is extracted from the auxiliary measurement. This will be discussed in more details in

Chap. 3. These quantities are used to build a simpli�ed probability model approximated as a Gaussian.

L aux(� m jam ) =
1

p
2�

exp

"

�
(� m � am )2

2� 2
m

#

(2.7)

This model undergo a further simpli�cation by the standard change of variables(� m � am )=� m !

� m , to convert to a unit Gaussian. Assuming that there are Nsyst constrained NPs a�ecting the

measurement, the constraint term in the likelihood is written simply as:

L aux(� jG) =
N systY

p=1

1
p

2�
exp

�
�

� 2
m

2

�
(2.8)

where G = f am g is the dataset of global observables.

2.1.2 Pro�le Negative Log-Likelihood Test Statistic

The Neyman-Pearson lemma [26] provides a framework forsimple hypothesis testing that minimizes

the probability of Type II error (false negative) for a �xed probability of Type I error (false positive).

It states that the most powerful test for a given signi�cance level is based on the likelihood ratio. In

practice, for the typical compositehypothesis tests employed in LHC experiments, the pro�le likelihood

ratio formalism is used:

L phys(� ; ^̂� jD ; G)
L phys(�̂ ; �̂ jD ; G)

=
e� � (� ; ^̂� ) � (� ; ^̂� )N data

e� � ( �̂ ;�̂ ) � (�̂ ; �̂ )N data

N dataY

i =1

p(x i j� ; ^̂� )
p(x i j �̂ ; �̂ )

(2.9)

where �̂ ; �̂ are the values of� ; � which maximizes the likelihood function L(� ; � ), and ^̂� = ^̂� (� ) is

the value of � that locally maximizes the likelihood function L(� ; � ) for a �xed value of � . Introducing

L aux from the auxiliary measurements to constrain the NPs� gives the full likelihood model:

L (� ; � ) = L phys(� ; � jD ; G) � L aux(� jG) (2.10)

Maximizing the likelihood ratio in Eq. 2.9 is mathematically equivalent to minimizing the negative of

the log of the likelihood ratio. The test statistic used for hypothesis testing is given by
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t� = � 2 log

 
L phys(� ; ^̂� jD ; G)
L phys(�̂ ; �̂ jD ; G)

�
L aux( ^̂� jG)
L aux(�̂ jG)

!

= � 2 Ndata

 

log
� (� ; ^̂� )
� (�̂ ; �̂ )

!

+ 2
�

� (� ; ^̂� ) � � (�̂ ; �̂ )
�

� 2
N dataX

i

log
p(x i j� ; ^̂� )
p(x i j �̂ ; �̂ )

+
N systX

p

�
^̂� 2 � �̂ 2

�

(2.11)

This is the test statistic that is used for inference on the parameter of interest a frequentist composite

hypothesis test. The full procedure of building con�dence intervals using this test statistic is de�ned in

Sec. 3.3. Estimating the test statistic exactly is not straightforward and several ad-hoc techniques have

been developed over the years to this end. This will be discussed in Sec. 2.3. The focus of this thesis

is building Eq. 2.11 as optimally and accurately as possible, using modern deep-learning techniques as

described in Sec. 2.4.

2.2 Building the Probability Model

If the full analytical model p(x j� ) of Eq. 2.5 were available the optimal test statistic shown in Eq. 2.11

can be easily built from �rst principles. However, it is impossible to analytically calculate the detector-

level cross sections of a processpp ! A in the LHC experiments. What can be calculated is the partonic,

or the hard-scattering, cross sectiond� ab! A =dk as a function of Born-level variables, call itk . These

partonic �nal state objects f kg radiate additional partons before undergoing hadronization to give

�nal observable objects inside the detector. This cascading process is driven by non-perturbative (or

the so-called soft-) Quantum Chromodynamics (QCD).

These processes, shown using a cartoon in Fig. 2.1, can only be modelled using Markov chain Monte

Carlo techniques using a combination of phenomenological and data-driven inputs. The resulting �nal

state objects then undergo simulations to model the reaction with the detector electronics producing a

O(100M ) dimensional vector corresponding to the total number of sensors - adding to the complexity

of the �nal state which can now only be modelled using Monte Carlo integration. The full probability

model used for simulations can be schematically expressed as:

p(x j� ) =
1

� (� )

Z
f a(X a)f b(X b)W (xjy)H (yjk)

d� ab! A

dk
(kj� ) dX a dX b dy dk; (2.12)

where f a and f b are parton density functions of the initial state partons, H encodes all shower and

non-perturbative e�ects simulated by PYTHIA [28] or similar Monte Carlo software, and W describes

the detector response simulated by the detector simulation software GEANT [29]. A condensed version

of Eq. 2.12 can be written as:

p(x j� ) =
1

� (� )

Z
d� pp! A

dx dz
(x; zj� ) dz; (2.13)

where the variablesz are marginalized over to produce the observed �nal state. These are often

called latent variables. In complex simulations like the one used in ATLAS, the latent space can
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Figure 2.1: From left to right: a) An example Feynman diagram of parton-parton hard scattering
of interest. One of the many diagrams typically simulated using perturbative QCD, and summed
over to produce �nal cross-sections associated with a given �nal state b) Sketch of the full hadron-
hadron collision as simulated by a Monte-Carlo event generator. The red blob in the center represents
the hard collision, generated using the �rst Feynman diagram for example, surrounded by a tree-like
structure representing Bremsstrahlung as simulated by parton showers. The purple blob indicates a
secondary hard scattering event. Parton-to-hadron transitions are represented by light green blobs,
dark green blobs indicate hadron decays, while yellow lines signal soft photon radiation. Figure taken
from Ref. [27]. c) A simulation of the various particles interacting with the di�erent sub-detector
systems in the ATLAS detector. Figure taken from Ref. [16]. d) An event display of the �nal state,
also showing reconstructed objects like muons and jets.

have millions of variables which are integrated over: some are physical degrees of freedom (such as

intermediate particles like individual hadrons in jets, or the digitized detector readout) while others

are present just for stochastic calculation purposes. While this Monte Carlo model can be used to do

forward simulations of the detector output, it cannot take a value x and then analytically calculate

p(x j� ). As a result, the inference on� from the detector output x is a di�cult task.

2.2.1 Measurements within the Fiducial volume

The detectors at LHC experiments are not desgined to cover the full solid angle surrounding the

particle collision and thus have a limited �ducial volume. Moreover, the detector components do

not have perfect resolutions and e�ciencies in detecting outgoing particles. Taking into account the

e�ciency and acceptance of the ATLAS detector (also referred to as the �ducial volume), only the

di�erential event rate can be directly measured in an analysis:

p(x j� ) =
1

� (� )
d� pp! A

dx
(xj� ); (2.14)

where � pp! A = � pp! A � L � A � " is the number of expected events within the ATLAS detector volume

taking into account the detector e�ciency " and the acceptanceA in the �ducial volume of the ATLAS

detector. From here on,p(x j� ) will refer to the di�erential rate of events in the �ducial phase space

as de�ned in Eq. 2.14 unless otherwise speci�ed.
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Goal of an analysis:

Estimate the probability model p(x j� ; � ) to be the best approximation of Eq. 2.14, to be then used

in the test statistic function of Eq. 2.11 for a composite freqentist hypothesis test.

In the sections below, the traditional strategy to estimate p(x j� ; � ) will be reviewed along with its

limitations, followed by the new strategy using Neural Simulation-Based Inference technique. The

latter will be followed with a speci�c example of signal-strength measurements.

2.3 Standard Inference Strategy

Ideally, having a simulation model is su�cient to build a proxy for the probability distribution p(x j� )

by sampling enough eventsx � p(x j� ) and binning them in the multi-dimensional space ofx. In

practice this is unfeasible in LHC experiments due to the so-calledcurse of dimensionality, i.e. the

number of events needed to be sampled to build a good histogram representation ofp(x j� ) grows

exponentially with each additional dimension.

Both the parameter vector � and the �nal state observablesx in Eq. 2.14 are vectors with a large

number of dimensions. The dimension of the vectorx can be as large as� O(100M) - roughly the

number of independent sensor elements in the ATLAS detector. But the collaboration has developed

reconstruction algorithms [30] that are used to convert the raw sensor output from the ATLAS detector

to a set of physics objects and their corresponding kinematics, charges and �avours. The resulting

dimensionality, however reduced relative to the original output, is still large enough to make the direct

modelling of p(xj� ; � ) using histograms unfeasible.

2.3.1 Summary Observables

The standard procedure then is to create a one-dimensional (1D) summary observablex ! u(x) from

the simulated multi-dimensional output x � p(x j� ), that optimally discriminates signal processes of

interest from the large backgrounds. Take as an example, the reconstructed invariant massm4` (x)

observable from the 4-lepton �nal state in the H ! ZZ channel that was used by ATLAS to discover

the Higgs boson in 2012.

This is an example of physics-motivated observables where domain knowledge is used to project the

multi-dimensional detector output x to a 1D summary observablem4` (x) containing relevant physics

information that optimally searches for the signal - in this case the Higgs boson resonance. This

type of physics-motivated observables have the added advantage of o�ering direct physical insight; the

resonance peak observed in Fig. 2.2a o�ers direct insight to the peak mass value at which the new

resonance appears.

The corresponding observable is then binned, with the likelihood of an event in a binI (x ju) given

simply by [31]:

p(x i j� ) =
� I (x i ju) (� )

� (� )
: (2.15)

Here I (x ju) is the function that returns the bin index of the u(x) observable associated with an
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(a) (b)

Figure 2.2: (a) The distribution of the four-lepton invariant mass, m4` , used to identify the Higgs
boson resonance peak during the �rst discovery announced in 2012. (b) An example of the standard
inference strategy - building observables that optimally discriminate signal from background.

event x, and � I (x i ju) is the yield in the corresponding bin of the summary statisticu(x). This gives us

a simpli�ed version of the probability density function de�ned in Eq.2.3:

p(Dj � ) = Pois(Ndata j� (� ))
N dataY

i

� I (x i ju) (� )

� (� )
(2.16)

where Ndata is the observed number of events used to �t the parameters� . This simpli�ed model can

be used to build the test statistic of Eq. 2.11. The unbinned expression of Eq. 2.16 is equivalent to a

product of Poisson probability ratios for each bin [31]:

p(Dj � ) =
NbinsY

bin

e� � bin � � bin (� )N bin

Nbin !
(2.17)

whereNbin corresponds to the observed number of events in the bin of the summary statisticu(x) and

� bin (� ) the expected number of events in the bin corresponding to a hypothesis� . A typical work�ow

using this simpli�ed model with a summary observableu(x) is shown in Fig. 2.3, using a randomly

chosen measurement using the ATLAS experiment, which will not be discussed further in this thesis.

The test statistic from the probability model approximation of Eq. 2.17 will have an unbiased

estimator �̂ , despite being not an exact description. Also interesting to note is that the number

of observed eventsNbin are not parameterized - they are only compared with parameterized MC

simulations giving expected per-bin yields� bin (� ). This is a feature of the standard inference strategy

with Poisson likelihoods that is distinct from a more direct inference strategt where the full model

p(Dj � ) using Eq. 2.5 is used to perform inference. This will be discussed in Sec. 3.1.2
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Figure 2.3: An example of a standard inference work�ow used for measurements at the LHC. Using
perturbative methods, a physics process of interest is simulated using Monte Carlo techniques, and then
undergo parton showering, hadronization and detector reconstruction to produce the �nal detector-level
output x � p(x j� ). Same technique is used to build the full model as a function of some parameter of
interest � . A powerful observable discriminating signal from background is then binned and a Poisson
likelihood �t is performed to infer the parameter of interest � , giving us insight in the physics process
of interest. The particular observable and inference shown in the �gure is from the measurement of
the VH production in Ref. [32].
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2.3.2 Limitations of Standard Techniques

There are three possible limitations to the simpli�cation of the full model of Eq. 2.14 to the approxi-

mation of Eq. 2.16 using binned summary observable:

1. The dimensional reduction of the full �nal-state information to a single-dimensional summary

observablex ! u(x) can result in a loss of information.

2. The summary statistic u(x) is constant in Eq. 2.16 for the full scan across the parameter space.

Even if the observable is carefully designed to be locally optimal at certain parameter values, it

might lose optimality for parameter values that change the physics signi�cantly.

3. All the events in a bin have the same probability. Information from rare possibly signal-like

events can be lost in a binned approximation.

While in most cases these limitations can be addressed using a careful choice of the summary

observable and a binning optimization, in several cases the limitations cannot be resolved without a

restructuring of the analysis techniques.

For example, in a simple signal versus background hypothesis testing, training a NN to optimally

discriminate signals from backgrounds and using its output to estimate the probability ratio results

in an optimal summary statistic, which minimizes Type II errors (false negatives) for a �xed Type I

error rate (false positives). This is motivated by the Neyman-Pearson lemma, which establishes that

the likelihood ratio,

u(x) =
pS(x)
pB (x)

;

is the most powerful test statistic for binary hypothesis testing, and hence can also be considered an

optimal summary observable. In general, ATLAS analysis docompositehypothesis testing to scan over

a range of parameter values. This makes the optimal discriminant dependent on the parameter being

scanned:

uoptimal (x j� ) �
p(x j� )
p(x j� 0)

(2.18)

where � 0 is the nominal hypothesis. The Neyman-Pearson lemma applies to simple hypothesis testing

and thus its interpretation in the context of composite hypothesis testing, particularly in the presence

of nuisance parameters (which are suppressed here), is not as robust. Nevertheless, the idea of using

parameterized density ratios remains well-motivated in practice to preserve optimality accross the

parameter � -range being scanned over. In certain cases like the measurement of the cross-section of

the signal process, the parameterized density ratio often reduces to:

uoptimal (x j� ) =
P

S f S(� ) � pS(x) +
P

B pB (x)
P

B pB (x)
(2.19)

This is further simpli�ed if the several signal probabilities have a parameter dependence that scales

the signal probabilities uniformly:
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uoptimal (x j� ) = f (� ) �
P

S pS(x)
P

B pB (x)
+

P
B pB (x)

P
B pB (x)

(2.20)

In cases where this simpli�cation is possible, a�xed observable

uoptimal (x j� ) � u(x) =
P

S pS(x)
P

B pB (x)
; (2.21)

is a su�cient summary statistic and can thus be used to optimally scan over the full parameter space.

An example of this is cross-section measurements where the parameter of interest is a signal strength

measurement, as will be discussed in Sec. 2.5.

In measurements of complex, non-linear parameterizations, where the simpli�cation of Eq. 2.20

cannot be done, the commonly used parameter-independent observableu(x) in Eq. 2.21 is no longer

optimal. Examples of such analyses include the o�-shell Higgs boson production measurements and the

various e�ective �eld theory (EFT) measurements, where quantum interference introduces a non-linear

dependence of the probability model on the parameter of interest.

2.4 New Proposal: Neural Simulation-Based Inference

With the rapid developments in the �eld of deep learning, there has been a rise in literature advocat-

ing the use of deep learning for direct estimation of the probability densitiesp(x j� ) or the probability

density ratios p(x j� )=p(x j� 0) between two hypotheses without requiring histograms. This approach

is broadly named Likelihood-Free Inference or Simulation-Based Inference [33]. In this thesis, the ap-

proach is labeled Neural Simulation-Based Inference (NSBI), inspired by some of the recent papers [34,

35]. The preferred choice of nomenclature is driven mainly due to the fact that traditional analysis

can also be termed Simulation-Based and the Likelihood-Free term can be an ambiguous term as NN-

estimated likelihoods are used for inference in the new technique despite being implicit in the original

model.

The NSBI technique developed here is based on training neural networks to directly estimate the

probability density or the probability density ratio using a set of fully simulated events sampled from

the underlying model of Eq. 2.12.

Estimating the true probability densities or density ratios makes building anunbinned test statistic

using Eq. 2.11 possible, which resolves the three limitations (see Sec. 2.3.2) of a standard analysis

strategy. Instead of the simpli�ed approximation of the underlying probability model from a 1D

summary statistic as in Eq. 2.15, the NNs can be directly used to estimate the probability model:

p(x j� ) =
1

� (� )
d� pp! A

dx
(xj� ) (2.22)

The idea behind this approach is the same as the so-called Matrix Element Method (MEM) [36], which

has been used in several analyses like the early measurement (with less than 100 candidate events) of

the top-quark mass by D0 [37]. These approaches estimate the probability density for each event and
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Figure 2.4: Left: The probability density function estimated using a combination of analytical ap-
proximations and NN output (red line) is shown in comparison with the m4` distribution in signal
MC simulation (black points) for mH = 125 GeV. Both the probability density function and the MC
simulation are normalised to unity. Right: The test statistic values, � 2 ln(� ), calculated using the
unbinned �t with an approximate, but parameterized, probability distribution function (shown on left
for mH = 125 GeV). The vertical (red) line on the right plot indicates the combined Run 2 result, and
the grey band its total uncertainty.

use it to build an unbinned test statistic.

This is exactly the approach needed to perform high precision measurements for rare processes

like the o�-shell Higgs boson production. It can extract the maximum possible information from each

event and is maximally sensitive to interference e�ects due to its� -parametrized nature, addressing

limitations 1 and 2 de�ned in Sec. 2.3.2. The per-event nature of the probability densities ensures that

limitation 3 is resolved as well.

Analytical approximations in resonant measurements

In the case of resonant measurements like that of the on-shell Higgs boson, the probability model of

Eq. 2.22 can be approximated as a function of the invariant mass resonance lineshape of Fig. 2.2a

with an approximate analytical function. Such a technique was used to perform the most precise

measurement to date of the Higgs boson mass using theH ! ZZ ! 4` channel [38], and is also

typically used for H ! 

 analysis [39]. The results of the An analytical function approximation is not

practical for non-resonant measurements, where there is no simple dependence on a single observable.

2.4.1 Density Ratios

In order to do hypothesis testing and inference on a parameter of interest� using the test statistic

de�ned in Eq. 2.11, estimating the probability density ratios is su�cient. Estimating the probability

density p(x j� ) using NNs is possible, but is currently a technically di�cult problem for inputs with
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large dimensions. This thesis focuses on a relatively easier problem of estimating the ratio of probability

densitiesp(x j� )=pref(x) directly using well-trained classi�cation NNs:

p(x j� ; � )
pref(x)

=

1
� (� ; � )

d� pp! A

dx
(xj� ; � )

1
� ref

d� ref
pp! A

dx
(x)

(2.23)

where pref(x) can be any � ; � -independent probability density so it cancels out during the pro�le

likelihood �t, giving us the usual test statistic (2.11):

t� = � 2 Ndata

 

log
� (� ; ^̂� )
� (�̂ ; �̂ )

!

+ 2
�

� (� ; ^̂� ) � � (�̂ ; �̂ )
�

� 2
N dataX

i

log
p(x i j� ; ^̂� )=pref(x)
p(x i j �̂ ; �̂ )=pref(x)

+
N systX

p

�
^̂� 2 � �̂ 2

�
(2.24)

The new NSBI technique reproduces Eq. 2.11 with no loss of information, and with no ad-hoc

approximations like the one used in Eq. 2.16, discussed in Sec. 2.3.

The likelihood ratios can be estimated using supervised learning techniques. Of the numerous

supervised learning techniques summarized in [2] for the estimation of probability density ratios, this

work picks a variation of the simplest one - called the CARL method [40], without the additional

calibration layer. In general this is also known as thelikelihood-ratio trick . Note that estimating

these exact� � parameterized density ratios directly achieves optimality at each POI scan point (based

roughly on the Neyman Pearson lemma), even in cases where the parameterization scales the �nal-state

observables in a non-linear way, as will be further explored in Sec. 2.5. A cartoon work�ow of the new

analysis technique is shown in Fig. 2.5.

2.4.2 Biases in modelling and estimators

Standard techniques use Poisson PDFs to model the spread of events in each bin of the summary

statistic u(x) as described in Sec. 2.3. Maximum likelihood estimatorŝ� derived from the test statistic

using approximate PDFs of Eq. 2.15 are asymptotically unbiased, i.e. for a large number of observations

�̂ converges to the true parameter values� . This is true even when the summary statisticu(x) itself

is calculated using a biased model that does not capture the full parameter dependence. This is

because the spread of events is always approximated using Poisson probabilities which have well de�ned

statistical properties. The focus in traditional techniques is given to building a low-variance function

u(x) - or in other words a function that does not over-�t on the simulation and is thus �exible.

Unlike this standard framework, the estimator �̂ from the test statistic using the unbinned ap-

proximation of Eq. 2.23 is not guaranteed to be asymptotically un-biased estimator of the true� . To

ensure this, rigorous diagnostic checks for bias in the modelling of probability density ratios of Eq. 2.23

needs to be done along with checks ensuring robust probability calibration. Low-bias and low-variance

modelling is a major challenge in NSBI techniques, where it is easy to produce incorrect inference
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Figure 2.5: A cartoon representation of a typical NSBI work�ow, where NNs are trained to estimate
precise and accurate per-event parameterized likelihood ratios, then used for direct statistical inference
using the pro�le negative log-likelihood ratio test statistic de�ned in Eq. 2.11. This is a generalization
of the work�ow depicted in Fig. 2.3 using deep NNs acting as surrogates for the likelihood ratios using
the likelihood ratio technique shown in Fig. 6.1. The results in this cartoon will be discussed in detail
in Chap. 7.
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results if any of the biases in the modelling or the estimator are not accounted for.

A comprehensive set of diagnostics will be developed that ensure that the density ratio estimates

of Eq. 2.23 are true representations of the underlying MC model, and that the estimator̂� in the test

statistic of Eq. 2.24 is an unbiased estimator of� . This will be fully developed in Chaps. 6 and 3.

Moreover, the variance of the estimator in the standard analysis framework can be asymptotically

approximated using the inverse of the Fisher information matrix in most cases. This is only guaran-

teed if the asymptotic limit [41] holds. For analysis that have a large signal-background intereference

the assumptions that enforce the asymptotic limit break down and con�dence intervals need to be

constructed by sampling pseudo-experiments from the MC samples. A robust technique for this Ney-

man Construction of the frequentist con�dence intervals in an unbinned NSBI analysis will also be

developed in Sec. 3.3.

To account for any residual biases due to limited MC statistics used in the NN modelling of Eq. 2.23,

an ensemble of NNs will be used and the e�ects from the resulting uncertainty will be introduced as

nuisance parameters in the test statistic. This is done using an approach very similar to the typical

spurious-signal approach of unbinned H ! 

 analysis of the ATLAS experiment. This will be

discussed in more details in Sec. 6.5.

2.5 Special Cases - Analytical Parameter Dependence

In most cases, the physics processes contributing to the �nal state can be broken down into components

that scale with the parameter of interest and those that do not. This was brie�y touched upon in

Sec. 2.3.2. Without loss of generality, the POI-dependent components will be referred to as signal (S)

processes and the others as background (B) processes, giving a generalization of Eq. 2.5:

p(Dj � ; � ) = Pois

 

Ndata j
X

S

�� S
pp! A (� ; � ) +

X

B

� B
pp! A (� )

!

1
P

S �� S
pp! A (� ; � ) +

P
B � B

pp! A (� )

N dataY

i

"
X

S

d� S
pp! A

dx
(x i j� ; � ) +

X

B

d� B
pp! A

dx
(x i j� )

#

(2.25)

Furthermore, the parameter of interest dependence can often be factorized out from the individual

components, if the analytical dependence of the probability scaling is known:

� S
pp! A (� ; � ) = f S(� ) � � S

pp! A (� ) (2.26)

d� S
pp! A

dx
(xk j� ; � ) = f S(� ) �

d� S
pp! A

dx
(xk j� ) (2.27)

where f S(� ) is known based on �rst principles. This allows us to factorize the parameter-dependence

in the density ratio estimation problem:
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p(Dj � )
Q N data

k pref(xk )
= Pois

 

Ndata j
X

S

f S(� ) � � S +
X

B

� B

!

�
N dataY

k

p(xk j� )
pref(xk )

= Pois

 

Ndata j
X

S

f S(� ) � � S +
X

B

� B

!

�

1
P

S f S(� ) � � S +
P

B � B

N dataY

k

"
X

S

f S(� ) � � S �
pS(xk )
pref(xk )

+
X

B

� B �
pB (xk )
pref(xk )

#

;

(2.28)

where

pc(x) =
1
� c

d� c

dx
(x) (2.29)

where the dependence on the NPs� has been suppressed for the moment. These parameters need

special treatment and will thus be re-introduced in Chap. 3 with the relevant formalism.

A single parametrized network may be trained to learn a conditional probability density ratio of

Eq. 2.23 that varies with the hypothesis� under consideration [40, 42]. If the parametric dependence

of a test statistic can be expressed analytically in terms of the POIs, as in Eq. 2.28, thenestimating

a �nite number of parameter-independent density ratios pc=pref can be used to build the full

model of Eq. 2.23, without the need for a NN to learn the parametric dependence.

This analytical decomposition reduces the burden of validating the test statistic from testing its

interpolation performance over the full theory parameter space to validating the performance of a small

number of classi�ers with �xed hypothesis. If every classi�er is well-trained and well-calibrated, then

their combination may be expected to remain well-behaved, although this must be explicitly veri�ed.

2.5.1 Search-Oriented Mixture Models

While there is freedom to make any choice for the reference hypothesispref(x) in Eq. 2.23, this work

de�nes a search-oriented reference process, built as a combination of all signal processes,

pref(x i ) =
1

P
S � S

X

S

� S � pS(x i ); (2.30)

This de�nition ensures that the denominators in Eq. 2.28 is larger than zero over the entire signal region

of an analysis, which is the region that is sensitive to the signal processes. Here,pref is de�ned to be

independent of� , which allows the construction of the �nal pro�le likelihood ratio that is independent

of pref as discussed in Sec. 2.4. The termpref contributes to a parameter-independent o�set, which can

be ignored in the maximization of the likelihood.

The search-oriented mixture model overcomes issues that may arise in alternative formulations of

the reference sample. If probability density ratiospc(x)=pref(x) are used to estimate the likelihood ratio

in regions of phase-space withpref(x) � 0, the �nal estimate will depend on a �ne-tuned cancellation

of large numbers, which is numerically unstable. A pre-selected signal region for the analysis must

be de�ned that ensurespref(x i ) > 0 throughout the region. This de�nition of pref ensures that all

34



Chapter 2. Neural Simulation-Based Inference

signal-sensitive regions of the phase space can remain in the pre-selection region. This choice ofpref

also aids in the sample-e�cient training of the individual classi�ers. The type of pre-selection needed

to �lter out the events x with pref(x) � 0 is discussed in Sec. 5.4.

Finally, it may be convenient to de�ne pref such that it can be represented using simulated samples

with only positive weighted events. This simpli�es the procedure to construct con�dence intervals, as

sampling from negative weights is an ill-de�ned task. This will be discussed in Sec. 3.3.

2.5.2 Signal Stength Measurements

Signal strength is a dimensionless parameter that quanti�es the ratio of the observed rate of a speci�c

process to the rate predicted by the SM. In the case of a hypothesis test for a signal model de�ned in

the SM, this is parameterized using a single POI� = f � g de�ned as:

� =
� S

observed

� S
SM

(2.31)

where the � S
observed refers to the observed rate of events and� S

SM refers to the expected rate of signal

events given a model. In this type of measurements, the signal processes can have fairly low expected

yields compared to the backgrounds with the same �nal state. This can make the statistically signi�cant

observation of these signals di�cult. This results in a need for maximally optimal statistical framework

that does not lose valuable information for signal identi�cation.

Linear parameterization

Starting with a simple case, with a uniform POI dependence on all the signals that allows us to write:

� S
pp! A (� ) = f (� ) � � S

pp! A (2.32)

d� S
pp! A

dx
(xk j� ) = f (� ) �

d� S
pp! A

dx
(xk j� ) (2.33)

While in principle the process-independentf (� ) can be any function of � , upto a di�eomorphism it

can be de�ned without loss of generality in this case asf (� ) = � , with � de�ned in Eq. 2.31. In this

thesis, the case where the simpli�cations of Eqs. 2.32 and 2.32 is possible will be referred to as the

"linear" cases since the probability model then can be rewritten to have a linear dependence on the

POI � :

p(x j� ) � � �
X

S

� S � pS(x) +
X

B

� B � pB (x) (2.34)

In this type of signal-strength measurements,� = 1 corresponds to the nominal signal hypothesis,

while � = 0 corresponds to the background-only hypothesis.
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Using simulated events from the probability modelspS(x) and pB (x), the summary statistic u(x)

is built that is essentially a ratio of signal probability to background probability:

u(x) �
P

S pS(x)
P

B pB (x)
(2.35)

As discussed in Sec. 2.3.2, this is a su�cient summary statistic when the simpli�cation of Eq. 2.20 is

possible. Multivariate techniques are used to create the summary statisticu(x) by training a Machine

Learning algorithm such as a NN or a Boosted Decision Tree (BDT), to getu(x) of Eq. 2.35 to be

optimal as a function of the full �nal-state phase space. The corresponding observableu(x) is then used

to get an estimate of the probability model as de�ned in Eq. 2.16. There is inevitably loss of information

since the probability � I (x i ju) (� )=� (x) assumes that all events in a single binI are indistinguishable,

which may not be a good approximation.

Take for example theV H(H ! b�b) measurement that uses multiple BDTs optimized to discriminate

signal from background in di�erent phase space regions to measure the corresponding signal strength

parameter. The resulting signal-background separation from a combination of these phase space regions

is shown in Fig. 2.2b, and a representation of the standard work�ow used is shown in Fig. 2.3.

Non-linear parameterization

The �xed summary statistic u(x) might not capture the full dependence on the parameter of interest

� , unless the probability model scales linearly as a function of� as in Eq. 2.34. This is not the case

for example, when the signal-background interference is non-negligble:

p(x j� ) � � �
X

S

� S � pS(x) +
p

� �
X

I

� I � pI (x) +
X

B

� B � pB (x) (2.36)

This is the case for the measurement of o�-shell Higgs boson for example. It is clear that the

observable of Eq. 2.35 will no longer be optimal for this type of parameterization, as thepI (x) term

is neglected, and so the �xed observable is not a su�cient summary statistic especially in phase space

regions with very large interference e�ects. The interference is just one example - in principle any

model with parameter dependence that is not a process-independent linear scaling1 of the probability

faces the same sub-optimality from standard inference techniques using �xed summary statistics.

In these more general cases, using the full probability model of Eq. 2.28 that usesparameterized

density ratios for hypothesis testing ensures optimality across the parameter space. In these cases,

an NSBI analysis can thus bring signi�cant improvement in the measurement sensitivity compared to

using more traditional techniques.

2.5.3 Optimal Observables

Instead of building a full unbinned analysis using the test statistic, the parameterized density ratios

can themselves be used as a binned summary statistic. But unlike a traditional�xed summary, this

1upto a di�eomorphism, as discussed in Sec. 2.5.2
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will be a parameter-dependent observableu(x j� ) that is su�cient for each value of � being scanned

over:

u(x j� ) =
p(x j� )
p(x j� 0)

(2.37)

where� 0 is the nominal hypothesis. This type of parameter-dependent observable is commonly referred

to as Optimal Observable, as it is globally optimal for the full parameter range. The term optimal

observables is based on Refs. [43, 44, 45], and can sometimes refer to a �xed observable that is only

optimal in a local parameter phase space. The observable of Eq. 2.37 can now be used to infer the

probability density using binned approximations as in Eq. 2.16:

p(Dj � ) = Pois(Ndata j� (� ))
N dataY

i

� I (x i ju(� )) (� )

� (� )
(2.38)

Note the � -dependence in the observableu(x j� ) in contrast to Eq. 2.15. As discussed in Sec. 2.3.2,

this resolves two of the limitations of a more traiditional binned summary but can be less optimal than

an unbinned analysis using parameterized density ratios.

Chap. 8 will show how the gradual unbinning of optimal observables results in a sensitivity gain

that is comparable to a full unbinned NSBI analysis, using the probability model de�ned in Eq. 2.38.
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This chapter introduces a computationally and statistically e�cient treatment of estimating density

ratios parameterized on the full systematic uncertainty model of the ATLAS experiment, as well as

proposes a novel and practical technique for performing Neyman Construction in an NSBI analysis

that only estimates the probability density ratios.

The challenge ofmodel misspeci�cation in NSBI, where the simulations have systematic di�erences

from real data, is addressed by the introduction of NPs� representing systematic uncertainties, and

by testing the modeling of these systematic uncertainties themselves, in a similar way to how it is done

for traditional analysis techniques in particle physics [31].

Most of the systematic uncertainty NPs in a typical LHC experiment analysis are constrained by a

complimentary auxiliary measurement which provides a maximum likelihood estimateam , also referred

to as the Auxiliary Observable (AO), and a corresponding uncertainty� p on the nominal value, as was

brie�y described in Sec. 2.1.1. These values are used to build the auxiliary likelihood in Eq. 2.7.

Several proposals can be found in the simulation-based inference literature for how to build the

� -parametrized density ratios pc(x; � )=pref(x). The most common solution [46] involves training a

parametrized NN for density ratio estimation with the NPs as new inputs. This would involve expand-

ing the NN input x to also include randomly assigned� values, with correspondingly varied events

for the loss function. The output can then be used model the joint probability density ratio model of

Eq. 2.28 in an NSBI analysis:

p(Dj � ; � )
Q N data

k pref(xk )
= Pois

 

Ndata j
X

S

f S(� ) � � S(� ) +
X

B

� B (� )

!

�

1
P

S f S(� ) � � S(� ) +
P

B � B (� )

N dataY

k

"
X

S

f S(� ) � � S(� ) �
pS(xk j� )
pref(xk )

+
X

B

� B (� ) �
pB (xk j� )
pref(xk )

#

;

(3.1)

where

pc(x j� ) =
1

� c(� )
d� c

dx
(xj� ) (3.2)
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In practice, the direct parameterized modelling of the variospc(x j� )=pref(x) not feasible due to

three main limitations. First, � m 2 � variation simulations are typically generated in ATLAS and

CMS experiments by varying a single NP� m at a time, with no MC samples available where multiple

parameters� m ; � n 2 � vary simultaneously. Second, only three sets of samples are typically available

per NP: one at the nominal value � (0)
m = am and the others at variations � (� )

m = am � � m and

� (+)
m = am + � m . And �nally, the dimension of the NP vector � is typically O(100) - making the

parameterized density ratio estimation computationally and simulation-heavy. To summarize, the

input simulations available for a typical ATLAS experiment analysis are insu�cient for a NN to learn

the full parametric dependence. Moreover, validating the interpolation capabilities of a classi�er across

the high-dimensional space of NPs is a challenging task.

Instead, this thesis extends the systematic uncertainty framework used in histogram-based analyses,

based on HistFactory [47], to an unbinned multi-dimensional setting. This assumes that the impact

of systematic uncertainties from independent sources is treated independently, following the standard

practice at the LHC. This assumption is well-motivated due to the design of the systematics model in

LHC experiments.

3.1 Uncertainty modelling in NSBI

Parametrizing � c(� ) is a common problem in LHC statistical data analysis and the standard solution

will be reviewed in this section. The total rate in the cases where factorizing the POI depdence is

possible can be written as:

� (� ; � ) =
X

S

f S(� ) � � S(� ) +
X

B

� B (� )

=
X

S

f S(� ) � GS(� ) � � S +
X

B

GB (� ) � � B

(3.3)

where � c = � c(� = 0) due to the rescaling of the NPs that turns the auxiliary likelihood to a unit

Gaussian as in Eq. 2.8. One then assumes that the ratioGc(� ) = � c(� )=� c factorizes, which is quite

well-motivated in a typical systematics model used at the LHC experiments:

Gc(� ) =
N systY

m=1

Gc(� m ) =
N systY

m=1

� c(� m )
� c

(3.4)

There are dedicated interpolation methods described in [48] which can be used to buildGc(� m ). Fol-

lowing the prescription used in most recent ATLAS analyses, the polynomial-exponential interpolation

is used:
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� X (� m )
� X

=

8
>>>>>>>><

>>>>>>>>:

�
� +

X

� X

� � m

� m > 1

1 +
6X

i =1

ai � i
m � 1 � � m � 1

�
� �

X

� X

� � � m

� m < � 1

(3.5)

where ai are chosen to ensure the continuity of the function as well as its derivatives at� = � 1.

The values of � +
c and � �

c are the standard +1 � and � 1� variations in the yield. As discussed above,

this corresponds to the values� = � 1.

3.1.1 Building the � -parametrized density ratios

In this section, a solution to the per-event uncertainty parameterization problem is proposed which

not only avoids the problem of training NNs with unfeasible large-dimensional input vectors, but

also reduces the computational cost by factorizing out the estimaiton of NP parameterization of the

estimation of � � independent density ratiospc(x)=pref(x).

The method begins with the same hypothesis used to parametrize the rate. The� � dependence is

factorized out as in the yields:
pc(x j� )
pref(x)

= gc(x; � ) �
pc(x)
pref(x)

(3.6)

The �rst hypothesis is that the � � parameterized per-event density ratio:

gc(x; � ) =

1
� c(� )

d� c

dx
(x; � )

1
� c

d� c

dx
(x)

(3.7)

factorizes as:

gc(x; � ) =
N systY

m=1

gc(x; � m ) (3.8)

This is the same hypothesis used for every analysis in ATLAS and holds true since di�erent NPs

represent di�erent sources of systematic variation and should not depend on each other. Then, the

same polynomial-exponential interpolation used for the rates can be used, but now directly for the

per-event weights:

gc(x; � m ) =

8
>>>>><

>>>>>:

�
gc(x; � +

m )
� � m � m > 1

1 +
6X

i =1

ai � i
m � 1 � � m � 1

�
gc(x; � �

m )
� � � m � m < � 1

; (3.9)

with the ai terms are calculated to keep the function and its derivative continuous at� �
m = � 1. The

estimation of gc(x; � �
m ) is described in the next sub-section. Inserting these parameterized ratios into
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the the full � -dependant joint probability density ratio of Eq. 3.1:

p(Dj � ; � )
Q N data

k pref(xk )
= Pois

0

@Ndata j
X

c

f c(� ) �

2

4
N systY

m=1

Gc(� m )

3

5 � c

1

A �

1
P

c f c(� ) �
hQ N syst

m=1 Gc(� m )
i

� c

N dataY

k

2

4
X

c

f c(� ) �

2

4
N systY

m=1

Gc(� m )

3

5 � c �

2

4
N systY

m=1

gc(x j� m )

3

5 pc

pref
(xk )

3

5 ;

(3.10)

where c corresponds to the variousS and B channels in the summations of Eq. 3.1, andf B (� ) = 1

for all B . The pc(x)=pref(x) terms are the � � independent probability density ratios that can be

evaluated without any information of the full systematic model. Each source of systematic uncertainty

NP � m 2 � can then be individually evaluated using two NN trained ratios pc(x j� �
m )=pc(x) per NP

� m . The details on estimation and validations of these ratios will be discussed in Chap. 6. The full

likelihood model can be written as:

L (� ; � jD ; G)
Q N data

k pref(xk )
=

p(Dj � ; � )
Q N data

k pref(xk )
�

N systY

m=1

1
p

2�
exp

�
�

(� m � am )2

2

�
(3.11)

where the
Q N data

k pref(xk ) term contributes as a constant o�set in the log-likelihood �t and can thus

be neglected in a hypothesis test using the test statistic of Eq. 2.24.

The formalism developed here factorizes the estimation of the nominal probability density ratio

pc(x)=pref(x) from the estimation of the e�ect from each of systematic uncertainties, considerably

simplifying the estimation and validation of the full likelihood model. This makes simulation-based

inferences practical for any physics analysis that allows factorization of POI dependence and has a

uncorrelated systematic uncertainty model.

3.1.2 Amortized inference

A distinct feature of NSBI technique developed in this thesis is that once the per-event parameterized

probability model of Eq. 3.1 is estimated using MC simulations, the model isamortized for any subse-

quent inference [1]. This is unlike a traditional binned summary statistic measurement, where the MC

predictions need to be used for inference even when �tting observed detector data. This is because the

Poisson probability model looks like:

p(Dj � ) =
NbinsY

bin

e� � bin � � bin (� )N bin

Nbin !
(3.12)

where the observed dataNbin which is used to �t the parameters is not parameterized in � . Only the

expected yields, estimated using the MC samples are parameterized on� . On the other hand, when

building a log-likelihood model for NSBI:
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� 2 log
L(� ; � )

Q N obs
k pref(xk )

= � 2
N obsX

k

log
p(xk j� ; � )

pref(xk )
(3.13)

there is no distinction between data and MC. This means that the� ; � -parameterized density ratio

model (equivalent of the summary observable in a traditional analysis) is evaluated on data, indepen-

dently of the MC used to train the model, to perform the �nal �t. A practical consequence of this is

that � ; � -parameterized density ratios need to be evaluated on both the MC and the observed data. In

the framework presented here, this corresponds to evaluatinggc(x; � ) of Eq. 3.8 on both data and the

MC used to train the various gc(x; � m ). Chap. 8 discusses the full work�ow for training and inference

in more detail.

3.2 Calculation of uncertainties and NP impacts

The HESSE [49, 50, 51] covariance matrix is estimated using the inverse of the Hessian matrix at the

maximum likelihood estimate (b� ; b� ), which is an approximation of the inverse of the Fisher information

matrix,

I nm (� ) = E
�
�

@2 logp(x j� )
@�n@�m

�
�
�
� �

�
(3.14)

where � = ( � ; � ) and the E[ �] denotes the expectation value, which involves integration over the

entire phase space ofx. Since this integral would be impractical to compute, in the HESSE approx-

imation, the covariance matrix is instead calculated using the log-likelihood ratio model� (� ; � ) =

� 2 ln
�

L (� ; � jD ; G)=
Q N data

k pref(xk )
�

for the observed data(D; G):

Vnm =
�

1
2

@2�
@� n@� m

(b� ; b� )
� � 1

; (3.15)

where the parameter-independent nature ofpref(x) ensures that it does not play a role in the gradient.

The likelihood ratio model � (� ; � ) of Eq. 3.11 is a di�erentiable function. Its dependence on the

POIs � and NPs � is introduced through di�erentiable functions, either through smooth functions

or through NNs that are themselves di�erentiable. It is thus natural to leverage auto-di�erentiation

techniques [52] to calculate the Hessian matrix of the likelihood ratio model. Auto-di�erentiation tools

are useful since they can be leveraged to perform the pro�le �tting using exact gradients. Moreover,

the calculation of the Hessian matrices can be parallelized on computing clusters [6], by calculating

Hessian vector products instead of materializing the full Hessian matrix. This also reduces the memory

usage in the gradient computation as described in Chap. 8. In the HESSE approximation, the� 1�

uncertainty on the maximum likelihood estimator �̂ of a POI � 2 � is given by:

� �̂ = �

s �
1
2

@2�
@�2

(b� ; b� )
� � 1

(3.16)

and similarly the variance on the estimators�̂ can be extracted from the covariance matrix. The pull

of a NP � m 2 � is de�ned as
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b� m � � (0)
mp

Vmm
: (3.17)

where � (0)
m is the pre-�t (or nominal) value from the auxiliary measurement, and which often defaults

to � (0)
m = 0 , due to the rescaling described in Sec. 2.1.1. The impact of a systematic uncertainty is

an estimate of the propagation of the uncertainty to the POIs � . Like in case of estimation of pulls,

the impact of a systematic uncertainty can be approximated by a local expression based solely on the

Hessian matrices or by a more accurate, but computationally more expensive, expression based on the

maximum likelihood estimate calculated at di�erent parameter values.

The impact of a systematic uncertainty on a POI � 2 � is traditionally estimated by the di�erence

� NP;(� )
k = bb� (b� m �

p
Vmm ) � b� where bb� (b� m �

p
Vmm ) is the conditional maximum likelihood estimate

obtained by keeping the NP associated with the systematic uncertainty �xed at� m = b� m �
p

Vmm .

Recently [53], an alternative de�nition has been proposed where the impact is estimated with the

di�erence � AO ;(� )
m = b� (am � � m ) � b� (am ) of the maximum likelihood estimates when the value of

the auxiliary observable (AO) am representing the auxiliary measurement is shifted by the externally

provided uncertainty and when it is kept at its nominal value. The latter de�nition has been shown

to allow for a consistent decomposition of systematic and statistical uncertainties, as will be discussed

in detail in Sec. 7.1.4.

Both de�nitions of the impact of a systematic uncertainty have local de�nitions which can be

calculated e�ciently with auto-di�erentiation. In the case of a single POI, a local estimate of the

impact � NP
m is given by

� NP
m =

@b�
@�m

�
p

Vmm =
�

@2�
@�2

(b� ; b� )
� � 1 @2�

@�@�m
(b� ; b� ) �

p
Vmm ; (3.18)

considerably simplifying the analysis of the pro�le likelihood ratio. The e�ect of pulls on the impact can

be evaluated by calculating the so-calledpre-�t impact, which is obtained by replacing
p

Vmm ! � m

in Eq. 3.18. A local estimate for the alternative de�nition of impact is given by � AO
m = V0m (b� ; b� ) [53],

where the covariance matrix is de�ned in Eq. 3.15. Further details about these calculations for NSBI

using auto-di�erentiation techniques are described in Ref. [6].

3.3 Neyman Construction

Well known cases when the test statistict� is not chi-squared distributed include analysis with very

low number N of pre-selected data events (low-background searches) and with probability models that

have a non-linear dependence on the POIs. In the case of NSBI analyses, any residual bias in the

probability density ratios will yield a non chi-square distributed test statistics, even if there is a large

number of data events pre-selected and if the probability model is linear. When the distribution is not

asymptotic, Monte Carlo methods are required to de�ne frequentist con�dence intervals. The standard

procedure for LHC analyses is called Neyman construction.

Neyman construction for histogram-based analyses are a standard procedure since the spread of
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events in each bin is described using a Poisson probability density, which is used to sample the pseudo-

data for each bin I for a given set of parameters� . In the NSBI analysis presented in this thesis,

the probability densities p(x j� ; � ) are intractable and only the density ratios between two hypothesis

p(x j� ; � )=pref(x) is estimated using NNs. This leaves out the possibility of directly sampling events

using a PDF.

3.3.1 Poisson Bootstrap technique

In this work, we instead propose sampling using a Poisson bootstrapping technique [54, 55]. The

Poisson bootstrap is a resampling method that generates new datasets by assigning each observation

a random number of replications (or integer weights) drawn from a Poisson distribution, with the

frequency determined by its associated weightwi .

wi ! wtoy
i = Poisson(wi ) (3.19)

The basic idea is to treat each event's weight as the expected value (mean) of a Poisson distribution.

Then, we generate a Poisson-distributed random number with this mean, and use it as the weight

for the event in the pseudo-experiment. This converts the event's weight from a real number to a

non-negative integer, e�ectively `unweighting' the pseudo-experiment especially sincewi � 1 for most

of the events which correspond to two main possibilities:wtoy
i = 0 ; 1.

The Poisson bootstrapping method presented here cannot always be directly used on the Asimov

MC dataset. This is true for example if the dataset contains events with negative weights, because

the Poisson distribution can only have a positive mean value. A solution to this problem is to use

trained probability density ratio estimates to reweight a dataset with all positive weighted events to

an unbiased (as a function of the same observablex used in the analysis) alternative Asimov dataset.

By de�nition, these weights are positive-de�nite and the Poisson sampling of Eq. 3.19 can proceed on

this reweighted dataset.

In order to obtain pseudo experiments at di�erent values of � and � , one can also just use the

probability density ratios trained to build the test statistic, if the reference sample pref is chosen to

have only positive weighted events as suggested in Sec. 2.5.1.

wref
i ! wAsimov

i (� ; � ) =
� (� ; � )

� ref
�

p(x j� ; � )
pref(x)

� wref
i (3.20)

Using Eq. 3.20, we can in principle generate the Asimov dataset from thepref sample at any value

of � and use it to generate pseudo-experiments using Eq. 3.19.

wAsimov
i (� ; � ) ! wtoy

i (� ; � ) = Poisson
�
wAsimov

i (� ; � )
�

(3.21)

In order for this method to work, it is necessary that the Asimov datasets resulting from Eq. 3.20

are un-biased representations of the Monte Carlo dataset at any value of� . This is demonstrated by

the reweighted diagnostic checks in Sec. 6.3. Moreover, the asymptotic properties of the re-weighted

dataset are veri�ed with that of the original Monte Carlo dataset by comparing the NLL curves in

Appendix B.
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Con�dence Interval Construction

Now that formalism for generation of pseudo-experiments has been established, the Neyman construc-

tion proceeds by scanning over the full parameter range of POIs� 2 � to build con�dence intervals.

For each pseudo-experiment, the value of the AOam associated with each of the constrained NP� m in

the �t is sampled from a Gaussian probability density Gaus(am j b� m ; 1) [48]. The value of the POI � is

used together with the NPs �xed to the best �t value from an initial �t �̂ to sample pseudo-experiments

which are then used to �t the likelihood with sampled values ofam per pseudo-experiment.

L (� ; � jD ; G)
Q N data

k pref(xk )
=

p(Dj � ; � )
Q N data

k pref(xk )
�

N systY

m=1

1
p

2�
exp

�
�

(� m � am )2

2

�
(3.22)

The construction of con�dence intervals then takes place by estimating the distributions oft� built

using the likelihood model of Eq. 3.22, from the pseudo-experiments sampled for each� 2 � . To build

the 1� and 2� con�dence belts, the resulting distribution is then integrated over to �nd the boundaries

corresponding to 68.24% and 95.45% of the pseudo-experiments, as shown in Fig. 7.1 for the case of

the o�-shell Higgs boson analysis (described in the next section). These correspond to the1� and 2�

boundaries for the particular values of POI � , which can be scanned over in �nite intervals for the

entire parameter range to build the� -parameterized con�dence belts. It is the projections along the�

scan of the intersection of these con�dence belts and the test statistic scan (shown in Fig. 7.1 for the

o�-shell Higgs boson analysis) that determines the1� and 2� uncertainties on the POI � being scanned

over. These uncertainties are quoted in Chap. 7 for the measurement of POI� o�-shell of the o�-shell

Higgs boson analysis de�ned in the next section, along with the maximum likelihood estimates (also

called the best �t values). Together this completes the composite frequentist hypothesis testing on

the POI � . The best-�t values �̂ ; �̂ for each pseudo-experiment is also saved and the resultinĝ� will

be distributed with some distribution g(�̂ j� truth ), also sometimes referred to as sampling distribution.

This is shown in Fig. B.2 in Appendix B for the o�-shell Higgs boson analysis.
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Figure 3.1: The Neyman construction for the o�-shell Higgs boson analysis, de�ned in Chap. 4. Sam-
pled pseudo-experiments are used to build thet � distribution, which is then integrated to �nd the
boundaries corresponding to 68.24% and 95.45% pseudo-experiments, de�ning the1� and 2� con�-
dence belts as a function of� = 0 :5; 1:0; 2:5; 3:5 (top left, top right, bottom left, bottom right). This
is repeated for the full scan range of� o�-shell as to build con�dence belts and �nd the � o�-shell intersec-
tion points corresponding to 1� and 2� uncertainties on the POI � o�-shell as shown in Fig. 7.1. In an
asymptotic case, the distributions will be � 2-distributed and the vertical lines corresponding to 68.24%
and 95.45% pseudo-experiments would be located att � � 1 and t � � 4 respectively. The degenerate
solutions of the o�-shell Higgs boson probability model breaks the asymptotic approximation.
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Theory and the Experimental Model

In this chapter, the physics behind the o�-shell Higgs boson is brie�y reviewed along with the im-

plications of precise measurement of its cross-section at the LHC. The basics of the Standard Model

will not be reviewed in this thesis, with the exception of a brief introduction to the Higgs mechanism

for completeness. The experimental model of the o�-shell Higgs boson is then setup, along with a

motivation for the use of NSBI techniques in the corresponding signal-strength analysis.

The Standard Model (SM) of particle physics is one of the most successful models in physics in

terms of experimental precision, encompassing the theory for strong and electroweak fundamental

interactions. It is, however, not complete and requires as input nineteen independent parameters -

the masses of the three generations of leptons and those of the six quarks spanning three generations,

coupling constants of the three electroweak gauge bosons, three quark �avour mixing angles and one

complex phase, mass of the Higgs boson and its quartic coupling constant and the QCD vacuum

angle. By precisely measuring these input parameters using experiments, and subsequently checking

the internal consistency of the SM by measuring the predicted values, the experiments at the LHC

aim to �nd a breaking point for this incomplete model that can motivate a more general and complete

theory of particle interactions that can, among other things, predict the values of the input parameters

to the SM.

The Brout-Englert-Higgs mechanism in the Standard Model

The SM of particle physics describes electroweak interactions using a SU(2)L � U(1)Y invariant gauge

�eld theory. The general form of the Lagrangian respecting this symmetry group does not allow for

the corresponding gauge bosons to have masses. The Brout-Englert-Higgs (BEH) mechanism provides

a mechanism for the breaking of the electroweak SU(2)L � U(1)Y symmetry to a U(1)EM symmetry of

electromagnetism, and in the process introduces massive gauge bosons as force carriers for the extremely

short-ranged weak interactions, while keeping the gauge boson (also called the photon
 ) associated

with the remaining U(1)EM symmetry massless to avoid violation of local gauge invariance. This

electroweak symmetry breaking (EWSB) mechanism postulates a new massive scalar �eld permeating

the Universe, called the Higgs �eld, which is a self-interacting complex doublet:
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(4.1)

with a weak hyperchargeY = 1 and weak isospinI = 1=2. This Higgs �eld contributes with the

Lagrangian:

L Higgs = D � �D � � � V (� ) (4.2)

where the D � is the covariant derivative, essential for ensuring local gauge invariance under the SM

symmetry group SU(3)C � SU(2)L � U(1)Y and the potential associated with the �eld is given by:

V (� ) = �
m2

h

2
� y� + � (� y� )2 (4.3)

where mh corresponds to the mass of the Higgs boson and� the self-coupling strength. The negative

sign on the mass term of the potential results in a shape represented as the so-called Mexican-hat

potential shown in Fig. 4.1. This has the consequence that the ground state of this new �eld is not

zero, and thus the Higgs �eld is unstable to symmetry breaking. The Higgs �eld can spontaneously

break the original SU(2)L � U(1)Y symmetry at which it existed with < � > = 0 and take on a unique

state with non-zero vacuum expectation value (vev)v, < � > = v(= mh=
p

� ) from the in�nitely many

(but gauge redundant) possible values in the valley of the potential shown in Fig. 4.1. This new state is

still invariant under local gauge transformations associated with the U(1)EM symmetry group. In this

process three of the degrees of freedom in the Higgs �eld 4.1 are absorbed to form the three massive

gauge bosonsW � ; Z , and the remaining degree of freedom is associated with a massive scalar boson,

called the Higgs bosonH .

m2
W =

g2v2

4
; m2

Z =
(g02 + g2)v2

4
(4.4)

whereg and g0 are the coupling strengths which are inputs to the SM to be determined experimentally.

Using the experimental measurements of the mass of theW � and Z bosons, the vev associated with

the Higgs �eld is predicted to bev = 246 GeV. The oscillations of this �eld in the new broken symmetry

ground state and along the radial direction shown in Fig. 4.1 correspond to the Higgs boson, which in

unitary gauge can be written simply as

� =

 
0

v + h(x)p
2

!

(4.5)

where h(x) represents the quantum �uctuation corresponding to the physical Higgs boson. Similarly,

the fermions in the SM acquire mass in this theory through a new type of interactions with the Higgs

boson referred to as the Yukawa interactions.

mf =
hf v
p

2
(4.6)
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Figure 4.1: The Mexican-hat shaped potential of the Higgs boson, described by Eq. 4.3. The Universe
starts out with the unstable minimum V(� ) = 0 , corresponding to Re(� ) = Im(� ) = 0 . About 10� 12

seconds after the big-bang, the Higgs �eld acquires a non-zero vacuum expectation value, that does
not respect the original SU(2)L � U(1)Y symmetry, but acquires a new U(1)EM symmetry associated
with Maxwell's electromagnetism in the process. Massive vector bosons and fermions are predicted in
this broken symmetry Universe through interactions with the Higgs �eld which now has a non-zero
vacuum state. The transverse oscillations of the Higgs �eld along the radial direction is associated
with the new scalar boson called the Higgs boson.

where hf is the Yukawa coupling strength associated with a fermionf . Note that the SM o�ers no

explanation on the hierarchy of masses observed in reality due to di�erent interaction strengthshf of

the various fermions, which must be determined experimentally.

If this theory describes reality, the charged leptons in the SM take on di�erent mass values, the

neutrinos remain massless and a massless gauge boson, called the photon
 , corresponding to the

newly emerged U(1)EM symmetry comes into existence. The massiveW � ; Z bosons predicted by this

so-called Weinberg-Salam model of electroweak interactions in the presence of BEH mechanism have

since been discovered, hinting at the validity of this model of electroweak interactions. The prediction

of massive charged leptons with a hierarchy of masses and a massless photon
 lends further validity

to this model. Neutrinos, due to the observed oscillations [56], are known to be massive (with a mass

close to zero) and thus do not �t the originally proposed Weinberg-Salam model. However, massless

neutrinos were a postulate due to the lack of observational data at the time and it is possible to

extend the SM to include neutrino masses in several ways, some of which predict the existence of new

physics whereas others are straightforward corrections to the SM theory [57, 58, 59]. The true masses

of the neutrinos and thus the nature of the model that predicts them remains to be experimentally

determined.

4.1 The Higgs boson at the LHC

While the discoveries of theW � and Z bosons already pointed to the evidence of a broken symmetry

Universe with a non-zero Higgs �eld vev, the �nal degree of freedom in the �eld - the Higgs boson

- remained elusive and its properties undetermined until recently. In 2012, the ATLAS and CMS

experiments announced the discovery of a scalar particle with properties consistent to that of the

Higgs boson predicted by the SM using data from the �rst run, Run-1, of the LHC. This marked a
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monumental milestone, con�rming the existence of the last missing particle predicted by the SM and

providing strong evidence of the BEH mechanism of electroweak symmetry breaking, along with the

�nal inputs needed to complete the SM description. Since then, the ATLAS experiment during the

Run-2 of the LHC - lasting between 2015 to 2018 - recorded over 30 times more Higgs bosons, allowing

a precise investigation of the properties and interactions of this new scalar particle to con�rm if it is

indeed the Higgs boson as predicted by the SM.

However, in the 12 years since the discovery of the new particle, not all of its properties have been

precisely measured. The shape of the Higgs potential of Eq. 4.3, for example, is fully determined

using a measurement of both the Higgs boson mass and its self-interaction. And while the mass of the

Higgs boson has been measured precisely to be 125.11� 0.11 GeV [60], the direct measurement of the

self-interactions H ! HH remains elusive, due to a low cross-section at the LHC further complicated

by a large and destructive quantum interference. So a very important property of the Higgs �eld, that

can be modi�ed in reality due to e�ects from unknown Beyond the SM (BSM) physics, remains to be

measured using the experimental program at the LHC.

Another property of the Higgs boson that is di�cult to measure at the LHC is its total decay width

� H . The observed mass of the Higgs boson at125 GeV results in an expected value of� H � 4:1 MeV

(See Fig. 4.2). This relatively small value of� H makes it impossible to directly measure at the LHC

due to limited resolution of its detectors, which is of the orderO(1 GeV), or about three orders of

magnitude larger than the width.

The current uncertainties on these two fundamental properties of the newly discovered scalar �eld

allow ample room for new physics e�ects that might reveal that the Higgs boson, or its couplings with

other particles, do not behave according to the SM predictions. Precision measurements of theoretical

physics parameters will be a major element of the scienti�c program at the LHC experiments over

the coming years, potentially leading to a subtle deviation from the SM predictions or con�rming its

predictions to a high degree of precision. The focus of this thesis will be the precision measurement of

the Higgs boson decay width� H using the o�-shell Higgs boson measurement described below.

4.1.1 Higgs boson production and decays

The Higgs boson is produced during the proton-proton collisions as a virtual particle at the LHC.

The protons are made up of quarks and gluons, also referred to as partons in general, that interact

during these high-energy collisions to produce the Higgs boson, which subsequently decays into other

particles. The various production and decay interactions of the Higgs boson with other SM particles

at the LHC are shown in Fig. 4.4. The main production channel, accounting for87%of the total Higgs

bosons produced during the Run-2 of the LHC is the gluon-gluon fusion process (ggF) mediated by a

heavy quark (t/ b/ c) loop. This is followed by Vector-Boson Fusion (VBF) production where twoW or

Z bosons fuse to produce a Higgs boson, accounting for about 7% of the total production. This type

of production is also referred to as Electroweak (EW) production mechanism, along with associated

production of the Higgs boson with a vector boson that accounts for 4% of the total Higgs boson

production. The other production channels in association with a signle top quark or a top quark pair

accounts for about 2% of the total production. The remaining interactions are much too subdued at
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Figure 4.2: Higgs width prediction in the Stan-
dard Model as a function of its mass. Around
the measured mass of 125 GeV, the Higgs width
is predicted to be � 4:1 MeV. Figure taken from
Ref. [61].

Figure 4.3: The relativistic Breit-Wigner distri-
bution of the Higgs boson resonance with a width
(� H) of 4.1 MeV. The small value of the width
makes it impossible to directly measure using the
LHC experiments. Figure courtesy of Michiel Jan
Veen.

the LHC and will not be discussed here.

The Higgs boson is an unstable particle and exists only as a virtual particle in LHC production. The

SM predicts that a Higgs boson with a mass ofmH = 125 GeV decays pre-dominantly using theH ! bb

channel, followed byH ! WW channel. The SM predictions of the Higgs boson Branching Ratios is

shown in Fig. 4.6 as a function of the Higgs boson mas, where the branching ratio is BR= � H ! XX =� H ,

where � H ! XX is the decay cross-section of theH ! XX channel and� H is the total decay widthof

the Higgs boson (See Fig. 4.3. The decay probabilities into various �nal states for a Higgs boson with

mH = 125 GeV are shown in Fig. 4.5. While decays likeH ! bb=WW=ggpresent large probabilities,

they are experimentally di�cult to isolate and measure precisely due to hadronization in the case of

quarks and gluons andW -boson decays into invisible neutrinos. As such, while theH ! ZZ and

H ! 

 decay channels have much lower probabilities, they were used to �rst discover the Higgs

boson, due to the clean �nal state from these decays.

4.1.2 Higgs boson interactions

A key prediction of the EWSB theory is that the Higgs boson couplings with the other particles

scale with their masses, and the coupling strengths can be predicted precisely once the mass of the

particles are known experimentally. By comparing these predictions based on the observed masses of

the particles, an independent consistency check can be performed on the SM. The precise measurements

of these couplings moreover can be used to put stringent constraints on theories beyond the SM. Fig. 4.7

shows the experimental measurements of the coupling strengths of the SM particles as a function of

their mass, showing compatibility within experimental precision to the SM prediction shown by the

diagonal line.
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Figure 4.4: The various production and decay channels of the Higgs boson at the LHC from Ref. [62].
The Higgs boson is produced via gluon�gluon fusion (a), vector boson fusion (VBF; b) and associated
production with vector bosons (c), top or b quark pairs (d), or a single top quark (e). f�i, The Higgs
boson decays into a pair of vector bosons (f), a pair of photons or aZ boson and a photon (g), a pair
of quarks (h), and a pair of charged leptons (i). Loop-induced Higgs boson interactions with gluons
or photons are shown in blue, and processes involving couplings toW or Z bosons in green, to quarks
in orange, and to leptons in red. Two di�erent shades of green (orange) are used to separate the VBF
and V H ( and tH ) production processes.

Figure 4.5: The pie chart showing the probabili-
ties of Higgs boson decays to various possible �nal
states. Figure from Ref. [63].

Figure 4.6: SM predictions of the Higgs boson
decay branching ratios to various particle pairs,
as a function of the Higgs boson mass. Figure
from Ref. [61].

4.2 The o�-shell Higgs boson

The Higgs boson is produced at the LHC as a virtual particle, with various production and decay

channels described in Sec. 4.1.1, and shown in Fig. 4.4. The dynamic term of the Higgs Lagrangian of

Eq. 4.2 gives the Higgs propagator:

DH (bs) =
1

(bs2 � m2
H )2 + m2

H � 2
H

(4.7)
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Figure 4.7: The Higgs boson coupling strengths to the various fermions and scalar bosons, shown
using modi�ers measured experimentally. The vertical bar on each point denotes the68% con�dence
interval. The lower panel shows the values of the coupling strength modi�ers. Data are from ATLAS
Run-2. Figure taken from Ref. [64].

This corresponds to a resonance e�ect shown in Fig. 4.3 approximated by the so-called Breit-Wigner

distribution. For the Higgs boson decaying into a pair of vector bosonsH ! V V (where V = W; Z

bosons), the di�erential cross-section scales as:

d� H ! V V

dm2
V V

/
g2

prod (bs)g2
decay(bs)

(m2
V V � m2

H )2 + m2
H � 2

H
(4.8)

wherebs = m2
V V is the reconstructed mass of the Higgs boson, using the invariant mass of theV V �nal

state, giving an estimate of its virtuality as well as the partonic center-of-mass energy, andgprod (bs)

and gswcay(bs) are, respectively, the e�ective couplings associated with the Higgs boson production and

decay as a function of the Higgs boson virtualitybs.

The Breit-Wigner distribution of DH (bs) drops o� quickly while moving away from the peak at

mH = 125 GeV, with the relative contribution of the tails more than n Higgs widths ( n � � H) from

mH = 125 GeV can be estimated as 1/(n� ), since [65]:

Z (mH � n� H )2

(mH + n� H )2

dm2
V V

2�
1

(m2
V V � m2

H )2 + m2
H � 2

H
�

1
2mH � H

�
1 �

1
n�

�
(4.9)

As such, one does not expect the Higgs boson to be produced with signi�cant cross-sections at

massesmH � 125GeV. However, the Breit-Wigner distribution only describes the scaling of the Higgs

propagator. In principle, bs dependence from the production and decay couplings (gprod (bs); gdecay(bs))

can a�ect the total production cross-section di�erently at di�erent energies. This is true in the H ! V V

decays, if the Higgs boson is produced using the ggF, VBF or VH production channels shown in Fig. 4.4.
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In this analysis, focus is on theH ! ZZ decay channel.

As shown in Fig. 4.8, in the H ! ZZ channel the o�-shell Higgs boson production (solid black

curve) is signi�cantly boosted in regions mZZ � 180:0 GeV, compared to predictions from a simple

Breit-Wigner distribution (dashed black curve). This is due to the fact that while the Higgs propagator

scales down as
p

s � 125GeV, the coupling terms corresponding toHZZ and t�tH (in the gluon-fusion

ggF production as shown in Fig (a) of. 4.4) interactions receive a boost, due to thet-quark and the

Z -boson going on-shell in this kinematic phase space, that compensates for the decrease in amplitude

due to the propagator.

gHZZ (bs) � bs2 for ŝ & 2mZ (4.10)

gt �tH (bs) � mt ŝ for ŝ & 2mt (4.11)

where mZ and mt denote the pole masses of theZ -boson and thet-quark respectively. The boost

from these two threshold e�ects at mZZ � 2mZ ; 2mt cancel out the � 1=(m2
ZZ )2 down-scaling of the

Higgs propagator in Eq. 4.8 in certain production channels - the ggF production channel due to the

t � quark loop and the VBF and VH production channels due to theHZZ production mechanism. This

enhancement in Higgs boson production rate in the o�-shell region compared to a simple Breit-Wigner

resonance associated with the Higgs propagator is shown in Fig. 4.8. Note that in this o�-shell phase

spacemV V & 180:0:

DH (mZZ ) �
1

(m2
ZZ � m2

H )2 (4.12)

giving

d� H ! V V
o�-shell

dm2
V V

/
g2

prod (bs)g2
decay(bs)

(m2
V V � m2

H )2 (4.13)

where it is interesting to note that the cross-section loses dependence on the decay width� H . While

the same behaviour described here can be applied forH ! WW decay channel, this thesis focuses on

the H ! ZZ production channel - in particular to the experimentally clean ZZ ! 4` �nal state.

Constraining Higgs width using the o�-shell Higgs boson

As mentioned above, the Higgs width is an important and as-yet poorly measured piece of the SM

puzzle. This is because it is too narrow� H � 4:1 MeV to be measured directly using the resonance

lineshape at the LHC experiments due to their large resoluton ofO(1 GeV). To visualize this, note the

magnitudes of the width in the theoretical resonance of Fig. 4.3 with the width of the experimentally

observedm4` lineshape in Fig. 2.2a. This motivates the need for indirect measurements of the Higgs

width using theoretical model assumptions. An important thing to note is that while the cross-section

associated with the on-shell Higgs boson is dependent on the decay width

� H ! V V
on-shell /

g2
prod (mH )g2

decay(mH )

� H
; (4.14)
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Figure 4.8: The mZZ distribution comparison between a Breit-Weigner lineshape centered atmH =
125 GeV and the actual lineshape due to threshold e�ects atmZZ & 180 GeV and mZZ & 350 GeV.
Here the H stands for the Higgs signal process andcont stands for the interfering background shown
in Fig. 4.9. ZWA stands for the zero-width approximation that assumes a Breit-Weigner distribution
with a narrow decay width. Figure taken from Ref. [66].

there is degeneracy between the e�ective couplingsg(mH ) and the Higgs boson decay width� H that

does not allow for inference on the� H from an experimental measurement of this cross-section. Note,

however, that the o�-shell cross-section in Eq. 4.13 is independent of the Higgs boson decay width� H ,

giving the integrated cross-section in themV V & 180:0 GeV phase space:

� H � ! V V
o�-shell / g2

prod (bs)g2
decay(bs) (4.15)

As such, a precise measurement of the o�-shell and on-shell signal strengths:

� o�-shell =
� H � ! V V

o�-shell ;observed

� H � ! V V
o�-shell ; SM

; � on-shell =
� H ! V V

on-shell;observed

� H ! V V
on-shell; SM

(4.16)

gives
� o�-shell

� on-shell
=

� H

� H; SM
(4.17)

under the assumption that both the on-shell and o�-shell e�ective coupling modi�ersh
(g2

prod g2
decay)=(g2

prod, SM g2
decay, SM)

i

o�-shell
�

h
(g2

prod g2
decay)=(g2

prod, SM g2
decay, SM)

i

on-shell
, which roughly

translates to the assumption that no new physics a�ects the e�ective coupling strengths in the o�-shell

and on-shell phase spaces di�erently (i.e. has a strong scalebs-dependence). This has been proposed

in [67, 68, 69], as a minimally model-dependent and powerful way to perform inference on the Higgs

boson decay width � H using the LHC experiments. Other approaches, with di�erent model depen-

dencies, include precisely measuring the on-shell Higgs boson interference that modify the resonance

lineshape [70] inH ! Z
; 

 �nal states, and measuring thet �tH � production using the H � ! t �t decay

channel in the o�-shell phase space [71]. The approach presented in this analysis with the o�-shell
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(a) (b)

Figure 4.9: Illustrative leading-order Feynman diagrams forgg ! ZZ production. The diagrams
indicate the e�ective couplings gg and gV . Diagram a corresponds to the signal component and
diagram b corresponds to the background component. A large destructive interference between the
two components is present in the o�-shell regime.

H � ! ZZ production is the most precise determination of� H among these proposed methods.

4.3 The Experimental Model of o�-shell Higgs boson

The measurement of the o�-shell Higgs boson production in theH � ! ZZ ! 4` channel is presented

here as a signal strength measurement as described in Sec. 2.5.2, and de�ned in Eq. 4.16. The measure-

ment is also interpreted using a model in which the e�ective couplings of the Higgs boson to gluons and

to electroweak vector bosons in the SM can have independent anomalous scalar modi�cations. This

latter interpretation, known as the � -framework [61] can be understood as a sector of a larger Higgs

E�ective Field Theory (HEFT) [72].

The gluon�gluon fusion (ggF ) o�-shell Higgs boson production and subsequent decay into aZZ

pair, gg ! ZZ , can be described by using the Higgs boson e�ective coupling constantsgg(bs) and gV (bs)

to gluons and vector bosons, shown in Fig. 4.9a. The e�ective couplingsgg(= gprod ) and gV (= gdecay)

depend on the Higgs boson virtualitybs, but the notation is suppressed hereafter for simplicity. The

Higgs boson is represented byH � to denote explicitly that its virtuality is well above the pole mass

mH = 125 GeV [73].

In gg ! ZZ production, the signal (S) component is de�ned at leading order (LO) in perturbation

theory by the absolute value squared of the amplitude of the diagram in Fig. 4.9a. The signal con-

tribution scales asg2
gg2

V . The background(B) component is de�ned at LO in perturbation theory by

the absolute value squared of the amplitude of the diagram in Fig. 4.9b. The background component

is independent of gg and gV . The interference (I) between the two diagrams scales asgggV . The

integrated interference between the two diagrams is negative, as required by perturbative unitarity

conservation [74].

The e�ective coupling between gluons and the Higgs bosongg is represented by a blob in Fig. 4.9a

since in the SM, at LO in perturbation theory, it can be resolved to a fermion triangle loop dominated

by the top-quark contribution. In several BSM scenarios, the contribution of new heavy particles

cannot be resolved at the scales probed by this measurement, but can modify the Higgs boson e�ective

couplings as well as the background process.

The same concepts can be applied to the electroweak (EW ) production ofq�q ! ZZ +2 j ! 4` +2 j .

In this case, the signal scales asg4
V , the interference scales asg2

V , and the backgroundcomponent is
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(a) (b) (c) (d)

Figure 4.10: Illustrative leading-order Feynman diagrams for the electroweakqq! ZZ + 2 j processes.
The diagrams indicate the e�ective couplingsgV used to de�ne the o�-shell Higgs boson production
signal strengths. Diagrams a, b, and c correspond to the vector boson fusion,t-channel and ZH
signal components, respectively. In diagram c, one of theZ bosons decays into aq�q pair. Diagram d
corresponds to the electroweak background component. A large destructive interference is present in
the o�-shell regime between the vector boson fusion signal and the background components.

independent ofgV . The LO Feynman diagrams for the production of EWq�q ! ZZ + 2 j ! 4` + 2 j are

shown in Fig. 4.10.

The scaling of the cross-sections with the e�ective couplingsgg and gV de�nes uniquely each

component (signal, interference, and background) in the ggF and EW production of o�-shell Higgs

bosons. The probability density model used to measure the o�-shell Higgs boson production is de�ned

as function of the coupling modi�ers � g = gg=gg;SM and � V = gV =gV;SM , independently of the Higgs

boson virtuality, which are used to de�ne the signal strengths:

� ggF
o�-shell = � 2

g;o�-shell � 2
V;o�-shell ; � EW

o�-shell = � 4
V;o�-shell ; (4.18)

where the subscripto�-shell indicates that the modi�er only a�ects processes with virtuality su�ciently

above the pole mass. These signal strengths are used in the de�nition of a probability density model

that is used to interpret the collected data:

p(x j� ggF
o�-shell ; � EW

o�-shell ) =
1

� (� ggF
o�-shell ; � EW

o�-shell )
�

"

� ggF
o�-shell � ggF

S pggF
S (x) +

q
� ggF

o�-shell � ggF
I pggF

I (x) + � ggF
B pggF

B (x) +

� EW
o�-shell � EW

S pEW
S (x) +

q
� EW

o�-shell � EW
I pEW

I (x) + � EW
B pEW

B (x) + � NI pNI (x)

#

;

(4.19)

wherex is a vector of reconstructed observables, which are de�ned in Sec. 5.3, and wherepc(x) and � c

are the probability density function and the expected yield for processc, respectively. Eq. 4.19 is the

general model based on the� � framework. The main focus of this analysis will be the measurement of

the signal strength parameter� o�-shell = � ggF
o�-shell = � EW

o�-shell , de�ned in Eq. 4.16, for which the model

is written as:
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(a) (b)

Figure 4.11: Illustrative leading-order Feynman diagrams for non-interfering background processes.
Diagram a shows the leadingq�qZZ process and diagram b shows the top-quark induced sub-leading
V V V process. The leptonic decays of theZ and W bosons are not shown.

p(x j� o�-shell ) =
1

� (� o�-shell )
�

"

� o�-shell � ggF
S pggF

S (x) +
p

� o�-shell � ggF
I pggF

I (x) + � ggF
B pggF

B (x) +

� o�-shell � EW
S pEW

S (x) +
p

� o�-shell � EW
I pEW

I (x) + � EW
B pEW

B (x) + � NI pNI (x)

#

;

(4.20)

This is the more familiar signal-strength model that was de�ned in Sec. 2.5.2. Here, the total yield

can also be written as a function of� o�-shell :

� (� o�-shell ) = f S(� o�-shell )� ggF
S + f I (� o�-shell )� ggF

I + f B (� o�-shell )� ggF
B

+ f S(� o�-shell )� EW
S + f I (� o�-shell )� EW

I + f B (� o�-shell )� EW
B + f NI (� o�-shell )� NI

(4.21)

where f S(� ) = � , f I (� ) =
p

� and f B (� ) = f NI (� ) = 1 . The general forms of these multipliers for each

process used in the o�-shell Higgs boson analysis are de�ned in Tab. 4.1.

Since the multipliers f c(� ) are process dependent, the simpli�cation of Eq. 2.33 is not possible in the

o�-shell Higgs boson modelling and hence a�xed summary statistic u(x) is not a su�cient summary

statistic for the full parameter � o�-shell range being scanned. This motivates the use of parameterized

optimal observables or NSBI techniques for this measurement. For more discussion, refer to Sec. 2.5.

The term pNI (x) represents the probability density for processes that do not interfere with the ggF and

EW processes described above. The leading non-interfering process isq�q ! ZZ ! 4` production via a

t-channel exchange at LO. TribosonV V V processes, including those from top-quark decayst �tV , are

subleading processes, but are also included in the analysis. Fig. 4.11a shows the LO Feynman diagram

of the leading non-interfering q�q ! ZZ process (q�qZZ ) and Fig. 4.11b shows the corresponding LO

Feynman diagram of the subleading non-interfering top-quark-inducedV V V process.

Monte Carlo (MC) simulated samples are used to model the probability densitiespc(x) in Eq. 4.19.
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Due to the technical challenges associated with the e�cient production of interference-only MC simu-

lations [75], the interference terms in Eq. 4.19 are not generated separately, but inferred from samples

generated with signal, interference, and background terms (SBI sample). For ggF production, a single

SBI sample is generated and the interference term� ggF
I pggF

I (x) is calculated as:

� ggF
I pggF

I (x) = � ggF
SBI � pggF

SBI (x) � � ggF
S pggF

S (x) � � ggF
B pggF

B (x): (4.22)

In the simulation of EW production, it is impossible to generate an o�-shell signal-only sample.

Due to the diagrams shown in Fig. 4.10b and Fig. 4.10c, where ans-channel Higgs boson propagator is

absent, there is always contamination of on-shell events, which are formally part of the EW B process.

Instead of generating pure signal and interference samples, two linear combinations (EWSBI1 and

EWSBI10) are used to model the EW processes:

� EW
SBI1

pEW
SBI1

(x) = � EW
S pEW

S (x) + � EW
I pEW

I (x) + � EW
B pEW

B (x);

� EW
SBI10

pEW
SBI10

(x) = 10 � EW
S pEW

S (x) +
p

10� EW
I pEW

I (x) + � EW
B pEW

B (x):
(4.23)

These samples contain the signal, interference, and background components, including any possible

on-shell contamination, albeit with di�erent fractions. An additional sample is generated exclusively

modeling the diagram in Fig. 4.10d to describe the EW B process� EW
B pEW

B (x). While this sample

does not contain the on-shell contamination from diagrams Fig. 4.10b and Fig. 4.10c discussed above,

it was found to be a good approximation for the missing on-shell parts as well.

The EW SBI10 sample is simulated by choosing the e�ective coupling between the Higgs boson

and the EW vector bosons to achieve an EW signal cross-section ten times larger than the SM value

(� 4
V = 10). The change of the e�ective coupling scales the interference component by a factor

p
10,

yielding the expression in Eq. 4.23. When simulating the EW SBI10 sample, the Higgs boson width

is modi�ed to keep the on-shell e�ective coupling unchanged atg4
V =� H . Linear combinations of the

EW B , EW SBI 1 , and EW SBI10 samples can be inverted to obtain the EW signal, interference and

background processes separately, as shown in Tab. 4.1.

As described earlier, the non-interfering background process� NI pNI (x) in Eq. 4.19 contains both

the leading q�qZZ and the subleadingV V V processes:

� NI pNI (x) = � q�qZZ pq�qZZ (x) + � V V VpV V V (x): (4.24)

All V V V processes are considered separately as a single non-interfering background process, whereas

the ZZZ ! 4` + jets sample is modeled as part of the EW background process.

A data-driven normalization is introduced for the leading q�q ! ZZ process as a function of the

number of reconstructed jets, which is one of the observables in the vectorx de�ned in Sec. 5.3:
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Table 4.1: De�nition of processes in the probability model used to interpret the data and the simulated
samples used to describe them. The multipliers de�ne both the measured o�-shell Higgs boson produc-
tion signal strength and the data-driven normalization of leading backgrounds. The(H � ! ) notation
is used for the SBI process. The multipliers are obtained after substituting the interference terms of
Eqs. 4.22 and 4.23 into Eq. 4.19, since interference-only samples are not simulated. For instance, in
the case of ggF production:�� S +

p
�� I + � B= ( � �

p
� )� S +

p
� (� S + � I + � B ) + (1 �

p
� )� B .

Process Multipliers f c(�; � qq) Samples

ggF S � ggF
o�-shell �

q
� ggF

o�-shell gg ! H � ! ZZ ! 4`

ggF SBI
q

� ggF
o�-shell

gg ! (H � ! )ZZ ! 4`
(� V

2 = 1 )

ggF B 1 �
q

� ggF
o�-shell

gg ! ZZ ! 4`
(� V

2 = 0 )

EW B
(1 �

p
10)� EW

o�-shell + 9
q

� EW
o�-shell � 10 +

p
10

� 10 +
p

10

EW q�q ! ZZ + 2 j ! 4` + 2 j
(� V

4 = 0 )
ZZZ ! 4` + 2 j

EW SBI1

p
10� EW

o�-shell � 10
q

� EW
o�-shell

� 10 +
p

10

EW q�q ! (H � ! )ZZ + 2 j ! 4` + 2 j
(� V

4 = 1 )
ZZZ ! 4` + 2 j

EW SBI10

� � EW
o�-shell +

q
� EW

o�-shell

� 10 +
p

10

EW q�q ! (H � ! )ZZ + 2 j ! 4` + 2 j
(� V

4 = 10)
ZZZ ! 4` + 2 j

q�qZZ n jets = 0 � 0j
q�qZZ q�q ! ZZ ! 4`

q�qZZ n jets = 1 � 0j
q�qZZ � 1j

q�qZZ q�q ! ZZ ! 4`

q�qZZ n jets � 2 � 0j
q�qZZ � 1j

q�qZZ � 2j
q�qZZ q�q ! ZZ ! 4`

V V V �
WWZ ! 4`
WZZ ! 4`

t �tZ ! 4`

� NI pNI (x) = � 0j
q�qZZ � 0j

q�qZZ p0j
q�qZZ (x) + � 0j

q�qZZ � 1j
q�qZZ � 1j

q�qZZ p1j
q�qZZ (x)

+ � 0j
q�qZZ � 1j

q�qZZ � 2j
q�qZZ � 2j

q�qZZ p2j
q�qZZ (x) + � V V V pV V V (x):

(4.25)

The parameter � 0j
q�qZZ provides a data-driven normalization for the total q�q ! ZZ ! 4` observed yield.

The parameter � 1j
q�qZZ (� 2j

q�qZZ ) provides a data-driven normalization for the ratio of the observed yield

of q�q ! ZZ ! 4` events with one (two) reconstructed jet and that with zero (one) reconstructed jets.

The process referred to as� 2j
q�qZZ p2j

q�qZZ (x) includes all events with at least two reconstructed jets.

Tab. 4.1 summarizes the processes that are used in the model after all transformations, as well as

the simulated samples used to describe them.
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4.4 Application of the Search-Oriented Mixture Model

The probability density ratio model for the o�-shell Higgs boson is now ready to be built:

p(x j� ggF
o�-shell ; � EW

o�-shell )
pref(x)

=
1

� (� ggF
o�-shell ; � EW

o�-shell )
�

" �
� ggF

o�-shell �
q

� ggF
o�-shell

�
� ggF

S
pggF

S

pref
(x) +

q
� ggF

o�-shell � ggF
SBI

pggF
SBI

pref
(x)

+
�

1 �
q

� ggF
o�-shell

�
� ggF

B
pggF

B

pref
(x) +

�
� EW

o�-shell �
q

� EW
o�-shell

�
� EW

S
pEW

S

pref
(x)

+
q

� EW
o�-shell � EW

SBI
pEW

SBI

pref
(x) +

�
1 �

q
� EW

o�-shell

�
� EW

B
pEW

B

pref
(x)

+ f (� qq) � q�qZZ
pq�qZZ

pref
(x) + � V V V

pV V V

pref
(x)

#

;

(4.26)

wheref (� qq) can be inferred from Eq. 4.25 and where a single density ratio is trained forpq�qZZ to model

all three q�qZZ processes (withnjets = 0 , 1, and � 2). This is possible without loss of information

because the observable that distinguishes the three processes (njets) is part of the vector x that describes

the event, and therefore:

� n jets = i
q�qZZ

pn jets = i
q�qZZ (x)

pref(x)
= � n jets ;i � q�qZZ

pq�qZZ (x)
pref(x)

; (4.27)

where � n jets ;i is the Kronecker delta and the corresponding� qq dependencef (� qq) can be introduced

here using the formulae in Tab. 4.1. Using the model of Eq. 4.26, the task of estimating a fully

� � parameterized density ratiop(x j� ggF
o�-shell ; � EW

o�-shell )=pref(x) can be split into estimating eight param-

eter � -independent density ratiospc(x)=pref(x) in Eq. 4.26.

The choice ofpref is important as one needs to remove phase space regionsx with pref(x) � 0 in

order for the density ratios pc=pref in Eq. 4.26 to be numerically stable. Choosingpref to be a signal-rich

probability density following the search-oriented mixture model procedure de�ned in Sec. 2.5.1:

pref(x) =
1

� ggF
S + � EW

SBI10

"
d� ggF

S

dx
(x) +

d� EW
SBI10

dx
(x)

#

=
1

� ggF
S + � EW

SBI10

h
� ggF

S � pggF
S (x) + � EW

SBI10
� pEW

SBI10
(x)

i (4.28)

The Monte Carlo sample corresponding to the chosenpref(x) hypothesis is a combination ofpggF
S

and pEW
SBI10

samples randomly shu�ed together, with their combined weights normalized. As discussed

above, for the EW production of the o�-shell Higgs boson, it is impossible to formally de�ne a signal

sample, and the hence the reference sample chooses the signal-rich hypothesispEW
SBI10

. The choice of
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pref is motivated by the observation that, in any well-designed search, the most valuable events will be

in the support of the signal process, but not necessarily in the support of background processes.

The key advantage in the choice ofpref in Eq. 4.28 is that only events which do not fall within the

support of the signal-rich pref(x) hypothesis need to be removed. The corresponding pre-selection of

signal-rich events will be discussed in the section 5.4.

Note that Eq. 4.26 is analogous to Eq. 2.23, both featuring a ratio of probability densities where

the denominator is independent of any of the �tted parameters. During a pro�le likelihood ratio �t,

the common denominatorpref cancels out giving the usual pro�le log-likelihood ratio test statistic 2.24.

4.5 Previous measurement

The ATLAS experiment found the �rst evidence for the o�-shell Higgs boson in 2022 [3] using the

same Run-2 data used in this analysis, but using a more traditional analysis technique. The previous

analysis made use of a�xed summary statistic built using a multi-classifying NN to discriminate the

signal from the two types of background:

ONN (x) = log
pggF

S (x)

pggF
B (x) + 0 :1 � pq�qZZ

(4.29)

where the pc in this equation corresponds to the outputs of a softmax activation function used in the

output layer of the trained NN discriminator. This is the observable used in two of the signal regions

rich in ggF production, as de�ned in Ref. [76], and an analogous NN was trained for the EW signal

region. The discriminant distribution for the various signals and backgrounds in the o�-shell Higgs,

for the 0 jet ggF signal region is shown in Fig. 4.12.

As discussed in Sec. 2.3.2, the summary statistic of Eq. 4.29 is only locally optimal around the

� o�-shell = 1 values, due to the non-linear probability model of the o�-shell Higgs boson. The summary

statistic of Eq. 4.29 is independent of the POI � o�-shell and is only trained to discriminate signal

hypothesis from the background hypothesis using MC simulated at� o�-shell = 1 . This makes the

summary statistic sub-optimal for parameter regions with a large e�ect from quantum interference,

which corresponds to the region with
p

� o�-shell pI � � o�-shell pS, which is the region with � o�-shell < 1

sincepI � pS. This will become apparent in the comparisons of the sensitivity between this old analysis

and the new NSBI analysis presented in Chap. 7.

In the NSBI analysis, the probability model of Eq. 4.26 aims to model not just the signal and back-

ground e�ects but also the interference e�ectspI (x)( � pSBI (x) � pB (x) � pS(x))=pref(x) using dedicated

NNs, unlike the simple signal versus background observable used in the previous analysis and de�ned

in Eq. 4.29.

The NSBI model of Eq. 4.26 ensures that an optimal summary statistic is used, based on the Neyman

Pearson lemma, across the parameter range being scanned over. This combined with the e�ect from

un-binned nature of the technique results in optimal sensitivity to � o�-shell even in the intereference-

rich parameter regions
p

� o�-shell pI � � o�-shell pS. This will be explicitly shown using binned optimal

observable technique in Chap 8.
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Figure 4.12: The NN discriminant used as a summary statistic in the �rst Run-2 analysis of the o�-shell
Higgs boson by the ATLAS experiment. The parameter-independent nature of this observable makes
it sub-optimal for parameter values that favor a dominant interference e�ect over signal, motivating
the need for a new optimal analysis technique. Figure from Ref. [3].

4.6 Systematic Uncertainties in the O�-shell Higgs boson model

Systematic uncertainties include experimental uncertainties in the reconstructed objects and modeling

uncertainties in the simulated samples. The systematic uncertainty model follows closely that reported

in Ref. [3] and only a summary is presented here. Modeling uncertainties and uncertainties in the jet

energy scale and resolution dominate the systematic uncertainty of the measurement. Jet-related

observables used to describe the events provide important information for discrimination between

hypotheses, especially for EW o�-shell Higgs boson production. However, they also make the result

sensitive to modeling of jet energy scale and resolution.

The uncertainty in the integrated luminosity for the full Run 2 dataset is 0.83% [77], obtained using

the LUCID-2 detector [78] for the primary luminosity measurements. Experimental uncertainties in-

clude momentum scale and resolution uncertainties for muons, electrons, and jets. These uncertainties

are estimated by using calibrations performed for each individual object and by comparing them with

di�erent simulation models. Uncertainties in the reconstruction, identi�cation and trigger e�ciency of

electrons [79, 80] and muons [81, 82] are determined from tag-and-probe e�ciency measurements using

Z ! `+ ` � and J= ! `+ ` � events. uncertainties in the jet energy scale are derived by combining

information from test-beam data, LHC collision data and simulation [25]. Uncertainties in the jet

energy resolution are estimated as a function of jetpT and rapidity using dijet events, based on a

similar method as in Ref. [25].

Modeling uncertainties arise from the choice of PDF, missing higher-order corrections in both QCD

and EW perturbative calculations, the merging of additional partons to the hard-scatter ME, and the

description of the parton shower. The methods used to estimate modeling uncertainties are summarized

in Tab. 4.2.
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Table 4.2: Description of the di�erent sources of modeling systematic uncertainties considered for each
process and the method used to estimate it.

Process Uncertainty Method
q�q ! ZZ Missing higher-order

QCD
Renormalization and factorization scales

q�q ! ZZ Soft-gluon resummation QSF resummation scale
q�q ! ZZ Jet merging CKKW merging scale
q�q ! ZZ Parton shower Sherpa showering scheme
q�q ! ZZ Missing higher-order

EW
NLO/LO K -factor in regions of high recoil

q�q ! ZZ PDF NNPDF MC replicas
EW qq! ZZ + 2 j Missing higher-order

QCD
Renormalization and factorization scales

EW qq! ZZ + 2 j Parton Shower A14 tune parameters, ISR and FSR scales
EW qq! ZZ + 2 j PDF NNPDF MC replicas

gg ! ZZ Missing higher-order
QCD

Renormalization and factorization scales

gg ! ZZ Soft-gluon resummation QSF resummation scale
gg ! ZZ Jet merging CKKW merging scale
gg ! ZZ Parton shower Sherpa showering scheme
gg ! ZZ PDF NNPDF MC replicas

The PDF uncertainties are evaluated using theNNPDF prescription with 100 replicas from the

NNPDF3.0 set [83]. The uncertainties due to missing higher-order QCD corrections are estimated by

varying the renormalization and factorization scales independently, by factors one-half and two.

For the gg ! ZZ ! 4` processes, the renormalization and factorization scales variations are eval-

uated on the NLO/LO K -factors and propagated to the measurement as a function ofmZZ only [84].

The gg ! ZZ ! 4` NLO scale variation is found to be approximately uniform throughout the phase

space, with a 10% relative magnitude, and independent of the process (ggF S , ggF B , ggF SBI ).

The NLO K -factors and scale variations used for thegg ! ZZ ! 4` processes do not contain the

complete top-quark mass dependency, which has only been recently calculated [85]. Therefore, the

gg ! ZZ ! 4` uncertainties due to scale variations are increased by 50% formZZ in the t �t threshold

region, and doubled in the phase space containing a jet withpT > 150 GeV [3].

For all other processes, the two variations of the renormalization and factorization scales with

largest impact in the expected value� c were taken as representative of this uncertainty. An additional

uncertainty in missing higher-order QCD corrections is estimated for thegg ! ZZ ! 4` and q�q !

ZZ ! 4` processes by varying the soft-gluon resummation scale (QSF) inSherpa by half and twice

the nominal value used in the simulation. The QSF scale variation is evaluated separately for each

gg ! ZZ ! 4` component (ggF S , ggF B , and ggF SBI ) and can induce variations as large as 40%

on the expected yield [86].

Jet merging uncertainties are evaluated by varying the matching scale (based on the Catani-

Krauss-Kuhn-Webber CKKW prescription [87]) for the processes simulated with theSherpa gen-

erator. Parton-shower uncertainties are evaluated by varying theSherpa showering scheme [86]. For
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those processes simulated with thePythia shower program, the uncertainty is assessed by varying the

Pythia con�gurations, such as the parameter values of the A14 tune, the multi-parton models, and

the initial and �nal-state radiation scales.

The uncertainties due to missing higher-order EW corrections are considered for the mainq�q !

ZZ ! 4` process. The largest missing higher-order component comprises mixed NLO QCD + NLO EW

corrections, which are relevant in regions of phase space with large NLO QCD corrections. Following

the procedure from Ref. [88], the full magnitude of the NLO EW correction is taken as uncertainty

for events in which the quadruplet has large recoil. The same prescription was used in histogram-

based analysis and further discussion can be found in Ref. [3]. These uncertainties are subleading

when compared to the dominant modeling uncertainties related to missing higher-order corrections in

gg ! ZZ , soft-gluon resummation ingg ! ZZ , and jet matching in q�q ! ZZ .

4.6.1 The full model

Systematic uncertainties are introduced in the measurement model using nuisance parameters (NP)

� m , following the prescription in Chap. 3. The joint probability model for the o�-shell Higgs boson is

then given by:

p(Dj � ; � )
Q N data

k pref(xk )
= Pois

0

@Ndata j
X

c

f c(� ) �

2

4
N systY

m=1

Gc(� m )

3

5 � c

1

A �

1
P

c f c(� ) �
hQ N syst

m=1 Gc(� m )
i

� c

N dataY

k

2

4
X

c

f c(� ) �

2

4
N systY

m=1

Gc(� m )

3

5 � c �

2

4
N systY

m=1

gc(x j� m )

3

5 pc

pref
(xk )

3

5 ;

(4.30)

where the channelsc correspond to the eight relevant channels in the analysis, fully elaborated in

Eq. 4.26.

The techniques for the estimaiton of the functionsGc(� m ) and gc(x j� m ) is detailed in Chap. 3,

and will be discussed further in Chap. 6. For the theoretical modeling uncertainties ofgg ! ZZ ! 4`

production, common NPs are introduced for the ggF S , ggF B , and ggF SBI processes. The same

is done for the theoretical modeling uncertainties of EWqq ! ZZ + 2 j ! 4` + 2 j production,

where common NPs are used for EW SBI1 , EW SBI10 , and EW B . In the description of theoretical

uncertainties in gg ! ZZ ! 4`, the normalization and shape components are described with di�erent

NPs. Since separate normalization parameters are introduced for theq�q ! ZZ ! 4` processes

with njets = 0 ; 1; � 2, separate NPs are also used to describe the corresponding modeling systematic

uncertainty for the three di�erent processes.
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Simulations and Event Selections

This chapter reviews the simulation model used in the analysis, followed by the physics object and

event selections. The split into a signal region and a control region, necessary when using a search-

oriented mixture model as described in the last section, will also be reviewed speci�cally for the new

analysis.

The o�-shell Higgs boson analysis described in the thesis uses ATLAS detector collision data col-

lected during the Run-2 of the LHC, at a center-of-mass energy of
p

s = 13 TeV. The observed data

corresponds to a total integrated luminosity of 140fb� 1 [77] after data-quality requirements [89]. For

more details on the triggers used during this run and their corresponding e�ciencies, see Refs. [79, 81,

90]. The following section presents the details of the MC simulations used in the analysis, followed by

a section on analysis-speci�c selections.

5.1 Monte Carlo Simulations

The gg ! ZZ ! 4` samples (ggF S , ggF B , and ggF SBI ) are generated withSherpa v2.2.2 [91]

and OpenLoops [92, 93, 94] at LO accuracy in quantum chromodynamics (QCD), with up to one

additional parton in the �nal state, using the NNPDF3.0 NNLO parton distribution function (PDF)

set [83]. The merging with the parton shower was performed using the MEPS@NLO prescription [95,

86] and the Sherpa built-in algorithm was used for parton showering and hadronization. Next-to-

leading-order (NLO) QCD corrections are included as a function of the invariant mass of the twoZ

bosons,mZZ , separately for the ggF B , S, and SBI processes [84]. Fully di�erential next-to-next-to-

leading-order (NNLO) corrections to the gg ! H ! ZZ signal process are known [96, 97, 98], but not

for the interference and background components. A common, average NNLO=NLO correction of 1.2

is applied to the signal, interference, and background components of thegg ! ZZ process. Inclusive

next-to-next-to-next-to-leading-order (N3LO) corrections to the gg ! H ! ZZ signal process are

known [99], dominated by the on-shell Higgs boson contribution. Currently, N3LO corrections in the

o�-shell region and for the interference and background components are not available. An average,

common N3LO=NNLO correction is extrapolated to the o�-shell region and applied to the signal,

interference, and background components of thegg ! ZZ process [100].
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Table 5.1: Matrix element generator, parton shower (PS), and higher-order corrections used to describe
the di�erent samples in the measurement. The notation[Xj ] indicates that up to X jets are included
in the hard-scatter matrix element calculation.

Sample ME generator PS Higher-order correction

gg ! ZZ
Sherpa 2.2.2

(LO [1j])
Sherpa 2.2.2

NLO QCD ( mZZ dependent) [84]
Approx. N3LO QCD (global) [100]

EW q�q ! ZZ + 2 j MG5_aMC@NLO 2.3.3 Pythia 8.244 -

q�q ! ZZ
Sherpa 2.2.2

(NLO [1j], LO [3j])
Sherpa 2.2.2 NLO EW (mZZ dependent) [105, 106]

WWZ , WZZ , ZZZ Sherpa 2.2.2 Sherpa 2.2.2 �

t �tZ MG5_aMC@NLO 2.3.3 Pythia 8.210 NLO QCD + NLO EW (global) [107]

The EW q�q ! ZZ + 2 j ! 4` + 2 j samples (EW B , EW SBI1 , and EW SBI10 ) are generated with

MadGraph5_aMC@NLO [101] at LO QCD and LO EW accuracy using the NNPDF3.0 NLO PDF

set [83]. ThePythia 8.2 [102] program was used for parton showering and hadronization with the A14

set of tuned parameters (A14 tune) for the underlying event [103] andNNPDF2.3 LO PDF set [104].

The q�q ! ZZ sample is generated withSherpa v2.2.2 and OpenLoops using the NNPDF3.0

NNLO PDF set. The matrix elements (ME) are calculated to NLO accuracy in QCD for 0- and 1-jet

�nal states, and to LO accuracy for 2- and 3-jet �nal states. The merging with the Sherpa parton

shower was performed using the MEPS@NLO prescription. The NLO EW corrections are included as

a function of mZZ [105, 106].

The triboson samplesZZZ , WZZ , and WWZ with fully leptonic decays were modeled with

Sherpa v2.2.2 at NLO QCD accuracy. TheZZZ ! 4`+2 j process is included in the EWq�q ! ZZ +2 j

sample described above. The simulation oft �tV production with at least one of the top quarks decaying

leptonically and the vector boson decaying inclusively into either quarks or leptons was performed with

MadGraph5_aMC@NLO interfaced to Pythia 8.2 for parton showering and hadronization with the

A14 tune. The total cross-sections for thet �tV backgrounds were normalized to the NLO QCD and

EW predictions from Ref. [107].

Tab. 5.1 summarizes the order in perturbation theory with which each simulated sample was gen-

erated and the source of higher-order correction (K -factors) used to improve the modeling. All sim-

ulated samples are processed with the ATLAS detector simulation [108] based onGeant4 [29]. The

e�ects of multiple inelastic interactions in the same and neighboring bunch crossings (pileup) were

modeled by overlaying each simulated hard-scattering event with inelasticpp events generated with

Pythia 8.186 [109] using theNNPDF2.3 LO PDF set and the A3 tune [110]. Simulated events are

reweighted to match the pileup conditions observed in the full Run 2 dataset. Simulated events are

reconstructed with the same algorithms and analysis chain as the data.
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5.2 Object Reconstruction and Event Selection

The measurement of the o�-shell Higgs boson production is performed in theH � ! ZZ ! 4` decay

channel, where` is either an electron or a muon. The object and event selections aim to identify

opposite-charged electron or muon pairs consistent with the decay of aZ boson. A quadruplet is

formed from two pairs with a common production vertex and invariant mass above theZZ threshold.

The selection criteria are optimized to increase the acceptance ofH � ! ZZ ! 4` events while

maintaining negligible levels of non-prompt background events. The object and event reconstruction

used in this analysis is exactly the same as in the previous result [3] and only a short summary is

provided here.

5.2.1 Object Reconstruction

Muons are identi�ed by tracks or segments reconstructed in the MS and matched to tracks reconstructed

in the ID, with exceptions in areas where the MS lacks coverage. In the region2:5 < j� j < 2:7, muons

can also be identi�ed by tracks from the MS alone. In the central gap region (j� j < 0:1) of the MS,

muons can be identi�ed by a track from the ID associated with a compatible calorimeter energy deposit

(calorimeter-tagged muons). Candidate muons are required to havepT > 5GeV and j� j < 2:7, except

calorimeter-tagged muons for which thepT threshold is raised to 15 GeV. Muons must satisfy theloose

identi�cation criterion [82] with at most one standalone or calorimeter-tagged muon allowed per Higgs

boson candidate. Electrons are reconstructed from energy deposits in the electromagnetic calorimeter

matched to a track in the ID. Candidate electrons must havepT > 7 GeV and j� j < 2:47, and satisfy

the loose identi�cation criteria [80].

All electrons and muons used in both channels must be isolated, satisfying aloose isolation

criteria [82, 80]. Furthermore, electrons (muons) are required to have associated tracks satisfying

jd0=� d0 j < 5 (3) and jz0 sin � j < 0:5 mm, where d0 is the transverse impact parameter relative to the

beam line, � d0 is its uncertainty, and z0 is the z coordinate of the r -� impact point, de�ned relative

to the primary vertex. The event is rejected if the minimum angular separation between two leptons

is dR`` < 0:1, where dR`` =
p

(� � `` )2 + (� � `` )2.

Jets are reconstructed from particle-�ow objects [22] using the anti-kt algorithm [23, 24] with radius

parameter R = 0 :4. The jet-energy scale is calibrated using simulation and further corrected with in

situ methods [25]. Reconstructed jets are required to havepT > 30 GeV and j� j < 4:5. A jet-vertex

tagger [111] is applied to jets with pT < 60 GeV and j� j < 2:4 to suppress jets that originate from

pileup. In the forward region, for jets with pT < 50GeV and 2:5 < j� j < 4:5, another tagger based on

jet shapes and topological jet correlations [112] is used to suppress pileup jets.

5.2.2 Event Selection

The selection of candidate events follows that described in Ref [3]. Events with at least four leptons

(electrons or muons) are used in this analysis. ThepT thresholds for the three leading leptons are 20,

15 and 10 GeV, respectively. The four-lepton invariant mass is required to be above the on-shellZZ

production threshold, 180 < m 4` < 2000GeV. Candidate lepton quadruplets are formed by selecting
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two opposite-charge, same-�avor dilepton pairs in each event. In the 4e and 4� channels, in which

there are two possible pairings, the one that includes the lepton pair with mass closest to that of the

Z boson mass is chosen. In each quadruplet, the lepton pair with mass closest to theZ boson mass,

mZ1 , is referred to as the leading pair and required to have50 < m Z1 < 106GeV. The sub-leading pair

mass,mZ2 , must satisfy 50 < m Z2 < 115 GeV when m4` > 190 GeV. Due to the increased probability

of one Z boson being o�-shell at lower values ofm4` , the lower threshold for mZ2 decreases linearly

from 50 GeV at m4` = 190 GeV to 45 GeV at m4` = 180 GeV.

5.3 Final State Observables

Events are described in the analysis by 14 observablesx = ( m4` ; mZ1 ; : : : ; � � )jj ), summarized in

Tab. 5.2. The 14 observables, corresponding to various mappings of the full four-momentum of �nal

state particles, provide a complete description of the reconstructed �nal state phase space [113]. While

in principle the density ratios pc(x)=pref(x) can be modeled using the four-momenta information of

the various leptons and jets in theZZ ! 4` �nal state, using physics-motivated high-levelobservables

as in Tab. 5.2 that capture all the relevant physics makes the training of low-bias and low-variance

density ratio estimators was found to converge faster and with fewer MC training events.

The three-momentum of the fermion (anti-fermion) in the Z1 decay is de�ned asq11 (q12). Similarly,

the three-momentum of the fermion (anti-fermion) in the Z2 decay is de�ned asq21 (q22). The three-

momentum of Z1 (Z2) is de�ned as q1 (q2). All three-momenta are de�ned in the rest frame of the

quadruplet. Jets are ordered inpT and their momenta are de�ned in the laboratory reference frame.

The observables in Tab. 5.2 are the components of the vectorx in Eq. 4.19. The observablesmjj ,

� jj , and � jj related to the leading dijet system,i.e., the two jets with highest pT in the event, are only

well-de�ned for events with at least two jets. For events with fewer jets, the value of these observables

are chosen as the median of the corresponding distribution for events with at least two jets. The

observablenjets is used for classi�cation of the non-interfering background in Eq. 4.25, where all events

with more than two jets are described bynjets = 2 .

The normal vectors n1 and n2 to the Z1 and Z2 decay planes and the normal vectornsc to the

Higgs boson decay plane are de�ned as:

n1 =
q11 � q12

jq11 � q12j
; n2 =

q21 � q22

jq21 � q22j
; nsc =

nz � q1

jnz � q1j
; (5.1)

wherenz is the unit vector in the z direction. These vectors are used to build angles that are sensitive

to the spin and parity of the quadruplet. Their geometrical visualization [113] is given in Fig. 5.1, where

the three-momenta are shown in the rest frame of each particle's parent for clarity. Figure 5.2 shows

the comparison between observed and expected background distributions for two of the observables,

m4` and mjj , showing good agreement for two of the observables used in the analysis.
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Table 5.2: De�nition of the observables x used to describe an event. The observables are de�ned
relative to the ATLAS coordinate system, and are various mappings of the full four-momenta of �nal
state particles. The vectorsq1, q2, q11, q21, n1, n2, and nsc are de�ned in Sec. 5.3.

Variable De�nition
m4` quadruplet mass
mZ1 Z1 mass
mZ2 Z2 mass

cos� � cosine of the Higgs boson decay angle [q1 � nz=jq1j]
cos� 1 cosine of theZ1 decay angle [� (q2) � q11=(jq2j � j q11j)]
cos� 2 cosine of theZ2 decay angle [� (q1) � q21=(jq1j � j q21j)]

� 1 Z1 decay plane angle [cos� 1(n1 � nsc) (q1 � (n1 � nsc)=(jq1j � j n1 � nscj)]
� angle betweenZ1; Z2 decay planes [cos� 1(n1 � n2) (q1 � (n1 � n2)=(jq1j � j n1 � n2j)]
p4`

T quadruplet transverse momentum
y4` quadruplet rapidity

njets number of jets in the event
mjj leading dijet system mass
� � jj leading dijet system pseudorapidity
� � jj leading dijet system azimuthal angle di�erence

Figure 5.1: Representation of the angular observables used to describe the probability density ratio
of each event. The three-momenta of the fermions (q�

11, q�
21) and anti-fermions (q�

12, q�
22) are shown

in their parent rest-frames, and the three-momenta of the vector bosons (q1, q2) are shown in the
quadruplet rest frame.
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(a) (b)

Figure 5.2: Comparison between observed and expected distribution of two observables used to describe
events: a the four-lepton invariant mass and the b invariant mass of the two leading jets showing good
agreement for two of the observables used in this analysis. The expected distributions forq�q ! ZZ ,
ggF SBI (gg ! (H � ! )ZZ ), EW SBI 1 (qq ! (H � ! )ZZ + 2 j ) and other backgrounds are shown
as stacked histograms, and the expected signal (interference) is shown as a red solid (blue dashed)
line. The background is estimated under the SM hypothesis (post-�t,� o�-shell = 1 ). The lower panels
show the ratio of data to expectation. The hashed band shows the total systematic uncertainty in the
expected distribution. The last bin contains over�ow events.
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Figure 5.3: Distribution of the pre-selection NN score used to select events withpref(x) � 0, de�ning
the signal region (SR) and the control region (CR) in the analysis. The yellow dashed line shows the
division between the CR, where a standard binned Poisson likelihood �t is done, and the SR where an
unbinned likelihood �t using NSBI techniques is done. The discriminant score is the value ofDpre(x) as
de�ned in Eq. 5.3.

5.4 Signal and control regions

In Sec. 4.4, the choice of a reference hypothesis is made for the o�-shell Higgs boson analysis based on

the Search-Oriented Mixture Model formalism:

pref(x) =
1

� ggF
S + � EW

SBI10

h
� ggF

S � pggF
S (x) + � EW

SBI10
� pEW

SBI10
(x)

i
(5.2)

The density ratios pc(x)=pref(x) in Eq. 4.26 can only reliably be estimated whenpref(x) � 0, which

in the context of a Search-Oriented Mixture Model corresponds to a signal-rich phase space. The task

then is to identify signal-poor phase space regions and exclude them from the NSBI analysis.

For this purpose, a multi-class classi�cation NN is trained to split the events into signal and control

regions using the observables de�ned in Tab. 5.2. This NN has �ve hidden layers each with1 000neurons

and aswishactivation function [114]. The output layer has �ve neurons with a softmax [e� x i =
P

j e� x j ]

activation function. The NN is trained with a multi-class cross-entropy loss corresponding to the �ve

processes used in the training: ggF S , ggF B , VBF, EW B , andq�q ! ZZ . The vector boson fusion

(VBF) process is obtained from a dedicated MC sample that uses only the EW VBF diagram in

Fig. 4.10a. While this process does not provide a full description of the EW S production of o�-shell

Higgs bosons, it provides a su�ciently good approximation to de�ne the control region (CR) with

pref � 0 and signal region (SR) with pref � 0. The preselection discriminantDpre(x) is de�ned as:

Dpre(x) = log
sggF S

pre (x) + sVBF
pre (x)

sggF B
pre (x) + sEW B

pre (x) + sq�qZZ
pre (x)

; (5.3)

wheres(x) denotes the score function of the NN. By pre-selecting eventsx with large values ofDpre(x) ,

events with pref(x) � 0 can be excluded. A distribution of the preselection score for various signals

and backgrounds is shown in Fig. 5.3.
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As is apparent in the distribution of Fig. 5.3, the number of signal events fall o� almost linearly (in

the log plot) below a certain threshold. In essence, the selection threshold (yellow line) is a �ne-tuning

knob that can be adjusted to minimize the trade-o� between:

ˆ Including as large a phase space as possible without the numerical stability of density ratio

estimation pc=pref breaking down.

ˆ Ensuring that the number of simulated events is enough to train a NN that is able to accurately

and precisely model the density ratios in the SR (see Chap. 6).

The power of a multi-dimensional unbinned analysis comes from extracting the likelihood ratio

information using as many signal events as possible. Even the signal events in background-like phase

space can contribute non-negligibly towards the �nal sensitivity in this type of analysis. However,

training overly complex NN models that have low-bias across a large phase-space can introduce a large

variance in the prediction if the statistical power of the simulated events is not enough. In order for

the unbinned analysis to be successful, the pre-selection threshold ofDpre(x) has to be optimized to

allow the training of models that produce low-bias and low-variance estimates for the density ratios

pc=pref.

Using a careful trial-and-error approach then, di�erent values of Dpre(x) were used to split the

events into SR and CR and NNs were trained to model accurate density ratiospc=pref in each of

the SR, which were subsequently tested using the diagnostics de�ned in Sec. 6.3. The SR with the

optimal trade-o� that allows both a large phase space without over�tting on the training data was

found to satisfy Dpre(x) > � 0:85. Events failing this condition (Dpre(x) � � 0:85) de�ne the CR in

this analysis.

The CR is largely dominated byq�q ! ZZ events and can thus be used to constrain the parameters

� 0j; 1j; 2j
q�qZZ in Eq. 4.25, and also to validate the NN modelling using real data withoutunblinding the

data in the signal-rich phase space. Fig. 5.4a shows a comparison between the observed and expected

distribution of the observable Dpre(x) used to de�ne the SR and the CR indicating a good description

of the acceptance times e�ciency in each region. Fig. 5.4b depicts a comparison of the observed and

expectednjets distribution, showing a good description of the normalization obtained in each bin with

the data-driven background normalization parameters.

In the CR, only the njets observable is used as the summary statistic to describe the probability

model using the approximation of Eq. 2.16, while in the SR all 14 observables listed in Tab. 5.2 are

used to create an NSBI model given by Eq. 2.23. The CR events were �tted using real data before the

full unblinding phase of the analysis and also proved valuable for validating the trained density ratio

NN outputs, as described in Chap. 6.

After the split of events that pass the pre-selection cuts, into a SR (Dpre � 0:85) and a CR

73



Chapter 5. Simulations and Event Selections

(a) (b)

Figure 5.4: a Comparison between observed and expected distribution of the preselection discriminant
Dpre(x) showing a good description of the acceptance times e�ciency in each region. b Comparison
between observed and expected distribution ofnjets showing a good description of the normalization
obtained in each bin with the data-driven background normalization parameters. The expected dis-
tributions for q�q ! ZZ , ggF SBI (gg ! (H � ! )ZZ ), EW SBI 1 (qq ! (H � ! )ZZ + 2 j ) and other
backgrounds are shown as stacked histograms, and the expected signal (interference) is shown as a solid
red (dashed blue) line. The background is estimated under the SM hypothesis (post-�t,� o�-shell = 1 ).
The lower panels show the ratio of data to expectation. The hashed band shows the total systematic
uncertainty in the expected distribution. The last bin of panel b contains over�ow events.

74



Chapter 5. Simulations and Event Selections

(Dpre < 0:85), the full negative log-likelihood ratio model can be written as:

� 2 log
L(� o�-shell ; � qq; � )

Q N obs
k pref(x)

=
X

bin 2 n jets

�
� 2 N bin

CR � log � bin
CR (� o�-shell ; � qq; � ) + 2 � bin

CR (� o�-shell ; � qq; � )
�

� 2 N SR
data � log � SR(� o�-shell ; � qq; � ) + 2 � SR(� o�-shell ; � qq; � )

� 2
N dataX

i

log
p(x i j� o�-shell ; � qq; � )

pref(x)
+

N systX

p

� 2
p

(5.4)

where the N SR
data corresponds to the total events observed in the SR andN bin

CR the number of events

observed in each bin of the CR. Similarly� bin
CR corresponds to the expected yield in each bin of the CR,

and � SR to the total expected yield in the SR. The �nal test statistic function for the full SR+CR �t

is given by:

t � o�-shell =
X

bin 2 n jets

"

� 2 N bin
CR

 

log
� bin

CR (� o�-shell ; ^̂� qq; ^̂� )

� bin
CR (�̂ o�-shell ; �̂ qq; �̂ )

!

+ 2
�

� bin
CR (� o�-shell ; ^̂� qq; ^̂� ) � � bin

CR (�̂ o�-shell ; �̂ qq; �̂ )
�

#

� 2 N SR
data

 

log
� SR(� o�-shell ; ^̂� qq; ^̂� )

� SR(�̂ o�-shell ; �̂ qq; �̂ )

!

+ 2
�

� SR(� o�-shell ; ^̂� qq; ^̂� ) � � SR(�̂ o�-shell ; �̂ qq; �̂ )
�

� 2
N dataX

i

log
p(x i j� o�-shell ; ^̂� qq; ^̂� )=pref(x)

p(x i j �̂ o�-shell ; �̂ qq; �̂ )=pref(x)
+

N systX

p

�
^̂� 2 � �̂ 2

�

(5.5)

where the �rst sum over bins is the contribution from the CR summary statistic. Similar to this, the

likelihood model from any binned or unbinned analysis can be combined with the NSBI model to �t

a parameter of interest, by just adding on the negative log-likelihood terms from the model. The test

statistic of Eq. 5.5 is used to perform �ts on the o�-shell Higgs boson parameters in Chap. 7.
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Chapter 6

Neural Likelihood Ratio Estimation

This chapter provides a detailed description on the estimation of density ratios using large ensembles

of NNs, followed by extensive diagnostics for testing the bias in the corresponding estimates. This is

followed by detailed data-MC checks in the signal-free CR to test the validity of the simulation model

and the NN mapping function. More data-MC checks are performed in to highlight the phase-space

regions with signi�cant data-MC di�erences. This is followed by the description of a novel method

used to propagate the MC statistical uncertainty to the �nal parameter �tting.

In Sec. 4.4 the search-oriented mixture model for the o�-shell Higgs boson measurement was pre-

sented. Referring to Eq. 4.26, the task of estimating a parametrized density ratiop(x j� o�-shell )=pref(x)

can be reduced to the task of estimating eight� o�-shell -independent density ratiospc=pref. Neural net-

works, widely perceived as ideal solutions for the estimation of probability density ratios [40, 115], can

be trained for this purpose.

In order to train a NN for a given probability density ratio pc(x)=pref(x), simulated MC events are

sampled from the respective hypothesesx � pc(x); pref(x) in the SR, wherepref(x) > 0 as de�ned in

the Sec. 5.4. The NNs are trained as functions of the 14 observables in Tab. 5.2, selected to describe

the full �nal-state information in the H � ! ZZ ! 4` channel. For each ratio, an ensemble of NNs is

trained using gradient descent optimization methods to minimize an appropriate cost function. These

trained neural networks can estimate all of the eight density ratiosh! : R14 ! R, h! (x) = pc=pref(x),

where! is the set of free parameters in the NN which can be tuned to estimate the appropriate density

ratios. In the next section, the cost function and training techniques used for this work are reviewed,

along with the diagnostics on the quality of the estimated density ratios.

6.1 Training of the Neural Networks

The NNs used are multi-layer perceptrons (MLP) with 5000 neurons arranged in �ve hidden layers

of 1000 neurons each with swish [114] activation functions. The �nal layer is a single neuron with a

sigmoid activation function. The swish function was used as the activation function for the hidden

layers since, despite having the gradient squishing property, it still allows for the training of very large

NN. Despite the high computational cost of training very wide and deep NNs each with
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Figure 6.1: A representation of thelikelihood-ratio trick or the CARL technique - the optimal minimum
ŝ(x) of the Binary Cross-Entropy loss function can have a probabilistic interpretations which can be
used to regress the probability density ratio between two hypothesis. <Figure needs update>

over a million trainable parameters, it was found to be necessary as smaller NNs with

fewer trainable parameters could not learn good quality density ratios that satis�ed the

diagnostics de�ned in section 6.3.

For the loss function, we use aweightedbinary cross entropy loss, since the MC simulated events

in a typical LHC analysis are weighted:

L [s] = �
1

(
P

i wi )

X

i

wi � [yi log ŝ(x i ) + (1 � yi ) log(1 � ŝ(x i ))] ; (6.1)

where ŝ(x) is the output of the NN and wi are the MC event weights. The optimization of weights is

performed with the Nadam optimizer [116]. Theyi are de�ned as truth labels in the BCE loss function

of Eq. 6.1. The value ofyi = 1 is chosen for events coming from the numerator hypothesisx � pc(x)

and yi = 0 for events coming from the denominator hypothesisx � pref(x). The cost function is

implemented in Keras [117] and TensorFlow [118], which are used for the training.

The optimized ŝ(x) = ŝ(x)pred which minimizes the cost function:

ŝpred(x) = argmin
ŝ(x )

L [s] (6.2)

corresponds to the relative probability of the underlying hypothesis, if the probability of the two

hypotheses during training are normalized to the same value [40, 119]. For example, if the NN is

trained with one of the samplespc as the numerator hypothesis and the reference samplepref as the

denominator hypothesis, setting the sum of weights of both samples to be equal, then assuming an

optimal NN training:

ŝpred(x) ! s(x) =
pc(x)

pc(x) + pref(x)
(6.3)

The optimality of the NN training is veri�ed in section 6.3. The prediction of Eq. 6.3 can then be used

to build the probability density ratios (commonly referred to as the likelihood ratio trick):

pc(x)
pref(x)

=
ŝpred(x)

1:0 � ŝpred(x)
(6.4)

This technique of estimating the probabilities is widely used, including in the ATLAS experiment for
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HH ! 4b background estimation [3], systematic uncertainty estimation in the previous o�-shell Higgs

boson publication [76] as well as in an unfolding setting using the Omnifold technique [120]. This is

also referred to as the CARL technique, particularly when an additional calibration layer is applied to

ensure the probabilistic behavior of the NN output as de�ned in Eq. 6.3.

The input features listed in 5.3 are standardized in a pre-processing step by removing the mean and

scaling each feature to unit variance, with the exception of the integer and binary encoded observables.

Over�tting tests are also done using the train-test split in Fig. 6.2.

Figure 6.2: Four of the simpler diagnostic plots corresponding to a sample NN training. The top
left plot shows the increase in accuracy per epoch of training, which eventually converges to a value
and stays constant. Top right shows a similar evolution but for the value of binary cross-entropy loss
over the epochs. The bottom two plots are used to test over�tting, by comparing the NN prediction
distribution between training and testing datasets for each hypothesis.

In order to build an unbinned test statistics using the density ratios pc=pref(x), the density ratios

predicted using the NN need to be accurate representations. In section 6.3, a comprehensive set of

diagnostics will be developed to prove that the NN is unbiased and well-calibrated. Several metrics to
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optimize the hyperparameters associated with the NN will also be discussed.

6.2 Training Ensembles with Cross-validation

Neural networks have an underlying variance associated with their learning algorithm. They may �nd

slightly di�erent sets of optimized weights ! during each instance of training. This can vary for a

number of reasons. For example, how the training dataset is split in each batch or how the full dataset

is split between training and validation. Even if the training dataset is kept exactly the same, there is

still some variance coming from the random initialization of weights in the neurons before the training

starts. This results in a variance associated with the output of the NNs, which can be a disadvantage

in an analysis where the aim is to predict precise density ratios.

A commonly used approach to reduce the variance associated with the NNs is to train anensemble

of NNs and combine the predictions from these models. There are several di�erent prescriptions for

performing the combinations, ranging from taking the mean or median of the estimates, to training

another NN which weighs the output of each of the NNs in the ensemble to give maximum accuracy.

Training an ensemble of NNs not only reduces the variance in the output but also improves

the predictions compared to training a single model. For the kind of analysis described

in this note, training large ensembles is necessary to get an unbiased estimator. The

ensemble predictions can be used in multiple ways, but here we use the mean of the ensemble as the

�nal prediction for every event:

pc

pref
(x) =

1
Nens

NensX

a

�
pc

pref
(x)

�

a
(6.5)

where [pc(x)=pref(x)]a corresponds to the prediction from asingle NN labelled a and Nens corresponds

to the total number of NNs used in the ensemble. In this analysis, we useNens = 500 for each channel

c. All the instances of pc(x)=pref(x) from here on refer to the ensemble averaged prediction of Eq. 6.5.

6.2.1 Training Work�ow

To train the ensemble of NNs without over�tting, a k-fold cross validation technique 1 is used, where

the input dataset is split into k = 10 subsets or folds and each NN in the ensemble is trained on 9

folds, also called the training dataset, and the trained NNs are used to evaluate the likelihood ratios

on the 1 fold, also called the holdout dataset, not used in the training. This is then repeated until all

the folds are used once for holdout. The density ratios used in the �nal �tting are the ones estimated

on the holdout dataset of each fold. This avoids the NN to over�t on training data as the holdout data

used in evaluation always remains statistically independent.

For training the ensemble of NNs, for each iteration of the k-fold technique, the holdout fold is kept

�xed and from the remaining k-1 folds, a random 80� 20 train-test split is done per ensemble

member . The 80% is sampled randomly and without replacement from the pool of events in the k-1

training folds, and is then used directly to train a single NN ensemble member. The remaining20%

1Wikipedia article
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is used to validate the single trained NN using the diagnostics de�ned in Sec. 6.3. A train-validation

split of 90� 10 is also performed during training time on the80% used as the training data. The 10%

validation data from this split is used to estimate the loss and accuracy metrics in each epoch of the

training done on the remaining 90%, as shown in Fig. 6.2. The80� 20split of the k-1 folds is randomized

each time a new NN in the ensemble is trainedkeeping the holdout dataset untouched . Hence,

each NN in the ensemble is trained on a di�erent subset of the data in the k-1 folds, and the �nal

prediction on the events in theholdout dataset is taken to be the mean of the predictions from the full

ensemble as in Eq. 6.5.

The evaluated density ratios on the independent holdout dataset is also used for the diagnostic

plots that will be presented in Sec. 6.3. A simpli�ed representation of this procedure is shown in

Fig. 6.3. The resulting spread of density ratio predictions due to this sampling procedure can also be

used to estimate the impact of Monte Carlo statistical uncertainties as described in Sec. 6.5.

Figure 6.3: A cartoon representation of the ensembling technique used in the analysis along with k-fold
cross-validation. Each blob in the box on the left represents the80% of the training data sampled for
each NN. The total number of sampled blobs, here only a few shown for representation, are equal to
Nens and corresponds to the total number of NNs trained using the train-test resampling technique
(see text). The mean of the predictions from theseNens NNs are used as �nal predictions in the
pro�le likelihood �t. The ensemble training is done for each channelc = ggF SBI, ggF B, ggF S, etc.
independently.

The choice ofk = 10 folds was motivated by practical reasons, with a balance between computa-

tional cost and having a large enough training dataset. The approach presented here was chosen over

having just a single holdout dataset for inference to avoid any stochastic limitations during evaluation

of the �nal test statistic and thus making the maximum use of the limited MC events.
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6.3 Quality of the Density Ratios

As mentioned in Sec. 2.4.2, the �tting of parameters using the test statistic of Eq. 2.24 calculated with

the NSBI approximated density ratios is not guaranteed to follow the familiar statistical properties

of a binned Poisson likelihood �t. To ensure these properties, robust diagnostic checks need to be

performed, which will be described in this section.

Calibration Curves

In order to perform direct statistical inference using NN predicted per-event density ratios, the most

important check is to make sure that the NNs predictions have a correct probabilistic interpretation.

To verify this, the NN output probability ratios are compared to the true frequencies observed in MC

events. This is done by plotting frequency histograms as a function of the predicted scorêspred de�ned

in Eq. 6.3, to test the following equality:

�
pc(x)

pc(x) + pref(x)

�

NN
�

"
N

I (x jŝpred )
c

N
I (x jŝpred )
c + N

I (x jŝpred )
ref

#

MC

(6.6)

where we bin the events frompX and pref MC samples (denoted byN
I (x jŝpred )
c and N

I (x jŝpred )
ref respec-

tively where I (x jŝpred) returns the index of the ŝpred bin in which an event x falls) as a function of the

NN predicted score of Eq. 6.3. TheN
I (x jŝpred )
c histogram is divided by the N

I (x jŝpred )
c + N

I (x jŝpred )
ref to

calculate the relative probability or frequency of the hypothesisc and diagnose its agreement with the

predicted score in the LHC of Eq. 6.6. This is shown in Fig. 6.4. If the NN density ratio estimates do

indeed match the true MC event frequenciesN
I (x jŝpred )
c =(N

I (x jŝpred )
c + N

I (x jŝpred )
ref ) as obtained from a

randomly selected sample of MC events not used in the training (the holdout sample de�ned in earlier

sections), the two curves in Fig. 6.4 are expected to match. They show excellent agreement even for

very rare events, as least within the precision of the simulated sample available.

The calibration plot presented in Fig. 6.4 is only used for validation in the method presented in

this thesis, but in the case of imperfect agreements in out-of-box NN predictions can also be used

as an additional calibration layer. This would imply getting the probability ratio values from the

binned estimates in Fig. 6.4, as was done in Ref. [121] for an NSBI analysis to infer Dark Matter

substructure. This corresponds to the so-called CARL (Calibrated Approximate Ratio of Likelihoods)

method [40], where even if the NN estimates are not perfect approximations of thetrue (or more

concretely, unbiased) density ratios, they can be used for �nal hypothesis test when using a calibration

layer that ensures probabilistic interpretation of the �nal output. Such a technique would result in a

sub-optimal Type-II error, but would still have robust statistical properties in the hypothesis test.

Fig. 6.4 show the calibration of the score function̂spred . For a detailed diagnosis of very signal-rich

and signal-deployed regions of phase space, the logarithms of the density ratios are compared to the

MC predictions in Fig. 6.5 checking the following equality:

�
log

pc(x)
pref(x)

�

NN
�

"

log
N

I (x jŝpred )
c

N
I (x jŝpred )
ref

#

MC

(6.7)
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Given that the MC samples have a much larger e�ective luminosity (or statistics) compared to the

observed data, this test provides a very robust validation of the accuracy of the NNs.

Figure 6.4: Diagnostic check de�ned in Eq. 6.6 of the relative probability predicted by the NNs with
the relative probability using binned MC events. This plot uses the prediction from the enesmble of
NNs (see Section 6.2). The binning is chosen as narrow as allowed by the size of simulated samples in
order to highlight the well-calibrated predictions for very rare signal events on the far left (̂spred � 0)
and far right ( ŝpred � 1).

Figure 6.5: Diagnostic check de�ned in Eq. 6.7 of the log of probability density ratio predicted by the
NNs with the log of density ratio using binned MC events. This plot uses the prediction from the
enesmble of NNs (see Section 6.2). The binning is chosen as narrow as allowed by the size of simulated
samples in order to highlight the well-calibrated predictions for very rare signal events.
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(a) (b)

Figure 6.6: Comparison between the NN-based and histogram-based estimate of the density ratio
p(x j� o�-shell )=pref(x) for a � o�-shell = 0 :3 and b � o�-shell = 1 :7. The comparison is done as a function of
log [p(x j� o�-shell )=pref(x) ] to separate the comparison for events that are very signal-like and reference-
like. The lower panels show the pull, de�ned as the di�erence between the NN and MC-based estimate
divided by the statistical uncertainty due to the �nite number of MC events. The error bars indicate
the uncertainty due to the �nite number of simulated events in the histogram-based estimate of the
density ratio.

An additional strict test can be performed by injecting di�erent signal values in the truth MC

sample used for evaluation. The quality of the full likelihood ratio (Eq. 4.26) at di�erent values of

the parameter � o�-shell can be tested using similar calibration plots. The calibration plots between the

reference hypothesispref(x), and the � = 0 :3 (interference-rich), and � = 1 :7 (signal-rich) hypotheses

are shown in Fig. 6.6. The� -morphing de�ned in Eq. 4.20 is used to generate truth MC samples at

the various values of� from the available set of simulations.

Density Ratio Reweighting

In principle, if the NNs estimate the exact or unbiased density ratios r̂ c(x) � (pc=pref)(x), then the

following relation must hold:

pc(x) � r̂ c(x) � pref(x) (6.8)

There are two ways to check this equality:

1. By training another NN as a classi�er between the reweighted reference sample and the original

sample and checking the AUC. In ideal case this should be� 0:5, i.e. the classi�er would be

unable to tell the two samples apart. The sample ROC curve and AUC for two of the density

ratio checks are shown in Fig. 6.7. This provides amulti-dimensional veri�cation of the quality
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of the density ratio. The classi�ers trained in Fig. 6.7 are deep NNs with the same structure

and loss function as the ones used in the density ratio estimations. Moreover, they use the same

input features x listed in Sec. 5.3. They use as inputs events from the test data of thepc and

pref hypotheses from the train-test split to perform the training.

2. By making 1D projections of the full observable space and checking if the reweighting works for

individual observables. In Figs. 6.8 and 6.9 this is shown for two example kinematic distributions

for three of the channels in the mixture model, but has been veri�ed individually for all di�erent

inputs x and density ratiospc(x)=pref(x). While this test does not provide multi-dimensional tests

of the the probability distributions, it provides a direct test in relevant part of the �nal-state

phase space.

Figure 6.7: Reweighting multi-dimensional diagnostic: a NN classi�er is trained to try and distinguish
the original sample and the reference sample reweighted to the original using Eq. 6.8. The AUC value
of 0.5 corresponds to an indistinguishable sample. This provides a multi-dimensional test of the quality
of predicted density ratios. Note how training a classi�er NN to distinguish reference sample from the
original without reweighting results in a large AUC.

These diagnostics are used to test the quality of the NNs estimated ratiospc=pref. The quality of

the full likelihood ratio (see Eq. 4.26) at di�erent values of the parameter � o�-shell can be tested with

a similar reweighting technique.
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Figure 6.8: Reweighting diagnostics: The dijet observable� � jj . Testing the quality of the predicted
density ratio by reweighting 1D observables with the ratios, using Eq. 6.8. The blue curve shows the
reference sample and the orange one the sample after reweighting to match the target, shown in green:
the ratio plots show the ratio of the reweighted distribution bin to the target distribution bin. All
input variables are tested for all NN, showing excellent agreement.

Figure 6.9: Reweighting diagnostics: High-level ME observable calculated using MCFM and not used
in the training of the NNs. Testing the quality of the predicted density ratio by reweighting 1D
observables with the ratios, using Eq. 6.8. The blue curve shows the reference sample and the orange
one the sample after reweighting to match the target, shown in green: the ratio plots show the ratio
of the reweighted distribution bin to the target distribution bin. All input variables are tested for all
NN, showing excellent agreement.
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(a) (b)

Figure 6.10: Comparison between theDpre(x) normalized distribution obtained using an Asimov
sample with a � o�-shell = 0 :3 and b � o�-shell = 1 :7, and the same distributions obtained through
reweighting of a SM (� o�-shell = 1 :0) Asimov sample. The ratio plots provide a comparison between
the two estimates (middle panel) and between the distributions at the given value of� o�-shell and the
SM expectation (bottom panel).

p(x j� o�-shell ) �
p(x j� o�-shell )

pref(x)
� pref(x) (6.9)

Figs. 6.11 and 6.10 show the reweighting diagnostics of two observables for di�erent� o�-shell hypotheses.

As before, the� o�-shell -morphing de�ned in Eq. 4.20 is used to generate Asimov samples at the various

values of� o�-shell from the available set of simulations.

Data-MC Validations in the control region

In a typical ATLAS experiment, the real data is kept unblinded until the full analysis strategy has

been formed and validated extensively. While the previous sections explored validations using MC

simulations, this section highlights validations that can be performed using real data from a signal-

de�cient phase space, before using the framework on the full dataset. For the pre-unblinding validation

of the MC modeling and the SR-CR split de�ned in Sec. 5.4 in the o�-shell Higgs boson analysis, data

events from the CR of the analysisDpre < � 0:85 are used. This is one of the primary motivations to

not throw away events in the CR, but rather use them for validations and data-driven �ts as discussed

in Sec. 2.5.1.

The data-MC comparison for several kinematic distributions in the CR as well as the preselection

NN score is shown in Fig. 6.13.Post-�t distributions refer to the plots where the MC pre-
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(a) (b)

Figure 6.11: Comparison between theDpre(x) normalized distribution obtained using an Asimov
sample with a � o�-shell = 0 :3 and b � o�-shell = 1 :7, and the same distributions obtained through
reweighting of a SM (� o�-shell = 1 :0) Asimov sample. The ratio plots provide a comparison between
the two estimates (middle panel) and between the distributions at the given value of� o�-shell and the
SM expectation (bottom panel).
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Figure 6.12: Blinded Checks: Pre-�t and post-�t data-MC comparisons of the njets summary statistic
used to �t the CR using data. This �t has the data in the SR blinded. The larger uncertainty on
the post-�t distribution is due to the introduction of unconstrained nuisance parameters de�ned in
Eq. 4.25, for which there is no pre-�t analog.

dictions have been modi�ed according to the data �tted NP values, while keeping the

POI value �xed to the nominal value ( � o�-shell = 1 ) . Similarly, pre-�t refers to the MC predic-

tions where NP values are set to nominal values. For the pre-unblinding post-�t distributions, a �t is

performed using only the CR summary statistic ofnjets as shown in Fig. 6.12, with the test statistic:

tCR
� o�-shell

=
X

bin 2 n jets

"

� 2 N bin
CR

 

log
� bin

CR (� o�-shell ; ^̂� qq; ^̂� )

� bin
CR (�̂ o�-shell ; �̂ qq; �̂ )

!

+ 2
�

� bin
CR (� o�-shell ; ^̂� qq; ^̂� ) � � bin

CR (�̂ o�-shell ; �̂ qq; �̂ )
�

#

(6.10)

The uncertainty bands in post-�t plots are also estimated using post-�t errors on the various NPs.

The total uncertainty is calculated while preserving post-�t correlations between the various NPs, by

using the covariance matrix of Eq. 3.15.

The probability density ratios pc=pref can also be validated in the CR. Note that the resulting ratios

are not estimates of the density ratio for these events, since the NN outputs are only optimized to be

density ratio estimates in the SR phase space. Nevertheless, performing these checks in the CR before

the unblinding of the full dataset helps validate the mapping function associated with the trained

feed-forward NN, along with all the validations already performed using the input kinematic features

x (See Fig. 6.13). The validations of the NN outputs in the CR are shown in Fig. 6.14, for a few of

the NN output scores ŝpred .
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Figure 6.13: Blinded Checks: Post �t data-MC validation using data events exclusively from the
Dpre < � 0:85control region. The plots show various kinematic distributions, as well as the preselection
NN. The events in these plots are not used to estimate the per-event likelihood ratios.

Data-MC Validations in the full phase space

Post unblinding of the full dataset, data-MC validations can be performed in the full SR+CR phase

space. The post-�t plots now refer to a �t done in the full phase space using the test statistic of

Eq. 5.5. Just like in the blinded CR plots above, the NPs are �tted to their best �t value in the MC

estimates shown in the plots. Histograms of the scoressc(x) used to estimate the density ratios in the

SR are shown in Fig. 6.15 for all processes in this analysis indicating a good modeling of the probability

density ratios throughout the SR.
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Figure 6.14: Blinded Checks: Post �t data-MC validation using estimated density ratio NN scores
for data events exclusively from theDpre < � 0:85 control region. The events in these plots are not
used to estimate the per-event likelihood ratios.
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 6.15: Comparison between data and expectation in the SR (Dpre(x) > � 0:85) of the NN scores
of the all major samples used to describe the probability density ratio of the reference process and
a ggF SBI, b ggF S, c ggF B, d EW SBI1 , e EW SBI10 , f EW B , g q�q ! ZZ , and h V V V. The
comparisons show a good modeling of the probability density ratios throughout the SR. The lower
panels show the ratio of data to expectation. The expected SM distributions are shown as stacked
histograms and the expected signal (interference) is shown as a solid red (dashed blue) line. The
background is estimated under the SM hypothesis (post-�t, � o�-shell = 1 ). The hatched band shows
the total systematic uncertainty in the expected distribution. The last bin contains over�ow events.
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Figure 6.16: Post �t data-MC validation using data events from the SR phase space (Dpre(x) > � 0:85).
The plots show various NN predictedp(xj� )=pref(x) distributions used directly in the pro�le likelihood
�ts for � = 0 :0 (bkg-only hypothesis) and� = 1 :0 (SM hypothesis). The left plots show the full range,
while the right plots focus on the signal-rich pref � p(� = 1 :0) phase space regions. The data-MC
agreement is good throughout the phase space.

Interpretations using Data-MC checks

Extensive data-MC checks can be performed as a function of several one-dimensional kinematic distri-

butions to highlight where the data-MC di�erences in the �nal �t (if any) arise from. This stage helps

with interpreting any excesses, or other anomalies, seen in the �nal �ts using real data. Four of these

checks for some of the kinematic observables used to train the analysis NNs were shown in Figs. 5.2

and 5.4.

Here, a new type of data-MC validations for deeper interpretability are presented. In an NSBI

analysis of the type presented in this thesis, the MC and data events can be reweighted using the NN

predicted density ratios:
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wnew = R(xj�; � = �̂ ) � w(x j� = 1 ; � = �̂ ) (6.11)

where the weights correspond to the weighted events of the MC dataset generated at the corresponding

� value using the morphing formula of Eq. 4.26. For data events, the weights are replaced by 1.0. The

density ratio R(x) is the one that is already estimated using the NNs multiplied by the normalization

factor:

R(xj�; � = �̂ ) =
� (�; � = �̂ )

� (� = 1 ; � = �̂ )
p(x j�; � = �̂ )

p(x j� = 1 ; � = �̂ )
(6.12)

The data-MC comparisons using the reweighted MC and real datasets can help highlight regions of

one-dimensional kinematic phase space where data-MC di�erence are the most signi�cant for di�erent

values of the scanned POI� . This enables a qualitative assessment of where the di�erences

in data and MC scans (if any) come from, as a function of the scanned POI � . Fig.6.17 and

Fig.6.18 show the post-�t plots for the preselection NNDpre and m4` distributions, for various values

of � o�-shell .

(a) (b)

Figure 6.17: Comparison between data and expectation in the SR (Dpre(x) > � 0:85) of the preselection
NN. In a, events are weighted byp(xj� = 0 :3)=p(x j� = 1) to highlight the low- � o�-shell region
dominated by the interference component. In b, events are weighted byp(xj� = 1 :7)=p(xj� = 1) to
highlight the high- � o�-shell region dominated by the signal component. The solid red line shows the
sum of the signal and interference components estimated with the� o�-shell hypothesis used to reweight
the distributions. The lower panels show the ratio of the data to expectation. The background is
estimated under the SM hypothesis (post-�t, � o�-shell = 1 ). The hatched area corresponds to the total
systematic uncertainty in the expected distributions. The �rst and last bins contains over�ow events.

93



Chapter 6. Neural Likelihood Ratio Estimation

Figure 6.18: Post �t data-MC validation with data events exclusively from the Dpre > � 0:85 signal
region. From left to right, starting from the top: p(x j� = 0 :0)=p(x j� = 1 :0) weighted events,p(x j� =
0:3)=p(xj� = 1 :0) weighted events,p(x j� = 1 :7)=p(x j� = 1 :0) weighted events,p(x j� = 3 :0)=p(xj� =
1:0) weighted events.

Checking for Unbiased Estimator

Fig. 6.19 shows the results of an unbiased estimator closure test: the value of the estimatesb� o�-shell for

Asimov samples with true values of� o�-shell for a wide range of� o�-shell values. Closure is observed

for all values of � o�-shell , within the MC statistical uncertainty of the simulation samples used. An

additional test was performed replacing theq�q ! ZZ Sherpa sample (see Sec. 5.1) in the truth MC

data by an alternative simulation done with the Powheg simulator. The hard scattering ME in both

samples is calculated at the same perturbative order in QCD, but the samples have di�erent parton

shower matching and simulation. Satisfactory closure of the� o�-shell MLE is also observed with the

alternative MC sample used for evaluation, despite the di�erent physics in �nal state - highlighting

the robustness of the density ratios.
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Figure 6.19: Maximum likelihood estimator b� o�-shell when �tting � o�-shell using MC samples with
di�erent true values � o�-shell . The error bar shows the estimate of the uncertainty from the limited
number of MC events in the Asimov dataset, which is introduced as a spurious signal uncertainty as
described in Sec. 6.5.

6.4 Estimating the systematic variations gc(x; � � )

Accurate estimates ofgc(x; � � ) are needed in order to use the interpolation formula of Eq. 3.9. The� 1�

simulation model is available in a typical ATLAS analysis as either dedicated per-event weights in the

nominal MC sample, namely those coming from e�ciency systematic uncertainties and from theoretical

uncertainties with analytical expressions, or they are available as dedicated MC simulations altogether,

namely those related to scale and resolution systematic uncertainties and theoretical uncertainties

obtained from comparing di�erent models. These alternate MC simulations are built by varying the

sampling of latent variables in simulators. In the unbinned formalism developed in this note, the latent

variables are integrated out and the systematic weight estimates need to be a function of the observable

x only, so that it can be directly estimated from data.

In order to properly describe the systematic variation on a per-event basis, the systematic weights

gc(x; � � ) need to be determined as a function of the inputx used for the density ratio prediction.

Due to the uncorrelated nature of the systematics model in the ATLAS experiment, as described in

Chap. 3, the per-event weightsgc(x; � �
m ) can be estimated systematic-by-systematic using dedicated

NNs. The weights correspond to the probability density ratios between the varied sample and the

nominal sample.

pc(x j� �
m )

pc(x j� m = 0)
= gX (x; � �

m ) =
ŝpred(x)

1 � ŝpred(x)

�
�
�
�
�
� �

m

(6.13)

95



Chapter 6. Neural Likelihood Ratio Estimation

where � m = 0 corresponds to the nominal probability model.

Using the same likelihood-ratio trick (or CARL technique) as was described in Sec. 6.1 for the

estimation of the density ratios pc(x)=pref(x), the NN can then convert the description of systematic

variations as a function of latent variables (modeled using MC techniques) into weight-based systematic

uncertainties based only on reconstructed observablesx. To test the validity of the trained NNs, similar

diagnostics to the ones described in Sec. 6.3 are used. Some examples are shown in Fig. 6.20.

For each systematic uncertainty nuisance parameter� m , we train two NNs to estimate the variation

weights corresponding to the� �
m variations. This is repeated for the variation of each processc, to

be used for the corresponding density ratiopc(x j� �
m )=pc(x j� 0

m = 0) . The total number of NNs used

to estimate the full systematic uncertainty model ends up being equal to the number of nuisance

parameters times the number of processes times two, somewhere in the order of� O(103) for this

analysis.

6.5 Using NN Ensembles to estimate MC Statistical Uncertainty

As described in Sec 6.2, an ensemble of NNs is trained to predict density ratios for every event (see

Eq. 6.5). The observed distribution of the ensemble predictions can be used as an estimate of the

statistical uncertainty coming from the limited MC statistics used for training the NNs. Each ensemble

is trained using a subset of the original training data randomly sampled using a di�erent train-test

split, as described in Sec. 6.2.1, to mimic di�erent datasets for each training and is an alternative

to the standard bootstrap technique which involves randomly sampling from the training pool with

replacement.

In the mixture models approach, the sample-speci�c density ratiospc=pref are estimated using a

separate ensemble of NNs. Fig. 6.21 shows the distribution of thepggF
B =pref NN ensemble predictions

for a set of randomly selected ggF signal (left) and ggF background (right) events. As expected, the

signal events in the background-rich phase spacepggF
B =(pref + pggF

B ) ! 1:0 tend to have larger variances

compared to the signal events in the signal-rich phase spacepggF
B =(pref + pggF

B ) � 1:0 and vice versa for

background events.

The several diagnostic tools described in Sec. 6.3 show that the mean of these ensembles describes

an unbiased density ratio. In order to provide an estimate of the uncertainty coming from the limited

number of MC events, while keeping the density ratio unbiased, NN predictions[pc(x)=pref(x)]a are

bootstrapped from the pool of the NNs in the ensemble. Using the bootstrapped predictions, ensemble

templates are formed as shown in Fig. 6.22, and used to evaluate the template mean prediction. This

gives an estimate of thevariance on the mean of the ensemble prediction by the de�nition of

bootstrapping.

A distribution of the spread of ensemble means due to this template building procedure can be

seen in the Fig. 6.23. Note that this procedure is identical to training multiple ensembles using unique

samplings each time in the limit of Nens ! 1 . The variance on the mean calculated from this

procedure is equal to the standard formula for calculating the variance on the mean:
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Figure 6.20: Example diagnostic plots for systematic uncertainty weight estimation, showing un-biased
modelling of the systematic uncertainties. The �rst ratio plot shows the ratio between the nominal
sample reweighted to the systematic variation and original systematic variation. The second ratio plot
shows the ratio of systematic variation distribution (both reweighted and original - green and orange
curves respectively) to the nominal (blue curve).
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Figure 6.21: Ensemble NN score prediction distributions for random example events with NN trained
for the pggF

B =pref density ratio. Larger spreads indicate larger variances on individual NN predictions
from the MC statistical uncertainty.

Figure 6.22: Building template ensembles from the trained NN pool to estimate the variance on thê� .
Each blob in the box on the left represents the80% of the training data sampled for each NN. These
NNs have been trained already for the nominal �t, and it is the predictions from these trained NNs that
are sampledNens times with replacement to build the template model. This is equivalent to sampling
and ensembling independently in the limit of large enoughNens. The mean of the predictions from
these Nens samples of each template are used to determine the variance on the mean. The template
emsemble sampling is done for each channelc = ggF SBI, ggF B, ggF S, etc. independently.

V
�

pc

pref

�
=

� ensp
Nens

(6.14)

where � ens is the variance on the per-event ensemble predictions shown in Fig. 6.21. But the challenge
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is propagating this variance to the pro�le likelihood �t described in Chap. 3, since it is important to

preserve the event-by-event correlations in these MC statistical �uctuations.

Figure 6.23: Ensemble prediction distributions for a randomly selected event for thepggF
B =pref density

ratio. As an example two samplings using the bootstrap technique are done to show the corresponding
spread in the ensemble mean prediction (dashed lines).

Figure 6.24: EnsemblepggF
SBI =pref prediction distributions for two randomly selected events. A hundred

samplings of the density ratio are done using the bootstrap technique described in text, to show the
corresponding spread in the ensemble mean prediction (dashed lines).
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6.5.1 Monte Carlo Uncertainty Propagation

While the method discussed above gives an estimate of the variance on the mean as a function of the

event x, one needs to propagate this uncertainty in the pro�le log-likelihood ratio test statistic, while

preserving all the correlations between each event. For this a similar strategy as the spurious signal

uncertainty [55] used in unbinned analysis likeH

 [39], has been adopted for the NSBI analysis.

Using bootstrapped ensembles for predictions of all the channelspc(x)=pref(x), the POI � is �tted

using the MC dataset, with various truth values � = � truth , per-ensemble template - and the resulting

spread of the �tted values �̂ is used as an uncertainty on the POI� from the limited MC statistics.

For each �t, a randomly sampled ensemble for each of the channels is used to calculate the mean

of the event-by-event density ratio predictions pc=pref as in Eq. 6.5, then used to calculate the test

statistic function of Eq. 5.5 to �nd the best �t value �̂ . The resulting distribution �^� represents

the uncertainty in the �t at � = � truth value of the MC dataset used in the �t, due to the limited

Monte Carlo statistics used in the training of the NNs. This can be repeated using MC samples at

di�erent values of � = � truth to then build the parameterized �^� (� ) for a more robust estimate of the

uncertainty across the parameter space. The distribution for� = 1 :0, shown in Fig. 6.25, is centered

on the nominal �t value (dashed blue line) and covers the truth value� = 1 :0 within � 1� uncertainty.

For di�erent values of , this uncertainties and corresponding best �t values can be seen in Fig. 6.19.

Drawing inspiration the spurious signal method, a single nuisance parameter� stat is introduced in

the � parameterization of the full probability model:

X

c

f c(� ) !
X

c

f c(� + � stat � �^� (� )) (6.15)

Inserting Eq. 6.15 into the full o�-shell Higgs boson likelihood model of Eq. 4.30 and then pro�ling

the � stat dependence in a test statistic �t accounts for the MC statistical uncertainty in the �nal �tted

parameter values. For the o�-shell Higgs boson analysis presented in this thesis, the contribution from

this uncertainty was found to be negligible.
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Figure 6.25: Distribution of �tted �̂ from the various bootstrapped ensembles. The dashed blue line at
� = 1 :002represents the value of the nominal �t �̂ nom using the nominal density ratio predictions. For
each of the subsequent �ts, a randomly sampled template ensemble for each of the channels c = ggF
SBI, ggF B, ggF S, etc. is used to calculate the mean of the event-by-event density ratio predictions
pc=pref which are then used to �nd the best �t value of �̂ . The resulting distribution �^� represents
the uncertainty in the �t at � = 1 :0 due to the limited Monte Carlo statistics used in the training
of the NNs. This is repeated using MC samples at di�erent values of� = � truth to then build the
parameterized�^� (� ).
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Chapter 7

Results

This chapter presents the statistical inference results using NSBI technique on the parameters of interest

in the o�-shell Higgs boson analysis. The new results are also compared with the previously published

results using the same Run-2 data to highlight the gains in sensitivity from using the new technique.

7.1 Results in the ZZ ! 4` decay channel

To get the �nal results, a combined �t in the SR and the CR de�ned in Sec. 5.4 is performed using both

the Asimov MC dataset and the real detector data. The events of the SR use the per-event likelihood

ratio model of Eq. 4.30:

p(Dj � o�-shell ; � qq; � )
Q N data

k pref(xk )
= Pois

0

@Ndata j
X

c
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(7.1)

To this likelihood model, the Poisson likelihoods of the CR (de�ned byDpre(x) � � 0:85) bins are

combined. The CR uses a �xed summary statistic, which is thenjets bins: 0, 1, and � 2 to provide

enough constraining power for the� qq =
n

� 0j
q�qZZ ; � 1j

q�qZZ ; � 2j
q�qZZ

o
background normalization parameters,

which are treated as unconstrained NPs, i.e., they have no corresponding auxiliary measurements that

constrain them. This is discussed in Sec. 5.4. The full negative log-likelihood model is then given by

Eq. 5.4
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(a) (b)

Figure 7.1: a Values of the test statistic t � o�-shell assuming a single parameter of interest� o�-shell

obtained with an Asimov dataset (expected, dashed blue) and with data (observed, solid black) in the
H � ! ZZ ! 4` decay channel. The values from the histogram-based analysis [3], using �xed summary
statistic of Eq. 4.29 for the �ts, are added in dash-dotted lines for comparison. The dotted gray
lines show the 68% and 95% con�dence belt, obtained from the Neyman construction. b Same values
obtained with data (observed, solid black) and Asimov dataset (expected, dashed blue) compared with
the statistics-only case with all NP �xed at their best-�t values b� .

� 2 log
L(� o�-shell ; � qq; � )

Q N obs
k pref(x)

=
X

bin 2 n jets

�
� 2 N bin

CR � log � bin
CR (� o�-shell ; � qq; � ) + 2 � bin

CR (� o�-shell ; � qq; � )
�

� 2 N SR
data � log � SR(� o�-shell ; � qq; � ) + 2 � SR(� o�-shell ; � qq; � )

� 2
N dataX

i

log
p(x i j� o�-shell ; � qq; � )
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N systX

p

(� p � ap)2

(7.2)

which is used to �t the parameters using the test statistic function of Eq. 5.5.

7.1.1 Test statistic scans

The observed and expected values of the pro�le likelihood ratiost � o�-shell are shown in Fig. 7.1 as

functions of � o�-shell for a variety of scenarios, assuming� o�-shell = � 2
g;o�-shell � 2

V;o�-shell = � 4
V;o�-shell .

Fig. 7.1a compares the pro�le likelihood ratio for the histogram-based [3] and the NSBI-based analyses,

and shows the improved constraints on� o�-shell obtained with the latter. The histogram-based analysis

uses the �xed summary statistic de�ned in Eq. 4.29. Additional comparisons with the histogram-based

analysis are shown in Appendix A. Fig. 7.1b compares the pro�le likelihood ratio for the NSBI-based

analysis to a variant where the NPs are �xed to the best-�t value b� , re�ecting only the statistical

uncertainty on the data. The comparison indicates that systematic uncertainties are more important for

tests of signal-dominated hypotheses (� o�-shell > 1) than for tests of interference-dominated hypotheses

(� o�-shell < 1).
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Figure 7.2: Expected distribution of t � o�-shell =0 estimated with pseudo-experiments for the case of
� o�-shell

truth = 0 (solid green, no o�-shell Higgs boson production hypothesis) and� o�-shell
truth = 1

(dash-dotted red, SM hypothesis). The vertical solid black (dashed blue) line shows the observed
(expected) value oft � o�-shell =0 . The dotted vertical green lines at t � o�-shell =0 = 1 :99 and 5:18 represent
the one-sided1� and 2� signi�cance thresholds, respectively, under the� o�-shell

truth = 0 hypothesis.
These values di�er slightly from the ones in the asymptotic approximation, in which the thresholds
would be 1:97 and 5:19.

7.1.2 Neyman Construction

As is the case for the histogram-based analysis, the test statistic is not distributed as a� 2 probability

density, due to the double minima created by the interference terms and due to the constraint� o�-shell >

0 imposed by the model of Eq. 4.19. Con�dence intervals are built using the Neyman construction [122]

(NC) instead of relying on the asymptotic approximation. In the NC, pseudo-experiments are built by

performing a Poisson bootstrapping on the high-statistic reference sample as described in Sec. 3.3.

Fig. 7.2 shows the expected distribution oft � o�-shell =0 for the SM hypothesis (� truth
o�-shell = 1 ) and the

no o�-shell Higgs boson hypothesis(� truth
o�-shell = 0 ). The black and dashed blue vertical lines indicate

the observed and expected values oft � o�-shell =0 , respectively. The red dash-dotted curve in Fig. 7.2

shows the expected distribution of t � o�-shell =0 assuming the SM hypothesis (� truth
o�-shell = 1 ). The p-

value of the observed value oft � o�-shell =0 under the SM hypothesis is 0.11, corresponding to one-sided

signi�cance of 1:2� . The green solid curve shows the shows the expected distribution oft � o�-shell =0

assuming� truth
o�-shell = 0 (no o�-shell Higgs boson hypothesis). The green dotted lines show thep-value

thresholds corresponding to the one-sided signi�cance of1� and 2� under this hypothesis. The evidence

for o�-shell Higgs boson production has an observed (expected) signi�cance of2:5� (1:3� ) using only

the H � ! ZZ ! 4` decay channel. The evidence for o�-shell Higgs boson hypothesis has a larger

signi�cance than the one observed (expected) in the previous histogram-based analysis [3] of the same

dataset, which had a value of0:8� (0:5� ).
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Nuisance Parameter Pulls

A total of 127 NPs describing the full systematics model of Sec. 4.6 make up� in the o�-shell Higgs

boson measurement, and their �tted values (pulls) and pull errors are shown in Fig. 7.3. No signi�cant

di�erences between the MLE estimatesb� m from �ts to real data and the corresponding auxiliary

values � (0)
m = 0 are observed.

Figure 7.3: Post-�t pulls and pull errors of the all the nuisance parameters representing the systematic
uncertainties in the � o�-shell �t.

7.1.3 Data-MC checks - optimal observables

Fig. 7.4a shows the distribution of the probability density ratio p(x j� o�-shell = 0 ; b� )=p(x j� o�-shell =

1; b� ), which is a near-optimal observable for� o�-shell = 0 . The lower panel shows a comparison with

the distribution from the best-�t hypothesis depicting the data behavior that leads to the observed

exclusion of the no o�-shell Higgs boson hypothesis. The di�erence between the observed and expected

values oft � o�-shell =0 indicates that there are regions of phase-space where the data are more interference-

like than signal-like, as can be seen by the rightmost bins in Fig. 7.4a where the observed de�cit of events

is larger than expect. Given the small signi�cance of the di�erence between expected and observed

values oft � o�-shell =0 , it is di�cult to isolate a speci�c region of phase-space with this behavior.

Fig. 7.4b shows the distribution of the quadruplet massm4` and, in the lower panel, the comparison

with the best-�t hypothesis indicating that only the quadruplet mass information would not be enough

to obtain evidence of o�-shell Higgs boson production in this channels and the importance of the ME-

based analysis performed with the NSBI method. Further descriptions of the optimal observables can

be found in Sec. 2.5.3.

7.1.4 Impacts from systematic uncertainties

Two methods are used to estimate the sensitivity of the measurement to di�erent systematic uncer-

tainties. The two methods di�er in what is varied: either the NPs � m , or of the AOs am associated

with these NPs [53]. The speci�cs of the two methods are described in Sec. 3.2. The results of both

methods are summarized in Tab. 7.1. The propagated uncertainties are summed in quadrature within
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(a) (b)

Figure 7.4: Comparison between observed and the expected background distributions of a the optimal
observable at � o�-shell = 0 and b the quadruplet massm4` . The solid red lines shows the expected
distribution of the best-�t hypothesis b� . The lower panel shows a comparison between the distribution
of the background-only and best-�t hypotheses. The background is estimated under the SM hypoth-
esis (post-�t, � o�-shell = 1 ). A comparison between the two distributions indicate that the optimal
observable built with the NSBI method provides better evidence for o�-shell Higgs boson production
than only the m4` distribution. The hatched area corresponds to the total systematic uncertainty in
the expected distributions. The �rst and last bins contain over�ow events.
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Table 7.1: Absolute systematic uncertainties in the measurement of� o�-shell in the H ! ZZ ! 4` decay
channel. Two methods of estimation are presented: based on the variation of nuisance parameters
and on the variation of auxiliary observables. Uncertainties are given using the auxiliary observables
methods since it allows variations to be summed in quadrature. The total uncertainty is independent
of the method used to estimate systematic uncertainties.

Uncertainty source Absolute impact on � o�-shell

Nuisance Parameter Auxiliary Observable

Electron uncertainties (� 0:05; +0 :06) (� 0:05; +0 :06)

Muon uncertainties (� 0:03; +0 :03) (� 0:02; +0 :03)

Jet uncertainties (� 0:10; +0 :10) (� 0:09; +0 :11)

Luminosity (� 0:01; +0 :01) (� 0:01; +0 :01)

Total experimental (� 0:12; +0 :13) (� 0:11; +0 :12)

q�q ! ZZ modeling (� 0:06; +0 :07) (� 0:06; +0 :07)

gg ! ZZ modeling (� 0:08; +0 :13) (� 0:07; +0 :09)

EW q�q ! ZZ + 2 j modeling (� 0:01; +0 :01) (� 0:01; +0 :01)

Total modeling (� 0:10; +0 :15) (� 0:09; +0 :12)

Systematic uncertainty (� 0:16; +0 :19) (� 0:14; +0 :17)

Statistical uncertainty (� 0:49; +0 :72) (� 0:50; +0 :73)
Total uncertainty (� 0:54; +0 :75)

each group. The sum in quadrature does not take into account correlations between the di�erent pa-

rameters b� m when using the method based on the variation of NPs. The same problem does not exist

when varying AOs: the sum in quadrature can be made without loss of information and it can be used

to provide a consistent decomposition of the total uncertainty into statistical and systematic uncer-

tainties. In both methods, the statistical uncertainty is obtained by the square root of the di�erence

of the total uncertainty squared and the systematic uncertainty squared.

The largest contributions to the measurement uncertainty are the statistical uncertainty on the

data, the theoretical modeling uncertainties, and uncertainties on the jet energy scale and resolution.

The contribution of MC statistical uncertainty to the total uncertainty is less than 0.01. The observed

(expected) value of� o�-shell at 68% CL is:

� o�-shell = 0 :87+0 :75
� 0:54 (1:00+1 :04

� 0:95):

The �tted values of � 0j
q�qZZ , � 1j

q�qZZ , and � 2j
q�qZZ are 1:12� 0:04, 0:85� 0:05, and 0:90� 0:07, respectively.

The result presented here has a reduced uncertainty when compared with the previous histogram-based

analysis observed value at 68% CL of0:79+1 :21
� 0:77 (expected� o�-shell < 1:14).
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7.2 Combination with the analysis in the 2`2� decay channel

The new result presented in this paper is combined with the most recent ATLAS o�-shell Higgs

boson production measurement in theH � ! ZZ ! 2`2� decay channel [3]. The histogram-based

H � ! ZZ ! 2`2� analysis uses the binned transverse massmZZ
T distribution in three di�erent SRs, in

addition to the yield of four CRs enriched in Z + jets, non-resonante� events, andq�q ! WZ events.

The test statistic used for the combination is built from the log-likelihood ratio in Eq. 7.2, where now

an additional Poisson likelihood sum (like in the CR) is included for the severalmZZ
T bins and CRs of

the analysis in the H � ! ZZ ! 2`2� decay channel.

The systematic uncertainty model used here is expanded to include constrained and unconstrained

NPs exclusive to the analysis of theH � ! ZZ ! 2`2� decay channels. Experimental and common

theory uncertainties, i.e., pertaining to gg ! ZZ and q�q ! ZZ modeling, are modeled with com-

mon NPs that modify both likelihood components. Uncertainties related to missing higher-order EW

corrections in the q�q ! ZZ process, which were estimated with di�erent methods in both analyses,

are modeled with separate NPs for theH � ! ZZ ! 4` and H � ! ZZ ! 2`2� analyses. However,

the measured o�-shell Higgs boson production is largely insensitive to this modeling choice. Common

q�q ! ZZ data-driven normalization parameters� 0j
q�qZZ , � 1j

q�qZZ , and � 2j
q�qZZ are used in the two channels

since the phase space probed is similar within eachnjets bin.

Fig. 7.5a shows the test statistic values as a function of� o�-shell , for a joint likelihood model

with a single common parameter of interest� o�-shell (� 2
g;o�-shell � 2

V;o�-shell = � 4
V;o�-shell ). Similar to the

result using only the ZZ ! 4` channel, the comparison indicates that systematic uncertainties are

more important for tests of signal-dominated hypotheses (� o�-shell � 1) than for tests of interference-

dominated hypotheses (� o�-shell � 1). Fig. 7.5b shows the expected distribution oft � o�-shell for the SM

hypothesis (� o�-shell
truth = 1 ) and the no o�-shell Higgs boson hypothesis (� o�-shell

truth = 0 ) using the

bootstrapping technique described above. The observed (expected) value of� o�-shell at 68% CL is:

� o�-shell = 1 :06+0 :62
� 0:45 (1:00+0 :83

� 0:83):

The result using uncertainties at 95% CL can be found in Tab. 7.2. The evidence for o�-shell Higgs

boson production has an observed (expected) signi�cance of3:7� (2:4� ).

7.3 Reinterpretations in the � -framework

The probability density ratio model of Eq. 4.26 can be rewritten in the � -framework by subsituting:

� ggF
o�-shell = � 2

g;o�-shell � 2
V;o�-shell ; � EW

o�-shell = � 4
V;o�-shell ; (7.3)

Rewriting the full negative log-likelihood model in terms of these parameters then allows for a reinter-

pretation of the o�-shell Higgs boson measurement in terms of the� -framework. Note the advantage

of using a mixture model approach, which trains only non-parameterized density ratiospc=pref that

can be re-used without re-training in a di�erent model:
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(a) (b)

Figure 7.5: a Values of the test statistict � o�-shell assuming a single parameter of interestt � o�-shell obtained
with an Asimov dataset (expected, dashed blue) and with data (observed, solid black) combining the
H � ! ZZ ! 4` and H � ! ZZ ! 2`2� decay channels. The dash-dotted curves show thestatistics-
only results where all NP are �xed to their best-�t values b� . The dotted gray lines show the 68% and
95% con�dence belt, obtained from the Neyman construction. b Expected distribution oft � o�-shell =0

estimated with pseudo-experiments for the case of� o�-shell
truth = 0 (solid green, no o�-shell Higgs

boson production hypothesis) and� o�-shell
truth = 1 (dashed-dotted red, SM hypothesis). The vertical

solid black (dashed blue) line shows the observed (expected) value oft � o�-shell =0 . The vertical dotted
green lines represent the1� , 2� , an 3� signi�cance thresholds under the� o�-shell

truth = 0 hypothesis.
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(7.4)

where � g=V = � g=V;o�-shell . Fig. 7.6 shows the values of the test statistict � g; o�-shell and t � V; o�-shell as a

function of � g;o�-shell and � V;o�-shell , respectively. In both cases, the� parameter not shown is pro�led.

The resulting con�dence intervals in � g;o�-shell and � V;o�-shell provide a measurement of the Higgs boson

couplings to gluons and vector bosons without any assumption on the Higgs boson total width [123].

The observed (expected) values at 68% CL are:

� g;o�-shell = 1 :09+0 :39
� 0:35 (1:00+0 :76

� 0:89); � V;o�-shell = 0 :99+0 :16
� 0:19 (1:00+0 :29

� 0:45):
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(a) (b)

Figure 7.6: Values of the a test statistict � g; o�-shell as a function of � g;o�-shell and b the test statistic
t � V; o�-shell as a function of� V;o�-shell obtained with an Asimov dataset (expected, dashed blue) and with
data (observed, solid black). The dash-dotted curves show thestatistics-only results where all NP are
�xed to their best-�t values b� . The dotted gray lines show the 68% and 95% con�dence belt, obtained
from the Neyman construction. The � parameter not shown is pro�led in both cases. The abrupt
change at� V;o�-shell = 0 comes from the strong� 4

V;o�-shell dependency in the EW production of o�-shell
Higgs bosons.

7.4 Combination with on-shell 4` analysis and Higgs boson width

interpretation

Measurements of the on-shell Higgs boson production [124] provide constraints on the signal strengths

� ggF
on-shell = � 2

g;on-shell �
2
V;on-shell=� H and � EW

on-shell = � 4
V;on-shell=� H , where� H = � H=� SM

H is the Higgs boson

width normalized to the SM expectation. Recall that

� H

� SM
H

=
� o�-shell

� on-shell
(7.5)

assuming that � 2
g;on-shell �

2
V;on-shell = � 4

V;on-shell = � 2
g;o�-shell � 2

V;o�-shell = � 4
V;o�-shell , the o�-shell Higgs

boson production measurement can be combined with the on-shellH ! ZZ ! 4` production mea-

surement [124] to provide a measurement of the Higgs boson total width. The joint likelihood model for

this measurement extends Eq. 7.2 with a commonH ! ZZ coupling modi�er � HZZ and the modi�er

� H to the Higgs boson width:
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Figure 7.7: Values of the test statistic t � H as a function of � H = � H=� SM
H obtained with an Asimov

dataset (expected, dotted black) and with data (observed, solid black). The dash-dotted curves show
the statistics-only results where all NP are �xed to their best-�t values b� . The dotted gray lines show
the 68% and 95% con�dence belt, obtained from the Neyman construction.
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where � HZZ = � 2
g;on-shell �

2
V;on-shell = � 4

V;on-shell = � 2
g;o�-shell � 2

V;o�-shell = � 4
V;o�-shell and the corresponding

o�-shell Higgs boson model is de�ned in Eq. 4.20. The o�-shell bins in Eq. 7.6 includes both the

ZZ ! 4` and ZZ ! 2`2� SR and CR bins. The on-shell model uses the Standard Template Cross-

Section (STXS) prescription, de�ned in Ref. [124] and will not be reviewed here. The NP model for

common experimental uncertainties follows the approach described in Sec. 7.2. Theoretical modeling

uncertainties in the on-shell and o�-shell measurements are modeled with separate parameters, given

the distinctness of the phase-space regions, but the measured Higgs boson width is largely insensitive

to this modeling choice. Background normalization factors are also modeled separately.

Fig. 7.7 shows the test statistic values as a function of� H when pro�ling � HZZ . The observed

(expected) value of� H and � H at 68% CL are:

� H = 1 :05+0 :65
� 0:46 (1:00+0 :86

� 0:84); � H = 4 :3+2 :7
� 1:9 (4:1+3 :5

� 3:4);

The result using uncertainties at 95% CL can be found in Tab. 7.2.

A similar combined measurement strategy can be used to constrainRgg = � 2
g;on-shell=� 2

g;o�-shell and
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(a) (b)

Figure 7.8: Values of a the test statistic tRgg as a function of Rgg = � 2
g;on-shell=� 2

g;o�-shell and of b
the test statistic tRV V as a function of RV V = � 2

V;on-shell=� 2
V;o�-shell obtained with an Asimov dataset

(expected, dashed blue) and with data (observed, solid black). The values obtained when all NP are
�xed to their best-�t values b� , corresponding to the statistics-only case, are shown in dash-dotted
lines for comparison. The dotted gray lines show the 68% and 95% con�dence belt, obtained from the
Neyman construction. In both �gures, the R parameter not shown is pro�led and � H is �xed to 1.

RV V = � 2
V;on-shell=� 2

V;o�-shell . The value of the two test statistics as a function ofRgg and RV V are

shown in Fig. 7.8. The observed (expected) values at 68% CL are:

Rgg = 1 :19+0 :89
� 0:66 (1:00+0 :92

� 0:98); RV V = 0 :95+0 :44
� 0:35 (1:00+0 :70

� 0:69);

pro�ling the other R parameter and setting� H to unity. Tab. 7.2 summarizes all the results presented

in this paper.

112



Chapter 7. Results

Table 7.2: Summary of the results for� g; o�-shell , � V; o�-shell , and � o�-shell combining the measurement
of the o�-shell Higgs boson production analysis in theH ! ZZ ! 4` decay channel presented in this
paper with the analysis in the H ! ZZ ! 2`2� decay channel from Ref. [3]. The results for� H ,
Rgg and RV V are obtained combining the o�-shell production measurement with the on-shell analysis
from Ref. [124]. All results are presented with their 68% CL and 95% CL intervals. No expected 95%
CL interval for � g;o�-shell is obtained because the Asimov sample is unable to break the degeneracy
between� g;o�-shell and � V;o�-shell in ggF production. All results use the full Run 2 dataset with 140fb� 1

of integrated luminosity.

68% CL interval 95% CL interval
Parameter Value Observed Expected Observed Expected

� o�-shell 1.06 [0.61, 1.67] [0.17, 1.83] [0.21, 2.24] [0.01, 2.42]

� g;o�-shell 1.09 [0.74, 1.48] [0.11, 1.76] < 2:08 -

� V;o�-shell 0.99 [0.80, 1.15] [0.55, 1.29] [0.58, 1.30] [0.01, 1.42]

� H [MeV] 4.29 [2.41, 6.95] [0.66, 7.61] [0.76, 9.66] [0.12, 10.50]

Rgg 1.19 [0.53, 2.07] [0.02, 1.92] < 2:96 < 2:73

RV V 0.95 [0.61, 1.39] [0.31, 1.70] [0.30, 1.86] [0.06, 2.14]
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Computational Challenges and

Alternatives

This chapter highlights the computational challenges associated with a full NSBI analysis and demon-

strates the work�ow developed and used in the o�-shell Higgs boson analysis. Later, an alternative

of using optimal observables in lieu of a full unbinned analysis is presented, particularly useful when

computational challenges are a limitation. The sensitivity gain from the new analysis is demonstrated

to be replicated using the optimal observable techniques in certain cases.

The prediction of high quality estimates of the likelihood ratios using real experimental data requires

an ensemble of deep and wide NNs as discussed in Chap. 6. Fig. 8.1a shows an example of the NN

architecture used in the o�-shell Higgs boson analysis to model density ratios with minimal bias and

variance.

8.1 Computational challenges in NN training

Training these deep and wide NNs using CPUs can be ine�cient. As shown in Fig. 8.1b, GPUs o�er

a signi�cant speed-up compared to CPU for training the same NN using O(1M) simulated events.

On top of the ensemble of NNs predicting nominal density ratiospc=pref for each of the channelsc,

additional NNs are trained to accurately estimate the variations associated with theO(100) nuisance

parameters needed to model the full set of systematic uncertainties in a typical ATLAS analysis. A

schematic of the full work�ow is shown in Fig. 8.2. The total number of NNs needed to estimate

the fully parameterized likelihood ratios with su�cient accuracy and precision is on the order of many

thousands,making large scale GPU infrastructure essential for an SBI analysis for an NSBI

analysis in a real experimental setting.

8.2 Computational challenges in statistical inference

Once the density ratios p(x j� o�-shell ; � )=pref(x) have been calculated using the thousands of NNs,

the �nal step of an analysis is to compute the best-�t values and uncertainties of model parame-
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(a) (b)

Figure 8.1: (a) NN architecture of one of the many thousands of NNs used in the analysis, each with
millions of trainable parameters. (b) Training time comparison, between a CPU and an NVIDIA
T4 GPU, for one of the NNs used in the analysis. Training on GPU o�ers almost5� the speed-up
compared to the impractically large training time on CPU, with the same O(1M) simulated events
used for each training. This time di�erence becomes especially relevant when optimizing an ensemble
of thousands of NNs.

Figure 8.2: A cartoon schematic of the full NSBI work�ow developed in this thesis. For brevity only
two processesc1 and c2 are shown along with two systematics. Each channel uses a large ensemble of
NNs to estimate the ratios pc1 (x)=pref(x). The Interp function stands for the polynomial-exponential
interpolation de�ned in Chap. 3.
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Figure 8.3: Comparison of the time, in seconds, to perform a pro�le likelihood �t using the NSBI test
statistic t � o�-shell written as a JIT-compiled JAX function and as a default python function. The �t
is performed using event-by-event systematic variations for an Asimov dataset with O(10M) events.
While the computation time remains similar between the python function and the JIT-compiled JAX
function for a small number of NPs, the latter scales signi�cantly better as the number of NPs in the
�t increases.

ters. This is done for example in the o�-shell Higgs boson analysis using the log-likelihood model

� (� o�-shell ; � qq; � ) = � 2 log
h
L(� o�-shell ; � qq; � )=

Q N obs
k pref(xk )

i
de�ned in Eq. 7.2. With the NSBI

analysis, the computation time to perform parameter �tting using � (� o�-shell ; � qq� ) with the typical

O(100) NPs of the ATLAS experiment is signi�cantly higher than that of a binned �t. This is because

unlike a binned �t with parameterized Poisson probability ratios for number of bins ranging from a

few 10s to 100s, in the NSBI analysis there are event-by-event parameterized density ratio predictions

for events ranging from 1M to 10M in number. Subsequently, the new analysis makes use of modern

tools like auto-di�erentiation and just-in-time (JIT) compilation using the JAX library [125], which

o�ers the potential to reduce computation time by several orders of magnitude. A comparison of the

time to �nd the best �t values of parameters using the Migrad algorithm of iminuit [126, 127] library

is shown in Figure 8.3 for two Python functions - one using JIT compilation with corresponding JAX's

lax control �ow operations and one without any compiled function.

The new analysis makes use of the auto-di�erentiation tool o�ered by JAX to infer both the

uncertainties on the NPs and the propagation of these uncertainties to the best �t value of the parameter

of interest, by calculating the exact second derivative Hessian matrix of the likelihood model of Eq. 7.2,

as discussed in Sec. 3.2. Materializing the full Hessian matrix in the NSBI analysis using JAX is

unfeasible, since storing weights during the forward and/or reverse pass calculation of the second

derivative r 2� : RO(100) ! RO(100)� O(100) requires enormous memory resources owing to the event-

by-event nature of the analysis and the O(10M) MC events in a typical application. There exists a

memory-e�cient solution, which can then be executed in a parallel work�ow using distributed cloud-

based computing infrastructure.

To make the computation more memory-e�cient, instead of directly materializing the full Hessian
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matrix, the Hessian vector product (HVP) is calculated making use of the following identity:

r 2� (x) v = r [r � (x) � v] (8.1)

The �rst step then is to calculate the Jacobian r � : RO(100) ! RO(100) , and take its dot product with

some vectorv. This step transforms the Jacobian into a scalar-valued functionr � � v : RO(100) ! R.

This reduces the required memory resources for the subsequent computation of the gradient of this

scalar valued functionr [r � � v] : RO(100) ! RO(100) giving us r 2� (x) v.

Repeating the computations of r 2� (x) v with the vector v chosen to be one of theO(100)-

dimensional orthogonal unit vectors each time, the Hessian matrixr 2� (x) is extracted one row at

a time. By only computing the gradients of scalar valued functions, the memory requirements are

signi�cantly reduced. For NSBI analysis, this new solution makes the calculation of the Hessian ma-

trix possible to perform in practice. However, the memory requirement can still add up to several

hundred gigabytes, necessitating the use of specialized hardware with large memory resources. This is

developed in Ref. [6].

8.3 An Alternative: Using parameterized observables

The impressive gain in sensitivity using NSBI techniques comes at a large computational cost as

discussed extensively in this thesis. An unbinned analysis needs low-bias and low-variance estimates of

probability density ratios, only possible using large ensembles of very deep and wide NNs. The training

of these large ensembles needs large-scale GPU and high memory CPU infrastructure as discussed in

Sec. 8.1 and Sec. 8.2. Moreover, training low-variance large NNs needs large MC statistics which might

not be readily available. There are also analysis where the simulations are known to be not a perfect

representation of the true data and hence training unbiased density ratios might be a challenge. Using

binned optimal observables de�ned in Sec. 2.5.3 with Poisson probability models resolves a lot of these

challenges while still gaining signi�cantly in sensitivity compared to a more traditional approach. In

order to demonstrate what role the optimal observables play in an NSBI analysis, the next section

compares sensitivities from a full unbinned NSBI analysis with a toy analysis using binned optimal

observables.

8.3.1 Understanding the Improvements in the New Analysis

As discussed in Chap. 2, the power of the new analysis comes from the parameterized nature of the

density ratio estimation. This can be tested in a more traditional setting where the �t is done using

binned Poisson likelihoods from a parameterized version of the usual summary statistic, here referred

to as the optimal observable(OO) technique and de�ned in Sec. 2.5.3. The idea is to build a powerful

parameter-dependent summary statistic for each value of the scanned POI� .

The per-event NSBI analysis as described in this thesis naturally learns the density ratios as a

function of the observable � o�-shell . The result is that we have essentially a� o�-shell -parameterized

OO 1. Moreover, it is by construction an unbinned analysis - the NNs learn the density ratios as a

1Note that we dont really use an observable per-se in the NSBI approach presented here. We directly learn the density
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smooth di�erentiable function across the phase space of the input.

In this section, toy studies are performed and it is shown how a combination of the� o�-shell -

parameterized nature of the density ratios combined with the unbinning e�ects are responsible for the

signi�cant improvements in the sensitivity of the analysis. The OO for a given value of the o�-shell

signal strength � o�-shell = � is given by:

u(x j� o�-shell ) =
p(x j� o�-shell )

p(x j� o�-shell = 1)
(8.2)

Note the � o�-shell -dependence of the summary statistic, which is not commonly used in LHC analyses.

The density ratios on the RHS are already estimated using the NSBI formalism. The summary statistic

can now be binned and likelihood extracted using Poisson probability model as in Eq. 2.38.

p(Dj � o�-shell ) = Pois(Ndata j� (� o�-shell ))
N dataY

i

� I (x i ju(� o�-shell )) (� o�-shell )

� (� o�-shell )
(8.3)

Moreover, to approach the sensitivity of the unbinned per-event analysis, a sequential un-binning of

u(x j� o�-shell ) is performed. An example OO discriminant for � = 0 :2 with a large number of bins is

shown in Fig. 8.4.

Figure 8.4: The OO discriminant u(x j� o�-shell = 0 :2) with 55 bins, corresponding to a su�cient
summary statistic for � o�-shell = 0 :2. Poisson likelihoods are extracted from each bin and are used to
do the likelihood �t for the NLL curves shown in Fig. 8.6.

A comparison between the sensitivity from the new per-event analysis and the sensitivity from these

sequential un-binning of the� -parametrized toy experiments is shown in Fig. 8.5, highlighting how the

increased sensitivity in the new analysis is a result of its� o�-shell -parametrized nature combined with

its un-binned nature.

It might not be clear to the reader how the �oating dots �t into Fig. 8.5. To clarify this, Fig. 8.6

shows how these dots are just the value of the NLL for the value of� o�-shell used in the OO. Also

ratios from the input. But it serves as a good analogy.
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Figure 8.5: The plot shows a comparison of expected sensitvity from various analysis strategies which
can potentially be used in this channel. The dashed pink (black) curves show the expected NLL from an
analysis which useslogp(xj� o�-shell = 1) =pref as a discriminant with 10 (24) bins. The various dots show
the analysis sensitivity for speci�c values of the POI � o�-shell (= 0 :0; 0:1; 0:2; 1:5; 2:0; 2:5 in this plot ),
where the discriminant u(x j� o�-shell ) is used as described in Eq. 8.2. Important takeaway from this plot
is that as the number of bins in the OO discriminant approach large values, the sensitivity approaches
that of the per-event analysis. Also interesting to note is that having an OO even with fewer number
of bins still has better sensitivity than the logp(xj� o�-shell = 1) =pref(x) observable optimized only for
� o�-shell = 1 .
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interesting to note in Fig. 8.6 is how the OO optimized for a given valueu(xj� 0
o�-shell ) o�ers increased

sensitivity for that particular value of � o�-shell = � 0
o�-shell while showing sub-optimal performance for

other values� o�-shell 6= � 0
o�-shell that u(x j� 0

o�-shell ) is not optimized for. This is similar to the argument

mentioned above, about why having a single summary statistic observable, built using a �xed value

of � o�-shell = 1 for example, can be sub-optimal for other values of� o�-shell 6= 1 , especially when

interference e�ects are non-negligible.

Figure 8.6: The �oating dots in the Fig. 8.5 are actually just part of the full NLL curve with the OO �

discriminant optimized for that particular value of � . Here we plot the full NLL curve with the dot
to clarify the situation. Note how the OO optimized for � scan = 0 :0 o�ers increased sensitivity for
� = 0 :0 while showing sub-optimal performance for other values of� o�-shell , for example � o�-shell = 0 :2
which has increased senitivity when the OO is optimized for� scan = 0 :2. This is the power of an OO
approach.

The parameterized density ratios trained for an NSBI analysis, when used as a parameter-dependent

binned summary statistic u(x j� ), can still be globally optimal for the full parameter range being

scanned. While not as sensitive as a fully unbinned analysis, this can be a viable alternative when

training unbiased density ratios is a challenging problem - since the summary statistic is to be used

for a Poisson likelihood �t, which has well-de�ned statistical properties by construction. The so-called

Optimal Observables method, described in Sec. 2.5.3 can provide signi�cant improvement in sensitivity

compared to a more traditional �xed summary statistic.
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Conclusion and Outlook

A practical formalism for parameter inference using Neural Simulation-Based Inference (NSBI) tech-

niques has been developed for the ATLAS experiment, with a consistent and computationally e�ective

prescription for the propagation of a large systematic uncertainty model - enabling easy application to

LHC experiments. A novel technique for reporting robust frequentist con�dence intervals using Ney-

man Construction in the new NSBI formalism has also been developed. The full formalism presented

in this thesis can in principle be applied to every parameter inference analysis at the LHC, provided

that an analytical form of the parametric model is available as discussed in Chap. 2.

Analyses at the LHC with non-linear probability models such as those with large quantum in-

terference (o�-shell Higgs boson, top-quark pair production, E�ective Field Theory operators) and

with non-analytically known latent-variable dependence such as those measuring fundamental particle

masses (top quark mass) can gain signi�cant sensitivity from using NSBI techniques due to the pa-

rameterized nature of the observables used in hypothesis testing. Searches for rare signals subdued by

large background coming from many di�erent sources should also see large improvements due to the

unbinned nature of the analysis. The formalism can also be applied to analyses where simulations are

challenging and have known biases, but will need additional R&D e�orts to integrate.

A new measurement of the o�-shell Higgs boson production in theH � ! ZZ ! 4` decay channel

using NSBI techniques is also presented. The measurement uses140fb� 1 of integrated luminosity

collected at
p

s = 13 TeV during the Run 2 of the LHC by the ATLAS detector. This new result is also

combined with the most recent published measurement of the o�-shell Higgs boson production in the

H � ! ZZ ! 2`2� decay channel to set powerful constraints on the o�-shell signal strength using Run 2

data. The observed (expected) value of the o�-shell Higgs boson signal strength is found to be1:06+0 :62
� 0:45

(1:00+0 :83
� 0:83) at 68% CL. The evidence for o�-shell Higgs boson production has an observed (expected)

signi�cance of 3:7� (2:4� ). The o�-shell Higgs boson production measurement in theH � ! ZZ decay

channel is combined with the on-shell Higgs boson production measurement in the same channel to

obtain a constraint on the Higgs boson total width. The observed (expected) value of the Higgs boson

total width is � H = 4 :3+2 :7
� 1:9(4:1+3 :5

� 3:4) MeV at 68% CL, improved relative to the ATLAS previous result

of � H = 4 :4+3 :1
� 2:3(4:1+3 :8

� 3:8) MeV using the same dataset.

The training and optimization of the O(103) NNs in this type of analysis can be computationally

expensive. This work was performed as part of the ATLAS-Google collaboration using the Google
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Cloud Platform (GCP) as discussed in [6]. Large parts of this work�ow have also been done using a

high-performance computing (HPC) system with large-scale GPU infrastructure at Southern Methodist

University. In the absence of large scale computing infrastructures or theoretically accurate and high-

statistics Monte Carlo simulations, a computationally cheaper alternative of Optimal Observables is

suggested in Chap. 8 that retains a lot of the optimality of a full NSBI analysis without the constraints

of training strictly low-bias and low-variance density ratios.
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Appendix A

Histogram Result Comparisons

This appendix provides a comparison of the results presented in this paper with the results in Ref. [3],

which uses a histogram-based analysis using the �xed summary statistic of Eq. 4.29. The results of

Ref. [3] used in this comparison have been updated to use the most recent measurement of integrated

luminosity of 140fb� 1 [77].

Fig. 7.1a provides a comparison of the values of the test statistict � o�-shell assuming a single parameter

of interest � o�-shell between the NSBI result and the histogram-based hypothesis using only theH � !

ZZ ! 4` decay channel. Fig. A.1 shows the same comparison after combining the result in theH � !

ZZ ! 2`2� channel. Tab. A.1 compares the impact of di�erent groups of systematic uncertainties

in the combined result by using the method described in [3]. The impact of a group of systematic

uncertainties is assessed by �xing the associated group of NPs and re-estimating the value of� o�-shell

for which the value of the test statistic is equal to four, corresponding to 95.5% CL in the asymptotic

approximation. This method highlights the importance of di�erent sources of uncertainties in the

signal-dominated region. The importance of an uncertainty is given by its deviation from the last row,

which has the uncertainty for the full result. The most important sources of systematic uncertainty

are common for both analyses and their impacts on� o�-shell are similar.

Fig. A.2a shows a comparison between the two analyses for the values of the test statistic for the

combination of the o�-shell and on-shell Higgs boson production measurements for theH ! ZZ !

4` decay channel alone as a function of� H while pro�ling � HZZ . Fig. A.2b shows the same comparison

after combination with the result in the H � ! ZZ ! 2`2� decay channel.

Fig. A.3a and A.3b compares the values of the test statistic forRgg and Rvv with the results

from the histogram-based analysis. Tab. A.2 summarizes the 68% and 95% CL results presented in

this appendix, including � o�-shell (4` only). These are compared with the results of the previous

measurement Ref. [3].
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Figure A.1: Values of the test statistic t � o�-shell assuming a single parameter of interest� o�-shell obtained
with an Asimov dataset (expected, dashed blue) and with data (observed, solid black) when combining
the H � ! ZZ ! 4` and H � ! ZZ ! 2`2� decay channels. The values from the histogram-based
analysis [3] are added with dash-dotted lines for comparison. The dotted gray lines show the 68% and
95% con�dence belt, obtained from the Neyman construction, for the NSBI analysis.

Table A.1: The impact of most important systematic uncertainties in the observed upper value of
� o�-shell for which t � o�-shell = 4 , obtained by the combined �t. This value corresponds to the two
standard deviation upper limit of � o�-shell in the asymptotic approximation. The �rst column denotes
the systematic uncertainty that was excluded from the �t. The last row gives the nominal upper limit,
where all uncertainties are included. The importance of an uncertainty its given by its deviation from
the last row.

Systematic uncertainty �xed � o�-shell value at which t � o�-shell = 4

NSBI analysis Histogram-based

All (stat-only) 1.96 2.13

Parton shower uncertainty for gg ! ZZ (normalization) 2.07 2.26

Parton shower uncertainty for gg ! ZZ (shape) 2.12 2.29

NLO EW uncertainty for q�q ! ZZ 2.10 2.27

NLO QCD uncertainty for gg ! ZZ 2.09 2.29

Parton shower uncertainty for q�q ! ZZ (shape) 2.12 2.29

Jet energy scale and resolution uncertainty 2.11 2.26

None (full result) 2.12 2.30
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(a) (b)

Figure A.2: a Values of the test statistic t � H as a function of � H = � H =� SM
H for the H ! ZZ !

4` channel obtained with an Asimov dataset (expected, dashed blue) and with data (observed, solid
black). The values from the histogram-based analysis [3] are added with dash-dotted lines for compari-
son. The dotted gray lines show the 68% and 95% con�dence belt, obtained from the Neyman construc-
tion, for the NSBI analysis. b Same comparison of the values of the test statistic for� H = � H =� SM

H
after combination with the H � ! ZZ ! 2`2� channel.

(a) (b)

Figure A.3: Values of a the test statistic tRgg as a function of Rgg, and of b the test statistic tRV V as
a function of Rvv for the combined H ! ZZ ! 4` and H � ! ZZ ! 2`2� channels obtained with an
Asimov dataset (expected, dashed blue) and with data (observed, solid black). The equivalent graphs
from the histogram-based analysis [3] are added with dash-dotted lines for comparison. The dotted
gray lines show the 68% and 95% con�dence belt, obtained from the Neyman construction, for the
NSBI analysis.
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Table A.2: Summary of the results for the NSBI analysis with a comparison to the corresponding
results of the histogram analysis of Ref. [3]. The value of the parameter estimates and the 68% and
95% con�dence intervals are provided. All results use the full Run 2 dataset with140fb� 1 of integrated
luminosity.

68% CL interval 95% CL interval
Parameter Value Observed Expected Observed Expected

NSBI analysis

� o�-shell (4` only) 0:87 [0.33, 1.62] [0.05, 2.04] [0.05, 2.38] < 2.38

� o�-shell 1:06 [0.61, 1.67] [0.17, 1.83] [0.21, 2.24] [0.01, 2.42]

� H [MeV] (4` only) 3:43 [1.37, 6.71] [0.20, 8.25] [0.18, 9.98] < 12:09

� H [MeV] 4:29 [2.41, 6.95] [0.66, 7.61] [0.76, 9.66] [0.12, 10.50]

Rgg 1:19 [0.53, 2.07] [0.02, 1.92] < 2.96 < 2.73

RV V 0:95 [0.61, 1.39] [0.31, 1.70] [0.30, 1.86] [0.06, 2.14]

Histogram-based analysis

� o�-shell (4` only) 0:79 [0.02, 2.00] < 2:14 < 2:97 < 3:10

� o�-shell 1:09 [0.54, 1.81] [0.08, 1.90] [0.10, 2.41] [0.01, 2.52]

� H [MeV] (4` only) 3:43 [0.10, 8.42] < 8:89 < 12:48 < 12:89

� H [MeV] 4:37 [2.13, 7.43] [0.35, 7.94] [0.39, 10.14] < 10:79

Rgg 1:23 [0.00, 2.20] < 1:98 < 3:15 < 2:84

RV V 0:95 [0.60, 1.43] [0.27, 1.74] [0.26, 1.90] [0.02, 2.18]
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Neyman Construction Closures

In Sec. 3.3, a reweighting method was introduced to produce positive weighted Monte Carlo samples

for performing bootstrap sampling using Poisson probability. In order for this method to work, it is

necessary that the Asimov datasets resulting from Eq. 3.20 are un-biased representations of the Monte

Carlo dataset at any value of� . This is demonstrated by the reweighted diagnostic checks in Fig. 6.10.

These verify that the re-weighted distributions of Eq. 3.20 match the original Monte Carlo sample for

any given value of parameter� . In Fig. B.1, the asymptotic properties of the re-weighted dataset are

veri�ed with that of the original Monte Carlo dataset by comparing the test statistic scans for various

value of truth � o�-shell .

Figure B.1: Bootstrap Validation: the asymptotic properties of the re-weighted dataset are veri�ed
with that of the original Monte Carlo dataset by comparing the test statistic scans for � o�-shell = 0 ; 1; 2.

Fig. B.2 shows the distributions of �̂ o�-shell from �tting many pseudo-experiments sampled using

Poisson bootstrapping described in Sec. 3.3. Interesting to note that the estimators are in fact biased

� truth 6= E[�̂ ]. This is not an artefact of the new NSBI analysis but that of the o�-shell Higgs boson

analysis due to the non-linear probability model combiend with�̂ o�-shell � 0 constraint.
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Figure B.2: The sampling distribution g(�̂ j� truth ) for the POI � o�-shell of the o�-shell Higgs boson
analysis, de�ned in Chap. 4. Sampled pseudo-experiments are used to �t the POI� using the t �

test statistic with sampled AOs. The resulting �t distributions �̂ are shown as a function of� =
0:5; 1:0; 2:5; 3:5 (top left, top right, bottom left, bottom right).
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